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Abstract 

" ' We find the 'gen'~rating fonction for ,group tenso~contained in 

the e'nveloping algebra of each simpl~ compact group of r;a,nk three or less . 
• 

The ger)erating function depen~~ on 'dunmy variables which· carry, as exponents, 

thè degrees and representation labels ofi the tensors; it suggests an 

integrit.)' basis, a fin~te number of elementary tensors. ~In tenns of whtch 
., 

all can be expressed as ,stretched tensor products. We show how the generating 

functions' for tensors in the enveloping algebra of -50(5) and SU(3) reduce 

when the·tensors are"acting on the basis of represeotations forr which ope 

of. thè' Cartan labels vanish. The missing label pfoblem in the reduction 
, " ,> 1 

. 50(5):) SO(3} restricted to SO(5) representations of the type (Q,v) is 

consideredj "'the eigenvalues and'eigenvectors of a missing label operator 

are found up to ~inC1Uding} represen~2): -
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Sonmaire 

La fonction 'g~nératrice des tenseurs contenus dans l'algèbre en

veloppante est évaluêe pour chaque groupe simple et compact de' rang ~3. 

Cette fonction' gêMratrice dépend d'un certain nombre de variables dont les 

exposants correspondent aux degrés et 'aux étiquettes de représentation é::Ies 

tenseurs; cette foncti on génératrice peut être interprétée en tenne d'un 
1 

ensemble fini de t~nseurs élémentaires a partir desquels tous les tenseurs 

peuvent être obtenus. Nous évaluons la fonction génératrice rêduite des 

~-- groupes $0(5) et SU(3) lorsque les \~nseurs opêrent sur les baséJ de repré

sentations pour lesquelles une étiquette de Cartan est égale a z~ro. Le pro

blême d'étiquetage lors de la réduction SO(5).:l SO(3) limitée aux représen

tations de type (0, v) est solptionné en tenne d'un opérateur d'étiquetage 

. pour lequel nous éval uons ses valeurs propres et vècteurs propre's jusqu'a 
. 

et incluant la représentation (0,12). 
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Contribution to original knowledge 

Chapters 1 and II as well as appendix A and C contains no new material 
, .. 

" , 

Al1 the material presented in ehapters III to VI and in ,appendix B 15 

original unless speeified. More spec1fieally,the main results aré 

. ) 

, / 

(1) The generat1ng funetions givin'g a bas1s for an tensors 
1 

in the enveloping algeb,:"a of eaeh simple compact group 
"If',. , _ 

of 'tank ~3 derived in ehap~er 1 II • 

C2} The group-subgroup charaeterfstic functfon fntroduced 
'1 

in chapter HI and defined in append,ix B • . 
- -' , ", 

(3) The polynomial expressions giyen in ehapter V corresponding 

to the higfiést eomporients of the elementary tensors for 
J 

the groups SU(3} and SO(5). 

(4) The approach(c~apter V ) to the problem of 'find1ng, how . ' 
th'e generating' funetions for tensors in the envelopi ng , 

algebra ~~uce when the tensorS are acting on' the basis 
, - , 
of represen,tat10ns fo~ wbich one or more Cartan labels 

vanish • The reduced foms of the generat1ng 

functions f~r 5U(3) and SO(5). .' 
" 

(5) The technique by which 'orre obtains a generating funct10n 

~for sUbgroup scala~. in the enveloping.algebra of a group 
, ' , 

" from the generat1ng "func~ion for g'roup tensors.' ' ... 

~. 
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(6) Part of the missing labels and all e1genvectors 
J , 

obta1ned in cha~ter VI concern1~g the mtssing 

label problem in the reduct10n sO(5)::>SO(3). 
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CHAPTER 1 

.j 

.J> 1 INTRODUCTION 

,..1" • 

The envelôpihg, algebra of a L,ie group hàs proven to be a useful 
" 1 

. 

concept in theoretical. physics; its structùre has b~en the .subject of many 

investi gaUons.. . 
• 

The problem of labelling states 1n terms of a complete set of 

coomuting operators, 1n the case where one uses a non-canon.1cal, chain of 

" groups (the missing label problem) has motivated the search for subgroup 
, ' ( 

scalars 'in the en~eloPin9 alg~bra of ~ group. Sol utions 1,2,3, Wh1C~;lœ~ 
given for various group-~ubgroup combinations, have a cOOlTlon:'characteristic.: 1.,'1,-

~ -1;,)" - - ."-

" all ,ubgroup ~.f!!.1ars _.arEffin}tely generated, i.e.!t there'êxists a finitë 
, ,< 

set of elementary subgrQu~' scalars from WhiiCh a11 may be _cprlstruc.ted. 
1 _ • ~:..~ .1 

, ~-~--:./ 
. ~.( 

Other elements of "the envelOpi~9 al,bra of lie gr~ups have a-ien 

the subject of many stud1es. In parttcle phys1cs. a knowledge of a basi s 

for all vector opera tors (tensors that transform by the adjoint representation) 
. , . ~ J. -

tums' out to be important in th~ derivation of mass fD~las; good exanples , 

of such c:alculations (apar.tJ. fram the well known Gel1-Mann-Okubo SU(3) 

,.S5 fonnula) are Okubo's'SU(4) and su(a).mâss fOl1llUlas4• ':--A-"comPlete de! 

': ;$~ription~ (degreJ! and expli cit' 'algebra1C fonns) of ,a basts 'for- vettol' 
.. , ~' 1 .) ~ '" r r 

. . .r" l, 

... ," 

~ 7 ~ 

, ' 

.., • ~ ') " \"1' , 1 ' ' 't 'i~," "-l'! .J! ~, 
kzj lU ~"'-<' dIII»aI.. ÎtJm1ilt;:k'6WZ!!~~Jü.<OC'<~~b\ 
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operators'iR the enveloping algebras of At' Bt' Ct' DR. and, G?, in ~n~ ~iven 

irrfducible representation, was given by Okubo. 

Shift operators which raise and lower irreducible rePresentations 

of a subgroup H of a group' Gare pOlynomial,s in the gene,rators bf ,G, Le., 

elements of the enve10ping ~}gebra of the group; the'y have proven,'usefu1 

for the classi fication and analy5'"i s of i rreducib1e representations of various 
\ . . 1 6-17 groups. Shift operatpr techmques have been deve19ped by s~vera authors , 

j , 

Nagel and MoshinskyJ's operators wbich raise and lower the representations 
1 _ 

____ of U(n-l) co~ta;ned in a representation of U(n) and Hughes and Yadegar;s 

0(3) shift operators are good examples. 

}.- .. { " ,. , 

The Casimi r operators, whose eigenvalues label the represeAtat-ions 

were probably thè most studied elements of the enveloping algebras of lie 
, / 

groups', lt has-long been knowr(8,19 that for a group G of rank '1 there-are 

J1,lst t' functionally independent polynomials in the generators, or Casimir 
,:fI 

";"invariants. The degrees of these invariants for all simple Lie algebras have 

20 been given by Racah. For eX8!"ple he shoWed that for At, B~, Ci' 0:1 anc:l 

G2 the' degrees of the Casimirs were as follows 

At .. . 12 
li 13, · .. , 141 

BR. 

Cl 

12 
li 14, ~ 12Rt · .. , 

1(1.1/) 
12 , 14, · .. , 12~ 

DR, 12• 14, 12R.-2, 1'1. 1 

G2 12, 16• 

A~ meritioned by Kostant21 , 1t follows fram a theorem of Chevalley that for 
, 

'.a group G of ran~ 1,,, there are as many Casimirs as linearly independent 

" 

, i 
1 
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• 
vector operators (not countjng those obtained through mul tiplication by , 
invariants) ~n the enveloping algebra of G, and the relationship between 

the degree vi and ci of the i·~h vector and Cas imi r operator i s gi ven by 

the foll owing fonnula .r 

ci = vi + l i = 1,2, ... .t (1.2) 

Th~ problem of constructingthe Casimirs and then computing their eigen

value spectrum has been studied on many occasions22- 28. Recently, 

simpl if; ed deri vations of fhe-i r eig~nvalues have ~een given by Okubo"5 and 

Edwards 29• \ 

Now C,,-~irs, subgroup scalars and vector operators are only three 

out of an il')finite number of types (we are refe~ing here ta their trans

formati'on properties under the group) of tensors that can be found in the 

ênveloping algebra of a group. More general results on the global structure \. 

of enveloping algebras has been obta-ined by Kostant21 as early as 1963. He 
., 

showed that the number P
À 

of 1 inearly independent À-tensors (tènsors that 
-

transfonn by the "(À) representation of the group where À are the Cartan labels), 

in the enveloping algebra is equal (not counting those obtainecl through 
! 

multiplication by invariants in the enveloping algebra; we shall refer to 
, 

this 'as "modulo multiplicatlion by Casimirs") to the number, of states of zero 

weight in the representation (}.) (here (À) is any i rreducible representation 

other than the saalar one); he also proved that the highest degree of a 
. -

À-tensor (modulo multiplication by Casimirs) is the sum of the coefficients of 

the
l 

simpletoots in the highest wei'ght of (À). 

So far we have been talking about the irreducible tensors. into 
--

which the enveloping algebra decomposes under the action of the group or 
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subgroup. ~lem which is of 1nterest in theoretica1 physics is that of 
1 • 1 

the action of' the se operators on the bas1s of sorne given irreduc1ble ""repre
\ 

sentation. It has long been known that the enve10ping algebra of SU(3) 

contains' two (modulo multiplication b.y Casimh"s) l1nearly independent vector' 
'. ' 

operators respective1y of degrees one and b/o. Do they remain ltnearly 

independent (hete 1 refer the reader to the fi rst two paragraphs of section 

2 of chapter Vi there we d1scuss of two defi,nit1ons of linear independettce) 
l ' 

whe,. acting on the basis ôf representations in which one of the"Cartan labels 

vahish ? Conœming this problem, OkUbo5 proved for simple Lie algebras that 

the nlRl1ber '\,(v) of linearly independent vector operators in' a repre,sentation 

{v) is given by the following formula 

(1.3) 

~ere n fs the number of fundamefÎtal irreducibl'e rey,tesel1tations of the 

ëllgeb~a and no(v) is the number of Cartan labels specifying the representation 

~- (v) wh; ch are equal to zerQ. ln the case of SU(3), n : 2 sa that when acting 

on a general representation (rio (v) : 0) there are two 1inearly independent_ 
~ ~ 

vector operators and only one 1n the case Ibf (v,O) or (D,v) repÎ1!sentations • 
. ' 21 . , ' ' 

More general results were obtained by Kostant for all tensors in the envel-

oping algebra of Lie ,proups; 'he showed that the multiplfcity of a À-tensor 
., . 

when acting on the basis of a representation (v) 1s equal to the multipl1c1ty 

of (v) in the CJebth-Gordan series of (A) x (v). The fact. that the nunber 

of l1nearly rindepèndent tensar operators lof a given type dePends on the 

representat10n on wh1ch it 15 acting. may be understood in tel1ls of certain 

identit1es among tne generators; these identities have been stud1ed by. 

various auth~h(5.30 .. 34). 
.~, \ 

.~... fI 

~-. ~ 
:'L __ 
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Although much work has been done on the structure of enveloping 
. . 

algebras, 50 far no complete description (except for SU(2)) has been given 
r 

of what i5' ava;-lable in tenns of irreducible group tensors in the enveloping 

algebra of any lie group, in other words 'the pr~blem of findin~ a bas; s for .' 

all'the irreducible ~ensors into which t~e enveloping algebra decomposes under 

the action of the gr.oup has never been solved. In the case of SU(2), Kostant21 

showed ~that the enveloping algebra decomposes into À-tensors' (modulo multi

plication by Casimirs) of dimension d = 2j + 1 where each has mu1tipl i city 

one and degree i"j- gi ven as follows p.: 2j) 

m. - J' J - wi th j : 1, 2, ••. co • (1.4) 

Now many groups of rank ~ 3 have proven to be useful in physics and a canplete 

~scription of thè structure of their enveToping algebrar would be of interest 

for present and future appl ications. For instance in atanic physics orbital 
, ' 

states' have been classified accordin~ to several chain of groups; long ago 

Racah35 label1ed the orbital states of the l'-shell by considering the chain 

SU (7):lSO{ 7):> 62:) SO( 3) • 

In nuclear physi cs we have the well known shell model of E11 iot 36 where states 
/ 

are classified according to the SU(3pSO'(3) chain. In the Wigner37 super

multiplet model, the many nucleon spin-isospin states are classified according 
J 

to the irreducible representations of SU(4) in a, SU(2)xSU(2) bash. More 

recent models in nuc1ear physics such as the interacting boson model of Arima 

and lachello38 make use of a cMin such as 

U(6):lU(5}:>SO(5pSO(3). , 

The symplectic group~-sp(6) was shown hy Rowe and Rosenstee1 39 to he 1mportëint 
-, . 

n in relatfng the cOl1ectiv,e and in'dependent particle models. 
J 

~, 

~ , " 
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The abject of this thesis may be divided into three parts 

(1) Establish a basis for an tensors in the enveloping algebras 
- ) -

of simple compact lie groups of rank ~3. 

(2) Discuss the existence of these bases when acting on general 

, and degenerate repres~ntations (one or more Cartan'labels 

being zero). We s,tlall consider in detail the case of 5U(3) 

. and 50(5). 
, 

(3) Consider the missing label prob lem in the reduction 

50(5):>$0(3) restricted to 50{S) representations of th.e 

type (O,v); the eigenvalues and èigenvectors of a miss1ng 

6 

label opetator are. found up to (including) representation (0,12). 

The thesis 1s ~ivided as foHows : in chap II,after a few definitionss_we 

discuss in sorne detai l the, generatif'/g function concept as appl ied ta continuous 

) groups; in chapter III the problem of the reductian of enveloping algebras 

1s considered and answers are given for the above ment10ned groups; results 

of chapter II 1 have been subjected,___W many tests 1 these are di scuss!!d in chapter 

IV; in chapter V we discuss of a method of constructtng tensors in the enveloping . . 
algebra of a group and consider the problem of the existence of these tensors 

when acting on the basis of generaf and degenerate rep~sentations; the' 

missind label .problem 15 d1scussed in chapter VI and solved in the case of 
_ .. J j ( '" 

SO,(5};)SO(3) in terms of a m1ssing label operator. The thes1s ends w1~ 

a brief conclusion. 
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CHAPTER II 

FORMALISM 

2.1 Oefinition~ 

We begin by a brief description of the~lie groups of interest (a11 

are connected. compact and simple) and their corresponding Lie~algebras. 
f" 

The variables in real n dimen~ional space Rn will be designated 

X :: (xl' ••. , xn~ and in the complex space en as 

i -: (Zl' :t . ., Zn). -

The special unitary group SU(n) is the (n2-1)-.p~rameter group of"' 

comp1ex unitàry unimodular ,(detenninant equal to + 
n ." 

which leave invariant- the Hennitian fonn t zi z,. 
1) n dimensional matrices 

Its lie algebr~ has n2.1 
,,' '1-1 

generators (the'order r of the group) and is the real 
J 1 

compact fonn of '\,-1. 
The rank 1.. (the maximum number of mutually conmuting generators or the nllllber 

of representation labels) of the group 1s n-l. 
~ -

fl . 1 

The xeal special orth~gOnal group SO(n)~~ the {~llJ-paramet~r 

group of rea 1 orthogonal n .dimensi ona lc"matri ces of detenni nant + 1, whi ch 
n 

leaves invariant the real quadratic fonn :t x~. Its algebra has n(2-1) . 
" 1.1 ' 

generators and ~s the real canpact fll~ of D(n_1) for n odd and of 0n-A for 
l , ----2· 2 

- .. 
n e~n. The r~nk of th~ group 15 (~il) !or n odd ~d, ~ Jor n,~even,'''-

t 1 
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The unitary symplectic group Sp(2n) is the {n(2n+l)}-parameter

group of 2n dimensional real unitary matrices which leave invariant the 
n 

nondegenerate skew-s~etric bilinear fonn 1: (x. y~ - x~Yl') of two vectors. 
, i: 1 1 1 1 -

X:: (Xl' ··Olt Xn, xi, ... x~) and Y :: (Yl' ... , Yn ' Yi, ... y;). Its 

algebra has n(2n+1} generators and is the rea1 compact form ?t Cn. Its 

rank is n. 
1 

The exceptiona1 group G2 is a 14 parame ter group of l dimensional 

matrices. Its algebra has 14 generators and is oflrank 2. 

Due to the following ;somorphi'sms (we 'designàte the:Lie àlgebra 
1 

associated with a given, lie group by the same let,ter as for the group, ,but 

in Tower cas~") 

sU,(2)",so(3)""sp(2), SO(5) ..... 5p(4), 5u(4) ..... 50(6), 

our study of, the 'structure of enveloping algebras of c9mpact simple groups 
.. ' ------

of rank ~3 may be reduced ·to that of the following groups .: SU(2), SU(3), 

SO(5), G2, SU(4), Sp(6) and SO(7). We complete this section with the 

defjn1tiohs of envéloping algebra, tensor and tensor operator. 
~ \ 

let.l be the lie al gebfa .c:»f s~ lie 9r9~p G with basis (getlerators) 
Iy [J ,k . k 

Xl' .•• Xr,-and cOlIITIutation rules Xi' Xj . = Cij Xk' where Cij are the 

structu~ constants. The linear associatl~e (associati~e mUltiplication) 
, 

ë(!gebra composed-of all possible products ,of generators of l, taken ~n' all 

posSible orders, plus an identity element ànd where the -coomuta.tor . 
, . ' 

XiX j - Xli 15 identifiedwith the corresponding lie product [Xi' xjl, is 
/ . 

known as the universal enveloping a]gebra. of G. 

" 

. " 

l ' 
1 
1 
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, . A set r{À} of H!learlY 'Independent basis vectors that transfonn 
. " 

among themselves underan irreduc1ble represéntation (À) =' (À1 ' •.• , Àf) of 

a group, wi·ll be referred to as an irreducible tensor r(À); the À1 are the 
, ' 

Cartan labels. Individual basis vectors (,the èomponents of r(j.» will be 

denoted r(A;k) where k des1gnatesl a.11 dis.tingufshing labels (weights and 

others). This transfonnation property of a tensor for finite and 1nf1n-
, , 

itesimal transfonmations of the group may be wr1tten as follows 

R p,; k>.: t L À; k~<~;k" 1 RI À; ~,' 
k'· '- , ' ' 

Xci 1 À; k) ;: ~ ... 1 À;k') (À;k" " Xo" 1 À; k) , 

'with the identification" 1).; k) :: r,p,~ kh R represents a finite transfonnation 
-----,). , 

and X; (0=1,,r) -a generator of the' algebra. 
o - . " ) 

,- A set T(),) of linearly independent operators T(À; k). that- transfo'nn 
1 

J.among themselves uÎlder the operations of a group accord1ng to an 1 rreduc1ble 
, 

representation' (À), is said to form an irreducible tensor operator T(>')i that 

1s, .under f1nitê- an~ infin1talMmal transfonnations of the group, T~P,;k) 

transfonns as follows 

R T(A; k) R-') = 1: T (À; k'-) (A; k-- J R 1 À; k) • 
k' 

[xd~ 'T(~ ;k>1 = ~..r (~; k'-) Q.. k' 1 Xc, /À; k> ~ 

Tensors in the envelop1ng algebra of a group ar:e tensor opera tors 

. whqse componen,a, a~ polyndn1als in the generators of the ,group. 
te· . . '. 

-------

J, 
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. ' 
2.2 Generat; ng funct10n concept for conti nuous groups 

Introduced in 1897 by Molien40 in the stùdy of invariants Of' a 

finite group of ccmplex matrices, the generating function (GF)' concept has 

proven, in the past few years» to be a useful tool in t~e represe(ltation 

, theory of fi ni te ~ 1-48 and conti nuous groups. O,ur di scuss i on will '~\ 
\ 

restricted ta the case of continuous groups. 

There' are several types (the word type refers to the information 

carriéd by these functions) of GF~s but all those'c'alcu1ated reeently have 

the same general fonnat : they are functions of several variables vn' which 

when expanded into a power series _çontain but positive tenns; th,ey are 
1 

fractions, or~ums of fractions, whose denominator factors have the fonm 

(1-X), the X's and..the numerator tenns Y being a1ge~raic expressions of the 
n1 n2 nn 

fonn v1 v2 ••• vn with nl , ... , nn being in~ege:s. An exanple of such 

a function would be 
2 ,2 ' 

G {vp v2' v3} = (l + vl v2 v3 ) {(l-v, ). (l-vl v2) 

2 2-1 x {l-vl v3 J (l"v2 v
3 

)} •. 
(2.1 ) 

-There is one known exception to tMs, i.e'., a GF whose po\.ier series expi)nsion , . 

contains negative tenms;';'-we shall discuss such a function in a later çhapter. 
, . 

Not only are GPs a compact way of presenting certain results, but they allow 

through residue calculations, the manipulation' of a 'large amount of infonna- -

tion; they may be added, subtracted, and in certain case, coupled and 
, ' 

) 

substituted one into another. Sinee we make extensive ,use of th1s recently 

reY~\'ed concept in, the present thesi~ we will in what follows discuss several 
.' , 

types of GF·s by act~ally ~iving éxamples and analyzing the infonnat1on . , , 

i 

1 

,'i' ,~ 
-, ,.:>-

" ' ,. 
~:~' ~ ; fi:'" 
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carr:ied ~y Îhem. As a complement to this discussion, we-illustrate in 

appendix A certain GF techniques. 

\ 

(a') Generating function for polynomial irreduclble tensors 

1 t wi 11 be shown in chapter l'I l that the study~ of the structure of 
, ~ ~ 

the enveloping algebra of a simple compact Lie gro~p 'G may be reduced to 

the i>roblem 'of finding a basis for an irreducib1e te!,sors, with respect to 
, ' 

G, whose components are polynomials in the componelits of a certain tensor r; 

in'other wo'rds, our prob1em will be that of finding a basis for the 1rreduc1ble , , 

tensors that can bé obtilinèd from the foiiowin9- tensor products 

(r}u == {r x'r •.. x r} u i'dentical copies. u = 1 t CD. ' {2.2} 

Al1 thes.e tensors,'ofwhich there are an infini te number, may be preserîled 

in a compact way in tenns of a GF (referred to as' the GF for tensors based 

on n. For e~amp'le, if r is a j = 2 (~=4) SU(2) tensor, the GF49 giving a 
) -

basis for a11 irreducible SU(2)tensors bas~d on r 1s 

G(U,A) .. (1+U 3A6 ){ (l'-UA") b-tÎ2A4 ){ 1-U2 )( 1-U l n-1 (2.3) 
) 

, \ 

where U carries the degree io r and A the.'representation label (unless 

specifie~ a11 represent~tion labels 19 this thesis are Cartan labels) as· 

exponents. A tenu Cui UU A~ in the expansion of (2y3) inf~nms us that the 

nun1ber of lineaT'ly 1ndependent irreducible SU(2) tensors, wh~h transfonn as 

(.:\) and whose cOO1ponents are Ipolynomials of degree u in the components of r. 

1s C
UÀ

• The .GF (2.3), does not only en~.rate all tensors but also suggests 

, ' an fntegrity basis, i.e .• a finite set of elementary tensors in tenns of 
. . 

whfch all may be obtained as stretched tensor products. The stretched tensor 

product ôf two tensors r 1 and rz 1$ a tensor rI whose highest we1ght 1s the 
. 

SllD of the highe~t weights of ri and rh which implies that rep'reseotation 

7 
, -
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. labels in such a product are addftive. Denoti~g by (u,>.) the tensors 

enumerated ln (2.3), where, u 1s the degree and, À the representation label, 

the integrity basis for tensors whose components are po1ynomials 1n the 

j =2 SU(2) tensor is 

-1l,4), (2,4), (2,0), '(3~0) and (3,6). 

The structure of _th~ GF ,.(2.3) tells us that a11 linear1y' independent tensors 
" 

may be obtained by the following strétched 'tensor products of power's of 

e1ementary ones 

abc d, 'e 
(1,4). (2,4). (2 .. 0) • (3,O) • (3,6) 

where a,b,c and d may take values (integer) trom 0 ta 0:) while e may ,?nly be 

o or 1. For example the choice a=3, ~=2, c\.,O, d and e • 1 gives the tensor 

,(13,26), i.e., a tensor of degree 13 that transfonns by the À = 26 (j::13) 

representation. That (3~6) 'appears in the numerator of G (U,A) implieSl that 

the ~tretched square of it is a l inear combination of stretched products , 
. . 

of the other elementary tensors " and hence redundant, i.e., 

2 3 2 3 (3,6) = A (2,4) + B (1 .. 4) • (2,4).(2,0) ... C (1,4) • (3,0). 

The interpretat10n of these functtons in tenns of an integrity basis is pot 

always trivial; a glance at the GF (3.5~) shciuld convince the reader. 
Qo 

The products' (2'.2) are a particular case-of the following tens9r 

pro~ucts 
" , 

{r x r ... xr} u independent copies, u • l.œ. (2.4) 
. .' 

The irreducible tensors arising fram .(2.4) are characterized no~ on1.r by 

their degree in rand thelr representation labels but a1so by thèir ex change 

s.YJ1ll1E!tries; this problem, known as, the ca1cu1ation of pl~thysms, 1s of 

partiçular interest in the study of many identical particle systems in quantt.lll, 

1 ____ ...... ,_ .. __ lQ(.rBf~ T"'" ~.- ---.._ ___ ,_._. ___ ••• _. __ -

, , 
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~ 
~cs. Here again the re'sults of such calculations may be 'expresse~ in 

terms of a GF46 , but wi 1'1 not be discussed here. The polynomial' tensors 
- ~ 

obtained fram the products (2.2) constitute the synvnetric plethysm. 
.. li .. p 

(b) Generating function for weights corresponding to a generating 
functibn for tensors based on a tensor r 

Sfnce weights are ~dditive in the tensor product of representations, 
. 

the products (2.2) may be realized in R._dimensional (R bei~g the rank of 

the group) weight space by a weight GF W giving a11 weights arising fran 'such 

products. W is a fraction whose numerator is unit y, with a one to one corre"'t 
, (\ 

spondenee between its denominator factors (l-X) and weights of"r. W will_ be 

referred to as the GF for weights corresponding to a GF for tensors based 
1 

on f. For example the GF for weights corresponding ta the GF (2.3) for 
/ ., 

SU(2) tellS ors based on a j = 2 tensor r is 

W(U,11.), = {(1-UI'l4) (l_UrJ2) (l-U) (l-un -2) (l-Un-")}-l (2.5) 

where U carries the degree in r and ri the weight as exponents. 1\ teniJ[cuw 
UU nW]in the expans,ion of (2.S),' indiàtes the presence of a weight w with 

, ~ . 
multiplicitycuw ' in the tensorproduct <? 

{r(j:2) x ••• x r(j:2)} u identical copies. 

- , 

(c) Group-subgroup generating functions - generating functions for 
bron~i~rul~ , \ 

It has been shown~o-5~ 1~ ~he case of c~pact groups, for var10us 

grol4>-5ubgroup cOOIbinatiôns, that the reduction of the o1rreducible represen

tati~ (IR·s) of' a group 'into irred~cible representations (multiplets) 'of a" 

subgroup. i.e. the branching rules. may be dèfined 1n tennsof stretchecf 
, 

products of powers of. a fin1te set of elementary fàctors denote~t by _, ' 0'". 

- / 

_ i 

1 

'1 
i 
i 

J 
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(>.'1' .... ~ À9.
G

; nl' ..• nt H' where Ài and ni are respectively the Car!an 

labels of the IR and the multiplet to which it be1ongs. Weitzenb6ck54 

prov~c:f that this set is finite for a11 Isemisimple Lie groups. 

1 ... ,l 

This s~9gest~ that the branching rules may be expressed in terms -

of"a GF whose terms X and Y, as defined earlier, would correspond to elementary 

factors or (in the case of Y) to s~retched products of powers of ~em (Cartan 
o .. l, 

labels additive). For example, the branch1ng rules for SU(3):>SO(3} is gi:ven 

by the following stretched products oi elementary factors' (SO(3) labels are 
(. 

'doubl'ed : n = 2j) .. 

(10;2)a, (Ol;2)b,. (20;O}c, (02;0)d. (l1;2)f ,(2.6) 

where a,b, c al)d d can take integer values from 0 to en and f = 0,1 

The GF49 corresponding to (2.6), is . 
".- , _1 

F(Al,À2 ;N) = (l+A1A2N 2
){{ 1':A~N,2 )(l-A~ )( l-A2N2 )( l-A~)) 

only, 

(2.7) 

'AJ,A~ and N carry respectively the representation labels of SU(3} and SO(3} 

as ·exponents. Isolating the term in A1Ai in (2.7) 
Of' /' 

A\ Ai,' (N 8+N 6+2N It+ 1), 

indicates the following ,reduction 
s 

,(22):> (8) + (6) + 2{4} + CO) • 
..J 

1 ": \., 

This type of GF will be referred. t~ the grO~p-sub9rouP GF or the 

GF'for branching rules. This function not only gives the branching rules, 

but when 1nterpreted in ~~S bf an integrity'basis (the' elementary penn1ssible 

diagrams of Oevi and MoskinskY), i.e. a finite set of e1ernentary factors 

{(2.6) in the case of· (2. 7)}",gives.a solution to th~ corresponding internal 
~ . 

" ,', 55-61 ' 
(state) label1ing problèrn • A GF for tensors based on a tensor r rnay be , . , 

o 
, , 

,.; J 
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reduced ta its corresponüing GF for weights by making use of one or more 

group-subgroup GF's; ~this technique/which consists in substituting one Gf 

into another is discussed in section 4 of ~ppendix A. 

-
(d) Generating function for Clebsch-Gordan series 

1 

Just as 1 in the case of the branching rules where we make use of ' 

a complete set of elementary factors, we may express al1 couplings by the 

stretched products of powers of a complete set of elementary couplings with 

certain 'combinations of them being considered as redundant. A set of 

elementary coupl ings has, been found for various groups62-67 such as 5U(2) t / 

5U(3), 5U(4), 5U(5) and 50(5). 

These couplings are actua1ly a consequence of the interpre~ation 

of the 9~neral invariant of these groups as produçts ofpowers of certai\ & 

eJemen~ary scalars in three representations. Oenoting the elementary couplings 

of SU{2} by, (Àl,À2 ,À) where Àl and À2 are the Cartan labels of the lR's being 

coup1ed and À the Cartan lab~l' of the product representation (the Cartan 
\ 

labels being twice the angu1ar momentum value), the integrity basis consists of 

(0,1,1), (1,0,1), (1,1,0) 

with no redundant combination,; this actual1y means tnat the Clebsch-Goridan , ' 

series of any coupling of two SU{2) representations may be obtained from the 

fOllowing,stretched products (Cartan labels additive). 
- J 

(O,l,l}a. (l,O,l}b,... (l,l,O)c (2.8) 

wi th a, -b, and c ~ei ng any integers from ° to co. The abave products may be 
-

expressed in .. tenns of the fo 11 owi ng GF 
• 1 

-1 
.C(AI,A2 ,A) = .{(1-A2 A) (l-AIA) (1-A1A2)} 

l'! 

b è 
1 

• 1 
1 

1 
1 

1 
1 

'1 
1 
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where Al' A2 carry the Cartan labels of the IR's being coupled as exponents 
1 

and A that of the product IR. Splitting off the term'in Ai A~ in (2.9) 

we get 

A~' A~ (AG ,+ A~ ,+ A2 + AO) 

which in tenns'.of the angular momentum coup1ing is interp~eted as fol1ows 

3/2 x 3/ Z = 3 + 2 4- l + O. 

This/type of GF will be referred to as the GF for the Clebsc~~Gordan series. 
1 / ~'" 

Not only does it gi~e all couplings but can be used to couple two GF's for 

tensors; a coupl~ng technique by means of residue calculations is discussed 

in section 4 of avpendix A. 

It will be nQticed that all GF's described' above have the following 

cœmon characteristi c : all numerator.s contain only positive tenns and eVèry . 
denominator factor is such that, if ex~anded in a power series, it contains 

but positive tenns. Only'from GF's having such a property can one deduce 1 

D , 
infonmation about the existence of an integrity basis. Bringing GF;s to 5uch 

a fonnat may often be a diffi cult task. We now turn to the prob1ëm of the 

reduction of enveloping algebras' of simple compact Lie groups of rank ~ 3. 

" J 

t ffl.". ',e+ ______ - --
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CHAPTER' 1 II 

REDUCTION OF ENVELOPING ALGEBRAS OF ,LOW~RANK 'GROUPS68 

3.1 Our approach to the reduction problem 

Let us first reca11 our bbjeçtive it fs ta find, to enumerate a 

basis "for all tensors in the enveloping aigebras of simple canpact groups of 

rank ~ 3. In order to give a canplete description of a basis for tensors 

in the enveloping algebra U of a group G, one must answer the fol1owing 

questions concerning any of its elements 
, 

(1) By which representation does it transfonn ? 

(2) What is'1ts degree (its components being polynomials 1n the 
generators) ? ~ 

(3rWhat 1s its multiplfci~y ? 

(4) How do we construct 1t ? 

j 
) 

,
o 

) The set of a 11 synJlletrt c homogeneous po lynom1 a 1 s t n the generators -,(~ 
o 69 \ 

forms a bas1s of U (Poincaré-Birkhoff-Witt Tlieorem ri furthennQre the order 

in a product of generators doès not affect its transformation properttes 
• - 1 -

under G.;Hence the basis for (symmetrfc) tensors 1n U corresponds precisely 

to the/bas1s fo~ tensors whose components are polynomials 1n the components 

of ~ ten~or~whfch transforms by the àdjo} nt. representàt10n of G ( we will 

Tèfer"to such tensors as polynomial tensors ). 

J: 
o 

!~ 1 

~~ 1 

-, , 
ii, 
,,
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Answering the above four questions for polynomial tensors is . 

therefore answering them for tensors inlU ~incè once one knows the a1gebràic 

fom of a polynomial tensor, the corresponding tensor in U is obtained through 

synJIletrization (with respect to arder). 

, The problem of the reduction of enveloping a1gebras of compact groups 
1 

15 therefore reduced to that of eonstructing a GF for polynomial irreducible 

tensors based on li tensor rA. 

3.2 Methods of eonstructing generating funetions for polynomial tensors 

A possible approach to this problem is the one proposed by Gaskell, 

Peccia and Sharp49 (see appendix A) which consists i~ starting with a ~eight 

GF. Unfortunately, the tedium of the method increases rapidly with the number 

of generators. Two alternative approaches are considered in this thesis, 

each of more or less general applicability. One is basical1y the elementary 
1 

multiplet method discussed in appendix At however, instead of using the chain 
"~-

SU{r):J G{r being the· order of the group G, the number of generators of its 
1 

algebra} we insert in it, whenever G is not maximal, one or more ,intermediate 
\ ' . 

l ' 

groups and consider chains such as SU(r)::> G :> Gi one finds the GF for SU(r)j 

6' an~ for ~G,t::> G "and ~ubstitut~s the l'atter in the fonner. One cari also 
1 

make,use of a new type of relation between two semisimple groups and consider 
- . 

chains of the type SU(r):> G
oV 

> G where G'" > G' means that G is subjoined to SN. 
1 . ~ 

":The- ab ove' techniques, first proposed by Patera and Sharp46 i~ the evaluation 

~ of GF's for general plethysms, simplifies the calculations conSiderablYi 

they will be discussed in greater detail in section 3 of this1 ~hapter. 

t 

\ 
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The other approach, which we believe to be novel, is to work through 
\ 

a sltbgroup Fî of G. The t~nsor rA is a reducible tensor df H; denoting by 
-' 

rH1
, rH2

, •••• rHn the n irreducible subgroup tensors into which rA reduces, 

it may be re1ative1y easy to construct the GF for H tensors based on the n 

tensors r HO (u = 1, n). Under certain drcumstances Hmay be possible to 
'I • • 

convert that subgroup GF into the corresponding GF for G tensors based (t) rA' 

A necess a ry too lin doi ng thi s conve rs ion i s the group-subgroup characteristi c 

function; if the remainder of this section we shall give ,examples of such a 

function and show how it can 'be usefu1 for our purpose.l 

Let G be a simple compact group and H its semisi"!ple or reductive 

subgroup. The subgroup content of an irreducible representation (À) of G 

may be ~ri tten 

(3.1 ) 

(v) = (\Il' ..• , vR, ) are the representation labels of Ht and N are dunmy 
·H 

variables carrying those labels as exponents; cÀ'V is the multiplicity of the 
1 - - , 

subgroup representation (v) i/n,the group representartion (À) : (Àl' ••• , ~tG). 

In appendix B, the group-subgroup characteristic ~~ (N-) 1$ defined 
1 

an~ ft 1s proved that in tenus of it, the subgroup content may be written 
l 

H H H. 
XÀ (N) = I~À (N) / ~o (N). (3.2) 

As (3.2) suggests, the group-subgroup characteristi.c function 1s a general

izatioh of Weyl 's characteristic fun..ction (see A.8) to whi ch 1t reduces when 

the subgroup 1s the Cartan sUbgroup (U(l) X ••• X U(l)'(t times). whose 

representation labels are the canponents of the weight. t~ (N) may be 

,\ 

" 

1 

! , , 
1 
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evaluated .,straightforwardlY fronl its definition (B.1) in each case of 
, . 

irrterest. In p,,,,incip~e ~~ (N) may a1so·be eva1uated fram the definition; 

however~, it may be easier to evalu~te x~ (N) in the fOnll (3.2) from the 
1 

appropriate GF for G:JH branching ru1es, if it is known, and read off 

~~ (N). We give exp1icit examples. 

. 50 The group-subgroup GF for SU(3).::> 5U(2) x U(l) is known to be 
-:i -1 2 -1 1 

F(AI ,A2 ;N 1 ,N 2) = {(1-AIN I N2) ·(1-A1N2' ) (1-A2N1N2' ) (1-A2N2)} , (3.3) 

wh~re Al. A2 carry the 5U(3) representation labels as exponents, N1 ~arr1es' 

twice tt-.e isospin" N2 three times the hypercharge. Th,e 5U(2) x U(1) cOY1tent 

of the 5U(3) representation (:>Q,À'2) 1s the coeffitient of A~l A~2 in the 

expansion of (3.3);, this can be evaluated by t~king appropriate residues 'of 

(3.~3) : • 

H -' À1Ji À2 -1 -1 -1 
X, '\ (NlIN:t) = E Rest. A Al A2. 1 F(Al , A2 ; Nl , N2 ) (3.4) 

1\11\2 • J\l 2 

1 1 

This method of'obtaining X~ '\ tNltN2)-by the above residue ca~culations, 
,/\11\2 

1 
impl1es a power series expansion of the denominator ,factors (l-Z) and there-

'1 1 1 

fore one must impose certain restrictions on the nonns of the variables 

Al sA2 ,N 1 ,N2 _{see discussion leading to (A.4».;the above consideration' remains 
" . 

true for all residue calculations in this th$sis and will therefore not be 
. ~ 

. repeated. In (3.4) we make the follOlling choice of nOnlls- : INd = IN2 1 =.1 

and the AI,A2 residues are those at poles inside cir.cles whose radi 1 are a 

little greater than unity.f3.4) may be wr1tten 

t Res, A A ~1+1 Aa A2+1 

nI 2 !j -2 • 1 il 
. (AI-NlN2) (Al -":') (A2IfhN; ) (Az-N2 ) 

(3.5) 

. -1 
The residue at po1es_ Al:NIN2 andA2:N1N2' is 

, - ' 

ÎtI 
~:' 

~:.-7'1~-~.--~~~ .. ~.-_~_,~.r_~"~'~"~'~:~"~N~,_~~~*~ir.e.i~_~.;.~-~!~'~~'------·-·~4,.-
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NIÀ1+À2+1 N/'1-À2 

-2 ' -1 2' 
(N1N2 -N2 ) (N 1N2 -N 2 ) 

The residue at poles A1:N1 N2 and rA2=N~i's 

Nl À1+ l N
l 

1 À2+~1+i 
-2 ~ -1 

-2 -1 
The residue at poles Itl=N2 and A2 =NIN 2 ' is 

NIÀa+1 N2-2ÀI-À2-J 
1 

-2 -1 2. 
(N2 - -N l N2) (N1N2 -Na ) 

-2 2 
The residue at poles A1=Nz and A2=N 2 1s 

Adding (3.6), (3.7), (3.B) and (3.9) we get 

21 

(3.6) 

(3.7) 

(3.B) , 

(3.9) ) 

l' from the group-subgroup characteristic's definition (3.2) we therefore have 
1 ~ 

~at __ 

~~1 ,,' (NI ,N 2 ) = 'N~2+j Ni-tÀI-À2-3 +N~Jtj N~1+2À2+3 _N~1+À2+1N~1-À2_N~À2-:nl., (3. lla) 
1",2 .. 

and 

(3.11b) " 

The gr'oup-subgroup GF for the thain SU(3);:) SO(3) 1549 
- , --1 

1 2 
, , F{AbAt ~fi) = (1+AIA2N) 1 Hl-AIN) (l-Al) (l-A1N) (l-Az)l • 

where Al. A2 carr,y as exponents the SU(3) representation labels and N' the 

angular momenttln. xH (N) 15 obta1ned fran the folloW1ng SlIn of residues 
1 À1 À2 

"" 

• 
J 

• t 

1 

\ 
• 1 

\l, 
/'~ 

A 

, 

\' -)"~1?)J~~ .tr;'--:-----.-'*·---M-.-. -'1""'t:.'1tt1I_-_t

'-"-'Il{I' •• _ \ 1 

:. , .... : .... ',- ) ... , .... 'l'~ ~~, 'fi, - d ., .. 
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"', \ 
H - ~l-l ~2-1 -1 -1 

XÀ 1 À2 (N) :: E Res AIlL
2 

Al, Az F (Al ,Az ;N) 
(3.12) . 

ÀI-1 À2-i ( -i-1 
= E Res

AIAz 
Al 'A2 HAl --11. 2 N) 

~, ~'l ... 

1 -2 -1 -2 . 1 (1-Al~) (1-11.1 ) (1-11.2 N ) (1-A2 ' ) 
1 

, • 1 

" 
with iN-,!'f~ and "sidues at pales inslde unit circles; frOOl the àbove calcu-

l~tio~S'we get th~ SU(3)::> SO(3) characteristic function 

. H \ i' ~:1 -1 '2 • 

~ÀIÀZ (N) = (1-N~l+ ) (l-N 2+-, ) + N (l-N) 6t~1 ,À2 ), 
, 1 

(3.13a) 

and 
11 

,(3.13b) 

where 6 (Àl,À2 ) is unit y 'if Àl,À 2 a.re bath even, and zero otherwise.'-
) 

1 

lhe GF 19iving the branching rules for the case SO(5)=» SU(2) 

x SU(2) fs50 

. -1 

F(AI ,Az;N 1 ,N 2 ) : Hl-AINl) (l-A1 N2 ) (1-11.2) (l-A2NIN2 )}' ~ 

where Al,/).2 carry the 50(5) representation 1 abels as exponents. NI,Nz carry 

those of the subgroup (aÙ subgroup 1 abels are doubled). Takirig the appropriate 

res i dues we get 

"t'H (N N ) _ N" ~l +À2 +2 N' À2+1 -N À2+1N Àl+Àr'-2 N~I+l_N~l+1 
"ÀI À2 1. '1. - 1 2 1 2· + '1. 1 , 

-1 
F(Al,~2;NltN2) = {(l-AtNt) (1-~lN2) (1-A2 N1 ) (1-A2 N2)} 

1 -1 -1 
·x {(l-Ad + A2NtN2(1-A2NIN2) } 

} 

we find the G2:J SU(3) characteristic function 

(3.14a) 

(3.15) 

" 
" " 



( 

() 

+. 

(3.16a) 

(3.16b) 

The group-subgroup characteristic function f;~ (N) 15 a linear 

canbinati on of tenns ~. N/1 whose exponents p~ depend l inearly on the }.j; 
1 

the dunmies Ni are def1ned 50 that the- coefficients of- the Àj are a11 integers. 

As 'for Weyl IfS character1 stic function (see figure 9), ,jt is instructive to 

represent ~ach tenn of t~ (N) for a 91 ven (À)' by a point in ~ dimen~ional 
, 

space whose cartesian coordinates are its exponents Pi' When we let }.i take 
. 

all possible values each tenn of the group-subgroup characteristic function 

defines (;s mapped into) a sector in ;.. dimensional spacei however contrary 
• j 

to Weyl 's function, certain sectors m~y overlap. In figure 1 we 111ustr:at~, 

the Ica;e G2:J SU(3); notice that the sectors corresponding to ..... 1the third a~d '\ 

sixth tenn of (3.l6a) overlap as well as those of the fourth and fifth tenn. 

A tenn of ~~ (N) will be callèd distinc'tive if ft satisfies the follow1ng 

two criteria: its 'secto,:, shou1d not be overlapp~d by the sector of any other 

ténn, and its exponents,pi 'must detenn1ne the representat1,on labels }.jo A 

sector éorresponding to such a term will be callèd a distinctive sector. 
" 

The first two tenns of (3.16a) are distinctive tenns and 50 are the first 

- tenns of (3.11a) ~ (3.14a). When.tH ~ .tG~ ~~ (N) contains no distinctive 

tennsi this 15' the case for SU(3)::> SO(3h but for a11 group-sub9roup pairs 

which we ha~e examined with .tH = tG' including SU(3):l SU(2} x u(l), 50(5):) 

SU(2) x SU(2}, SU(4):>SU(3) x U(1), ~:;)SU(3)t ~:lSO(4)t the group

subgroup characteristic contains at least one distinctive term. We conjecture 

that thi sis the case whenever tH :: tG. 
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1 1 N' l 

Figure 1 . The distinctive sectors of the group-subgroup 
characteristic function of Gz='SU(3) , 
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-
We nçw tum to the problem of converting a Gr for subgroup tensors 

into the corresponding GF for group tensors. Consider a GF F(N) for tensors 

of the subgroup H of a,group G. ' We assume that the tensors are those 

contained in· comp1 ete tensors of Gand write 

F(N) = t x~ (N) ~ 
1 

(3.17) 

where x~ (N) 1s the $ubgroup content-of the irreducible representation . 

(À) of -G (see equation(~, 1); cÀ is the multiplicity of (À) in F, and may 

depend on other durrmy variab1,es such as U in (2.3). Substituting (3.2) into 

(3.17) gives 

H 
~ ~À (N) 

~~ (N) 

-' F(N) Il 

Çl • (3.18) 

The comparison ~f equations (A.14) and (3.18) suggests that in the case of, 
-

1H = R.G, 'the' 9.roup-subgroup characteristic function may plat' the same role 

in converting a GF F(N) for subgroup tensors into the correspond1ng GF for 

group tensors as that of Weyl~s characteristic in, transfonming a GF for 

weights 'W(~) into a GF for group tensors. Therefore,' aaapting to our problem 

thaprocedure described in appendix A, weO first mult1ply (3.18) by t~ (N) --. , 

giving 

t~ (N). 'F(N) = f t~ (N) Cl" (3. 19) 

The, presence of a l-tensor in ,'F(N) 1s indicated by the presence of t~ in 

'the prpduct ~~ (N). 'FeN), whfch in tum (the presence' of t~) may be 

1dentif1ed by one of its distinctive tenns. Therefore, the conversion 'is 

done through the following steps ' .' 
• 1 

(1) First pl~k ~ of the distinctive tenms of t~(N); this tenM 
Jnd on1.~ it will serve to identify the presence of group tensors 

in ;F(N). 
,1 

1 

, 
" 

, , , 



, 
E 
'~ 

l' , 

( 

( 

( 

(2) ~-ltiP1Y- -'-F(N) by f;~(N). 
(~) Each tenn found ln f;~(N). F(N),' that belongs to the chosen 

di stinctive sector is repJaced (cÀ wich multipl ies, the tenn 

26 

1s kept) by dUlllllY variables carrying the corresponding group , 

representation labels as theï r exponents. All tenns of the 

'product (3.19) notbelonging to the choosen seCtor~are dropped. 

/! -
The resulting expression is the'tsired GF for groop tensors. ' 

Fonnal1y this i s done by the fol ~owing ~m, of resi dues 

1: Res 0: (n N
1
:P;-1 li A~j,)( ~~ (N) F(N)} ,'~, (3.20) 

- Nh ... ~NR, À~ il}' , . 
H ( 

-The sums\over the Àj variaQles a~lfrom 0 to ~ they are geometric and may 
-/ 

be' done explicitly. The residues are those at pales of Nl , •.• , NR.H inside 

unit circles. 

Lèt us n(M proceed te the eval',uation of the GF's for tensor~ in the 

enveloping algebra of simple compact groups of rank ~ 3 using the methods 
r 

described in this section. 

3.3 Generating functions for tensors in the enveloping algebras of low-rank , 
groups 

(a) SU(2), SU{3) and SO(5)' 

8efore dealing with the two classical groups of rank two. we d~spose 

of the rank one grou~' SU(2). The \generators of SU{2") fonn a vector (j = ) 
• 

operator; the GF based on a SU (2) tensor j = 1 as been worked out in appendix 

A whère we started with -the corresponding weight GF. Therefore, the GF, for 
o 

tens'ors ln the ~(2) enveloplng algebra 1s 
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. ~. 1 
G(U;A) = rO-U 2 ) (l-UA)} fA.7) 

Its interpretation and, integrity basis are found in appendix A; nôtic~, that 

it agrees with KO$j:ant's result given-in (1.4). J 

The SU(3) and SOCS} GF '5 win be derived by making use of a sub-, 

group; we wfll fi rst construct the GF's fpr subgroup tensors and thJi!n transfonn 
; 

them into GPs for group tensors using the groufJ-subgroup characterist1c .. ' 

function. We begin with' SU(3) and make use of the SU(2) x U(1)' subgroup. 
, v 

The ~enerators of SU(3) decompose under 5U(2) x ll(l) into a 'Yector" 

and scalar with U(l) labels·O and two spinors with U(l) labels ± 3. The GF 

for SU(2) x U(l) tensors based on the vector and scal ar is from (A.7) 
1 2 -1 

Fl (U;Nd = ((l-U) (1-U 2 ) (J-UN'l )l" .. (3.21 ) 

• -1 
The factor (1-U) 

- , 
takes account" of the scalar. The exponent of NI. tà>avo1d 

fracti onal exponents later, is twice the lisospin •. 

The GF for tensors based on a 5U(2), spinor (hi) is f' , 

1 (3.22) 
(l-u Nt ) 

, n, 
where U carries the degree in the spino,:, and NI 

. 
tw1ce the 1sospin·. Therefore, 

making use of the GF (2.9) for the SU(2) Clebsch-Gordan series. the GF for 
~ \. r ' 

tensors based on two spinors with U(l) labels ± 3 1s 
? 0::. J 

x . 1 1 
-(-l_-N-:~~"-N~~O:--) -(-l':"-N';"~':":"~' -N~~::-' -)-(-l---N"':':'-=-='':'"'' '-H-:~:-='''~) 

(3.23) 1 

, 
, ' 

, \ 

, 

'i 
M , 

J 
,1 

~ 
" , , 
1 
'f 
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~. where N2! carrtes the U(1)' label and 

J 

.1 N; /: I~ F 1. ; lu', { IN;",( ~_IN;' 1 < 1 
", 

wh1ch leads to 
, 

'/'::F3(u;N~' ,N2,) - {(1-U2 ) (1-UN~' N; ) (1-UN~ N2 -
3n-1 

"" /' / .. ~-
(3.24) 

The 1sospins of the GF' (3.21) and (3.24) must then be coup1ed agafn u~fng 
1 

the 5U(2) Clebsch-Gordan GF (2.9) to obtain the GF for 5U(2) x U(l) tensors 
. 

1.n the 5U(3) enveloping algebra 
~ 

,'-t " ....,1 
FI (U,N 1 ) h(U,N1 ,N2 ) 

(3~25) 

with th,jollowin~ cholce of nonns 
... , Il 

.. ItJl<IN1 1:<1~11<,· \' ~~ll:d ~I = 1 

we therefore get 

-& -3 -1 
F .. (U;NltN 2 ) = ((l-U) (1-U 2

) (l-UY (l-U 3N2 ) (l-UNIN~) (l-UN 1N2 )} 

'(3.26) 
-1 -3-1 

X {{l-UNf)' (1+U2N1N~) (1+U2~IN2 ) + (l-U) U2 }, , 
~ , . 

We now foHow the prescription described in section 2 by which a GF for 

sUbgroup tensors is transfonned into a GF for group tensors. The first term 
J ' in (3.11a) 1s a distinctive tenn so that °fol1owlng (3.20), the GF for tensors 

in the enve1o'ping algebra of SU(3) i s 
CD 

G '(U;Ah A2)::'; { L Res"!' 
Àl,À2=O NIN2 

. -2 2 -1 
X (N 1N2 -N2 ) (N2 :-NIN~)' F .. (U; N1 ,N2 )} • 

u • 

,. 
",-" .. _- ~ . :.~ " 

. ' 
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The sums over À1 and À2 being geometric may be done explicitly so that 

G (U ;Al A2) becomes 

-2 2 '-2 2 -1 
E,!' R~s NI N2 (N 1Nz-N 2 ) (NrN1Ng ) F .. (U,NlpN 2 ) 

Nl-th (l-N:AI) (l -N; N2/(2) 

l3.27) 

The NI' N2a residues in (3.27) are those at p~les within unit circles; the 

noms of the other variables are considered smaller then unity. The result 

1S 

(3.28a) 

U carries the degree, Al and 'A2 the 5U(3) representation labels of the tensors. 

Denoting the elementary tensors by (u, Àl À2 ) where u lndicates the -degree 
1 

()' and Àl' À2 the representation labe)s, t~e integrity basls suggested by 

. " 

. ". 

(3.28a) is (2,OD), (3,00), (l,11), (2,11), (3,30), (3,03) with the product 

(3,30) (3,03) being forbidden. Other fOnTIS of G (U;AbA2) are possible 

such' as49 

, -1 

G (U;AhA:z.) : {(1-U2 ) (1-U3) (1-UA1A2.) (1~U3An (1-U 3A:n 

(3.28b ) 

x {1+:42~lA2 4r U"AJJ\n 
- " 

which as the SaJœ lntegr.ity basis as (3.28a) but in this case the forb1dden 
/ . ~ 

pr.oduct 1s· (2, 11}3. Once ofae knews the elementary factors and syzygJes it 

"-15 eas"'to show that th~ degree 1Ii~ of all lindep~ndent tensors ln the envelop1ng 

algebra of SU(3) i S 
'f • 

j = O. 1, •••• X< 

• 
with the restric~ioJ1 :\-u == 0 mod 3, where l) and ~< aret.respectively the 

• 1 

< larger and smaller values of the Cartan labels ~ .~ • 

------_.- -~~.~------
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We nC1r'l consider the SO(5) group and will make use of its canonj..eàl 

subgroup SU(2) x 5U(2) - 50(4). The generators of SO(5) de compose under 

5U(2) x SU(2) into a (1,1) quartet and the vectors' (2,0) and (0,2) respectively 

denoted by W, Q and V. In order to simplify the upcoming calculations, the 

representation labels are doubled. First we construct a GF F3 (W,Q,V,N lsN.2 ), 

for SU(2) x SU(2} tensors based pn the quartef and the two vecto~s keeping 

track of the degree of the individual subgroup tensors. The subgroup GF 

(3.29) 

, (3.30) 

where W. Q and V keep track of"'the degrees in the quartet and the tWo vectors. 

The N 's carry the representation labels: The GF for the S~(2)' x SU(2) Clebsch-

Gordan series 1s 

50 that 

(3.32 ) 

" 1/ i th t l . 'd . 1 The Nl , Na res dues are' o.se a po es ms, e C1re es a little greater then 
,II 

unit Y in radius; only poles inside unit circles for the NI and N:z variables 

'are considered; the nonns of the other variables are considered smaller then 
" 

unity. The calcu14tions involved in (3.32) are straightforward but laboriousi 
1 

the answer i s 
, , 

l , 
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1 -1 

Fa (W ,Q, V;Nl ,N2) = {( 1_Q2)( l-V 2
)( l-W2 )(l-VN~)( J -QN~ )(1-W2QV)( l-WNIN2 )} 

1 

X [1+QVW2NftQVWNIN2+VWNIN2 
{l-W2VNf} (3.33) 

+ W2VQN2~QWNIN +Q2VW3NIN1+QW2N~ l 
fl-W2QN~) J . 

Keeping track only of the degree in the ger;lerators, (3.33) becomes 

x, ,[ 1+U4Nf+U3N,N2+U2NIN2 
, (1-U 3Nt 

(3.34 ) 

+ U"N~+U2N N +U6NIN~+U3Nl] . 
(l-U~Ni) , 

\, 
- f r 

the vilriable Q, V and W in (3.33) have been replaced by U, where U carries 
• 1 J 

the degree in the generators an~ NI' Nz the SU(2) x SU(2) representation labels. 
- , 

The next step is ta convert Fa{V;N h N2 ) to a GF for group tensors fol1owing 

the procedure given in (3.20). The first term of (3.14a) is a disti~ctive 
-

tenn 50 that the ]GF 'G(U;AltA2) for tensors in the enveloping algebra of SO(5) 1S 

(3.35 ) 

where the NI, H2 residues in (3.35) i\re ~hose at poles' within unit circles. 

the nonn of the other variables are considered smaller then unity. The 

result is 

G(U;Al,A2 ) : 1 + oU" At A~ l , 

(l-U2) (l-Uij) (l-UA~) {1-U~A~~)-'(~1.~U2~A~iT-) ~(l~-~U!rTA~f) 

whère' Al and A2 carry the 50(5) representation labels. Using 'the same 

(3.36 ) 

notation as for SU(3), the integrity basi s consis~ of thequadratic and quartic 

/ 
1 

f" --_·"'"~-------:;---__ t ------,"':7', ';:;:j);,~~~ 
_,.~_ '-,. t _~ _,'.!I-\J''''Z'' 
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Casimir invariants(2,OO) and (4,00), two decup1ets of degree 1 and 3 (1,20) 

and (3,20), a quintet (2,01) 'and a 14- plet (2,02) each of degree 2, finally 
, 1 

a 35- plet (4,21) of degree 4. The strectched square of the 35- plet 1s 
r 

redundant. The degree~ mij as given by (3.,36) of the independent tensors in 

the enveloping algebra of 50(5) are as follows 

m~J~): Àl + 2 À2 + 2i - 2j 
T 

; ': 0, l, .. ~, Àl (on1yeven Àl' T ' ~ 

j : 0, 1,. •• ., ~gl(À2-1) for Àg OddJ, 

and 

+ 2 À2+ 2i - 2j+ 1 i' .. 0.1, ••. , Àl' - 1 (onlyeven À1 ) 
T 

j .. O. 1, ••. , À2 - 2 (À2-1 for À2 odd) 
2 2 

the exists no tensors with odd Àl. 

We could a1so derive (3.36) by the elementary multiplet method, 
r 

uSing the chain SU(10)" SU(5):::I 50(5); the embedding is such that (la ' •• 0) 
j \ 

of SU(10) conta1ns (0100)1 of SU(S) whiçh contains (20) of SOCS). The SU(lO):J 
1 0 -1 

SUeS) GF for one-roWed lrepresentations of SU(10) 15 ~{(l-UM2) (l-u2MIt )} 

where U carries the SU(10) label (the degree) and Mh M .. carry the second-l and 

fourth SU(5) labels. Hence if :>F(M1t Mg, Mat M .. ;AltA2) is the GF for SU(5):J 
\ 

SO(5) branching rules t we see that 
1 

G(U;AltA2) = F{P, U, .P. U2
; Ab Az) (3.31) 

is the desired GF for tensors' in the SO(5) enve10ping algebra. The G1= F for 

SU(S):JSO(5)-branching rules 1s givèn by Pater~ ~d Sharp46. 

An altemative chain is SU(10):> SU(4) =>SO(5) with the embeddlng 
, , 

(10 - ••• 0),:) (200):> (20). The SU(10);) SU(4) G.F fQr one- r<l'l~ 'representatfons 
, -. -l, r:--'=' 

of 5U(10) 1s {U*UMf) (1-u~U (1-U 3Mi) (1-ult)) .w}lefeÛ carries the SUne) 
l ,)r" 

1/ 
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label (the degree) and Ml, M2> M3 carry tHe SU(4) labels. 
1 i 1 

Hence if F(Mf. M~, r~~; 11. 1 ,11.2 ) is the part of the 5U(4)':> 50(5) GF which 

ils even in all SU(4} labels, we see that 
l 1 - ~ 1 

l ":' ~ 

G (U ~AhA2)= (I-U It
) -.lF(U,U 2 ,U 3 jAl,A2 ) is the desired GF (3.36). The GF 

for 5U(~)::> 50(5) branching rules is given by Patera and Sharp46. 

\ 

(b) SU(4} and G2 

The GF for tensors in the enveloping algebra of SU(4) could be 

evaluated by using the SU(3) x U(1) subgroup and the methods of section 3.3a. 

We found H easier to use the chain 'SU(15):> 5U(6).:> SU(4) with the embedding 

(10 ... 0):) (61 000):> (lO~). 

( ) Tbe SUPS):> SU(6) generating function, for one~rowed representations 

.\> 

() 

~ 

" . 
" , , 

• 1 

of SU(15), 1s {(l-UM:L) (1-U2MIt) (1-U~)}- ,where U ~arr1es the 5U(lS) label, , , 

or degree, and M2, M," carry the second and fourth SU(6) labels. The 

SU(6)~SU(4) generating function, (or representations of 5U(6) in wh1ch only 

the second aHd 'fourth labels are non-zero 1s 

F jM2 ~ Mit; A.~, t· 11.2 , 11.3) : 
-1 

•. ,~) {(l-Mn (l-M~) (1-M2A1As) (l-M4AIA3) (l-MiM) (1-M~A~)) 

(3.38) 

+ 

-
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,/ 

-
M~. M .. carry the second and fourth SU(6) labels, Ab Ah A, the SU(4) labels. 

Hente substituting (3.38) into the SU(15);, SU(6) 6F, we obtain the desired 

6F for tensors in the_ SU(4) enveloping a1gebra 

,,(3.'39) 

U carries the degree and Al, 
1 

-1 

the SU(4) label s of th'?tensors. 

r 

Inspection of (3.39) su gests an integrity basis with 17 e1ements 

(the notation is (pabc) where JJ 15 t-he degree and a,b,c the SU(4) labels) : 

(2000), (3000), (4000), (1101), (2101). (2020), (4020), (3101), (3210), (3012), 

(4210), (4012), (5210), (5012), '(6121), (6400)" (6004). Because of syzygies' 

the fol1ow1ng products of elementary tensors shoul d be eliminated : 

'(3101) with (3210), (3012); (3210) with (3012), (4012), (5012), (6121), 
~ " 

(6004); (3012) with (4210), (5,210), (6121>, (6400); (4210) with (4012). 
1 

,(5012), (6121), (60M); (4012) with (5210), (6121), (6400); (5210) with 

(5012), (6121). (6004); (501~.) with (6121), (6400); (6)21) w1th -(6400), 

(6004); (6400) with (6004); the squares of (421Q), (4012), (5210), 

(5012), (6121 h the products (3101) -(4210) (521,0) and (3101) (4012) (5012). 

r The generating functi9" for tensors: in the enve10ping algebra of 

~ could be evaluated with the use of the SU(3) sUbgroup. However it proves 
- - "J 

simpler to get it by exploiting an interesting relat1onsh1p between the 

groups 5U(4) and G2 based on the fact that the subgroup stJ(3) i_5 embedded 

simnarly in the two groups. 

- f 
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With th~ help of the SU(4).J5U(3) generating function 

F(Ah A2tA3 ;NhN2) : 
, -1 

Hl-Ad (l-A1Nx) (1-A2 Nd (1-A2Nz) (l-AaN 2 ) (l-AaH 
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(3.40) 

(Al, Alt , As carry the SU(4) labe-ls, NI' Nz the 5U(3) labels) a generating 

function ,'.H(AltA2,A3) for SU(4) tensors may be converted into a generating 

function 
-1 

J(N1 ,N2 ) = I(l-N I ) (1-N2 ) (NI-Nz)} {NiN 2'H{N 1 ,N h N2 ) 

2 2. ( 2. ' - N1N2 H(N 1 ,N2 ,N2 ) - Nl H Nlt N1 ,1)+ N2 H(l,Nh N2 ) 

+Nl H (1,Nb1) - rh 'H{1,N2,l) +N1N2 H{NhNi,l) (3.41) 
1 

- N1N2. H(1 ,N ltN2.)} 

for SU(3) tensors. 

Siml1arly the G2::l SU(3) generating function (3.15) conv~rts a 

generating function ,11«Al,A2 ) for G2 tensors into the generating function 

-1 
L (N l .N2 ) = {{l-Nd (1-N 2 ) (NI-N2 )} {N~K(N2,N2) 

ri, 

-NfK(NltN.) + NfthK(N1 ,N I N2 ) - N1 NiK(N2 ,N I Hz} 
(3.42) , 

+ N1 K(1,N!l - N2K(1,N2 )} 

for SU(3) tensors. 

Now suppoSé that the 5U(4) generating functi6n H(A:1tA:t.As) and the 

G2 .generating function Je(A!,A!) are relate~ by the fact that they generate 

th~ same 5U(3) tensors. It follows fron (3.41) and (3.42) that they are ) 

related by the funct10nal equation 

1 1 

1 
1 

,1 
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N~K(NhN2) - NrK(NhNr) + NrNzK(Nt,NIN2) - 'NIN~ K{N h NIN2 ) 

+,NIK(1.Nd - N2 K(l,N2 ) = NrN 2 H(NI,Nl,N2 ) - NIN~ H(N lJ N2 , N2 ) 
\ 

z \ 
- Nl J1{N 1 ,N IJ l),+ N~ H(1,N 2 ,Nz ) +NI H(l,Nhl) - Hz H(l,Hz,l), 

36-

-+ N1N2 ,H(N1 ,N 2 ,l) - N1N2 H(l,N h N2 ). 
, (3.43) 

1 
, 1 

U,nder the assumpti on that H (Al ,A2 ,Aa) i s symmetri c in its fi rst and 1 ast 

arguments, H'{AhA2 ,l\3) = H (Aa.A2,Ad, it can be verified that a fonnal 

solution of (3.43) for K (Al,A2 ) is 

, -1 

K(Al,Az) = H {AhAltA2/Ad + Al H (AbAz/Al1Il). (3.44 ) 

The solution (3.44) suffers from the defect that its expansion 
, 

contains, in general, negative powe'rs of Al. These can be eliminated by 

adding tô K (Ah A2 ) an appropriate solution of the homogeneous vers ion of 

(3.43). lt can be verified that s for any ÀltÀ2' 'K'~Al,A2) = 

Ai~l I\~~ i",A!~lT,2~A~2-Àl"1 ',; s~tisfies the homogeneàus equation. Thus we 
) 

have the following prescription for the solution of (3.43) for K (A1 .A2 ) which 

contains no negative powers : expand the right side of (3.44) ln,powers of Al 
, ' , 

and replace each negativ~ power AI- ÀI (Àl,>2) by .. AIÀ1-~A2-}.r .. J; drop tenns in 
-1 } 

Al • Because of the fonn (3.44) this cannot introduce negative powers of A2. 

The prescription can be fonnulated in t~nns of residues : 

K (A1,A2) :: l: Res, [" _ Al IJ' '~H(A; A' 'A2) + 1 H (A' l\2 l>J (3 45) 
A A7 A lu ft A' l, l.~ TT" nl ,"tr", .. 

1 Hl-ni JI2-JLIHl Hl Hl" 1\1 
r , 

-1 

The first term (Al-Ad in the flrst square bracke~ picks out the positive 

power part in Al; the second Al (À2-AIA1) -1 repl aces negative powers AïÀ1 by 

J 
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. Let us now sunmarize: given a GF H {Al,A2,A3} for SU(4) tensors 

and a GF K (A 1 ,A2 ) for ~2 tensors, and providing the following two conditions 

are satisfied 

(1) H (Al ,A2 ,A,) = H (A3 ,A2 ,Al) 

(2) H (Al,A2,A,) and K (Al,A2) must generate the same 5U(3) tensors. 
Actually, as it will be shown be1ow, the re1ationship (3.45) may 
still be useful as long as when reduced under SU(3), H and K 
differ only by denominator factors which correspond to SU(3) 
scal ars, 

the G2 GF is obtained from the 5U(4) one through the relationship (3.45). 

As a first application, we consider the case were H and K are 

respectively based on a (010) and (10) tensor. ' The SU(4) GF is easily obtained 

by cons1dering the chain SU(6)::>SU{4) restricted ta the synmetric representations 
j 

of SU(6) with the embedding OOOOO)::l (010);- it is 

1 (3.46) 
.,Il-ut) (1-UA2) 

where U carries the degree in the (010) tensor and A2 the repres~ntation label 

as their exponent. O~viously condition (1) is satisfied; since we have the 

following reductions undër $0(3) 
, 

(010).;:) (01) + (lO) and (10},:) (lO) + (01) + (00), 

it follows that. when reduced ta 5U(3) GF!Îs , K = (1-urt H . which satisfies 
". 

eond1tion (2) sa that following the prescription given in (3.45). 

(3.47) 
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-

which gives 
) 

K(A I ,A2 ) = 

whi ch i s the correct G2 GF for tensors based on a (1 0) tensor. 
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(3.48) 

One may a1so obtain (,3.48) from the 5U(4) GF H(At,AhA3) for tensors 
'" .1 > 

simultaneous1y based on the tensors (l00) and (001) where 

H(A 1 ,h2 ,Aa} = 1 
..... 0,.....,-U,.,..,2 ...... ) ....... (.."...l.+.-UA.,.-l ...... ) """7(-1·..,.,.UA-=-3 ..... ) 

(3.49) 

which sat1sfies condition (l); (3.49) i5 easily obtained by co~pling the 

5U(4) GFts for tensors respective1y based on a (100) and a (001) ~ensor. Since 

(100):> (10) + (00) and {ool)::> (Dl) +- (00), 
, 1 

we have that K = (l-U)H when. ~ and H are reduced to 5U(3) GPs. Consequently 

K(A1.A2):(l-U) (1_U2 )·IEReS r 1
0

_ A'l J 
• " KI l1A; -Ad (A2-AI KdJ " 

, x[ 1 1] 
; {l-uA'd (l-U~.2 J " + Kdl-UKd (1-U) 

= "1 1 

(1-U2 ) (l-UAd • 

The GF for tensors. in the G2 en~eloping algebra may be obtained 
• 6 

from the 5U(4) one given by (3.39) through the re1at10nship (3.45) since 

condition (1), is sati~fied and the generators of Gz decompose Ul!der 5U(3) into 

an octet, a,triplet and an antitrlplet, the same as SU(4),. except that ttM! 
SU(4) generators c.ontain itn additional scalar. It fol1ows that,if (1-U) x 

G (UiAl ,AhA,) .where G (U;AbA2,h,) 1s givÈm by (3.39) ,is substituted for 

H (AltAhA,) in (3.45) ,the' result win be the GF for tensors in the Gz 
enyeloping algebra : 

1 

- - -,~~::-,. ----
, ... ~"' ".'~;;~~:-..t'."._,t .. ~ "", _" _ 

, , 
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X [1+USlIA2~U6l\.~"'U8AfA2 +. U5l\.2~U6AfA2"'U7A1A2+U13AfM (3.50) 
1T-lJ3AO (l-ultM) (l-U4M) (l-U SA2) 

- ~ 

USAIA2+U9AIA~+U12A~+U8A~,] 
+ (l-U 5A2) (l-UUM) 

., 
U carries the degree and AltAz the G2 representation labels of the t~sors. 

The integrity basis implied by (3.50) consists of 17 e1ements {the 

notation is (pab}'where p is the degre~ and a, b'the G2 labels) : .(200), (600), 

(101), (220h (310), {330}, (402), (420), (501), (511), (531). (630)., (621), 

(711), (802), (912), (l2,03). The fol1owing productS of elementary tensors 

should hot be used : the square or product of any two of (531), (630), (621), ~ / 

(sn), (7J1), (912), (12,03); the p;oduct of (330) with (802),(621), (71j~/ 
(511),,(9.12), (12,03), of (420) with (B02), (511), (912), (12,03), of (501) 

with (531), (630), of (S02) with (531), (630), (621), (711), and the product 

(330)2 (501 )2 •. 

(c) Sp(6) and SO(7) 
;1 

The generatlng function for tensors ln the enve1op1ng a1gebra of 

Sp(6) 1s most easily detennined w1th -the he1p of the' chain SU(21):> SU(6):::> 5p(6) 

for one-rowed representat10ns of SU'(21) with the embedding (10 •• ~O):> (20000);:) 

(200). 

" .. 
For one-rnwed rept'esentatioAs of SU(21) it 1s not hard to show that 

the 5U(21)::> SU(6) branch1,ng rules are g1ven by the generat1ng funct10n 
" '." . -1 

F (UiMhM2,MhM".Ms),,= -{(1-U6)()Î"'"UMf)(l~U~MU(1-U'MJ)(1-U"H~)(1-U~M~)} ; (3.51) 
, 

~ 

//: 

U carries the Slj(21) label (the' degree). and MltM2tMhM .. ,Ms carry the SU(6) labels:! ' 



"( 

( 

" 

f 

( 

The generating function for"'SU(6).:> Sp(6) branching rules is of 

sorne interest in its own right. By examining.low-1ying -representations"of 

SU(6) we are 1ed to the function 

-1 
x{{(1-M3J\d (l-M 1,M3!1.2) (1-M3Ms!l.2) (l-M1M3HsJ\3)} , 

-1 
... MIM .. A,{ (1-M3Al) (l-MIMaA2) (l-MIMItAs) (1-MIM3MsA3)} 

- ' -1 

+ M2MSA,{ (l-MaAI )( l-M3MsA2 }(1-M2MsAs)( 1-MIM3MsA3)} 
- ,~1 

+~ (MI MitAs ) (,M2MsA3){ (~-~~Ad (1-M1MltA'a )(1-M2M.sA~Hl-M~~3M5A3)) 

.f MIMsA2{( 1-MIM3A2)( 1-~3MsA2) (l-M1f1 sA2 ) (1-MIM3MSA3)} 
-'t. -1 

:t'. (MIMltAs) (MIMsJ\2) {{l-M1MsA2 Hl-M1M .. A3 Hl-MIMsA2 Hl-MlMsMsA3)} 
-1 

+ (M2MSA3) (MIMsA2){(l-M3MsA2)(1-M2MsA3)(1-MIMsA2)(1-MIM3 MsA3)} 

(3.52) 

, ' .' -1 

+ -(MIM .. A3) (M?M5A3 )(MIMs.J\2){ (l-MIMItA3)( l-M2MsA3)( l-MlMsA2 }(l-MIMsMsAa)} " 
. -1 

+ M2jM .. AIAa {(~-rhAd (l-Mlt·1i.A3 )(1-M2MsA3 )(1-M2MltAlA3)) } 

, 

labels. The integrity basis implied by (3.52) consists of '15 e1ementary. 

multiplets {the notation, (1..1 1..2 1..3 À .. ÀSiV1 \ V2 Va)' where the À·S are the 

representation labels for 5U(6) and the V·s those of Sp(6) : 

(10000; 100)., (01 OOOiOl 0), (01000;000), (00100;001), (ootoo; 100), (00010;010). 1 

(00010;000), (00001; 100) J -'(10100;010) J (00101 i01 0) J (01001 ;000, (10010;001) J 
'. -

(10001 ;010), (01010.101).· (10101;0011), 

The fonn of equatfon (3.52) indfcates that the following products of eleaîéntary 
~ J 1 ~ , 

multiplets' sho~arded, ;n 1 rder to avoid redundant states: ' 
1 

\ 
\ 

- -'7'""-'-~ ---

-
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. (00100;'100) with (10001;010). 

(10100;010) with anyof (OlOOl;OOl)s {01010;101) 
" 

(00101;010) with any of (100l0;OOl)s (01010;101) 

(100Ô1 ;cna) wHh (01010; 101), 

(01010;101) with (10101;001). 
" 

This integrity bjlsis defines 5U(6) polynomial bases reduced acçord1ng ta the' 
l , (1 

Sp(6) subgroup. While (3.52) has not been derived analytically, we are 

reasonab1y sure it is correct. For eX8mp1e, it sat~sfies the dimension and 

.second arder index cbecks for all SU(6) representations up to those for 
i 

.which two labels are equal to two and all others equal to one {(11221), 

(2112l} ... }; a1so the GF for tensors ,in the Sp{6} enveloping il1.gebra der1ved 

fram it, has been' subjected ta the checks described in chapte~ IV. 

. , 

The GF 1;1 of (3.52) must be substituted into F of (3.51) to obtain 

the desired GF G (U;A1 sA2 ,A;) for tensors in the Sp(6) enveloping algebra. 
" 

.. ' 

The form of (3.51) indicates that only the part of (3.52) whfch 15 even in all " 

SU(6} labels 1s required. let <ft' (MLMLMi,M~ .MhAltA2 ,A,) be this even 

part; 1t 1s obtained . straightforwardly fran (3.52). Then the desired GF 15 . . 

• 
G (U;A1 ,A2 ,A3 ) 

-1 
= (1-U 6 ) H' (U,U2,U',U",U';AltA2,As) . , 

tI {(l-U'- )(l .. U") (1-U' )(l-Ud) (l-U 2Ai )(l-U' A§ )(l-U" A~) 
-1 -1 

x (1-UIiAf>} {'{(l-usAiH 1 ~U2A2) (1-U"A2 )(1-u9M)) 

x {1+U'A1Aa+U'(AiAa+A1A2A3 )+U'(AfA2+A1A2A,) 

... U' (AfAI+AfAs+A}AJ+2A1AzAs) ù 

+ U1 2 (J\IJ\fA342AfA2A~AIAIA3'MlAt)} , . 

• 1 
1 , 

1 
, 1 

~ 

.... 
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t, 

k , 
~ 

J\ 
'1 

" 
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1 

1 

1 

, <. 

• 

>~-

\ .. 

-1 . 

+{ (1-U3 Ai) (1-U2 A2 ) (1-U5 A~ ) (1-U9 A~)J {U5 (A~+AIA3 +A1A2A3) 
, 

.. U8 (A1Al+Aill.~+AlI1.2A3+h2A~+AiA1.AhAlA~1I.3 .. II.~A~) 

+ U9(lI.iA2A§+AIA2A~+1I.2Ai) + U12AIA211.~ 

'+ Ul'(AiAfAi~AlA~A~+AiAi+AlA~+AiIl.2A§+AlA2A~) 
1 

+ Ul-(AlA2A:~II.IA~+AfA~+AiA~A~+ÀfA2Ai) 
1 

+ U17(AiA2A~+AfIl.211.~+ArA!II.~) + U18(AIA~A~+AfA2AJ+AfA2A~) 
< 

, 
+ UlO(AlA~+AiAi+.hlA2A3+1I.2A§+AiA2Ai+AlA~A3+K~Ai) 

+ Ull(AiAi+AlAI+AiA~Ai+AIA2A~) 

+ U12AIAzAJ+ U15(AfA2I1.i+1I.11l.2A~) 

+ U16{AIA2A~+ArAt+AfAï+AfAill.i+AfA2Ai) 

~'~17(AiA~Ai+AIA~A~)+ U18(AIA~~~+lI.fA2Ai+AfA~~~~ 

+ U19(AiA2A~+ArA2A~+AfA~Ai)+ U21AiA~A~} 

x {U12(lI.fll.i+2AfIl.2Ai+AiA!Ai+2AIA~+2AIA2AJ+A~) 
A 

+ Ul-(AlA2Ai+AlAtA~+A2A~) . 
1 

• U15{AfAI+2AfA2Ai+lI.rA~AI+2AfA~ .. 2AfA2Aï 

+ AJAi+A2+AIA~+2A2A~+2AIA2AJ+A}A~+AIAIAi)' 

u + Ut' (AIA2AI+AIA1M+A2M+AIAi+AfA~+AIA2AI~~) 
c 

+ U17(AiA2A~+AfAiA~+AIA2Ai)+ U18AiA~ 

+ U19{AiA2A~+AfA~A~+~A2Af) 

+ Ù20(ÂIAi+AfA~+2A~2Ai+2AiA2A~+AIAIA~+AiAIA~) 
1 

+ U21 (À1AiAI+AiAi+AfRi) o 

> ~--_._-" •• _-
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+ U23(AiA2A~+AfA2A~) 

+ .UZS (AiAz1\fi +AlA2A~)+ U21 (AiAl1\~ ... MA~A~)} 
-1 

... {(1-U2A2) (1-U41\2) (l-U~A~)(l-U~A~)} {U6(AiA2+A~) 
1 

1 } + U9 (2AIAM3"'AzA~+AD + UIO (AIA~A3+Al1\~A3) 

+ U1 
.. (AIAlA3"AIA~A3)+ U1 

5 (ltfAl1\~+2ItlltlAs+AfA~) 
" -1 . 

+ U18{A~A~Ai+A~A1)}+ {(1-U21t2)(1-U51t~)(1-U6A~)(1-U9A~)} 

X {UI0(1\lA2A3+Al1\~A3)+ Ul1(AtA21\~+AlA~A3+AlA~A3"'1\~Ai) 

+ Ul\(2A~Ai+1\~Al+A~Ai+AfA1A~ 

+ AIA2A~+AfA~A~~1\lAiA~"'A2A~) .. 
+ U1 S,(AIA~M+AIA~A~+AiA~Ai+A~A~)+ U18 (AIA~A~+A~Ai) 

.... U19{AIA~AJ+2AIAlA~"'AIAîA~) 

+ U20(AiA~A~+AiA~Ai"'AfAiAi+AIA~A~)+ U2"(AIA~AJ"'AiA~At)} 
l ,-1 

~ {(1-U"K2)(1-U6A~}(1-U'A~}{1-U9Ai)} 

X {U8(AIA2A3+AIA~A3)+ U13(~2Ai"'AIA~A3+AIA~A3+A~A~) 

~ U1S (AiAiAi+AlAi)+ U16(2A~A~+A~A~+A~A~+AlA~Ai 

+ AIA2AI+AfA~Ai+2AIA~AJ+A2A~) 

+ U17(A~A~AI+AIA~A~} + UI8{AIA~A~+A~A~) 
J 

+ U21 (A1A~A~+AIAiAJ)'" U22 (AfA~A~+AfA~A~+AfA~A~+AIAIA~) 

.... -U23 (AIA}AJ~AIAlAJ)+ U2\ (AiAjM+AIA~A~)} 
-1 

.... {(1-U5AjHl-U6AiHl-U'Ai)(1-U9AiH ' 

X {U12 (A2Ai+2A~AJ+A~Ai)+ UlS' (A1A2AI +-AIAfd ) 

.... UI7 (Al1\2AI+2Al1\IAI+AI1\lAI) 

.... U18(21\fA:Ai+2AIA~1\~ .... 2AIA:1\f • 

+ AfA~AJ+AfA2A~+A}A~+AfAiA~) 

+ U19(AIAIAI+AIAlAl);U2Q(AlA~AI+AIA~A~~A:A~+A1AlAJ) 

i 
~ 
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+ U21(AiÀ2A~+A~A~+2AiA~A~+2A~A~ 

+ 2AIA2A~+2AIA~A~+AiA~A~+A~Aï+A2A~) 
1 

) + U22(AIA~Al+AIAjAg+AIA~A~+AlA~A~+AfA~A~+A~A~) 

+ U23(AIA~A~+AIA~A~+A~Ai)+ U2~(AfA~A~+A~A~) 

+ U25(AIA~A~+AIA~Ai+A~A~)+ U26(AiAlA~+2AIA~A~+AIA~A~) 

+ U27(AiA~+AîAiA~)+ U28(AIA~Ag+ÀIA~Ai) 
l' ' 

+ U29AfA~A~+U31AiA~Ai+U39AfA~A~} 

+ {(1-U3Af)(1-U5A~)(1-U7À§)(1-U3AIA3)} 
-1 

X {US (AIA3+2AIA2A3+JqM+AIA~1\.3 )+ :07 (lI.fl\ii-At1l.2A~) 
+ U8Ailhll.t+Ul°ll.fA2A~ 

+ Ull(AtA~+A~A~+ArA211.~+2AfA2A~+AiA~Ai) 

+ U12 (MA~Ai+AfA~) 

~ U13(AfA2A~+AfA~+2AfA2A~+AfAiA~+AfA~A~) 

+ U11i AiA2A~+ff 6AfA2A~+U17 (AfA~M+AfA2A~) 

+ U18(2AïA2A~+lI.fA~A~+A~A~A~+~ïA~)}}. 

, , 
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(3.53) " 
\ 

The GF for tensors in the enveloping algebra of 50(7) is found with 

the he1p of the chain 5U(21):l SU(7)JSO(7} for one-rowed representations of 
, . 

SU(21) with the embedding (10 ••• 0):) (000010)::'l (010). One finds the SU(21)J 
\' , 

, ,\ ~ . 
,"-&U('ll in4'; the SU(7):> 50(7) GF~ s for branching rules. and substi tutes the latter 

, .:: .'. 1 <I • 1 

'tJ 

in the fonner. The GF for SU(21}:> SU(?) branching rules is 
-1 

F (U;KltK3,Ks) = {(1-U3Kd (l-U 2 K3 ) (1-UKs)} • (3.54) 

U carries the SU(~l) label (the degree) while KI, Ka, Ks carry r~spectively 

first, third and fifth SU(7) labels. Thus we need the GF for SU(l)~ 50(7) 

branching rules o~ly for SU(7) representations ~ith the secon~Jfourth and 

sixth labels zero. SGlving this probelm by the elementary multiplet method 
') 

'" 

'h. '1"-.-

... " '.. ' .. -' .', i _ ... 
, ,~ ~ ..... _",=' ',-'-"".,='-:""----',"'-'"''--''-...;~ .... ' .. -
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turns out to pe very difficult; the main difficulty being that of choosing 

the r.ight elementary multiplets and syzygies among a large number of 

possibilities. The 1ifficulty is reduced considerably if one introduces 

the additional group\SU(6) between SU(7} and 50(7); 50(7) is not a subgroup 

of SU(6) but may be subjoined (SU{6»SO(7»to it, so that,we consider the 

chain SU{]);:, SU(6»SO(7). 

The subjoining of a group to another group,recently introduced by 

Patera and Sharp46 AS,70?]1 , 15 basically a re,lationship between their weight 

Isystems. The insertion of SU(6) between SU(7) and SO(7) is dèfined by (000010):> 
, , 

(00010) + (00D01) with (00010) > (010) - (100) + (OOO) and (00001) > (100) 

-(000); for examp1e~ the subjoining (00001»(100) - (000) means that the, 

weights of the (00001) representation Cafter projection by sorne matrix intè 

the SO(7) weight space) of SU(6) are equa1 to the weights of (100) minus those 
, ' 

of (000). In general we say that a group B is subjoined to a group A when the 

weight diagrams (after projection) of a11 represe~t~tions/of Amay be 

expressed in tenns of sum and differences10f weights of re~preS,entations of 1 B. 

1 The problem ot" finding a GE for-S\J(7)-:> SO(7) branching rules may 
~~-

\ -~---

therefot:e be solved in -'. - blo, steps : ficst finding the GF's for the chains 
l ,. 1 

SUC])::> SU(6) and SU(6) > sO(7f and then substituting one into the other. The 
, 

SU(7):> SU(6) GF 1s (even SU(]) labels zerQ) 

-1 
1: {(l-Kt) (l-K1Md (l-K3M2) .(l-K,M,) (l-KsMIt) (l-KsMs}} 

Ml, M2, M3, M~t Ms carry the SO(7) representation labels. 

, • fI - .. 

(3.55 ) 
1 1 
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The GF for SU(6) > SO(7) 15 ' 

""<\ -1 

{(1-M!AJ){1-M5Al}(1+Ml)(1~M5){l-M2Az){1-M~Az)(1-Mz)(1-M~){1~M3Ai)(1+M3)} 
-1 

X {{ {1tMzAd (l+M .. Ad {l-M3Ad (hM3Az)} + M2M .. AIA~{(1 ... M2Ad l ' 

• (1.M.Ad (1-M ,A d (l-~:M.A 1 Al)} -\ M,M,A, { (l'M,A d (hM.Ad ~ 
x (1+M,A2)(1-M2M .. A2))' -M2MItAH {1+M2Al ){HM4Jh)(1-M2M .. AIAH~ ( 

-1 / 

X (1 +M2M..A~} - (M:zM .. Az) {M2M~.N~ )( (1 +MzA 1 ) (l.j.M~A 1 ) (1-M:zM .. A2) 1-' 

~ ~ 

x (1+M2M .. Afn' +M,MsJ\IO+M2'Ad (l-MaAd (1+M3Az)(1 ~M3MsA2)} , 
" < - -1' ( , 

1+ M2M5A~{O+M2Ad(1-M,Ad(1-.M,M5A2)(l-M2M5A~)} 1 : .:' • 

-1 

+ {M2MSAi{M2M .. AIAiH (l+M1Al )(1-M3Ad,(1"M2MsA~)(1-M2M .. All3))"· 
, 1 
1 -1 

- M2MYl:z{(1tM2Al) (HMaAt(l-M,MsA~{ltM1M5A2)} 
-1 

- (M2MsAi)(M2MItA2){(1+MzAl)(ltM,Az)(1.j.MzMsAz){1-M2M .. Az)} 
-1 

y (M2MsA~)(M2MsA2){(1"'M2Al)(1-MaM5Az)(l-M2MsA~)(l+M2M5A2)} . , 
• -1 

+ .(M2MSA2 )(~2MltA~){ (H-M2Ad (l-M2M5A~ )(1+M2M~~ (1+M2M .. A~)) ..:. - (3.56) 
-1 

- (r.12MsA~ )(M2M~A~)f(1 +M2Ad (l-MzMsAl )(1-M2M .. AIA~) (l tM2MItA~)} \ 
1 ~ 

~ (M2MsA2)(M2M~Ai)(M2~A2){{1+M2Al)(1+M2MsA2)(l-H2M~~{1+M2MItAi)} 
-1 

+ (MIMaA2){ (hMltAd(l-M3Ad (l+M3A2 )(1-MIM,A2 )) 

+ (M1HItAi){ (1+M .. Ad C1-M3Ad (1-M1M3A2 )(1-M1MItAi)) 
-1 

. + (MIM4An!.MrzM .. AIA§){ (HMItA.1 )(1-1MIM4A~ )(1-M2M4A1Ai >t'1-M3Al )}-l 
-1 

- (MIM~A2){(1+M .. Al)(1+M3A2)(l~MlM3A2)(1+MlM .. A2)) -
-1 

- (M1M .. Az) {M2M .. Az H (l+M"Al ) (HM3A2) (1+MIM .. A2) (l-M2MItA2)} 
-1 

- (MIM~Ai)(MIM .. A2}{(1+M~Al)(l-M1M3A2)(1-MIM4Ai)(1+MlM~A2)} 
\ . 

• J -1 

+ (M1MItAz )(M2MItAi){ (l+M~Al) (l-MIMItA! }(1+M 1MItAz)(1 +MzM4Af)} - ' . -1 

- (MIM~A~){M2M~A~){(1+M4Al)(1-MlM .. Af}{1-MzM .. AlAf)(l+M2M .. Ai)} 

+ (M1MltAz) (MzM .. Az) (M2MItA~) {( l+M"~l ) (1+M1M .. A2) (l-M2MItA2) (1+MzM .. Ai}} 

.. 

-1 
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-1 

+ (~hMaAV(M3Ms~2){ (1-MsAt}(1+M 3A2) (l-MIMa1\2)(1-M3MsA2)) 
- ~1 

+ (MIM'3f.t5A~) {(1-M"Ad(1-MIM3A2) (l-M"Ms1\2) (l-MIM3MsA~)} 1 

+ (M1Mt.Àh (MIM3M'sA~) {{l-MsAd (l-rhMs1\2) (l-MIM .. A~) (1-MIM3M5A~)}-1 
, -1 

+ (M2MsAn {MIMsMsh~ {(1-M3Ad{1-M3t~sA2)(1-M2MsA~)(1-MIMsMsAi)} , 
1 

+ (M1M .. A§ )(M2MsA~) Hl-M3Ad(1-MlM .. A~ ){1-M2MsJ\~ )(1-M2M4AIA~ n·-1 

. -1 

~ (MIM .. Ai)(M2MsA~)(MIM3MsAi){(1-M3Al)(1-MlM .. AJ)(1-M2M5A~)(1-MIM3M5A~)} 
-1 

+ (MIMsA2){(1+M3A2)(1-MIM,A2)(1-MsMsA2)(lJMIMsA2)} 

- (M 1M .. A2) (MIMsA2){ (1+M3A2) (l-MIMf.~ (HM1M"A2) (1-MIMSA2)} 
-1 

-1 
(M2MsA2)(MIHsA2){(1+M,A2)(1-M3MsA2)(1+M2MsA2) (1-MIMsA2 )} 

-1 

+ (MIMsA2)(M2M .. A2){(1+M,A2)(1+MIM .. A2)(l-MIMsA2)(1-M2M4A2}} 

- (M2MSA2) (l'hMsA2) (M2M"A2H (1+MsA2)(1+M2MsA2) (1-MIMsA2 ) (l-MtMItA2)} 
-1 

1 -1 
+ {MIMsA2)(MIM"MsA~}{(1-MIMsA2)(1-M9M5A2)(1-MIM5A2)(1-MlM3M5A~)} (3.56) 

-1 

+ (MIM' .. A~) (MIMsA2){ (l-r41M3A2 )(1-M1MItAn (1+MIM .. A2) (l-MIMsA2)} 

+ (~hM .. AJ) (MIMsA2) (MIM3MsJ\~){ {l-MIMlA2 )(·l-MIM .. A~ )(1-M1Ms;2) (l-MIM3M51\~ )}-l, 
. -1 

+-(M2MSAi) (MIMsA2){ (1-MaMsJ\2 )(1-M2M5A~) (H-M2MSA2 ){l-M I MSA2 n 
J -1 

+ (M2MsAi) (MIMsA2) (MIMsMsAi){(1-MsMsA2)(1-M2MSAI}(1·M1Ms A2)(1~MIHaMsAi)} 
-1 

- (MIM5A2)(M2M~A~){(1-MIM .. Ai){1-M2M5A~){1-M1MkA2)(1~M2M~AI)} 
, 1 

+ (M1M~A~)(M2M5Ai)(MIMsA2}{(1-M1M .. Ai}(1-~2MsAi)(1-MIMsJ\2)(l-MIM,M~Ai)}
-1 

- (MIM .. A~)(M2MsAJ}(M2M4AJ){{1-MIM4AJ){1-M2M5A§){1-M2M~AlAi) (l+M2M4A~)}' 
-1 

+ (M 1M .. A2) (MIMsA2) (M2MItAi) {(1-M1MItAi){l.MlM .. A2) (l*11MsA2)(1+M2M .. d)} 

+ (M2M5A2 ){MIMsA2}(M2MltAi)t (1-MaMsAH (1+M1MsA;)(1-Mf,MsA2) (1+H2MltAin-
1 

J • -1 

(M1M5A2)(M2M .. A2)(M2M .. Ai){(1+M1M~A2)(1-MIMsA2)(1-M2M4A2) (1+M2MltAJ)} 
[ -1 ' 

+ (M2M5A21(MIM5A2)(M2M~A2)(M2MltAi){(1+M2M5A2)(1-MlM5A2)(l-MaM~A2)(1+M2M .. At)} ~: 
. The G"~s giving the branch1ng rules for .the· subjo1n1ng of a group to another one 

conta~ns» 1:ontrary to the other types of GF"s 50 far d1scussed. negative signs 
l ' 

"J-
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in the numerator and positi~e s1gns in the denomin,ator; when interpreted in 

tenns of an integrity b~sis we th~~for.e" g~t elemen{s with negative Si9~ , 
(the sign of the product of é.lementary factors is chosèn according to the 

usual rule for products). 

/ 

The, integr1ty basis implied by (3.56) cons1sts of 25 e1ements 

(the notation 1s (Pl' P2' P3" P4, PSi al' a2, a3) where the p's are the 

SU(6) representation "labels and the a's those of SO(7) ) : 

a = (10000; 100), b • - <'.:. (1 0000; 000 ) , 

a* = (00001 ; 100) , b*= - (00001 ;000), 

c = (01000;010) , d :: (01000; 000), 

c* - (00010;010) , d*= ( 0001 0; odo ) , 

f = (00100;002) , 9 Il (00100; 100), 

j =' (10100;010) , j*. (00101 ;010), 

o <, k .. (10010;002) , t - - (10010;010), , -
/ 

n = (01010; 102), p =. (01010;010) , 

e = - (01000; 100), e*: - (00010; 100), 

h = -,(00100;010), i :: - (00100;000), 

m = (10001 ;010), 1<*: ( 01 001 ; 002 ) , 
'~ 

(01010;002). '~~* = - (01001 sOlO), q : -
l' 

r - (10101 ;002). -
The fol1ow1ng products of el ementa ry, multiplets are redundant 

e· w1th any of j. k, 1, m and ri 

e* wi th an>, of j*, k*, t*, m and ri 

9 with any of 1, 1*, m, P and q; 

h with any of kt k*,. nt q and ri 

, f 

! J 
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j with any of k*, t*, n,p and~; 

j* with any of k, t, n, p and q; 

k wi th 9.* and p; k* with ~ and p; 9. with R,*, n and ri 

~.* with n and ri m wi th n; n with p and r; p with ri 

q with r. 
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As for, the SU(6)':> Sp(6) GF for ~ranching ru1es, (3.56) has not been der; ved 
( 

analytictallyj however it satisfi-es the dimension and second arder index check 
1'7 

up to (inc1uding) SU(6) representations of the type (11221) and all others 

obtained through permutations of the labels such as (22111), (21112) and so 
1 

on; also the SO(7) GF for tensors derived from it has been subjected to the 

checks described in chapter IV. 

( 
• The SU(7):l 50(7) GF K(K1 , Ka, Ksi Al' ':A2 , Aa) is obtained by 

/ 

substituting (3.56) into (3.55) wliich gives 

K (K!.,Ka"Ke ; Ai ,A2. ,A3 ) : (l-K1 )-1 J (Ki , K3",Ks ,Ks ,Kfii Al ,A2~tAa) 
• 1 ,l' 1 

After sorne tedious algebra (in order to obta)n a GF whose power series 

expansion contains only positive tenns) the answer i s 

K(Kl,K3,Ks;Al,A2 ,A3} = 

{(1-K~) (l-Ki) (l-Kf) (1-KsA2 )(l-,K~Ai) (1-K3~~) (l-K1Al) (l-KiM}} 
, , -1 ' 

x {{(1-K3K5A2)(1-K~Af)(1-KIK3A2}(1-K1K,K5AJ)} {1+KiK~AiA2 . 

-1 

+ KldAIA2+K1KiKsA2Ai ... K1KiKiAIA~ + KIK~K~AIA2Ai ... KIK~KsAIA2Jii 
-1 

~ + KIKIK~A~A2AU + {(1-KiAf){1-KIKsA2}(1-KIKsAi)(1-KIK,Ks'Aln ~ 
1 

x {KIKsA~ + KIK3~AIAi + A2Ai> -+ KIK~K5AIA2Ai'" K1KiK~AiAi+ KfKiK~AIA2Ai 

~ KfKiK~AIA2A; + KfKJK~AiA2AU + {(1-KIKsAi)(1-KI K3A2)(1-KIKaKs AI) 
-1! 1 2 ! 2 , 2 2-

x (1-KfK~A~)} {KiK~AIA2Ai '" KfK3K~A2Ai + Klt<,KsAl~2M ... KIKIA2.A3 
(3.57) , . 

K3K K3A3A2 + K3K KltA A2A2 t K1K2K53A2ZA", -'- K"K2Ks5AIA23A~} .. + 13523 135123.&3 ..,. l' ~ 

.L-... .' 

. 

• 
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~ {{ 1-K~A~) (1 ~Kl K5A~) (1 ~Kl Ka K5A~) (l-K~K~A~)} -1 { Kt Ka K~AIA~+Kl KJ K~AlA2M 
+/KIK~'t<~A~ + KIKh~AIA~ .... KfKaK~A1A~ -+ Kl~~K~AlAi -+ KIK=K~A2Ai 

+ KIK;K~AIA2A~ + KIK~K:A~ + KIK~K~AIA2Ai + KtK~K:A2A~ + KIK~K~AIA~ 
+ Kt K~ K~AiAI + Kl K~ k~AiA2Ai ~ Ki K~ K~AfA2Ai + Ki K~ KgAIAzAIl 

-1 
+ {(l-I<J KsA2 Hl-KI Ka KsM }(l-K~K~A~ Hl-Kf j(~A~)} {KI K3K1A2A~ 

J 

-+ KIKiK~A~A~ + KIKiK~AIA2A~ -+ KlK3K~AIMAi + KfKJK~AIAi 
• 1 J 

+ K1KtK~A1A!A~ -+ ItfKiK~MA~ + KfKiK_~A1MAi ~ KfKIK~MA~ 

~<j -+ KIKIK~AIAiA~ + KlKiK~AIA~Ai + KfK~K~!tIM!t~ + KfKJK~AIA~ 

~ .KtKfK~AIAi + 'KfKlKfMM -+ K~K~K~AIJ\Mn 
t ' -1 

+ {(l-KIKs,Ai )(1-K1 Ka Ksll§ )(l-K~K~A~ Hl-Ki K~~} {Ki K~K~A2A~ 

-+ KfK~K~MA~ -+ K~K~K~AIA2A~ + l<~K~KgAlIi.2A~ + KfKJK~A2Ai 

+ KtK~K~AIA~Al + KfK3K~AIMA;'" KlK1K~MA~ + KfK1K~A1A~A' 
-+---------~~:j;--... v_l~4/1I-~2~"v-~5 /r.' -A.~3~." + -\(2 Kit KltA2A6 1 K3 K2 115A2A6 l K3 Ka K4 A3AIt 

4' Kî K3 "SJ\1I'3Jl3 l li 5 2 li'" 1 li "5 2 li T 1 li 5 2 3 

+ KfKIK~AlAi -+ KrKIK~AIA~At + KlK~KtAIAlAi} 
~.' -1 

.. {(1-K3K5A2)(1 .. K·IK3A2Hl-K1.J<3K5A~)(1-KiK~AI)} {KIK~AIA2 +. Kf!<~A~ 

+ KiK~K~Al +1 KfKIK~A~A§ + KiK~K~AIA~AI + KfKiK:AIA~ + KfKiK~AIA~ 
" -1 

+ KlKiKM1AIAU + {(l-K3K5AIA~)(1-KiAf}(l-KIK5Al)(l-KiK~A~)} 

{K,KsA1Ai + K\KsAIAi + KiKsAIA2Ai + KIK~!ttA~ + KIKsA1AzA\ 

-+ KIKi.K~AtA~ + KI.K:AiA~ + KJK~AfA2A~ + Kl KiK~AfAl + K! K~K~AiA~ 

~ KIKIK~AfA2A~ + K~K:AtA2A~ -+ KlKiKgAfA2A~ + K1K~KiAfA2A~ 

+ KIK~K~ArAt + KIK~K~AfA2Ai} ... {(1-K3KsA2 H1'-K\Ai Hl-KI K3 KSAi) 
-1 

X ('-KIKi!t~)} {K,K~AIA' + KiK~AIA2Ai ~ KtKiA~ + K1K3K~A1A§ 

+ KIKiKsAIAI + KIK~A2A~ + KIKlAIAzAI"" K1KIKiA~ + K1KiAIA1Al 

, 

( -+ KIK;AfAIA~ + K1K~K~A1A2A' t K1K1KIAIA2Al}} ., 

( 
< \ 

~ 

l 4 "'1111 t lUI 

\ ,,~ l" 

, . ..-..~..!"d"'.o.,t"o-:. ~ c" ._ ... 

" ' 



-_._._-_._------------ -------

( ) 

Finally substituHng (3.57) intO- (3.54) gl\'es the desired 50(7) GF for 

tensors in its enveloping algebra 

G (U,Ah1\.2,A3) = K (U 3 ,U 2 ,U;AbJ\.:bA3) 

:: {(l-u 2 )(l-U" )(1-U6 )(1-UA2) {l-u2Af )(1-U2A~ )(l-U'1\.I) 
-1 -1 

X (1-U4A!)} {{(1-U3A2)(1-U~Af)(1~U5A2)(1-U6A~)} 

x' {1+U6 AiA2 + U.7AIA2 + UeA21\.~ + U9 (AIA~ + 1\.11\.2Al) 

+ U1oAl 1\.2AJ + .U llMA2Ai} + {(l-UiJAi )(1-U5A2)(1,:,u,ItA~) 
.,..1 

X (1-U6 Ai)}' {U"Aj + u6 (AIA~ ;t A2AU -+ U81\.11\.2A1 , 

+ u9Mrd + U12AIA2A~ + U13AIA2A~ + U15AiA21\.H 
-1 

, .. 

.... {(l-U"A~ ){1-U5A2 )(1-U6A~ )(1-U8 Ai)} , 

x {U91\.11\.2Ai ... UI0 A21\.i+ Ul11\.d\~Ai + U12AMi 

+ U14A~1\.~ + U15AIA~1\.i + U16A~A~ -+ U21 AIMAn 
-1 

~ {tl-u4M )(l-U"A~ )(1-U6A~)( l-U6A~)} 

~' {U8AIA~+ U1 0 (AIA2M -+ A~) + 2U11 1\.IA~ -+ U12 (AIA~ +A2A~) 

+ U13 (1\.I A2A;+ A~) + U14AIA2A~ .. U15(A21\.1 -+ MAi) -+ U16AtAi 

..... u17 AfA2Ai + U18Ai1\.2A~ + U19 JhA2AU 
-1 

.... {(l-U"Jh)(1-U6Ai )(1-U6A~){ l-UBAl)} 

X {U' A2 Ai + U9 AfA} + U11 AIA2-A~ -+ U12 1\.lA~A~ 

+ U13 (1\.~Ai + AIAM~) + U14 (A~A~ + 1\.lA~AU -+ u16 AlA~ 

+ Ul1AIAf.~~ + U18Al1\.fAJ ~ U19AIMA~ + U2 °AiAl + U21.AiAt 

... U22A~A~ + U26AIA~AH+ {(l-U"AI)(1-U6Ai)(1-U6An 
-1 

x (1-u~Al)) {UllA21\.; + UUAiA~ t- Ul't!UA2A~ 

... U15AIA~.M + U16 (AfAi + 2A1AIAj) • U17(AiM ~ A1AtAI> 

+ U18 (AIAb~ + 2AiAt) ..... U19 AIA~ + U20 AIAl -+ UU A1AfAt 
l " ~ • • .• ""':'1] 

+' UUAIA~An+ {(1-Ua~21(1-U5A2)('1'"!'Ü~AI)(1...ua-M)} 

51 

(3.58) 
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-1 ' 
x (l-u6A~)) {U3AIA~ + U5(AIA~ + A~.A2A~) + U7(AfA~ ... AIA2A~)f 

+ U9(2AfA~ + AfA2A~) + U1QAtA~ + Ul1(AtA~ t 2AtA2A;) 

+ u12MA2A~ ... U19AfA2A~ +' U15AfA~ + U17AfA2 AU (3.58) 
-1 

+ {(1-U3A2)(1-U4Af)(1-U6A~){1-U6A~)} 

X {Uit AIAh UI& (AIA2A~T At) + U7 A1Ai 

... U8 (AIAi + A2A~ +AIA2AH+!U-gA~ + UlOAIA~Ai + UllA2A~ 
, " 

+ U12(AfA~ ~ AtA2Aï) ... U14(AiA2A~ + AiA~A~) 

+ U1sA1A2Ai + U16AIA2 Ai}} • 

3.4 A computer progrrun for the elementary multiplet method 

As discussed in appendix A, the elementary multiplet method consists 

of finding a finite set of elementary factors and syzygies. Unfortunately 

the problems are not always as easy as the example given in the appendix; 

actual'ty the search for elementary multiplets and syzygies may tum out in ... 

certain cases to be quit~ a formidable problem. The GF·s for tensors in the 

enveloping algebra of Sp(6) and SO(7), which were obtained fol1owing ,this 

approach. ar~ good examples. For instance in the case of SO(7)7 we had to 

work out thé GF of SU(6) ,> SO(1). this implied finding 25 elementary multiplets 

and 44 syzygies. What'makes these problems difficult is that there is much 
1 

guess wo.rk involve'd (no selection rules are knownh for,examp!e, ~~tchofce 

of a forbidden product of two elementary factors at a low dimensional SU(6) 

representation (in the case of 5U(6) > SOC7}) proved to be wrong on1y i!t the 
1 

(12211) representati on whose d1men~ i on i s 672,000 and where there are over 

" .-

, , 

" .\.,.-
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2600 possible products giving (12211); one must therefore keep track of all 

possible products. 

We wrote a computer program that does most of the work 1eaving to 

the ~ser'~he problem of guessing the right elementary factors and syzygies. 

The progr~m could be used at,the very beginning of the search of elementary 

factors but usual1y those belonging to representations such as (À1• 0, ••• ,0), 

",--

(O.À2, 0, ••• Olz •• q (0.0 •.••• \.) are easl1y work out by hand so that the ,,1 
"-

res'ults arê then fed in the program as, data along with the syzygie~; we then 

p'roceed to representati ons where more then one Ca rtan 1 abe 1 i s di fferent from 
. \' 

.JerO'; the program gi ves a li sting of all possible products for a given repre-
l' " 

sentation (of SU(6) in th~ case of SU(6) > $0(7»/, their composition (in 

tenms,of elementary factors), what subgroup (or subjoining) representation 

a parfi ~ul ar product gives, itsQ.dimension and second order index, indi cates 

if the product 1s forbidden and finally at the end of the listing adds' the 

,dimension and second order index of, a1l a110wed products. If a particular 
- .' 

choice of syzygy turns out to be ~rong, a new choice is made by changing only 

one 1ine of the program; if an extra e1ementary multiplet is needed to balance 

dimension and index, one ca~d is added tO,the data. The second order index 

check 1s particùlarly _useful in problems as complex as the SO(6) and SO(7) 

ones, since it may happen t~at a choice of elementary·multiplet and syzygy 

satisfies to total dimension but fails the index çheck. 

\ 
\ 
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3.5 Other uses of the generatingi function for tensors in the enveloping 
algebra of a group 

I:~part frOOl i ts primary purpose, that i s to decOOlpose the enve 1 opi n9 

algebra of a group G, these GF's have other uses. We have seen tha~ they 

sugg~st a means of constructing these .tensors Ca detailed discussion of this 
1 

tapie is given in chapter V). Without the denominator factors which correspond 

ta Casimir' invariants, and with U:l, ft 1s a GF for the number-of states of 

zero we i ght in ,representa,ti ons of G. We tum to the questi on of subgroup 
f ~ 

scalars in the enveloping algebra C?f a group. Besides the Casimir operators 

of a group and subgroup, there are r G ~ tG - rH - tH functionally ind~pendent 

subgroup scalars. or missing label operators (twice the number actually needed 

ta resolve the·labelling problem72 ); rG' rW 1G, l'.H are the order and rank 

of gr~up .and subgroup. The GF G (U; Ap ~, ••• ) for tensors in the enveloping 

algebra contains information about subgroup scalars. Substitute into G the 

GR F(A1 '.h' ... ) for subgroup scalars in representations of the group; tftere 

results the GF H (U) for subgroup scalars in tthe enveloping algébra. This , \ f ' 
ution is often very simple to make. " 

As a first example conside~ 5U(3):J 50(3h the G~ for 50(3) scalars 

, in the 5U(3) representations i5 
-1 ~ 

F (Ali 1\2) = {(l-AI,) (l-Af)} , (3.59) ) 

obtained by sett.ing..equal to zero the dlJl'll11y which carries the 50(3) repre- 1 , 
" . i 

sentation labe} in the~U(3)j 50(3) branching rules GF given earlier 1n this 
r ~ l ' 

, ,1 _ 

chapter. '(3.59) states that each even~even representation,of 5U(3) contains 
, . 

1 • 

one SO(3) scalar. Substitution of (3.59) into (3.28) means keeping the part 

of (3.28) even in Al and in A2 and then setting lü:A2= J. The l'e5ult ts 

1 • t 
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(3.60) 

which agrees with the GF of Judd et, a11: when )their dl.Jlllly variables D,and P 

are set equal to U. 

Similarly, the GF for SU(3) scalars in the 62 envelop-ing algebra 

is obtained from (3.50) by setting A2 = 0, Al = 1;' that for 5U(2) x SU(2) 

scalars in the SU(4) enveloping 'algebra is obtain(!d from (3.39) 

by.kèeping the part,evén in Ai'flt and ~ and setting Ai.,f~ ..... A",l' ;thaffor 
, 2 3, . , Il 

-SU(2) x U(l) scalars in the 50(5) enveloping, algebra 1s found frain (3.39) by 

keeping the part even in Al and <h\'A
1

and'.sèt.tfn!:f Al'"' Ai":,l, ; that. for G2 scalars 

in the SO(7) enveloping algebra, is obtained frOOl (3.58) by sett1ng 

A1:A2:0, A3:'1. The resulting GF's can be compared with the GF's or integrity . ' 

basis give.n, variously, by'Quesne2, ,Sharp3 and Gaskell et a1 49• Many new 

GF for subgroup 'scalars could be found in this way. Of particular interest, 
, / 

because of its impor'tance in nuclear phys1cs39~ 1s the group-subgroup 

5p(6)::> SU(3) x U(1); the GF for subgroup scâ~ars is obt~ined fram (3.53) by 

retaining the part even in Al, in A2 and in A3 and setting Al:A2=As: 1. 
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, CHAP.TER IV 

TESflNG THE RESUl TS 

) In chapter ~II we diScussed twp methods of obtaining the GF for 

tensors in the enveloping algebra of a group. The first (working through a 
/ 0 

subgroup) is an analytical derivation and consti,tutes a rigourous mathematical 

proof; thi s approaeh was used for SU(3) and SO(5l. The second approach, 

which makes use of a larger group, 1nvàlves finding a set of elementary 

multiplets (the integrity basis) and relations amon9 them (sy;tygies). It Idoes 

not constltute a proof sinee one 1s not sure that a11 elementary'multiplets 

anl relation~ have been foundi in this case the result must be checlëed.. In 
( • 1 #' l , ' 

this chapter, we discuss severa1 checks to which our results have been 

subjected. 

The mlllber of labels needed to specify a particular tenn in the 

enveloping algebra 15 r. 'the order (number of ge'nerators) of the group'

Subtracting i (r-1). the m.lllber of interhal group labels we get i (r+1) as 

the number of functionally 1ndependent eleinen~ary tensors (1 1s the rank of 
o 

,the group); i (rt-t.t) 15 thus the (maximum) nUmber,of denaninator factors in , 

,each tenn of the 'GF; our GF'~ sat1sfy this rèquiréme·nt. 
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Okubo5 ~as proven the following results concerning the number of 

linearly independen~ vector operators and their degrees d in the enveloping 
1 

: a1gebras of A~: BR.' CR.' OR. and G2 : At has JI. vector operators with, 1 ~ d " 1; 

CJ. cfhd Bt have R. vector operators with d : 2q + land 0 ~ q " 1-'; Dt has R. 

vector operators of which R.-l have degrees 1 :.3, •.• ,2~-3 and one with degree 

.1-1; ~ has two vector operators -of degrees 1 {nd 5. Our results agree 

with the 'àbove. Our results a1so agree with (1.1) and (1.2). 

l ' 
One can a150 check if ,the ten50rs enumerated in these GF.'s have 

the correct congruence number c. The congruence numbers for these groups • 
,,, 

are 73 (G2 is~'t characterized by 5uch' a number} 

--:-~ -"~U{2.) :·C = >"1' mod 2; SU{3) : c = "1"" 2 "2 mod 3; 
! (4~ 1) 
SU(4) C = Àl ... 2 "2',î. 3 >"3 mod 4; SO(5) : c = "1 mad 2; 

, 1 

SOP) : c ': À3 mod 2; Sp(6) : C = À1 -+ "3 mad 2; 

Ài being the- C~rtan labels. Now the coogruence number of the adjoint repre

sentation of these groups is according to (4.1) 
~ 

SU(2) c ,: 0 ~od 2; SU(3) : c = 0 mod 3 ;, 

1 SU(4) c = 0 mod 4';, 50(5). SO(7), Sp(6) : c • 9 mod 2. 

Consequent1y, since é 1s additive in the tensor product of representations, 
\ 

the Cartarl' labels of the tensors enumerated in these GF's must satisfi the 

follGW1ng rules : 

SU(2) : À even; 

SU(3} : >'1 -+ 2 >'2 = 0 mod 3; SU(4) : >'1 + 2 >'2 + 3 >'3 = 0 mod 4; 

SO(5) À1 even; 50(1) : )., even; Sp(6} : Ài + A, even. 

Qur results agree with the above rules. 
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We also checked if our GF·s satisfy Kostar'lf·s theorem21 conceming 

the highest degree with which any tensor appears; as"stated in the introduction, 

Kostant showed that the b1ghest degree of a À-tensor (modulo multiplying it 

by Casimirs) ;s the sum of the coefficients of the simple roots'in the. 
, 

highest weight of (>,): New the h;ghest weight ,n (À) of a~ irreducibl~ repre-

sentation 0,) may be written in tenns of the highest weights wi bf the t 

fundamental irreducible representations of the group 
. \ 

(4.2) 

where Ài are the Cartan la~els. The highest weights wi for the algebras of 

rank two and three a~ written ln "tenns of thelr simple roots as follows
74 

~: 

o' 

W2'.. l al + 
- ! 

G2 : w1 = 2al + 30.2; W2 = al + 2(12; 

1 
A:,-: wl = 1 (301 + 20.2 + 0.3 ), w2 : l 

"4 c. 

W3 = 1 (al + 20.2 + 3as) ; 
"4 . 

W1 = al + a2 -+ a, ~ w2 : .al + 2&2+ 2 ah .. 

W3 = l (al + 20.2 :.. 30., ); . 
2 1 

Wl :: al -+ a2 t,las. H2 = <il + 2a; + as, 
, ! 

w3 = al ... 2à2 + fs. 
In tenns of Simple roots 

t . 
R(À) :; 1 t 'ci V.) ai 

1.1 

(4.3) 

/' 

(4.4) 

J 
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According to Kostant's theorem, the highest degree oP,) of a À-tensor is 

(4.5) 

Therèfore for any given algebra, we substitute the wi given in (4.3) into 

(4.2) and read off the ci (À); we then obtain D(À) by means of (~:5). For 

example let us consider the alQ.ebra C3 which corres.ponds ta the group 

Sp(6); substituting (4.3) into (4.2) we get -

R(~) :: ).1 Wl -1- À2 WZ + ).3 W3 

': (Àl-+).2+À3) al :.. (Àl+2À2+2À3 ) ëi2 

of. (ÀI +).2" 3 À3 ) a3 
2 '2 

which implies that for. Sp(6) 
. , 

cd).-) : Àl-4-À2+À" C2 (x) = Àl+2:>.2+2À" 

,c3{À) ::: h. +).2 + 3 ).3' 
2 ' 2 

Insérting (4.6) into (4.5) gives us the highest degree D(;q at which a 

À-tensor appears in the enveloping algebra 'of Sp(6) 
fi JI 

D(À) ;: 5 1.1+ 4 À2+ 9 À3' 
.2' '2"" 

The highest degree for each group 15 obtafned in the same wiJ.y 

SU(3) : 1.1 + ~2, 50(5)': 3 ).1'''' 2 À2 , 
! , 

~ : 3 Àl+ 5 Àh SU(4): '~ Àl + 2 ).2 + ï).St 
Sp(6) : 5 ).'1 -1- 4 "2 + 9 Ah SO(7} : 3 "1 ... - 5 ),2 + 3 >.J. 
'2" ! 

(4 .. 6) 

1 • 

(4.7) 

Keep1ng'only tenns of highest degree for a given >.-tensor, the GF for tensors' 
,. 1 

in the envelopi"g algebra reduces to the fo11O"'1n9 

i 

, 1 

1 , 
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( 

SU(3) 
1 

(U;Al)A2) = 1+U2A1A + U~Afh2 : G , 
(1-U 3Afi (1-U3A~~ 

, 
G' 50(5 ) (U;A1 ,A2 ) = 1 

(l-u2A2) (1-U 3Af) 

1 
G2 : G (U;A1,AJ - 1 - Cl-U 3Al ) (l-U SA2 ) 

(4.8) 

• 

Sp(6) 

) l '. 

( ~ , 

By inspeètion we see that (4.8) does satisfy the highest dégree given in . , . 
(4.7).' More formally we may obtain the formula for tne highest degree'by . . ~.. , . ~ 

/ 

ta'king the followi~g residues ' 

(
,1 À1-1 ( .1 A- I ) 

E {Res n Ai ,) 'IG" U; Al S"·· --1 }. 
AJ., • •• '~1 i: 1 

A simple example 1s G2 " 

~ Rès" A~l ... i' i\~2-1 
AiAz h";U9Ai:l..,."j·-)-(1--U-5-A~il~) 

'which chec~s wi:th the result stated in "(4.7) .-
, , 

1 

Each GF is 'consistent wlth known GF's 'for subgrôup. sca1ars in' the 
, l ' , ' 

envelopi-ng a1gebra. For example, .1e~ us consider'the èha~n 5U(4.):> 5U(2) x . , 

C: SU(2). The integrity basis for' t~ brançh1ng tules ~f the abo'le ,éha1n of 

l ' 

, . 

" ' 
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groups indicates that only SU(4) representations with eyen Cartan labéls 
l , 

contains SU(2) x SU{2) scalars; therefare t retaining only such tenns in 

(3.39') and.,$8tting Al:A2=Aa:l we get the GF for SU(2) x SU(2) scalars in 

the enveloping algebra of 5U(4) 1 

where U carries the .degree 1n the generators as ~xponent. This GF agrees"'" 

with that of Gas~ell et a1 49 and of 'Quesge2. 5imilar tests ha~e been done' 

using tpe following chain of grQups : G2=> SU(3}, G
2

:J 5U(2) x SU(2), Sp(6):» 

. Sp(4) x SU(2); SO(7):, G2 .. 

Since the elementary multiplet method involves a great deal of guessing, 

. the aboya checks were often helpful in guiding our chaices of the integrity 

basis and syzygies; hO\'!fver, they constitute only partial tests. The most 

conclusive check which we apply, is the reduction of the GF for tensors 1n 

the enveloping algebra to the ,carresponding GF for weights, to which the 

remaindér of this chapter is devoted. 
, \ _------- __ . ____ t' 

A GF for teflsors, may be reduced to that. far weights by substituting 

the character generator of the group; unfortunately the character generator 

,15 not known in general. so one must work through a chain of subgroups. One 

must utilize a chain of groups of equal rank at each ,stage, otherwise 1nfor

mati'on 1s losi:· For eXamP1e,'wor:lc1ng through the chain SU(3}:>SO(3).:>U(1) 
1 •• ~.-.. • <' 

the GF for tensors bUêd on • (l0) ténsor .~s to-- the foHowJng GF for 

, 

(4.9) t 
i 

! 1 

\ 
1" ,~ 

• , 1 -t."Mn tt t ._ 
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,~here U carries the degree and n the weight as exponent. However, thi 5 

cannot be cons1dered a conclusive check s1nce the GF based on a (01) tensor 
.\ . 

wou1d a1so reduce to (4.9). An appropriate chain wou1d be 

5U(3)~ 5U(2) x U(1):J U (1) x U(l) 
, 

in whi ch case, the GF's based on (10) and (01) ter'lsors reduces respectively 
" 

to 

and 

1 
"'"12 -1 

O-Umn2) (l-Un~ ) (l-Un2nl ) . 

l 
l -1 -1 -1 

(l-Unf) (l-Unln2 ) Cl-UnI .T12 ) 

, 
\' 

We now'proceed to the }eduction of the. GF's of SU(4). G2, Sp(6) and SO(7). 
( , ., 

1 

For the group SU(4), we proceed through the following chain , 

su ( ~):J SU ( 3) x U (1 ) j SU (2) x U ( 1) x U (1 ):l ~ (1) x U ( 1) x U (1 ). 

The GF'for the branching.,ru1es of 5U(4)::>SU(3) x U(1) ;550 

,fI 1 (4.1)0) 

w~ere AltA2,A, carry the SU(4) representation labels, Ni and N2 those of 

SU(3) and n3 that of U(l). The first stage of reduction is done by subst.i" 

tut1ng (4.10) into (3.39); this, is done by the following sum of residues 
. . 

Fi (U;N1 ,N1:.11') = l Res ) 1 [ G(U~Al ïA2tA,)At A;J~l, 
A 'A A -1 -1 -3 -1 

. 1 :l. 3 \ (1 .. Al Nll1S)(1-1l1 11' )(1 .. A2 N2 111) 

O-A;' N.ll;') (1-A;\I)( l-A;' Ha»;') l- , 
" , 

The calculation of residues i~ clone with the fOllowing choice of noms 
y 

IU1:C",INd<1,IN21<1,IA:tlt:I'1~ 1, 'lA'il and tAII a little\\gtèater then 

,"_- --~ ~~,"7':.'i;-:~.r,~~:,~-' ,_' ..... ___ 1._. _. ----.. -4!(IIIO\I.;Ç""'lJf-·,.-~~ __ ii1 
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unit y; the result is the GF for SU(3) x U(~) tensors in the enveloping 

a1gebra of 5U(4) 
- Il -2 -1 -1 

Fi (U;N h N2,n3) = {{n', -Nln3){N2n~-Nln3 }(n~-N2113 )} 
-'3 -3 -1-2 

x {G(U;n3 ,N 2 ni ,11~')N2n~-G(U;113 ,N2ni ,N Zn3 )Nf113 
-3 -2 - 2 '-3 -2 -1 -6 

- G(I,J;ns' ,NIn!! ,nJ)N1na +G(U;l1s ,NI'na ,N2 n3 )NIN211a . , 

, ( 2 3) 6 ( 2 -1. 1 2 - G U;N 1n3,N211hI13 N1N211i+G U;N I 113 ,N 2na ,N2113 )NIN211a 
-2 -2 '-1 -2 

,+ GOJ;Nl'rlS ,Nllla ,n~)Nfnl-G(U;Nl 119 ,Nin; ,N211~ )NfN2113 } 

(4.11) 

Making use of the GF (3.3) for the branchill9 rules of SU(3):::> SU(2) x U(l) 

the reduction from' 5U(3) x u(1) to S}J(2) x U(1) x U(1) is done through the 

fo11owing sum of residues 

F~ (U; Na, nh n~ = IRes [F.1 (U;N 1 ,N; ,113 )N~l.N;l 
N N -1 -1 -2 -1 ... · -1 

, 1 2 (l-Nl Na112)(1-Nl n2 )(1 .. N~ Nai\2'.) 

x (l-N;'ni'] 
whe~ N3 carries the SU(2) label and 112 that of U(1). The sum of resldues 

is done with the fol1owing choice of nonns : (N 3 1<1 ,/112/ = 1 and )Nl/tlrh/ 

slightly larger then one; the result 1s 

-3 -l' -1 

Ft (U.N3f.112 .n8): {{Na-nl )(N,-n2 )} x{F1 (U;N a112 ,Nan2 ,n3 )N} 
:" , . . -2 -1 -3 

FI (U;N3n2,ni~t13)N3111 -F~ {Uin2 ,Na112 ,113)NaI12 
(j.12 ) 

-2 -
+ Ff.' (U.n2 ,ni .l1a)} • 

Final1~ in the last stage of reduction we make use of the SU(?):» U(l) GF50 

-1 -1 
·lL]~3nd(l;.lN.nd} • (4.13) 

The GFfor we1ghts 1 1s , . 
, -1, 

W(U;npoz .n,) = t Res F~ (0;"1'112 tD' )N. 
, 1 N.t O_N;l Dl ) (1_N,;1 11;1) 

(4.14) 

;.~.~~ ~~~~~:7:1iI':1!r';'~l;-;-~''':'C'z ;~-.--" -.' -:. ,-:-~ -:--~ 
H ~ f ' (~ .... ' ~ 
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where nl carr1es thé U(l)! la~el. Wit~ the fol10wing choice of norms 

In11 = land IN!!I slight1y greater then unit y, (4.14) reduces to 
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, 1 -1 -1 -1-1 

W(U;nl,nZ,nS) = (Ml-ni) {ni F2 (U;nl,n2,na)-nl F2 (U;l)1 ,n2,na)}. (4.15) 
, , 

In principle'an exp1icit expression for the ~eight GF W(Ujnl,n2,n,) could be 

obtained analytically by sUbstituting ,(3.39) into (4.11), the result into 

(4.12) and finalJY that result 'into (4.15), and after sorne algebra compare 

the answer with t,he actual we1ght GF 

1 -1 -2 -4 
W (U;l)I.n2,l),) = (1-Unln2n~)(1-Ul)1 n2n~)(1~Un2 n~)(l-Unfns ) 

... 1 -It :"1 .. Ll -It .. 1 1 

x, (l-Unln~ Tla ){1-Ul 'n2 na )(l-UTllJll)(l"Unl n:l(1-Unf)(l-U') 
(4.16) -2 -a -1 -3 -1 

X (l-Unl )(1-Unln2 )(l-Unl n2)} • a 

. , 

Each factor 1n (4.16) corresponds to a weight in t~e adjoint représentation 

of SU(4) •• In practice, the algebra soon gets out of hand. We have written 

~ a computer program which performs the substitutions numerical1y in double 
,r , 

precision (15 significant figures) and compares the result wi'th (4.16) •. In 

table 1 we show· a sample of the results for random values of U,nl,n2,nsi w' 

stands for the aetual GF and W for the wèitht GF obtained frOOl the réduction 
l ' -1 - r , " process. A: (W-W ) (W) x 100 1s the ,percentage of error. To check the 

efficacy of the numerical cOOlparison, we madé numerfca1 changes in ~é·GF 
1 • 

being tested, such as alter1ng by un1ty a coefficient or exponent;·suCh a 
! 

change 'incre~ses the relative error by many orders o'f magnitude. The eff8Ct ,".;-

of such minimal changes are shawn ih table JI and Ill. Many· more' wera done. 

~ In the case 01 ~, we proceed through the chain 

~j 5U(3);, 5U(2) x, U(1)j U(1) x U(1). 

) . 
• 1 
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The substitution' of the group-subgroup GF (3.15) for ~:> SU(3) in (3.50) 

gives the GF for SU(3) te~sors in the enveloping a1gebra of G2 
1 

-1 
F (U;Nl,N2) = {(NI-N2)(Nl-l)(N2-1)} 'x { -G(UiN1,Nl)Nf 

il . ' 

+ G(U;NltNlN2)N~N2 + G{U;N2,N2)N~ -G(U;N2 ,NIN2 )NfN l 
(4.17) 

+ G{U;1,N 1 )N I -G(U;1,N2)N 2}, 

o carr1es the degree in the G2 generators and Nl.N 2 the SU(3) representatlon 

labels. The rema1nder of the redutt10ri 1s done exactly the same way as that 
• 

of SU(4) with n,=l. The final answer is then compared w1th the actua1 G2 
weight GF. 

, -1 -2 -1 
W' (U;nhn2) :: {{1-Unln2)(1-Uth n2Hl-Un2 )(1-Un~)(1-Unln2 ) , 

-1 -1 -1 2 

x,(1-Unl n~ )(l-Un:t}'l~ Hl-UnI nn (1-lJnf )(l-U) 
~2 -3 -1 -3 -1 

X (l-Unt ){1-Unln2 ')(l-lJnl~ )} ~ 
(4.18) 

Proceeding through the same numerical checks as in the case of SU(4), the 

relative error Il was of the order of 10-12• 

~ For Sp(6) the fol1owing chain i5 convenient 

Sp(6)::l Sp(4) xSU(2)~ SU(2) x U(1) X SU(2):l U(1) X U(1} x U(l). 

The GF for branching rules for S~(6)~SP(4) x SU(2) 1s52 
. ~1 

{(l-Alth Hl-AIN,) (l ... A2N2) (l-A2 Hl-A,N 1) (l-A,N2N,H . 
-1 -1 

X {(1-:A2N1N,)' + AIA,fh (l-AIA,Nz) } 
(4.19) 

~ere Al ,A2 ,A, carry the Sp(6) labels~l"N2 the Sp(i) labels and N. the 

. SU(2) label (the d1mens·ron ôf the SU(2) representation (V) 1s \1+1). The ~ 
1 • 

substitution Of (4.1~) into (~.53)" gives' the 6F for Sp(4) x SU(2) tensors 
r' , . 

:in the enveloping algebr,. of Sp(6) t: 

- , 
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~ (U;Nl,N2,N,) = N2 {(1~N2)(NI-N,)(NI-N2N3)(N2-N1N,)} 

X {-NfNaG(U;NltNhNd + NIN,N~G (UiNIJN:h NaN,) 

-NfNiG(U~NhN2.N2N3) + N1Ns G(UiN h l,Nd} 
, .,.1 

+ N lN ,{(Na-NIN, )(1-N1N, )(NI-N~ (Nt-NaNs)l' 

x {NIN, G(UiNltNIN3.Nl) - NfNaN§ G(U;NlJN1NhNaN,) 

- NiNi G(U;N"NIN"Nd + NINaN~ G(U;N",NINs,N2 N,)} 
-1 

+ l(l-N2){NI-N,)(NI-N2N3)(1-NIN,)}~ x {Nf G(U~Nl,1'N1) 

- NINa G(U;N"l,Nl ) + NaNi G(U;N,,1,NaN,) -, NtNiNa 
1 

-1 

+ NINa{(1-Na)(N2-Ni)(Na-NIN3)(NI-NaNs)} 

x {N2 G(U;N aN;l, l,Nd - Ni GlU;N;1 Na ,N2 ,Nd} 

-1 -1 
X (N~ G(UiNà ,N2,N2N3) - Na G(UtN~ ,l,N2N,)} 
. ~1 

+ NaHl-N2 )(N1-N, )(N 1-N2N, ),(N2-Nf)} 

x {N2Ni G(U;Nl,N2 ,Nl) - NI G(U,NI,l,Nl)} 
-1 

+' {(1-N2)(NI-N3)(NI-NaN9)~1-Ni)} 
2 2 2 . -x {N2N, G(U.N"N2 ,N!N,) - ,N 2N3 G(UjN"l,NaN,)î. 

The GF for branChing~les of Sp(4)~ SU(2) x U{l) 1550 
-1 - 2 -1 

{(1-NIN_~3)(1~NIN,na )(1-N2ni)(1-N2ns )} 
-1 -1 

X {Cl-Nt) + N2Nf(1-N2N~) } 
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\ 

(4.20) 

where N,.\. carries ~he SU(~) label and n, the U(l) label. Substituting (4,.21) 

. into (4.20), gives, us the GF for SU(2) x U(1) x SU(2) tensors in the envelop1ng 

algebra of Sp(6) . 
" ", 

} l'J' 

> ;r#~~~~ 
':-;iJt,~~ 

t'Ai 
",li<, 

'. 
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-1 

F2 (U,;N"N4,l13) = N~ {(1-ni)(N~-n~)(l-N~n~)} " 

x {-n~ P" (U;N .. nStn~,N3) + n;N~ FI (U;N4n3sN~~N3) 
, -1..12' -1 

+ Fl" (U;N. .. na ,na ,N,) - N~n~ F1 (U;N .. n3 ,N~,N3)} 
~ -1 -2 -1 l , 

+ {2(l-N .. n3}(1-N~n3 ')(ni-na )} , (4.22 ) 
1 -2 -2 

x{rlfFl1(U~J,nitN!I) - ri~' F1.(U;1,n; ,Na)} 
-1 -2-1 

~ {2(1+N .. n3Kl+N .. na) (ni-ns )}~ 
-2 -2 

X {n~ Fl~U;-l,nLN3) - na F1 \(U;-1,na' ,Na)}. 
f '. ~ 1 

Fina11y, the GF for weights 1s obtained by substituting the SU(2):l U(l) 

GF' (4.13)' into (4.22) giving 
-1 -1 

W(U';nltnhn~) = {n1n2 F2 {U;nhn2,na) - nI' n2 Ft (U;n1 ,n2,na) 
-1 -1 -1 -1 -1 -1 

- ThTJz F2' (U;nhTJ2 ,na) + n1' n2 F,,:(U .. ;TJ1 ,n2' ,na)} x ... ' ~ 

(4.23) 

-1 -1-1 
{(nZ-n2 ) (Th-nI )} 

which mus't then be C'ompared with the actua1 GF for weights of Sp(6) 
,i -2' -2 

W (U;nl~n2,n3) = {(1-Un~ni)(1-Un~)(1-Un2 n~)(1-Unfn3 ) 
1 

-2 -2 -2 -2 -2 -
x (1-Un2' na ){l-Uns )(l-Uni)(l-UTJI )(1-Uni)(1-Un1 )(1-Unln2TJa) 

-1 -1 -1 -1 -1 

x (1-Unln2 na)(l-Un~ n2n3)(1-Unl n2 na)(1-Unlnan3 ) 
\ 

(4.24 ) 
-1 -1 -1 -1 -1 -1 -1 S -1 

x(l-Unlni ns )(l-Unl n2n. )(l-Unl n~ ns )(l-U)} • 

Due to the canplexity of·the Sp(6) 6F. thEtnumerical comparison between the 

actua1 weight GF (4.24) and the one obta1ned fram the ,reduction was done w1th 

qUadruple precisiOn (33'significant figures); A was of thé arder 10.23• 

For 50(7') ~ followed the chain 
, - . 

SO(7):JSO(6) - SU(4)=>5U(3)'J( U(1)~SU(2) 'x U(l) x U(l)~U(1) x u(1) x U(l) 

The SO(7):> 50(6) GF 1552, 

(4.25) 

v , 

r 

, 
~ 1 

1 



( 

( 

/ sa 

where AIAhA3 çarry the 50(7) representation labels and Nlf. N2t N3 th ose of 

5U(4). The substitution of (4.25) into (3.58) gives the GF for SU{4) 

tensors in the enve1aping a1gebra Of 50(7) 
- ~ 

F (UiN ltN2,Na) = ~(1-N2)~~1-NHN2-NIN3)} 

x {N2NaNf G (U;N2,N 1Ns,Nd - NINi G (UiNz,NhNd 

- N1N2Ni G (U;N 2 ,N1NhN 3') + N~N3 G(U ;N2 ,H2 ,N 3 ) 
j 

~ NiNa G (U;1,NIN3,N~) + N1N2 G (Ui1,N 2 ,H 1 ) 

... NINt G (U;1,N1Na,Ns) - N2N;G (U;1.N 2 ,N a)} 

(4.26) 

The remainder of the reduction is done following that of SU{4). The final 

answer is compared with the actua1 GF'for weights 
~'\!~ , .. 

, -1-2 

W'(U;Th,T'l2,'1S) = {(1-UT'llT12'1n(1-U'1l n2nU(1-U'12 n~) 
_II -1 -It -1 3 

X (l-Ull~n; )( 1-U'11 '12 n.. )(l-Unl n~) (1-Untnn (1 .... unf)( 1-U) 
-2 -3 -1 -3 -1 -1 -II -1-2 

X (l-Unl. )(1-Onl'12 }(l~Unl ~2 )(l-Unl '12 na )(l-Unl '12'13 ) ) .! 

, -2 -Q. -2 0 -1 -1 
(
'. ( 1 2. 2. 2' x l-Unln2'1S }(l-Un2. na .) l-UTl2Tla)(1-U'1aTll ,n2 ) x 

-1 -1 

(l-lJrlln~ 'lIn 
Numerical checks similar ta that of Sp(6) were done giving' a !J. of the order 

of 10 .. 23 , .. 

Il . 

-. 
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CHAPTE~V 

, CONSTRUCTION OF TENSORS;THEIR ACTION 

ON DEGENERATE REPRESENTATIONS ' 
~ f J • 

5.1 A method of constructi~9 tens.ors 11\ the enveloping algebra of a, gl'Oue 
1 1 

~~/ 
As we ment10ned in chapter II, not on1y do the GF's for tensors 

, 
in ,the enveloping a1gebra U of -a group G emnerate a basis for all tensors, 
, . 
but they a1so' suggest ,an 1ntegrity basis fram whf.ch all may be obta1ned 

../ 1;-

therefore reducing the 'problem of constructing tensors 1n U to that of 
4 

constructing a finite set of low degree ones. Now since there .1s a one to 

one correspondence (see section 3:1) between the bas1s for synmetric tensors 

T (À) in U and the basis for tensors r(À) whose components ~re polynan1als ' 

in the c(II1ponents of a tensor rA tha~ transfonns by the adjoint represe~~on 

of G (polynOOlial tensors,) the prescription we follow to ccnstruct an 1rre- : 

ducible tensor T(À) in the enveloping' a1gebra may be divided into ~hree 
-,--) 

• steps : 

, , 

(1) (1onstruct the highest component (highest weight) of lts 
cor.responding· polynonial ~nsor r(À) . <aH other CCllponents 
are obtaine~ by cran~ing .,ith the appropr1ate .generatbrs); 
this component will be the product of the highest çœpanents 
of sone' _of the elementary tensors. , -. ,~ 

(2) Syrmtetrize the expression vith respect to orcier. 

,,, 

" 

l 

, 
r 
f' 
1 

f , 

, 
• 1 

1 . . 
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, ' . . ' " 
(3) In· the symmetrfzed expression, substitute for the'components ~ 

\ of rA the cor~spond1n~ canpon'ents ~Of the vector .operator 
of, degree one (the bas1c vector operator).' , 

r' 5tep' (1) assœes. that, one knows' ,the hi ghest cOQIponents of the e lementar,y 
• (> ,,{ u ( , 

polynania14 tenson'; these are found 'by the f"l1owing prescription 
, ' , 

, • 1 

(1). Wnte tbe Most general polynonial in the componentS of . . 
rA w1th the appropriate degree and we1ght (highest). 

r ' 

, (2)' Find the coefficients by requ1r1.ng that the generators which 
correspond to t~ simple rooiS.lhri1h11at~ the poljn~1al 

~ . ' . 
constructed in (1). It .1pt happen that there 15 a cOItPosite 

'., ttmsor (a tensor t.h1ch fs the product ()f powef1Ùbf thé 

el~nta~ ~s) of the Saml degree and ttànsfonnat1on 
~ \ 

propert1es (that 15,/ it transfonns by the lame representation) 
" as the elementary' one' be1ng detennined; there might al$o be 

\ '" two or more 'elementary tenson 'of. the s. degree and transfor- " 
.' •• , 1 

" '. niation, propert1es as the 9"~ bc!ing ,cletennined; in all those, 
- , 1 [ • 

cases, the .1ementary tensor being determ1ned must"be choserr 
J'lb coefticienb) such tha1!' :ft 15 linea'rty 1'ndepandant ~f 
all others ~nt1oned' abOYe.~ , 

, 
ln wha~, fqllOWS we consider the problem of cCII1stMtirrg the elementary tensQrs 

, "t ' 

,\ for t'* groups' 50(3) Ind SO(5) , , ' 
'-, • i JI, 

.,. J 

'(a) SU(3) , 
" ' ........ -\, .J. 1 .. \ \'" , i 

_ ,- ,/ '-. The caMp0f!8n~ rof rA' (wh1,cb ~s.," ~t) ~re sht;Ml "~J figure ,2.._ 
.J ' ,: ' • \, ' '""'" ~ ~ 1 -.. 1 l '1" ~ :."', 'f"...t 

ThrouglJout: thése. -cal~lations ,(for\$U(3) and'·!so(5)) thé 'c""CMllt o't,. te,u~or 
, 1~"~'~1Ù:\~' de5t'~'~d,~ the s. "~JIDbol-:as'_~:O:r'~~-~ent::;~',~ts ~ .' 
'... 0; _ ~~" ~ ~ l- • ' " ~\.\~--îl ,"'~~~,\,'.r' )J..~f~~'·;<:f," ~' ~, I~;'~: 

, " cormpoocHng pol:Yoolafal ten$or 'bU~ witJ't"a klbscriPt "(ap~'. f.or.,instânce'j ,1n~:;:' 
, \. • ,.' 1 ,1 : 1 C , " -, , 1 !~,. ~ 1 •• lI" - ~ • QI. ~ , I~, 1 ~!: ,;; 1 d~ < < l , ' 1" 1 ,~r·· : ~ . ~' : ~ . : ;;~~ : ;, 

" tbel,caR ,f su(J)/ ... ·"f_f~t·of< "'.,~~1n u' -
, t. JI -. \ ',... '~':-;'I"·:~~;""\''''''':· , .. ~ .. <.,~ J.';"'*;' 'n :/\i.', .. jtft .. ~:t\~.:<,· .... ',;.:, 

()., ,". >., tO'.>,'~,~l'~,~~;;rA,:,W~ll~~,·'~':~<.", ,',,' . , . 

'. . " '. :,' .::, ',;,;L ~j::;t5X~i::,:" ~: ,,' ;) ';;:;i~;~~:'é"'\ .', , 
J J" ïill-.iÎIIIÏIrÎ ...... 1lÎi!l!l1IIiiiIIi1lllllllill 
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SU(3) group are based on Gel'fand and Zetlin's matrix elements75;1n their 
, ~ '1 ~ 

notation the infinitësima1 generators EpV' of SU(3) are given by the following 

. 'fonnu1a 
3 

E = A " -1 151,,1 L AÀÀ pv p ! t'y À:1 
p,v = 1,3 

,where the Apv' are the genèrators of, the U(3") group satisf.ying the Lie 

commutation relations \ 

. (5.1) 

w1th all indices assum1ng values Ifrom 1 to 3. The non diagonal generators 
1 :'\ " 

are represented in figure 3. 'A particular real1zation of the generators 1s 

the following 
, ' 

. E21 = t "~n + n*a~*, \ E12 = n a~/+ t*3n*, 

~23" = ~ &.r; +- r;*at~' E32 :: t St"" t*aé, 

(5.2) 

and 

, , 

~2' = f;a, + t*aç* t fI~an* 

. A33 =, t,a t'* ~~t*.+ n*al1* ,. . " ,: " J ' . 

• 't [,1\~' .~ _ .. :1 •• ,'f" ~"~) ,,~~,:\~~_)~,._ )~''N~.~~,ll 

The vaH:ables rh ~ .~: '~~~d.' 'Il*', 'C '*. i*~ ~re' the 'bases' 'of: :the ,'iun~;tal .~,Jf~':"": :"~ i 

dUCibli NP~~tt~ pt:SU{~)",,~.ly '(1~~t,an~"(~,Ù~"<~~':~~"'~~,,;~,, ,'", 

. . , t.'<· . ..c,', . _.. - -'.~:;t~)~t~f~>.;~{ 
~ " ,:'E' ':~ :',~/, ,:;;:~:,<',;~J:';",.'.~~I:::'{' " .. :/~~;:<" '} 

, " l, 

1 
1 
li ' 

, . 
, ,".. 

:t 

~ , 
1 
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Figure 3 __ Non diagonal generators of,5U(3). 
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in figure 4. Th~ ac~ion on th~ G..anponents of the octet rA ~y the generators 

E12 and E23 corresponding to the simple roots iS,best descri~d by writing 
. " 

. ~hese generators as differential operators which' are funct10ns Of the 

components of rA; we hav~ . 
• 

'E12 c' aas + Vi (63e + ,,,à6) + I<a~ 

E23 = aa" + e3). ... ~ (636 + ,Ô3K )'fJt" .. W (fJ3Et + 133~), 
(5.3) 

t. t 
New since E12 = E21 and E23 = E32 we also'have 1-

~21 = saa + VI: (eaô '!". 631) + A3K • 1 • 

, ',(5.4) 

) , ' 0:> \ _ 

.. we now tum to the problem of const~cting the highest' cCJJIponents 

of the el'ément~ry \.polyn~ial tè"sors that is. thë highe~t compotœnts of (1,1~). 1 

(2,00)', {2,11). (3,00),: (3,30), (3,03). As ,n êxampl~, ~ w'Ùl COftstruct. . " 
,," .,,'" , 

the highest ~Omponent ,of the degree two.po1ynomial tensor (2,11),·i.e .. , the'" , , 
1 ... .. " ." t 

deg~è two octet.; 1 we. shall dent/te 1t~ cGnpot:tents in ~. s~. way '.a~ those ~f 

~he 'de~ree. on~ -octet (rA~ .tJut w1~h. ~ s~perscr1'Pt, "12·)'''. for eK~le 1t5 . ' 

h1ghest :c_onent Win.be de'nôted, a(~) and '$0 On. F{)11~ng tbe:p~'$Cririi~, 
_ ~ ",' .! -r ~ ~ ~ • ",- , ~~ _ ... 

given at the begfnning 'ofo this,seet1en .. Me mjJst first ~struct, thè moSt 
~ . . -, '\ ,. - ~ 

general secon~ degre~: polynQIRta' in t,te: ~~n~s of ,~À;~ith,th.,~~s$àr.v·/ . :,' 
wight (see fi'gure 2); this',$e~clde9~' pqÙ";l~ial J~ ~·t: . .' ";', ,':;:~:' " ;,; '. ~'. 

- :' \ 1 - -- - r" - ~ ~ - - -..- ~ • - - , ~ - ~-, ~~J~' r' 

. .,' «(2) a u6.~. 'i~.'...4'.-+ a' 'it,\i"; : .. ' ...... ":,, ,',:,.,:,' ,.' ',', ',,:'~" ""~>~i~-I!)'~::",', 
=- ,1 .,~.~ 3'P, ,. '. " " . \~ ~ ,-

o. tbese~d. $~JI C~~$~i~,l~~;~~éo·~~~~~!:~~.~:.,~;i~;~;: ;', . 
,. ~ _, -,. - '" ~ ~\. ,-J ,." .,-. ... ~.~ r .. r~\_.J~'~Jiï:'4,...'· : ,.. .. , '~-;'t-\~~~~\,~~:$-'itf:"'~:",..-':r:~/~,~_~~rl- \'1,.(/,_':~~~' 

" "f9tJrid, by ,reqUi.r1n~:·,~~~ ;~~'r~~~~~~:.~l·?,,·~~~:;~~;~fW~~.~~'~~~~'::~~~~t1!~~~:,F;~:t. 
. '~I?Ply'fl21~~·gi~e.!'. fn:.;,('~~l~~~~~:·~.~i'~~~:'· 0 "":\:,.>:: ")~~.~':~,:,,',>:;" .. ~' '.~(: 

, ,,'. l' ':'- .r • ~<">, ("?>.' ~'" ': :,::~ >/~~:~~t~:\';',·: ::':;:;: ~ ',,~! :?~~~~7~ :<"': ~~' ,>~' ", 
= :; _IL, ~ :~~.. '~ ,- ,.- ~, - ~. ~ \- \ - .,.'", 

't ~ -/1: ~ ~:-,I " ... 4 ... ~~, t.~\: '.~ 04 ~,-~,.~",.l;~~r' 
","" J ~ ... ( ....... \4 ~,- ~ - _""_". ~ 

~ .. :- r"~" :. 



() 
"-

'. 
" !f 

1 \ J~ 

~ \ ' 

1 
3 

o 

.L 
3 
, -

2, --
3 

..L 
3 

y 

. , 

1 ' . . ' 

.. 

~ 

~ * l}, • 

, 75 

n 
• 

(1,0) J 

• 
t 

'0 '.1 13 -' 

2 

1;, i" 
• 1 ", 

t 

l 
" (OJ') 

" 

• 

, . 

, , 

,~-~~':~- >' 



F 

; 
; 

t 
1 
r 
i 
(-

J 
1 

1 

l ' , 

, 1 

1 
i 

/' , 
i 

( 

'. 

". -, --- ._-_._~----""'!, 

16 

so that 
al ...... ~3 yr--

a (2) may therefore be wri tten 
(2) -. . 

a • -:.;,;..a.ô + a2 aa + a3 Sv • 

, We th en apply E
23 

and requ1re that E23 a(2) D' 0; we then get 
c 1 , 

1 • 

{5.6} 

i, ',: ( ~;+,J/3 a2) l3a : 0 
: 2 V2,' ' 

so that 

'a3 : -2V1,.~., 

Ch~osing a2 = 1, we have 

, a(2) = tfi aô'" ae -V6 ev • . (5 • .1) 

Alli oth~r ele~ntary POlynOmia!5tensors. are f~und in a si~i1 ar way; theiY' 

h1ghest components are 
J 

(l,Jl)h - Cl 

(2,OOk- a1 
22" 

~ $: .. \JE ... 1 ô -it -1' a ' 
2" 2 

(3,00) -. V3 CtÔÀ} ~ $6K 1 - V6 av>. - V6 ~IC,-$ 
- 2 S 

. +.~). - J~eK - ô 6, + 2 \1&6.,,+ î e ' .. 
'. t 

.(J.39lt, ... av6 + V3ClV8 - Vlo.2
v:" 7 <JV'lPiv 1 

( 1 

(5.~) 

J,' ' 

, .... , -

later 1~ dur di~cussi'Qn d' shall require the e1ghth ConJ)_nt' . .,' .... 

Of, (2 ,11), i.e.', '9(2\,,'n or~~~~ ge~ 0(2\) )18 ftnt ~P1'l~'E~ "*s 9i~ 
<by (5.4) Ion. «(Z) .,,' , " '.-.;> , ,,"'- .' ~d !.' 

,,' .,,~2) :. E32 ù(2) ~ V6 a.; ~ i \J8. . :",~~, .' , 

- , 

\ ~ , 

1 -

l ,~' 

," 
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S(2) fI.1ay be obtained by the action of E21 on a(2) 

, B(2) = E
21 

a(2): :.. V3 t3ô + V6 ne: + ae. 

c5(2) is ohtained by the action of E21 on v(2) , 

6(2) =J E21 ~(2) : vi (aA +, 'SK) -26 B. 

Finally since 

E a(2} = \n e(2) +' \lI t;(Z) 
~ . va Vï . , 

, we have 1 

e(2):& 2v€ of (lÀ - 6K'- ô
2 

... 0
2

• 
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(5.9) 

As a ,final example we now p~oceed to the construction Qf the h:lghest component . . 
, of the composite tensor (5,03).' This tensor 1s obtained by'.the stretched 

, l " ' 1 

ten~or pr.oduct of' (2,00) with ,(~,03) so that the algebraic expression fO,r 
l " ' > 

the highest state of, (5,03) 1s 

(5.03~ - (çV.~~ .. ,,€' ~ t 0 2 
-+ i ~2). (alf; + a\,· -\fi. a6c5). 

. . . 
Once we know the algebraict expression of a polynomial tensor we 

. l", , 
1 \ ~ ~ • 

,must, in'lorder to construct 1t5, cor~sponding tensor" in the enveloping algebra.. 1 
, . ' 

• • ' • .~, J, • 
knoW thel~OOIponents of the basic vector operat~r, .. i.e.t aop' aop et~._ 

,Followi~g GeJ*",'ndand ~etl1nts matri, elèirients (the'coefficient"!Of E13 h~s 
, 'It" 1 

bee" choosen to be + ,1) 1W8 have 

-, aôp = E1,{ Bop ::\~3' v~ :~~E12' tSop _~ ,(Àll-~2)' 
1 \ , .. ,~ 

f, , ~ 1 1 < ~ l ' l 

.. '>(lt~," ~:1~21' '80p:l·~' (~i'~~2=·2 Aa3).tCOP. :' .• E32• 
, .~..l t .~ -:;,. ,. 1, 

.- .;" '<~<tP' ~ ~3l'" ,'- ' ' 
'. "'};,' " ' ... 

-, , " ,j, 

J r -')r 
, ' . 

" , , . 
• ,1 t 

, i 

(S.lO} , 

l , 

Î 
1 

1 
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We natl proceed to constru~t a(:J • i.e., the highest canponent of 

the secon~ degree vectOI" , opera~or foll~1ng the prescl"1pti on ghen at ",e 

beg1nn1ng of th1s 'section. SynI1letriz1ng (5.7) w1th ~spect to orde~ and, 
, 

subst1 tut1ng for the components of rA thé' corres'ponding .components of the 
1 

'basic ,vector operat.or we get 
, ,~ , ,~ 

- (2) " . ' t 

CI op = Vl
2

:l (ClOp~Op" 60pClOp) ... 1 (Clop90p + eopaop}~V! (Sop"op +Vop8opt (5.11) 
'. '2" :2" ' 

W1th',the help of (5.10), (5.11) may' be writlten in terms of the ganentors and 

after sone' mànfpu1at,on we f1nally g~t 

, . 

a~' ~ k- E13 ~11 +, V(~3','l'l- Vt- E13 Az2 '+"k En Aa3 • ~)13· (5.12)' 

~ We nOw ha~ ~11 'the ne~essarY tools tog1ve a' st~le .~1V~1on,'Of t ' 
~ well lmOWft Gell-Mann ... Okulo,ma$s' fonnula'6 .. The b~$t~ aS$Ullpt1on' ls'th.t' " > 

\ ' 

the mass opell"a~~r Mop cons ists of, ,two tenns, one of 'whic~ ,~~, an' St/(3,) :~cala~ ",' 

white the second transfonns l,ike the e1ghth component of an 'sUl)) oCtet' (anél " 

theref~re an SU(2) x U(1) invariant}. Our 'GF' (3.28)' 1nfonns-:tls· tÎlat 'tbere, ' . ' 
., ,~., _" , ,1 , 

. -, , , ' l, , . ',' ". , 

are en.ly two l1ne~rly' independent vector oparators in the e,-w)_fng .1tebr. " 
.> < l " 

of SU(3)~ ,one Of'~h1ç~îs ilègrèe one, ~d the.' other . c4t~~~~ ,,,,., ,," 
therefo~have ~ '. ' '- l., , ,,' " ""'~"~-""X\';'" :'.:"r' :',", " 

, "Mop=~calal' + top +:e(~ :' ,. ";.:·(.','::«(:"l .:' 
/ " . , ".,,-, ,:.'.,.:(.~., .. :,,':',.:' . "}." " 

wherê 1 "Can that. '8 ,and 'a.12" ...• '" 'n', _1li~Ct1.,jw~~ . op, . ., ... ' <", 

1 ~ 1- L "li - _ _', _ _ _: '~ ~ ,; ;. ... __ J~<' \ .... _I+\.~~;I~:"~ ~~ ~ ~_ '1 

the yact~roper.tors of de9...,.·. :.4~".~"~ 
Et '.ci ~i~" in ~~·<ôf\i".l.,; '., ~';,; . :' >~;>, 

op ~"".", ,,' .",,' 
, .' ~. ';"~ "',,"\ ... ~~~ ", :;-~:'>',1\~;i;::;·'.'.:_:":':;',~/\_',,. 

9 . ·=·~l ' ,(Atl'+~'~\ ... j,~),.\ '''', 

\ .', . ~'. ' '. ' .. , ' .'~, ': ,:'" ;:' ~D,(~ :,;;;:,:~:'~,,:;:i;\~~: " <!\~ 
,,-' 



, ' 

1 ... 

, ~ l '. 

1. 

so that in tenns of dllfferential operators (see (5.2)) 

6op : ,-1 '(nd
n + ~a~ - 2~fç+ 2 r;*a1;* - t*j);k - n*a

tt
*) • 

. ~ ~ , 

But the hypercharge opetator Yop 1s ~ 

-/ 

Yop = l (na + ;ar - 2 l',;a,.+ 2l',;*a,* - ;*dr * - n*a *, 
: 3 ,n ...' ... 1; ... Tl 

so that' 

Jf eop , -
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(5.14) 

In the case of la~2) :fjt tul1"S out "t;o be e~~ier to work with the' 

corresponding c~ponent e(2~ of the polynanial tensor (2.,11): The pobmomial 

_ tensor c(Z) corresponding to the- Cas1mir of degree two 1s (see (5.8» 
~ -

(2') 2 2 
C : ~ - I3K - \lE: + 1 ~:.. 1 6 , . 
. ". ~ r . , 

"~o tha~ 6(2) .as g1ven by (5.9) mày be wr1tt~n ,.. " 

0(2') :: 3vi - .1, 82 + l'el ... c(2) (5.15) 
2 :2 

We have that 
2 " l' - 2' 

lop: 1 (I .. L -+. ~I+) .. 130p 
, ' !' , . 

, 1 

, -, 



50 that 

130p = 1- 60p • 
, 1 V! 

The algebraic fonn of 13 15 therefore 

13 = L' «5 

Vi 
'50 that the polynomial tensor 12 correspond1ng to l~p 15 

2 2 
1 =i6 ,-VE. , 

9(2) given in (5.15) may' thèrefore be wrr1~n 

0(2) _ .. 312 -+ l &2 .... 1'(2)- -
- f l!' . 

1 

50 that re~um1n9 to ~he oper~tor fot:1Dulat1on. we haye 
-,. , 

. 9(2) _ -3 12 .+, 3 y2 .. C(2) , 
op - 9Q ,> • '{ op op 

'80 

~ 

(5.16) 

(5.17) 

(5. là) 

1. .J .-: SUbst1tuting (~.14)' and (5: 18) i~to' {5.13) 'we get ,"~ 
\ 

~ l ' 
: l ' 

,'\ 

,,.1 • , 
, .~ 

" , "(i: 2 ') '(2) 
"op = "l~'ar + 'A Yop + .B oP" 4 I~p :+ Cop " 

1 _ ' l 

~ere A an~ B are ~~bitrary,constants. ilè,not,ing ,th~ etgen~alue of-Mqp- by 
" 

N we have ' 

, "M:: constant ... ~y"+ Il,{Y~ .. 4,1 (1+1)} : :' ',., ~ , 

• il_ 

" , 
,- 1 _ 

~ ~ lt~ • 1 • ., ~ \ 1 • , - " ,). .... ~, '~, 

wh1ch is the .~1red~fo~1a. ,oThts' téchniqu~ hils t~e"a4v.antage of ,.quiring' 
: "-1:',' ,- ":", , -":"'" ;-":;.' ,," ' ," 

no coulf,lfnQ coefficients; ft c:t?P"1d"bè app11ed,:to lJly,:grouP~ "'~' . ' '. ' 

.~,; (bj ~.sOl~;. '.:' « ,. ~:" .1; }i].s ;:{: :~.<: '.' : ~,. . ,~ 
• -;.,.' ~ ~ ... ~~~~ •• ,,;"Pr~~_~ tP~! Il,~:::\. .. 'i...',~ ~l"'~~"'~T ~l"I~.';"" " " ',~~ 

~,' .'~:-. ", :-<~,::.tft~:tbe case·-of· -soti) _.,a_t'm •• In, _itl,'·1JJt 

, -', ',~ ':. ~ ,~".' , : Î', • ',', ,,- ,,\~:t~:~~:':,:-, ~ . ::, ,; , " -;;t' l\4~ 't';d .ftDt\ 
1 ~ 1 ; (L" ," " 

, . 

'. 
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(O,\!-), the generators' may'be represented by the following diffe~Ual 

Opèré!tors ' 

S3 = t (~3T) + eae - tât - cS3~)" 

./13 = t (n~ +,t3
t - eae - 636.), 

,J 

s+ = n,~t + sa ô ' s_ = tan + a3ë • 
1 \ • , 

. T+ ': n3e + taô' T_ = e3 ~ ô3l" 
. n "'. 

U+ = (2) 1~2 (;'.36 - n3», U_ : (2)1/0. (63). - ~j)n) . 
• (j 1 + 

V+,: (2)1/2 (83,. ~o ).3
t
"), V_ : (2)1/2 ()'3e +,~a).f 

1 

, , 

(5.19) , 

where the variables nt t. et cS and ). a~ the basis of the fllldallental irre-. '. 
'" Q '" ~ 

ducib1e representation (01) of sotS); they are shcam in figure 7. The 
.' ".. t 

generato\'lS St. and V _ correspoÎlding to the" s1!)IPle roots tna.Y lM! written as' 

dffferentlal operators whtch are fund10n of the camponents of the decuplet 
~ ~ 1 ~ 

rA (seé figure ~); We have . " 
o 

s.. ':: Vi. (ua, + !3.) .. a3v " A&t (5.20) 

v .. ; '(0-'1' ~A + v (a~;.aO'), + 'fJ. (eau ~ a311< -.a~ " ... 't8 ... >. • 
1 

, . 1 

The caap...,nts of the basic vector operatel" J<fe.gree -one) whose",corre,spond1ng . . -

" , 
f 

i 
\ ; 

1 
1 

"1 
1 

, ~ 

1 

1 
1 



1 
,~ 

() 

" 

-
, 

,Q 

- '':,. 

..:.-----

r 

t. 

1 , -2 

J 

o 

.. 1 -2 

.. 
'~{ , 

-, ,----_ ..... _--- --

84 

/ 

• 

A- .' 
• 

----

_",-<, .' 
t 

a e 
':, 

~-----_ .1.."'-, --0---'--' "--, ---,",,---' S;J 
'2 .1 

~ 
1 1 \' 

,. 
Fi gure 7. Bas i s states of the fundamenta l 1 rreduc1 b r~ 

representation (0.1 r of SO(5). -,', ~ " 1 

,r 

.. 

... j t. 

' .. 
. , 

" '~ 
<, 

, , 

" 

i 
! 
1 
1 , 
\ 
i 
,i 

1 
~ 1 , 

i 

1 
l 

~ r 

l 
! 
\ 

1 

., 

..-



( 

( 
". 

'C" j--

fo11owing the prescription given at the beginning of this section; 

we get 

r' (1 ,20)h ~ 6 

(2,00) ~ 611' • - 'Vil + ~ + ta - 1 0 2 _ 1 tlJ2 , r '2 
(2,Ol)h ~ flO' - atIJ .... V? 'V11 -- - V2 f3 A 

(2 ,02)h ~ 611 -1 a 2 

'2" 
(3.20) '" 4~ lJ6- 2, 'V2lJ- 2 ta2 - 2 a1jJ2 + 2'ff wa 

h ( 
(4,00) '" w2

' 0
2 

- 2 al;1jJa - 2 lJro2 
- 2 1l\1llK1 ... 2 Bm/J2 

+ 2V2 ,: aMI(1 + 2V2 . Vl;lJO+ 2V'l. ~1lf3lJ1 + 2VZ va'lTl/J 
, . . 

... 
- 2 av1,;6 + 4 alJ1T~ 

(4,21 )h ~ f3avll - f3a2 r; + 2 Ba~ + 6aa1jJ - BœlJ2 

- V2 BVOll .... 2 j32l;1J - 2 a2 b.'P - aIt + V2 "a21/1 
V'l'" 

- V
2

(XJ.l • 
, ' 
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(5.22) 

) 

, '&t 

We c.onc1ude this sect; on bl recalling some interesting aspects of 
..." 

'th; s method of constructing tensors in the envelop1ng a1gebra U of a group ! 

(1) The problem of cons.tructing any tensor ln U 'is reduced to 

to that of constrl.lcting a finite set of low degree tensors 

(the e1ementary tensors). 
, 

(2) Assuming that 'the matrix elements of the generators are 
known (t~ey have heen calculated for most groups of 1nterest 
in phys.ics), the construçtion of the elementary tensors are 

done without making Use of any coupl1ng coeff1cient. 

" 

.' . 
, l,' :..:~ 1 • 

\ ~ -. A ~ ' .. 
• • \. i' ~ 1,1 ~ ~' .1, 

" 
,. '., , 

i ' 
1 

1 

! ' 
! ',' '" 
, ~ _ '('0 

, . 
. 
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5.2 The action of the tensors in the ",epveloping ~lgebra on the bases of 
representati ons of the group 

"l'In this section we.shall often refer to the concept of 11near 

independ~nce of tensorS so that 1t is important at this point to make a 

distinction betwe'ln two definitions of linear independence. 

A set of tensors is of course 1 inearly independent when no linear , . 
comb1natfon of them vanishes identically unless the coefficients al1 vanish. 

In qne defit1ition th~ coefffcien~s are numerical cbnstant,s. This 1s the 

defih1tion we had in mind when \'le sa1d' that the GPs for tensors derived in 
1 . 

'.chapter III gave a basis for a11 tensors in the enveloping algebra of simple 

compact groups. In the other defini tion the coeffi cient~ are only requi red 

to be group scalars. This 1s the definition Okubo used in his study of a 

basis ~or al1 vector operators ln l the enveloping algebra of simple Lie algetiras 

in any given i rreducible- representation, therefore making no distinction 

(he c~unts only one of them) between ,two vector operators in the enveloping 
~ 

algebra which differ by sorne group scalar factor (that is,one of the vector 

operator i~equal to the other when multiplied by the group scalar in question; . 
f"an flOW on when two operators di ffer by seme group sca 1 ar factor we -sha 11 say 

that these two operators are equal m~dul0 multipÙcation by a group scalar). 
• 1 

ln whât foll~s we shall be interested in keeping trad: of. a11 A-tensors in 

the envelop1ng 'algebra of a group which remain linearly independent (accord1ng 

,to the f1rst defin1tlon of Hnea,,' independence) when acting on the bases ,of .. 
, ' 

certain representat1ons; keep1ng track of all A-ténsors, even those whfch are , 
equal modulo SaDe group scalar. tums out ~o be important wh.en one wants to 

, J' ',establ1sh Isis for all 'subgrou,P scalars in the envelop1ng algebra
J 

start1ng l 

,} \~.. .. J, 

, " . 
.' , 

~ ... - ..,' 
:- ~ - '-<: 1 
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from a GF for tènsors. When adopting the first definition of linear inde

pendence. one must keep i~ mind in applying Kostant's rule for the multipli city' 

of a ~-tensor,when acting on a representation (v) that tbis rule makes no 
f 

distinction between two tensors (i.e. COUDts only one of them) which are equal 

modulo rooltiplication by some group séa-lar; note that tliis sCâlar~ may (Casimir) 

or maj not be in the}e~veloping a1gebra of the group. The same comment 

applies to Okubo's result given in (1.3). Let us now retum to the object 

of ,this $ection :thas is. <'the action of the "tensors on the ba'sis of a given 
- ~ " of • 

representati on. 

G1ven a GF for tensors.in the enve10ping algebra of a 'group, can 

one f1nd -a representation (v) acting on which any À-:-tensor 'or group of 

À~tensQ,rs (tensors wh1ch have the sarne transfonnation properties) enumerated . ~ 

1n tHi~ GF. exist (are non zero) and are 1iriear1y independent ? Kostant2~ 
.has .proven that such, a rep~entation exists and ,that actua11y, there is an 

infinite num~r of them for any given À-tensor or group of À~tensors. However.. , 

this isn't true in a11 representa~ions; he showed.that the mu1tip1icity of a 

~ .. tensor'when acting on .a representat10n (v)' is equa1 to the multiplicity 

,of (v) 1n t'he C1ebsch-Gordan series of (1) x ({,). wh1ch 1mp1ies that the 

mu1tip1icity of a '~-tensor may vary fram one representation to another. 

Consequent1y. certain tensors en ume rate d' in these GPs will no longer exist , 

(their ,cOOIponents being' zero) or be ,11nearly independent when acting ~ the 

. basis of certain representations. 
1 

, The problem addressed)here,';s that of f1nding the fonn 1nto 
.~~--....... _. . , 

wh1ch these 6F's reduce when the tensorS are acting on degenerate 

--

J 

, . 
1 

.,-,l 
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representations; by degene~ate we mean representations for which one or more 

Cartan labels vanish. In ôther words, we want to find GFt s giving a basis 

fdr tensors in the enveloping algebra U of a group when acting on certain 

degenerate representations. We shall consider the groups SU(3} and SOCS}. 

We approach this problem in two ways which are more or less 

complementary .. One consists (as suggested by Moskinsky in a private conver· 

sation) of constructing' the algebraic expression of the highest component of 

low degree tensors in U (see for example (5.l2}) and then subst1tut1ng for 

the generators' a certain realization of them (differential operators) proper 

to the representation on which they are acting (see (5.2) or (5.l9». When 

one does this, certain relations appear among tensors (some vanish, others are 

seen to be no longer linearly independent) indicating to us which tensors . ) 

should,be omitted from the GF; tfte relations among the components of these 

tensors may be ünderstood in terms of certain identities among the generatQrs, 

fdentities w~ich are no longér yalid when these tensors .are acting on most' 
, 

general representations. Examples of such identities will be given later 1n 

our discussion. In,certain cases, the ab ove technique (we shall refer to it 

as the substitution technique)'may give sufficient information to wri~ down . " " ) 

1mmed1ately the reduced form of the GF for ~ensors (this 1s the case of SU(3»). 

However, lit may be difficult (if not impossible) to exclude possible high~r 

.order relations among tensors only by looking at low degree tensors, which 

. br1ngs us to our second- approach. • J 

Kostant's rule for the multiplicity, of a A-tensor i'n a -frepresentat1on 

(~) suggests that one ~ould use Speiseris technique to f1nd that mult1pltcity. 
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It tums o~t that one can·~actually write down, based on Speiser dlagrams 
, ....' 

and Kostant's rule, a GF glving the mu1tipl1city of a11 A-tensors (as discussed, 

ear11er, this GF doesn't di~tinguish two tensors which are equal ,m_dulo 
1 

multiplication by a group scalar) 1n the .~nveloping algebra of a group when 

the tensors are acting on sane./degenerate representatfQn. Unfortunately, these 
, , 0. 

làF's give'us lio infonnation on the degree of these tensors; this 1s why the 
r , • 

f1rst approach (substitution technique) complements the second: it give~ us 

,infonnation on the degrees. We first consider SU(3). 
.. 0 

1 

let us first establish a few facts. As we ~nt1onne~ earl1er, various 

i ntities exist between genérators ln given·trreducible representations. 

1 Sys ematic Way5 of finding 5uch identi,ties have been developed b,Y. various . ~ 

• d(, 1 

autho~~r In what follows we give a fewexamples of_5uch identities which 
, 

will prove usefûl 1n our analysis. In general representations.we have that 

E13 A22.+'~23 E12 (5.23) 

" as can be se;en by actually substitut1rfg on each siMe of th,e 1nequality 
, . 

(5.23) ~the, realization of these generators given in (5.2); ~ tnen get 

(l)a t + ~an*) H:~~+,t*a~*+n*an*)+ 
(~(\ + ~*3(*) (n~~ + f,;*an*) • 

,However. if we restrict ourselves to SU(3) re~resentations of the; ljpe, (v,O) 

(we drop the s~ar variables}we then get 

<naz;) (~af,;),: (t9t ) ,(na~) 

so that we have the following ideritity 
1 j" 

1 
/ 
i. 

1 

/ 

/ 

1 . 

/ 

E13 ~ = ~3 É12• (5~~) _ " .,' 
.,.- 1 

.' , 

. " . 
•• 1 !'-

". ï "/ 
. ,~,« / 

/ 
" 1 .. . . , 

, . 
" . 
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1 ~ 
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Another identity is 

El3 A1l = E13 E21 • (S.2S) 

One can also show that 1n general r."epresentàtions 
\ . 

j 

but in representations of the type (O,v) we have 

E13 A22 = E23 E12 + EU / (5.26) 

, The identity (5.26) i~ a particular case of the following 1de~tity 

. ('\N' + ôllV ~) Aaft = (~à + ~1.1~ 1) Acxv· (5.27) 

The identity (S.a7) has been reported by many authors5,30,31,32,78,79. 

) Mother fact "15 tha~ Ail + ~Z + A3; i 5 an SU(3) 5cà1ar ln a11 

representations, since in general we have 

[ l. . " 
A1.Iv·' Al1 + ~2 + A33 ] - ~Vl '\1 + 0~2 \2 + 6V3 ~a 

if .. 01-11 Alv -, 61.12/ A2v - .6}J3 As" ' 

= 0, . . 
and A1l + Az2~ AJ3 is no~ in the enve10ping algebra of SU(3). 

'j 

ù 

Let us now beg1n our analys1s by cons1dering the 'highest cOmponent 

. -.-.of "the (2.11) tensor given in (5.12) in a (v.O) representation~ .B.a.sed on thEI 
- ,-

identity (~.24)', (~.12)may be written 

, a~~) :' ~.' (An )+.~~ A33) E13 + y§ E13 . 
, _ VS./, t 2 \1 

~ or keeping only the degree ~enn 
. . (2)" . 

, Qop = ~ (Al1 + "22 ~ ~3 "t~ (1 ,n .' 1 (5.28) 

Therefore, the degree one (see S.10) an two, vector oJe,.,tors • .:e equal . 

lIIOdulo a group 5calar not ln the enwloplng a 'iac;;"rdill9 to'the, 

'\ ' 

-/ 

\ " 

~\ 

1 
! 
1 
! ; 
f~ 
1 
1 \ 

i 

{ 

l', 
• ~ j 



• 

( ) 

1 

'C", 
1 • 

) 

, ) , 

" .. (. 

1 ' .. 
/ 

/ 

. \ 
j 

/' . 
91-. 

, Irl 

, 'lI' 

'definition of linear independence we .adopted, both of these ~ensors sbfould , . ( 

be included 1n the degenerate (reduced) GF. Had we adopted ~he second 
, . l ,r 

definftfon, we would have omitted the second degree vector operator fram 

the GF; this 1s what O\(ubo dîd as can<>be seen fram the equatièn (1.3) in 
, ' ' 

wh1ch he predicts on1y one linearly independen~ vector operator when the 

tensors are acting on representations'of the type (v,O). 

, Let us now consider' the highest component of the (3,03) tensor 
, ' \ 

D-.~ope~ator. Given' tne highest component of its corres,po~ding polynanial tensor 
" \. . 

(see' (5.8) ,the highest component of the tetlsor operator is obtained' following 

the prescription given in section 5.1., Now we could proceed by direct 
• 0 

substitution and shOW that the highest component of (3,03) vanishes. However. 

in order to see h~ 'this (the vimishing ~f the (3,Ol) .t~nsor) May be uride-r-. 
l , 

stood' ,n tenns of certain identities among generators, the highest' component . , . , 

\ of (3,03) may be written, afte~ some manipulations where we made only use Qf 
, . ,'A' 

the commutation rules ~5.1), as fol1~s 

" .(3ta3)~op -l {(~13E13E21 - E13E23All) - (E23E23E12-

~ E23E13~2) + 2 (E13E21~13:-E23AllE:13), - 2 '(E23E12E23 
-

- E13A22E~)} '(5.29) 

'New each parenthesis ( ) in (5.29) 1s equal to zero, due to the, 1dentit1es 

(5.24) or (5.25), which means that the tensor (3,03) does not exist in the 

. rep~sènta~ion (v,O)~ ln the·same way we could show tha~ the tensor (3,30) 

81so vanishes. Therefore, these two terysors should be excluded from the . 
l "; .. 

'reduced~ , . 
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r 
Fol10wing the usual procedure one can show that the Casimir operator of 

œg'ree two, when acting on representat10ns of th~ type' (v,O) may be wr1ttten 

(2)' 2 
Cop : (Al1+A22+A33) ~ i (All+~2+A33) ! 

.. 

wh1ch in the realization (5~2) is written 

C
o
(2p): (na + ~at" + '~a ) + 1 (na + (St' + ta )2. 

n <:. t- 3' n .. l;'..' 

Now s1nce the.e!genvalue of the operator All + ~2 + A33 1s equal ta. v we 

th~refOl"& have that the eigenvalue of Co~2p) is 1 (v) (v+-3) which i5 a well \ 'l ",."" 
knOWl'l resu1t80• • ,-

/ 

The·degree.three Casimir is 

. (3) . 3' , 2 
J Cop = i (All+~2fA33) f. 2(Allt~tA33) . + 4(An+"22+A331. 

p .. \ • ~ 

• • Final1y, we have the follow1ng relât10nship 
/" î 

'lC(3»2 _ 4 {C(2);3 + 6 C(2) C~3) - 8 (c(2»2 
~~ - ! op . oP. op . op 

wh1ch info~s' us that the square of c~~) sh~uld not appear in the degenerate 

(reduced) GF. " 

, . ' j 

1 At th1s point we .have suffit1ent infonmatiçn ~o wr1te dawn a GF 
.. \ . 

g1v1ng a bas1s for a11 ,tensors in the e"velop1ng Jalgebra of SU(3) 1n the 
. 

representation (v,O). It 1s pretty clear in the 11ght of the above results, ' . . 
: " ' ' that a '1nearly 1ndepende~.t set of tensors consists of the stretched p~ucts 

. (1.00)a. (1.11)b where a and b are non nègat1ve 1ntegers. except that ' 
, 1 \ 

a = 1, b~ ° is excluded; here (1,00) = (Al1+~2+A33). Jn tenns of a GF th1s 
1 r • 15 wr1tten . 

2 
1 -+ U AlA2 + 

• U 
1 

( 5 .. 30 ) i 
(1'-U ) , 

" 
. ' 

\ " , .,)-. 
• f [1 '/ 

w ~ ... " '. , .. .1;~ .~ ... '~I~~~ J.4 , 

1 
J 

1 
~ , , 
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(5.30) 1s also v~l1d for reprèsentations (O,v). 

l!J 
, (b) SOCS} 

.. 
, , 

We sha11 first consi~r the case wh en these tensors act on 
-
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representations'of t~e type (O,v). From the substitution technique we get 

the foll~ing relations: 

(2,01 )hoP 

~~~~~~hOP, 

(4,21)hOP = o. 
Whe~ Cl '., C2, C3 and C4 are' c~stants + o. 

/ " . 

(~.31 ) 

The' tens~rs (2 ,on~p' (4,OO)op~ (3,20}op and, (4,21 lop, must therefore be 
'1 • 

exclude~ fram the degenerate GF. 
, ... 

~ 'K:" 1 ~ • 

" We nOti show how one can use Speiser's technique to oblla1n a Gf --
., , • • 1 

g1v1ng the mu\tiplicity of a11 tensors in the enveloping algebra of SOCS) 

when the tensors are acting on representations of the type (O,v); l:he reacier 

ts referred to figure 8. According·to'Kostant's, rule, the multiplicfty of 

a A-tensor whèn 'acting 00 a representat1on' (v) 1s' 'equâl to the ~éitY 
of (.)1) in the Clebsch-Gordan series' of (A) x (v); fol1ow1ng Speiser's techn1q~, 

1 \~ , • 

the mult1plic1ty of (v) 15 obta1ned,by center1ng t~ we1ght d1agr~ of (A) 
l , , " 

on the point (referred to -as the 0~ig1n) in ,the daninant sector which corre-' / 
, ',. , . 

sponds to (v). the multiplicity of (v) is then equal Cafter Weyl _ reflectfons) 
," 

to the number of .states at the or1gin. How one can always\'choose a repre- ,- , '. 

/' . 
sentation (v), for a ~iven A-tensor, situated far enough fram the boundaries _ 

.. 1 , f 

(po1!lt A .> so that t~ multipl1city of the A-tensor 1's equal to the n'tIIlber 
/ 

'J 
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" Figure 8. The'SO(5') Speiser d1agram.The shaded area 'Is the 
",. ' dominant sector (1ncluè1~n~, bor ... l1nes) , 
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J q 

of states of'zero wei'ght 1n the representation Plo) (no cancellation occurs 

due to~Weyl reflections). For the case of interest, i.e., representatioqs .. 
of the type (O,v) wtiose points lie on the boundary line (such as point B). 

one can alw~ys choose a representatioh (v) high enough 1n weight space (we 
1'''''' 

arë interested in the most general case) for aoy given ~-tensort such'that 
'-

cancellations at the origin. occur only through reflections frau Weyl 's e 
, ~ -' 

W'j such cancel1ations occur only if the (À) representation contains st tes 

lying at point B(. 1.$., only if 1t contains SU(2) x 5U(2) states with ha 

1nteger values of 5 and 1. Therefore, the 1."ultiplicity of a "À-tensor, whti!n 

act1pg on ~ost general'representat1ons of t~e type (O,v) 1s e~uaT to the 
~ 

multipl1city of states at thè origin of the (À) répnasentat10n minus the number 
, 

of 5U(2) x SU(2) states with half, integer values of 5 'and T conta1ned 1n the 
'l , ~ ~ .... 

, -
representation (À). The GF g1ving the number of states of zero weight for ·t 

any (M representation maYobe obtained fram the GF giving the branch1ng r'lJles 

'of 50(5):> SU(2) x S'U(2)~ which 1550 
• -1 

F (A.,A2 ;N 1 ;'N2) = {(1-A1Nd ·(l-A1N2 ) (1-A2 ) (1-A2N1!4z»)" (5.32) 

where one keeps only tenns with even Nl (S) and ~ (T) an~ then put Nl : "2 = 1 

to get finally 

(5.33) 
\ '" 

'The GF giv1ng the number of states with half' integer values of S alfd.1 1s 

a1so obta1ned fran (~.32) keep1ng ~ly tenns 'odd in:141 and.N2 ant .then' 

putt1ng.Nl =N2=1; we then get 

J'tf + A", 

" . 

• 

. \ 

-. f" j_ , , 
, '~, ~ Aj' 
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~1 
, i 

1 

, ., 

:1' ~ 1 \ J -{ L , 'L j',! .. ' • /,. 

: • " ; ....., ~ii; .~;\{:~~i':~;;"':~: ~:':::~.: 'cl·.·. ' ... ~ ~ 
,'" ' 



--'''----------,7.l -"'-------------j------ n ----

, ' , ' 

. , 
\ , , 
, , 
" 
-? ' , 

" -
" " , . 

" 

() 
.. 

()" 

, " 

. . , 

1 

,1/ ........ 

o ' 

96 

. . , 

Subtracting (5.34) fram (5.33) we get the GF giving the ~ultiplicity of 

• all À-tensors in the representation (O,v) t that is 

1 
(5.35 ) . 

(l-At) ~l-Al) , • 
In the case of SU(3) we hac!' found that two tensors· could d1ffer by seme 

group s~lar Al~+~2+A33 not contained in th~~~veloping algebra. For 50(5) 

no 50ch scalar exists in the case of représentations of the type (v,O) (1f 

there were, it,would imply that the mon\'Jnials of degree p in the four basis 

states of thé fund~nta1 irreduc1ble representation (1;0) of 50(5) could 
1 ' 

contain group scalars;thi~isO thé case as shawn by Sharp and ,~ieper77). ~. 
ln-representations of th~ype (O,v) certain tensors could i~ pr1ncipl~ differ 

by some group. sca 1 ar nnt i},l the enve 1 opi n9 al gebra however 1 n the li ght of 
" -

the abpve results (that 15 (5.3l)and (S.3S) ) ~his doesn't occur~ THe 
,> 

, , . 
degenerate GF 9i ving a t>.asis for a11 tensors fn thé envelop1ng algebra of 
. ,-

SOC 5) when the tensors are acting on representations (most generaf ones) of 
.-~ i 

the -type (O,v) 1s 
ù , 

1 .. • (5.36 ) 

'In the case of~representat1on of the type (~,O) it,can be shawn t~at (3.36) 

reduœs as follows ' 

6(u;A1J\.2) = . 1 + U
2 
At: ". 

, (l-ut ) (l-uliJ> (l-UtAn./. 
1· ~ , 

, in chap IV we d1scussed ;ow one can- check the. 6F for tensors'by redqcing .,t 
'. ' ,. 

~ to 1 'Jts correspond1ng GF for weivhts; in the case were ttièse tenso~ are 
. -' l ' . 

acting on degenerate rlCpresentaUons,"we could,,·'t thtnk"of iny such -thods 
, '11' ~" 

.' ,of testing the resu1ts\. ( 

" \ 

,.-' 
... 

" , ., 

'/ 

, 
ri 



, ! 

(') 

_ t. , 

\ , 

. . • 

.. .. 

CiiXPTE~ Vl 

, \---------

'THE ",ISSIt~G LABEL PROBLEM IN THE REOUCJIOO SOC5}:> SO(3} 

'. • · 

.. 

· , 
" -{; The ge~eral problem addres$~ 1.'1 thts chapter 1s that of prov1ding 

a complete 'fabell1ng of the basi-s states of an 'irreducible représentation , . .! 
(I~.>' of ,a Lie grou~ G.~ ~ section one; we shan brief~y dtscuss P(f~S1ble 

approaches to tlhis problem; tn section two we will consider the .particulan,... 
'--

(') . case of SO(5):> 50(3) restricted to representat10ns of the type (0,\1). 

, 
'[1 

~ 

" 

, , 

. . 
l6.1 General discussion of the missing\ label problem \ \ . 

, Depending on the nature of ·the physical problem under study. one 

ni? ,ant to classify the state; of ~he sysfem acco'rding to 'a canonical or fl? 

non-canonical chain of groups. We def1ne as canonical a reduct10n 'of a 
. -' 

~ , 

group G 1nto a sub9r9UP when the SObgfOUp pfovides enoUS)h' labels ~ spec{f.v ' 
'\. '/ ' 

the bas1s states of G ~~iquely._.-, \. 
, ~ 

-4"he pfoblem of labelling the states in a canoni.cal way, has been 
. \ 

-complètely solved, at least in principle; fOf lie groups; co,re~ponding ta 

. thel/Cartan algebras AR,' BR, and Dt. ~lndeed, the GePfand-Tsetlin15 patterns' 

,-p~vides such a complete labelling; in this sbheme, the l;bels are provided 

by:a Jcomplete set of conunuting operators namely the Casimirs of the group 

,and subgroups {note that the Geftfand labels are not eigenvalues of the 

.. : 

, . \ 

,-
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Casimirs but can be written as function of them). For example, the canonical 

chain for the'group SU(n) i~ 

5U(n):" 5U(n-l) x,G{l).::>SU(n-2) x U(1) x U(1)::> ..... .J\U(1) x ••• x U(1),. 
n-1 times 

When One cl ass i fies the states of a phys i cal system according to 

ajèm.Jcanonical chain of groups, one faces a label1ing problem since the 

subgroup does not provide enough labels to specify uniquely the basis states. . ~ 

Actually as shown·by Peccia and Sharp7~ given a semisimple group Gand 1ts 

sef!1i~,imple' sUbgroup H the number of missing labels n (in the case of general 
1 

repres~ntaUons) ,in the rE:?ducti on G:) H i~ 

n • i (rs - lG - rH - R.H) 

.where rG' rH' 1G' tH are the order and rank of the group and subgroup. For 

, instance -in the case ,of 5U(3),:) 50(3) there 1s Ot1e missing label and two missing 
, 

labels in the reduction 50(5)~ 50(3}. The m1ssing label problem has given 

rfse to many studies; the solutions pJ:"oposed may be divided into two classes. 

On~ leads to analytical but non orthogonal bases. For example, 

1n the 51J(3} shell model' Elliot36 solved the missing label problem by a 
. 

projection' technique; good 50(3) states are projected fram certain 1ntr1ns1c 
... 

state~, and the npssing label 1$ provided by the intrinsic state fran'which 

the projection is made. Follo~ng a technique whlch parallels closely 
, , 

\ 
.-Ell10t's, the label1ing problem 1n the case of 5U(4) s~ates 1n a SU(2) x 

'5U(2) basis has been solved by Ahmed and Sharp55 and also by'Dra~er81. .. ... 
Anothe.r approach to the mis'sing label problem wh1ch also leads to analyti~l 

1 

but non orthogonal states consists in defining highest states of subgroup ., 
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... 

-mul;iplets in tenns of products of elementary multiplets (the elementa~.\.. 
permissible diagrams of Moshinsky and Devi). it is based on the o~servation 

that all subgroup IR's of a11 group IR's may be defined by the stretched 

products of powers of a finite set of e1ementary multiplets (they are a1so 

cal1ed elementary factors and are the highest states of subgroup iR's 
o 

belonginQ to low-lying IR's of the group). Th~ exponants of the power of 

~ elementary multiplets supply the missing (as well as non missing) labels. 

T~ technique has been used in malU1 occasions; SU(3):> SO(3)82, 50(5):> SU(2)49 

and S~(4)::> SU(2) x SU(2)50 states have 'been defined in this manner. Our GF 

(3.52) for SU(6):> Sp(6) branching rules a1so defines s~ch states. In both 
-

cases (projection and elementary multiplet techniques) the missing labels 

are 1ntegers. 

In the other class of solutions the basis s'tates of 'the representation 

are COOIlon è,igênfunctions of a canple~e set of cOlTmuting Hennit; an operators, 

and therefore are orthogon~l; as first poirrted out by Racah83 , the m1ss1ng 
-

label is not usually an integer. Given a chain of groups G-;l H, the labels 

are provided by the Casimirs of the group and subgroup and the m~ssin9 la~el 

operators. These missing label operators must satisfy the fol1owing requirements 

\ " 

.' " 
(1) They must be hennitian (we want orthogonal states, 

and a missing label which 1s rea1). 

(2) They must transTorm every space carrying an irreduc1ble 
- ' 

representation of G into itself and therefore should be, 

in the e~velop1ng algebra of the group. 

(3) Si1nce they must cOOIIlùte with the Casimirs of H and 8150 

.sfnoe a11 states within a repre~entat1on of'H must'h~ve 
the same eigenvalue. the missing label~operators must 
be Hascalars. 
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(4) These operators must provide labels which are independent . 
of those provided by the other labelling pperators and 
therefore should be functional1y independent of them 
(that is not expressible as a function of them only). 

(5) If there is more then one missing label, these operators 
must be constructed such that they m~tually commute. 

Therefore the missing label operators must be choseh among the subgroup 

scalars availab1e in the enveloping algebra of the group, which 1eads us to 

the problem of estab1ishing a basis for a11 such sca1ars. lhe answer to this 
\ 

prob1em depends on the type of fepresentation one considers. A basis for 

a11 subgroup sca1ars in the enveloping a1gebra of a group when the scalars 

are acting on general representations (that is, representations for wh1ch 

no Cartan labels are zero), may no longer be va1id if one restrtcts 1tself 

to certain degenerate representations (one or more Cartan labels be1ng zero). 

This may be understood (as we discussed for the case of group tensors) in 

terms of certain ldentities among the generators, identit1es which are no 

longer valid in genera1 representations. let us first discuss the problem 

of establishing a basis for subgroup scalars in the eriveloping algebra of a , 

group in thé case of general represen~ations. 

, 

lt has been shawn for an arb1trary semisimple group G ~ its 

. , semisimpl~ 'subgroup H that the H-sca1ars 1n the enveloping algebra of G 

are finitely generated1,that i5, that al1 subgroup scalars may be expressed . . 
, as eo1ynpnials in a finite set of elementary scalars (1ntegrity 'basfs). '- __ ~. 

~ lntegrity bases have been given3 fn all cases of one m1ssing label and 

max;1mal ·subgroups. ~Solutlons fn 'the case ~,~ 5U(2) x 5U(2). SO(5):> 50(2) 

. and SU(4):J 5U(2) x SU(2), in whicti there are ,two mfss1ng-labels" have aho 
, ; 
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been proposed2,49. On'ce the'lntegrlty b.SI~ establlshed, the basls for 

a11 subgroup sca1ars m4~ be prese~ted in ~ ~, of a GF (one may also 

der1ve the GF and then read off the 1ntegr1ty bas1s). For example, the . / 

~ 

a1gebra of SU(3) decomposes under 50(3) into a rank one tensor l and a rank 

two tensor Q and the integrity basis for 50(3) sca1ars in the enveloping 

algebra U of SU(3) is l2, Q2, Q3, l2Q, L2Q2 and l3Q3 with (l3Q3)2 redundant. ~ 

The GF g1v1ng a basis for al1 50(3) sca1ars 1n U 1s therefore equal to (the 

integrity basis was 'first conjectured by Racah83 but first proved b.v Judd 

et al 1) 

1+L3Q3 ) 
(1_L2) (1_Q2).(1_Q3) (l_l2Q) (1_l2Q2) , 

(6.1) 

Once a basis have bee" estab1ished the next step is to choose among al1 'the se 
. 
scalars the m1ssing label operators. Here an important concept 1s that of func

f 
tional independence. An operator 15· said ta be functionally independent ot a 

r 

set of operator f f no powers of 1 t can be expressed as à'function of the e1ements 
, 

of the set al one. This property 1s particularly important for the labe11ing 

problem since we are looking for independent labels. A necessary although 

not sufficient-condition for ft $ubgroup scalar to be funètionally independent 

of all other subgroup scalars in the en~eloping a1gebra of the group, 1s that 

1t must be a member of the .1ntegrity basisj note that 1n the case of SU(3):) , 
3 3 ,,' 

50(3), although l Q is a member of the integrity basts 1t 1s not functional1y 

tnœpendent o(dl other subgroup scalars since its square may be expressed 

as a 1inear canbination of other subgroup scalars. Therefore when looking. 

for m1ss1ng label operators, the simplèst solùt1on (the one ~eading to the 

", /, 

, . 

1 •. 

1 

-
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lawest degree scalars) is to choose them from the integrity basis. The 

integrity basis will contain the Casimirs of the group and subgroup and a1so 

the lowest degree missing label operators available in the enveloping a1gebra. 

A theorem of Peccia and Sharp states that for semisimple groups, in the 

case of general representations, the number of functionally independent 

missing label operators available in the enveloping algebra is just twice 

the number of labels actually missing. let us summarize the situation: 

given a semisimple ,group Gand its semisimple subgroup H, techniques have 
1 

been developed to establish an integrity basis for H-scalars in the enve10ping 

a1gebra of G and solutions were given for many group-subgroup combinations. 

This integrity basis contains twice, as many missing labe.l operators as there 

a'remissing labels and 'provides the lowest degree m1ssing label operators • 
aval1 able" in the enveloping algebra; lt glves a ~omplete des~ription of these 

~ operators that is : degree, multiplicity and composition. In the case of two 

missing labels or more there is an added difficulty : one'must construct out 

of the 2n operators available n missing label operators·that mutually commute. 

No general approach to this proble~ has ~ét been developed. 

Unfortunately, in the case of degenerate representations the 

situation isn't as tlear. No systematic approach to.find the integr1ty bas1s 

in $uch cases is known. However, sorne infonnat1on,may be obtained if one 

knows the reduced fonn of the GF for group tensors in' the enveloping algebra 
J • 

'of the group; 1ndeed, from the'SF for group tensors a GF for subgroup sca1ars 

~y be obta1ned giving us the multiplicl~y and degrees (it gives no information 

on their canposit1on in tenns of subgroup tensors). An :example of 5uch a GF 
l 

w111 be given in the next section •. 
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Having discussed in SCJ11e detall 'the missing label problem," let us 

now consider the case of SO~5):> 50(3). 

6.2 restricted to re resentations 

It 1s a well known fact 84 s85 that the states corresponding to the 

quadrupole vibrations of the nucleus may be classified according to the 

totally synmetric i rreducible representati ons of SUCS) 1n the .... cha1n 

SUCS):> SO(5):> SO(3) with the embedding {lOOO)~ (01).:J (2). The labels" are 
1 

pr~vidèd by the Casimirs of SUCS), 50(5) and SO(3) and the th1rd component 
" , 

of angu1ar~momentum. There is one missing 1ab~1 at the leve1 SO(5)~SO(3) • 

Actua11y a 'comPlete solut1on to this problem has been g1ven by Chacon et a185; 

their approach consisted in defining t~ highest 50(3) states in all ~0(5) 
. 

representations in terms of products of elementary multiplets (e1ementary per-
I " 

missible diagrams) thereby solving the missing label prOblem and obtaining 

analytica1 but non orthogonal states. 

l , 

In what follows, we propose to solve this mlssing label problem 
. . 

in tenms of a fifth labe1ing operator whose eigenvaluewi1l pro~1de the m1ssing 
, 

~labe1; we shall calculate its eigenvalues and e1genvectors up to (includ1ng) 

the SOCS) representation (0,12) where a degeneracy 3 first appears. 

Obvious1y one first wants to know the missing label operators 
" , 

ava11able in the enveloping algebra. An integrity basis for 50(3) scalars in ' 

the enveloping a1gebra of 5~t51. ln the case of general representations ,has been 
'1 49 

given by Gaskell e~ al • a1though usefu1 ta establ1sh an upper bound, such 

1ntegr1ty basls 1s no longer vaUd for the case of interest. Sone 1nfonnadon 

may be obta1ned'since we know that the reduced fonn of the GF (3.36) ls 
/ 

i 

1 > , 

• 
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(5.~) 

The GF for the branching rules of SO(5)~SO(3) has been given by Gaskell 

et a-~i-\setting equ~l to zero the dumny variables which carry the 50(3) 
\ 

'" representation labels in this ~F, we obtain the follow1ng GF for 50(3) scalars 
~ 1 

in SO{5} irreducible representations 

(6.2) 

. The GF for SO(3) scalars in the enveloping algebra of 50(5) 'whe'n the scalars 

are acting on representa~ions of the type (O,v) 1s obtained by subs~ituting 

(6.2) into (5.36); we get 
'1 

'2 -1 
(1+U ) {(1-U2 ) (l-UIt )(1-U6)}. (6.3) 

1 - , 

(6;3) • ;nfonns us that the integrity basis contains five subgroup scalars : 

() j two of degree two which are the Casitnirs of 50(5) and 50(3), one of degree 

nine whose square is redundant and two of degree four and six which are the 

j • 

. 
lowest degree miss1ng label operators available in the enveloping algebra 

of 50(5). 

Here we would like ta come nt 011 a result of Van den Berghe 'and' De , . 

Meyèr86• (6.3) :, 'nfonns ùs that one can construct only three l1nearly independent 
1 

(that is, one cannot be expressed as sorne linear combinat1on 6f the other two 

'''and Casimirs) SO(3) scalars of degree four in the enveloping algebra U of 
J 

SO(5) out of which only one will qualify as a m1ss1ng label operator. Vandan 

Berghe and De Meyer claim that t'here areten 50(3) scalars of degree, four 1n 

the enveloping algebra of SO(5) which are functionally independent of 'Ithe . 
casimirs of SO(5) and ,SO(3)' and therefore qua11fy as missing label operitors ... 

New asSlIning that these o~rators are good ... 15s1ng label operàtors _, (6.3) 

.. 
. , . 

, 

~1iIti}1i~1~._~',~ri' _:{ .. ~t !!:~, ~f- 'or 

... ~ ... 

1 

1 
t 
l, 
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informs us that if we choose any one of them (we shal1 denote it X) the 
'-

other nine are expressible as some 1 inear cartbination of X with t~ Càsimirs . 1 

and their products and therefore, they do not provide labels which are 

"lndependent of the one provided by X. Moreover, the GF proposed by Gaskell 

è~ a1 49 giving a basis for al1 50(3) scalars in U when these sealar are 

acting on general representations informs us that one can actually construct 

only seven linearly 'independent degree four SO(3}, scalars in U, and this is 

including the Casimirs and thel.r products;. therefore, 'when one restricts ; 

oneself to degenerate represer\tations of SO{S) the number of ~inearly ihdepen~nt' 
, ,> 

degree four 50(3) scalars is.~1 and (6.3) tell us that number is actuaJly 

equal to three .. 

(') Retuming to our problem, we choose the simplest sol~ion,that h, 
f-

, . 

a degree four m;ssing label operator. How do we construct it ? First we 
, "\ . 

know that the 50(S) algebra decomposes under 50(~) into a rank one ~nsor L 
, 

and a rank three tensor Q 50 that the degree four missing label ,operator can 

-~ chosen 'bet~n the' following p05sibi' iti~s ~ Ql3, Q2l 2,:Q3L, Q4 or any 
, , ' 

l;near combination of them with the Casimirs. It turns out that QL3 qual1f~es 
as !! mis5ing label operator a'Jd~the proof is by direct verification ,that 15. 

ft 15 sufficient to show that.QL3 solves the first degeneracy that appea~s 
(the f1rst one 1s at the level (0.6». ,We constructed Ql3 in'the following 

"way : fi rst èoupllng Q and one of the II s to, g1 ve a J = 2 tensor and tt.en 

. do1ng the same- ttiing forthe remaining two l tensors. Fonnally this may be 
1 

written as follows .' 
. {Q lld=2' :; 1: Q l (3,1 ,llatlllti 2,m) 

m llill_ U3 li .. 

.. 
. , J 
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wherè ~3 (li.: -3,-2, ••. , +3) and ~ (r: .. l, 0, +1) are the canponents 
-

oof the tensors Q and l. We then take the scalar product of the two j ~ 2 

" tensor .given in (6.4); following Rêlcah's87 definition of scalar product the 

m1ssing label operator X is 

X = 

, 

l {(_l)m 0 l' III Lm" (3,1,lJ3,m-lJ312,m) 
1J3 lm-~3 ~1 - -~l m (6.5) 

The cOOlponents l+ l'and L..l may be wr1tten in tenus 'of the generators of the 

50(3) algebra L+. and L; we have 
d 

l+l. = -L 1....·1-":1: L l_ • (6.6) 
. 'fi V2 

Th~ Cl~bsch-Go~dan coefficients are eas11y calcu1ated 50 that X may be 

wtitten as follows 
-..--- [2- 2 ] r, 2 ' ] 

X := JQgLo 3l - SLo - 1 + 3 Q-l L+ (t - 5 Lo (Lo -+ 1) .. 2 m 2~.· 
- 3 ~1 Loo [L

2 
- SLo (Lo-l) -2] - 3 \Ir Q~2 L; (Lo + 1)' 

2 V42 2 V2i· (6.7) 

where L2 15 the 50(3) Casimir. It 1s easi1y shown that' X 15 henm1tian. Once . 
we have found an operator statisfying al1 reqùirements the next step 1s ~o 

., ~ obtain its e1genvalue spectrtlll ilJld eigenvectors. We intend to do this by 

actua11y diagonalizing X in some SO(5) ana1ytical basis, however, before 
.;::...1;Wl #J J-

. gett1ng into the details-of the procedure let us briefly discuss anot~ 

method of obtaining the eigenva1ues of X. 
i 

A few years ago Hughes and Yadegar17 gave an expl1c1t fo~ta for- _ 

the 50(3) shift operators va11d for any Lie group G whfch h~s,SO(3) I~ a . 
, 

j 
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" 
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subgroup. Tijeir shift operators are polynomials in the generators of 50(3) 

and in' the compOnents of a rank j 50(3) tensor Q (for G :SU(3) j = 2; for 

() ) 
k .,' 

G = sa 5 j = 3 ; these operators, denoted by 01' k = -J, •.. ,' j, when 

acting on SO(3) states with arbitrar,y m (eigenvalue of lo the third component 

of angular momentum) change the 1 value· (where 1(1+1) 1s the e1genvalue of 

the 50(3) Casimir l2) by k without changmng m. -They are defined as follows 

o~ '" Y~ (t,m) Ro:t 1. [Y~ (t,m) R.~ +(-1)j+k Y~ (t,~m) R.p] 
. 

where for II = 0, .' •• j and k ~ 0 (6.8) 

, yk (t,m) = (-1 }j.f.31-m [ '+k ! 
~ , ~-Tf:.2J~~~~~:...-;:..j~'i'ri~'"'rr-'" 

.' 

x <4mt-k)! (R.-m+k) !,] i .f ( j.: R, 

, • 'j.I' -ll-m 

wh8re 

'\ 

... 
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The operator ~ has fnteresting propert1es~ It is an 50(3) scalar and is 

henni,tian; more~ver, as shawn by Hughes in ~se where G '15 SU(3), Of 

qualifies as a mis5ing label operator and if G is SO(5) it fo11ows fram 

(6.8) that 
, 

o~ = -L Qolo (3.L
2 

- 5l~ - 1) - \f. Q-l l .. {L
2 

- 5Lo (lo+l) ~2} 

. ~\iL- {l2 - SI)lo-l) -2} .. '{6 Q_2l! (Lo"1)' (6.9) 
. 2 3 3 
~vr; Q..2L_ (lo - 1) + Q_3l+ - Q+3 L_ 

where ~. are the canponents of the j=3 ,SO(3} tensor into which the 50(5) 

algebra decanposes"under 5~3). Comparing (6.9) and '(6~7) we see that 

O~ = -2 V~4 X (6.10) 

\"'50 that O~ qualifies as a miS~in,g labe,' operator. Hughes 12-16 has developed 

a meth~d by which the eigenvalue of o~ May be calculated without referr1nt 

to any expl1c1t fonn of· 50(5) basis states and therefore avoid1ng any diago"! • 
. -

nalizatiori procedure. His technique 1s based on the propert1es of the sh1ft 
1 

operators and consists mainly 1n estab1ishing relations between powers of 

d products of sh1ft.operators such as O~!k O;k which a~ a1so ·SO(3) 
1 

scalars ; the ~k point about th1s technique is that for degeneracies greater 

than two the algebra becanes very laborious. 
~ 

Vanden Berghe an~ .De' Meyer88 actual1y used this technique to find 
, . 

the eigenvalues of 0: (which they denoted ~ 1.) for tbe chain 5o(5)=::>SO(3) up 
. t 

to:<{including}. reprèsentation {a.n which as a double degenef'acy. They gave 

the fol1ow1Ag clàsed' fonnulas-- for' s1ngular e1genvalues (no- degeneracy). , . 
, ~,' ~ 1 

Starting ~1th Ule ~1ghest·t-values SO(3)'repre$entaUon l " 

\~ 

1 

~ 
\ 
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<l.v ,2v = 2~ v (\1+ 1) (2v+ 1) (4v ... 3) CV)1} 

Cl : 2\12 v(2v-Ti (4v2 -5v-14) (v>2) 
v.2v-2 T 
'\,'~-3 = 2V2 (4v-3) (2v 3-v 2-17v+1) (v>3) 

5 
av;2v-4 :2\'2' (v-1) (8v 3 -38v2 -v-60) (v~4) / 5 

(Su'-42v'-77v'+258v-150) . (~) '\,,2v-5 : 2\If" 
""5 

For the lowest t-va1ue 

for v: 3z (z: 1.2, ••• ) 

a~,o = 0 

lI,J, 3' =-18~ v, 

~~4 = 42V2'" 

for \>; 3\ Z + 1 (z = 0.1;2 ••• f 
Q~~'2: }V2 (5v+9) (v)l ) 

a' I
, 4 ~ -12\12' v • 

(3v+4 ) (v>4) 

(l'1 ". v.5 la12' (av.1) . (v~4), 
1 

«v;6 = 6'fE ,( 5v+36 ) (v~> . ' 
-~ (150\1+401.> (v>7) «-~J7 = 

,for v = 3 Z ... 1 (x : 1,2, ••• ) 

'Uv,2 .: 

(lv~4 = 

-~ (5v+6) (,,>2) 

lM (3v+5) (v>2) 
l , 

~~.5 = .. lM (3v~B> 
~\:.6 = -6tfl. (5v~21) 
œv,7: ) ~ (15Ov +'49) 

. " 

. \~'-:' 

(v>5) , 

(\>)5) . 

(,,>5) '. 

," 

J 
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These formulas were..,rj~éd for the case ~? but the authors conjectured that 

they were true for a11 v (our results conf;nms this at 1east up to (0,12»; 

as mentioned by them, the eigenvalues av,! of O~ for a11 s1ngu1ar eigenvalues 

can ,be written as 6~-times an integer. 'The eigenvalue of O~ (more precisely 
5 

-5 av 1) f~v~, as giyen by these authors, is shown in ~able IV. 6Vt t, T . 
~ \ . 
~ Another method of obtaining the eigenyalue spectrum of ~~ (we ,sha11 

~ instead of X giVén in (6.7)), which is the one jwe wnl follow, consists 

in evaluating the matrix elements of Ok in sorne SO(5) analytical basis and 

then diagona1izing o~; our approach fol1ows closely that-of Juddet a1 1 for 

5U(3);:' 50(3} (our ca1cu1atiol1s were' under way when Van den 8erghe and De 

o Meyer's paper appeared; in order to compare our resu1ts to thejrs we _ 

mu1tip1fed X by the appropriate factor). The ana1ytical basis ~ shal1 use 
. n 

are the SQ(5).:JSU(2) x 5U(2) basis states as defined by Sharp and P1eper ; 

we adopt most of their notation. In order ta use to aboye basis states, we 
-------~ust·express the components of the te~sors Q~n~ L which c~po~e O~ in tenns 

of generators suited for ~n SU(2) x 5U(2) basis. APart f~ the generators 

wh; ch cCJllpose the Cartan a l gebr~ ,that i s, 53 an,d T 3 J these ~rators are > 

shawn 1n figure .6.- We hav~ the fo1'1owing carmùtation relations 

[lOt Lt] = 1; L+. [Lo, 9~] = lJQlJ J , 

- ! 
[L+. L .. ] = 2Lo. [L±. Q~] • H3 .;1l)(3 t lJ + l)t ~1 '. 

Let us S!!t 
l+ = aT ... + bYt and, 't.3 :1 S ... 

1 
, where a and b are constants to be detenn1ned. Fran the ab,ove c.tat1on_ 

"\ 

"'",1'5 it 1s easl1Y shawn that a and b ~ust sati~fy the'~~~low1ng -~ equai1ms 

a2 _ b2 :: 1 • a2 '- 2b2 = -2. . ' 

" ~, ~, 

, ' , ..,' . 
'-. ~ . 

. ,~~,,;,\;~~~),:,;',,', i. "." , , 
ri' ,~.\ 

{ .', 

',,; 'i~:'(,:;·:;;~;,~,c~~:,_~~: ': _,j:, ' 
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. 
, Solving 'for 'a and b we get a = t 2" b : t V3 so that 

, ' 

Lo = T3 + 3S3 ··, (6. h)· 
ChQo,Sing a = + 2'and b = -4: V3 ~e have' that ,,~'-

L+ = '2T+ ; vi V+:-, L :: 2L +V3v- , 
- - "r t . \ .-,) .. 

Dy making usè of the c~ut~~ ~h Q~ It- t5 easny S~OWIl that 

• Q+3 = ~ :' -1 ~+ ' Q+; '.: .:L' V .. + ~ T... ' ' • 
. VS. 
Qo = -3' T3 + L';3'~ Q.l :l -\/3, T ... + L V. , (6.14) 

VS . VS Vs VS 
'~.2 ; yx . U., Q-3:: -S.. • 

,2 

. , 
1 . 

" 
-, ' .. 

.. 

.. The generël'l 50(5):1 SU(2) x SU(2) bas1s state 1 s" detloted 1).\1; st. 5
3
t

3
')"where ,';' 

~,\I are the 50(5) rep~sentation labels and S', t those of ,5U(2) x SU(2). For , . 
the repr9sentations we are interested in, that 1s those of the type (Û,v), 

$ ~ t an'd,à ~ s ~ v/2 50 thai,l the states ~re' denoted I(N; 5S; s~> (fran . 

. nqt on, we shal1 drop the 50(5) labels). SO~5} sdtes in 'a SO(3} basis will 

be denoted lt,~,a)where we shall denote the mfss1ng label bY~. Expanding 
, 1 

th~ basis states 155; S3t3> intenns of Il, mt a) we ~et 

1 s S; S.3 t 3> :: E a11 t, m,a). . 
, t,a ' ' 

where 8t are sane coefficients and 

m = t 3 + 3s3 

(6.15) 

m,--f3 , 53 'being the eigenvalues -of La" T 3 a1 S3. The sUII'IIIation in (6.15)"' 

rùn~ ove,.. a11 .2,)111 which occurs in the SO(5) representation (O,v). There is no 

s\lllnation over in since bath SO{S},:) SU(2)' x SU(2) and SO(5)::> 50(3) states 

a~ ~igenvectors of Lo. 'When O~ acts on bath side of (6.15), we get 

(6.17) 

- !l 

, ;~i, 
"tAt;.. 

"" , 
" M-

; , 

, .. 
'i>,~~ j 
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where Xm (s,s,s3,t3) are matrix ele~ents of O~ between states of (O,v) w1th 

the same ,"value Qfi m. There wi 11 be as' many eqJa'ti ons (say w) of the type 
, 

(6.11) as "there are Iss;s3t3) staté~ satisfying (6.16-) for a given m. 

Substituting (6. 15) in the left hand side of these w e4uati ons and canpar1ng 

the coefficients of the linear1y independent states 1 t,m,Cl) we get .the 

fo11owing secu1ar equation 

(6.18) 

We have a !ecular equatm for each value of m wh; ch occurs in 

the (O,v) representati on; the order of the secular equation increases .. 

in" genera1, when the absolute value of m decreases and 15 maximum when m = 0 

or equivalently is equa1 to ·the number of SO(3) representations conta1ned 1n 

(&,v)~ New since the eigenva1ue a of O~ is 1ndependent of the m va~of 

the stat~, wë can solve (6.18) in the case where m = 0 and -get al1 eige~va1ues 
'\ 1 

, a at once. The prescription is therefore the following : for each SO(5) 

IR (O,v) evaluate the matrb element~ of O~ between SO(5)=> SU(2) x SU(2) 
.~ - 1 

states with m = 0 and then d1agonalize it; s1nce we on1y use m :: 0 states 1t 
fi 

is easily shawn that th~ expression for O~ given in ~~. 9) simplifies to thé 

fol1owing 
.. ~ 

·o~: 2 W'Q-1L+ - ~ Vt Q.1L:.. .~Vi Q.1L ... L+L. 
1 

(6.19) 

.' 

l , 
~ , 
;i 

. ' 

·1 1 

i 
1 
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x ( 4) = \ 5 (_ 420 ) O~ :6Vl 593.97 • 
(6.20) 

~hough we both use the expression (6.9), there 1s some arbitrariness in 

the definition of ~ as given by (6.14) which explains the factor C 420 ); 
. 593.9' 

the other factor is (as they did) to obtain integer values whenever 

possibl e. 

T~ diagona1ization involves -the solution of algebraic equations 

whose orders are equal ta the ~generacies of the 50(3) representation in 

(0,,,). Double, _tbreefold and fourfold degeneracies can be treated anal

ytically, at least in princ1ple, by solving. qua4~atict cubic and quartic 

equat1ons. Cases of higher degeneracy~can be treated only numerically. We 

wrote a oomputer program which performs all these calculations (lhat is, 
u 

evaluation of matrix elements and di agonalization)., Matrix elements which , 

proved useful in writing . the program are given in appendix CI' Our results 

are given in table V. Compar1ng table IV and V we see that our e1genvalues 

correspond exactly to those given by De Meyer and Vanden Berghe. ln' table VI 
• 

we cOOlpare the values of. 5 ~ ft for s1ngular e1genvalues as predicted by 
~ ,~ -

the fonnulas given in . _ " '(6'.11·)-w1th those we obtained. Arthe table 
-

shows our val ues correspond to those conjecturedj th; s was the case for al1 

representations cons1dered. -we a1so ca1culated the .Sa(5)~ SO(3) eig~nvectors 

for wh1 ch m = O. These e;genvectors are ~e linear comb1nation of SO(5)=> 
, . 

'SU(2) x SU(2) states w1th t 3 + 3s3 = 0; the coefficients arè given in table 

VII. • 

, 
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CHAPTER VII 

CONCLUSION 

In this thesis we have established a basis for al1 tensors in the 
1 

enveloping algebra of simple compact groups of rank", 3 and have di scussed 
Il 

in detail for the groups SUl3) and 50(5) how this basis reduces when the, 

tensors are acting on the bases of degenerate representations; we have sl,own 
how th1s col1apse of the GF for tensors may be understood in tenns of certain 

1dentitiès among'the generators andin connexion with the missing label problem, 

we shoWed how the Gf for tensors and the; r reduced fônns may be useful to 

obta1n a GF for subgroup scalars in the envé1op1ng algebra of a group. A new 

function, the group-subgroup character1st~c function, was introduced in 

chapter III; it proved to be useful 1n transforming a GF for subgroup tensors 

into a GF for group tensors. 

Most of the techniques discussed in this thesis could in princ_1ple 
.-- l , 

be used for h1gher rank groups; however, the d1fficulty of application 

increases rapidly with the number of generators 50 that we suggest that one ,., . . 

. uses the computer whe~eYer possible. ln the next few 'paragraphs 'we shal. 

/po1nt out sorne of the calculation~ that could be done by computer • 

. When one calculates the GF for tensors in the enveloping algebra 

of, a group.' an 1 mportant- ptlase of the ca 1 CtA 1 at1 on (ctepending on the method 
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used) 1.5 that or the te"Sting ot the results and, as we dis~ussed in chapter 

IV, th1s can be done analytical1y but for groups of rank > 3 the algèbra 

would soon get out of hand. This 'reduction can he done quite easl1y by 

computer and as shawn in chapter IV, the test proved to be very efficient; 

it 15 suggested that for high rank groups one uses quadruple precision. 

One can a1so use the computer in connexion with the e1ementary 

mul~iplet metnod; the program wh1ch we d1~cussed 1n chapter III proved to 

be very usefu1, leaving to the user ~he problem of guessing the elementary 

factors and syzygies; however, even with the usage of a program, ft could be 

difficult to choose the right elementary multiplets and sysygies since for 

h1gh r:ank groups ,there could be many"poss"bl1ities. We suggest to divide 

the problem by making use, whenever J'0ssible, of intenn,~1ate groups (1nclud1ng . 
'the subjoin1ng of a group .to another). Usually the insertion of intermedfate 

groups reduces considerably the possibilities. 

\ 

1 f one chooses to construct a GF for tensors by making, use Jf' a ' 

subgroup (as we d1d for SU(3) and SO(5)} the major dtfficulty is~ eliminate ' 
J 

-fram the final expression a11 negative tenns that appear 1n the numerator., and 
• 

spurious factors such as (A.S) appear1ng in the den6mipator, al1 these 

unwanted terms being a consequence of the residue talcu1ations.Here aga1n •. 
. ., 

one can use a computer to reduce the GF to a useful fonn;this has been done 
, 49 , ., 

by Gaskell et·a~. One could a150 use to eliminate the unwanted tenns ment10ned 
, 89 

.,above & program such as the one developed by A.C. Heam called "Reduce 2" ~ 

which performs syrnbol1c calculat10nsi however, the usefulness of such a program 

for large expressions" remains to be proved. 

',. 

i 

1 , 
1 

1 .. 
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A final comment in connexion_w1th the theorem of Peccia and 5harp 

concern1ng the number of functionally independ~nt missing label operators 

available in the enveloping algebra of a group. The theorem states that there 
, . 

àre,1n the case of general representations of the group, twice as many m1ssing 

label operators available as there 1s missing labels. Now in the case of 
1 

SO(5):>SO(3) restricted to SO(5) representations of the type (O.v)'we showed 

that there are two functional1y independent missing label operators available. 

In the case of representatio~s of the type (v,O), substituting (6.2) into 

(5.37) we get the following GF for 50(3) scalars in the enveloping algebra 

of SO(5) 

t 

so that hgre again we have twice as ~any m1ssing label operators available 

(of .degrees four and six) a,s there is m1ssing labels (only one). The GF . . 
for branch1ng rules of SU(3)~SO(3) informs us that only SU(3) representations 

with even Cartan labels contain .50(3) scalars 50 that keeping only tenns wtth 

even p~rs'in Al and A2 in (5.30) and then puttinb Al: A2 = 1 we get the 

follCMing GF for 50(3) s'calars in the enveloping algebra of SU(3) in the 

case of representations of the type (O,V)' and (v.O) 

1 : Ul + U3 

(1;;'U2)2 tl-U2) 

Thls GF inform5 us that the 1ntegrity basls contains only two funct10nalJY 

. 1ndePendent scalars; , these are the Casfmirs of SU(l) and SO(3) both of 

degree two •. This was expected s1nce there 15 no mi5s1ng label. 50 that here 
. 

again t~ result agree w1th Peccia and Sharp's' theore·ID. Ne conjecture . 
that this 1s the case for all groups. i.e., that the1r theorem rema1n$ val1d 

for all representations of a group. 
\ 

) 
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APPENDIX A 

• , 1 

GENERATING FUNC1IO~ TECHNIQUES 

In this append1X' we discuss certain, GF techniques that have been 

developed in the past few years. In section 1 we 1llustrate how a GF for 
r ~ 

tensors m~ b.e obtained from a GF for we1ghts. In section 2 we d1scuss 

, a generalization of this, approach which makes use of the Weyl characterlstlc .... ~., ....,-

function. ' The elementary multiplet method wh1ch has proven very useful 1n 

the evaluation of various types of GPs 1s described in ,section 3. F1nally, 
) 

in section 4 we br1efly cover the problem of ,the coupling of two GPs and 

the s.ubst1tution o,f*one 1nto another. 

1. 

" 
on a j = 1 tensor r. ,The wefghts associated wfth the three cOq>onents of 

, , , 

r are ~i: l, "'2: 0 andw3"=- .. 1. The tensor p~ucts (2,.2) are real1zed ln 
1 

weight space by the 'fol10wing GF for weigh,ts (in the follow1ng calculat10ns ' 

--,,' 15 not' a Cartan laber.and >. = j) 
1/ 

W(q) : l 
1 (1 ... UI1HI-U){l-Un- 1) (A.1) 

• 
where the exponents of U and Tl are respectively the degreé in r and the 

we,1ght •. 1fte GF for tensors belonging to the IR(>.) (highest weight À, lCNest 

- ' ! ., 

i 

, 
1 \,~ 

1 • 

. " 
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wei9ht-~) is the coeffi cient C_
Â 
'o~ Il-À in 

C_
À

_; of n- À
-

1 
(the subtraction eljminates 

, , 

This operation will be done in two steps : 
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(A. l) minus the coeffjcient 

contributions from higher tensors). , 

first extract fram (A.1) the 
... ), -À-1 

coefficients of n and n ' and then make the subttaction. The coefficients 

m~ be obtained by mak;ng use of the fol1owing well ~nown result of the 

theory of complex variables 

§nadn = 0 'a + -1 

= 21Ti a = -1 
(A.2) 

, ' 

where the 1ntegration is done around a circle centered on the or1g1n of comple~ . , 

space and a 15 an integer. Based on (A.2), we may wri·te 

, 

c • 
-À-l 

1 
an; 

1 
),-1 . 

n dn 
(1-lJt1)( 1-U)( 1-un -1 ) 

§ À 
D du ... 

(1-Un)(1-U){1-l:n- 1 ) 

(A. 3a) 

(A. lb) 

The above approach 1mp1ies a power series expansion for the var10us fracthbns 

Cl-zr1- on the r::ight hand 'side of (A.3) and therefore imposes the)fol1owing 
\ 

condi ti on on the noms of the Z iS 

Izl < 1 (A.4) 

which in tum imposes certain restr;ct;orlS on the nanus of U and n. Condltion 

(A.4) 1s satisfied if we chaose IUI< 1 and integrate Tl about a vnit circle. 

The GF for tensors belanging to the IR (À) 15 thereforé 

1 
2'1fi 

(A.5) 

.. " 

1 
,1 

1 
1 

1 

1 

t 
'i 

~ J 

Il 
, • 1 

l 
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where t Resn represe~ts the sum of residues of poles of the ~ variable 

inside the unit circle. Our aim is ta obtain a GF for all te'nso~ (all À) 

so that multiplying (A.5) by Ah (to keep track of the representations) and 
, , 

sUll1l1ing over À we get the des; red GF for tensors 
CD À 

G(U;I\) = t (C_
À 

- C_>._ 1)1\ 
À=O 

(n).- 1 _ nÀ ) Ah _ i 

(1-un )(l-U )(l-Un _1) 
(A.6 ) 

the'sum over À 1s geometric and may be done immediately so that (A.6) becomes 

G(U ;1\) = 
1 • 

r Res 
n 

- 1 (n - 1) ; 

(l-un )(l-U)(l-un - 1) (l-nl\) 

the sum over residues is easily done 50 that we finally get 

G(U;I\) = 1 
(l-U) (1-UA) 

-

(A.7) 

(A.7) gives us a bas is for aH ,1 rreducible SU(2) tensors whose canponents are 

polynomials in the components of the SU(2) vector r. U and A carry respective1y 
-

the degree ln r and the representation label. G(U;A) may be interpreted in 

terms of the following set of e1ement~ry tensors (~,À) where ~ stands for the 

degree in r and À the representation label: (2,0) and (1,1) with no redundant 

combinatlon. We now turn to a generalization of thi s approach for all compact 
\ -

semisimple groups. 
; 

2. ·>Ha.-t to use the Weyl character1stic function to obta1n a generating49 

function for polynomial ,tensors C 
, 

The c~aracter XÀ of a representation (À) may' be written 

, , , 

-_._-----_ .. __ .~------------~ 
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where nj carrie~ th~ jth canponent of the wel!t1t wi and Ni 15 the'lIl.Ilt1pl1cfty 

of w1 ln (~); 1s 1s the rank of the group. For ex'ample the character funct10n 

for the representat10n j = 1 .("=2) of SU(2} 15 

. i"l 
X2 = 1 + n t n • 

Wey1 90 has g1ven an exp1ic1t fo~u1a for ca1au1ating the character of Any 

representati on of s 1mp le groups. name 1y 

x; (n):: ~~(n»), ":~).:' ;.(_1)5" (S10. "i: ~1'l1(l)1 
l ,A'{n) . 

(A.8) 

where the sun 15 over the Weyl' " ref1ect1ons Sand (_1)5 15 the detenn1nant 

of the matrix of S; (_1)5 1s + 1 1 f S 15 a produc.t of an' even nunber of 

reflections and -1 if it 15 an odd nllJ1ber •. ,R 1s a vector in .tG d1mens1onal 

space def<fned by 
: (A.9) .. 

where R 15 half the sum of the positive roots of G and A). 1s the highest 

we1tht of the representatfon (A). t). fs therefore a linear c<IIIbfnatfon of 

. terRIS "fJlfP1 whose exponenb Pt ~pend l1nearly on the representat10n labels; 

ft is Rnown as the chaf"acter1st1c of the representat10n ().) •. 6(,,) 15 the -
. , 

chlracter1st1c of the scalar representat10n ' 

, 4(n) ~ ~. :: ; ( .. 1)5 ,,(S~), nR ~ f n, (1n1 (A.10) 

, when plotted 1n la d1men~1onl1 splce. tA corresponds ta 1 set of ~01nt5 

equfdistant fnœn the or1gfn cal'ed ~ g1rdle. un1quely character1z1ng the . ,. 

representlt10n (A). i.e., èach representation corresponds to a dtfferent 
, , 

s-et of points and thete ls no overlap between the sets. For a glven 'grouP. 

the nllllber of points N ln ,. 'set 15' Independent of the representation.. The 

, ! 
, 



'. r 
! 
~ 

t 
! , 
l 

1 t • 
.~ 
{ 

( 

--._------ --- _.~- -~-~-..- ---~--~.~ ----- -~----------".- -,--- ------

121 

space 1$ divided in N sectors, which are'cal1ed defining se~tors. each term 

of ~À belonging to a different one. There;s therefore a one ta one 

correspondance between tenus belonging to a sector and representations of 

the group. The secter corresponding ta the highest weights is called the 

dominant sectar. For every semisimp1e compact Lie group, such sectors may 

be defined. The characteristic function for simple Lie algebras of rank 

two have been given by Behnends,Dreit1ein, Fronsdal and Lee91 . For example. 

using their results. but following Weyl's convention co~cerning highest 

weig'hts and positive roots and choosing the nl' n2 variables of weight space 

'* such that the highest weights w1 ans w2 of the two fundamenta1 irreducible 

representatiens of SU(3) that is, (1,0) and (0,1). are respective1y'w1 = 
(1,1) and w2 = (2,O), the characteristic function ÇÀ1À

2 
for SU(3) ;s 

-(À2~1) -(2}\}+À 2+3) (Àl+I) (À 1"2À2+3) -(>-1+1) (Àl+2À2 +3) :: -n 1 n2 + n 1 n2 - n 1 n2 
(A. 11 ) 

+ ()"2+l) -(2Àl+À2+3) (41+À2+2) (Àl-À2) + -(À1 +À 2+2) , (Àl-À 2 ) ni n2 - nl n2 ni Th • 

For the sca1ar and octet representations we 'get 

-2 -6 . -2 -6 -'4 

f. 11 = -nt n2 + ntn~ -ni n~ +nin2 - n~-+ ni 

-1 -3 -1 - 3 

(00 : -nl n2 +, nln~ - ni n~ f. nln2 
-2 

2 - nl + n1 

(A. 12) 

The girdles corresponding to ~1l and ~oo are shown in figure 9. In this 

particular case, the space is divided in six sectors (the shaded areas 

inc1uding border 1-1nes). The tenns of ~11 are represented by dots and those 

of ~oo by X 's. 
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Coming ~ack to our orig4nal problem of transforming a weight GF 

W(n) into the corresponding GF for tensors: and assuming that the weights 

are those of complete IR, we may write 

W(n) = 1: X, '\ H, 
À 1\1,···,1\1 1\ 

> G' 

(A.13) 

where XÀ is the character of the IR (À); N~ i s essentially the mul tiplicity 

of À in W(n}, and may depend on other dummy variables such. as U in (A.l). 

Inserting (A.a) in (A.13) gives 

W(n) = l ~ N
À

• 
À Il 

(A. 14) 

Multip1jing (A.14) by Il we get 

Il. W(n) = 1: {;À N
À 

• (A~ 15) 
À 

(A.1S) suggests the fo110\"fng : the presence of a'IR (À) in W(n) is indicated 
, 

by the presence of the corresponding ~À in the product Il. W{n); based on the 

preceeding discussion of the characteristic function, we see--that in order to . 

identify {;À in)Â.W(n) we ~ay 1imit ourselves to any of the defining sectort 

(six in the case of SU(3)}; i.e., look for terms in the product Il.W(n) 

be10nging to a g;ven sector (since other sectors give no new information). 

Therefore the prescription for transforming W{~) into a GF for tensors 'is 

(1) Choose a sector 

(2) Multiply W(n} by Il 

(-3) For èach term found in Il.W{n) that belongs to the chose'n 
sector. replace it (keeping N

À
) by dummy variables that 

carry the representation labels as exponents and drop a11 
other tenns in 'Il.W(n). 

The resulting expression is the desired GF for tensors. Fonnally this 15 

done by the follow1ng sum 6f residues 
, 1 

, \ 
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[

tG -Pi- l 
E Res E {( fi n. 

n À i: 1 1 
(A.16) 

where the Aj variables carry the representation labels as their exponents. 

~ Resn means the sum of residuesAof poles of the variables ~, •.•• ntG 

ins1de c1rcles of unit radius. The norm of all other variables are considered 
p. 

smaller then unit y; th~ tenn l!rl; 1 belong to the chosen sector. The cho1ce of 
1 

the sector conjugate to the dominant sector (see figure 9) usua11y simplifies 

the calculations, If in principle a11 GF for tensors may be obtained fram 

the corresponding GF for weights by the above method, in practice, the 

calculations may soon become out of hand. w~now discûss another approach. 

• 
3, How to construct a generat1ng funct10n ,for polynomial tensors using the 

elementary multiplet ~ethod . 

The problem of finding a bas1s for al1 1rreduc1b1e tensors obtained 

from the products (2.2) may be 100ked at in tenm~ of the fol1ow1ng reduction 

prob1em 

'(rf = li C\.IÀ T(\.I,À) \.1:1,011 (A.17) 
À . , 

where ~(~,À) is an irreducible tensor of degree \.1 l~ the c~ponents of.r. . \ 

wh1ch transfonns as (À). and whose fnu1t1pl1city is C\.IÀ' Now if r 15 an n 
• ... l. • 

dimens10nal group tensor, (r)\.I 15 a <" r1+~-1) dimens.iona1. reducfble tensor. 

but (n+tl-l) ~s the dimension of the representation (\.1,0, ••• ,0) of SU(n) 

'which suggests that the reduction problem (A.17) is equivalent to that Of 
\ 

fi'ndlng a GF for the branchin~rules su(n),:, G restricted to the synmetric 

rep~s~nta~ions' of su{n,)' Forlexamp~le if r 15 a J:2 SU(2) tensor the chain 

r eo~sidered is ,SU(5)~SU(2) with the embeddi09 (lOOO):>(4). (2.3) given in 

chapter II; may tfierefore be ~lewed as a group-subgroup GF for, thè cha~n 
" , .' \~' , 

J, 

,',.' . 

• 

• 
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SU(5}:::>SU(2} restricted to the representati~ns ().I,O,o~a) of SUeS) wheJïE! U . . 
~arries the SUt5 f label ).1 as exponent and A that of SU (2) or as a GF for 

\ 

_ SU(2) tensors based on a j:2 tensor. The GF for branching rules may be 
lit' 

obtained by a method \'1hich consists, as discussed in chapter II. of finding 
~,.... -

"Ii' 
a finite set of elementary factors and relations "among them. We now discuss 

--" 
thi.s method, that is,the elementary·multipilet method. .. 

The elementary factors (elementary multiplets) and relations among 

them (syzygies) are found py proceeding systematically through the IR's of 

the group. The- subgroup contents of low dimensional, representations of the 

group, F~~ 6ften be fqund in table~ like those of McKay ~nd Pater~92,. b~t 
for, higher representations, mu ch g'uess work is involved: Oimension and second 

order index checks guide the selection of elementary factors and sy~ygies. 
,. l , 

As an examp1 e let us consider the prob1em of obtàfning à group-,subgroup GF 
.... '.. / 

for the chain G2~SU(3). For (10), we use I~c~ay ". and Pater,'s tables 
\ J. ~.i" v 

,.. (lO)::5"{T0) + (01) + (00) • (A.18) 

(A.18) impl ~es the fOllO,wing elementary fact~rs' 
, 

a = (10;10), b '" (10;01), c. (10,00). 1 (A.19) \ 

We now cansider (20). The SU(3) contents of (20) is also given in the jzablesn:,'\ 

but in arder ta illustrate the metpod we will' ignore it. We first take all 
1 cl "'V 

p~duéts of known e1ementary multiplets (those of (1\.19» that give (20) l!e. 
0 " 

a.a = (20;20) , a.b = (20;11), 0 

" (A.2a) at5 (20;10), 'b.b :t: (20;02)," = 
b.c = (20;01), : c.c :: (20;00). 

o . 
ln order to check if any products are forbidden or if any new elementary 

\, 0" 

multiplets must be added to the list (A.19), we make a dimensic;m a,l}d index 

, " 
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check (the second arder index check being particu1ar~y useful in more 

cOOIplicated problems). It turns out that a11 products (A.20) are necessary 

,and suffioient which implies no new elementary muTtiplet and no syzygy. 
, 

We therefore have. 

(20):J(20) + (11) + (l0) + (02) + (Dl) + (00). 

We then proceed ta (110). We have the following possible products 

a.a.a =" (30;30), a.a.b {30;21}, / 

= 
a.a.c = (30;20) , a.b.c :: (30; 11), .. 
a.b~b = (30;1.2) ; a.c.c • (30; 10), 

b.b.b = (30;03) , b.c.c = (30;01) , 
-

b.b.c :: (30;02) , c. c. c = ~ (30;00). 

A dimension and index checks reveals that no products are redundant and no 

new e1ementary factors' are needed 50 that 

, (30 ).:J (30) + (21) + (20) + (12) + (1 0) + ( 03):" (ll) + (01) . ~~ 

+ (02) + (OO). 

"We cou1d keep on, but we will assume that the e1ementary factors given in 

(A.19) are sufficient for a11 (~,.O) of G2 and that no products are redundant .. 

We now consider, (01) ,of G2• Fran the tables we have that 

(01):;:,(11) + (01) + (10). 

Followfng the same procedure as above, we find that the following elementary 

factors 

d = (01;11), e:: (01i01), f = (01;10) (A.21) 
1 1 

t 

with no redundant combinations ai"e sufficient for a11 (O,A) of~. Ne then .. 
. _ co~sider (11? and must nr fom all products of elementary factors tha~ g1ve 

(11); these are ~".J 

I~ 

i 
1 

r ; 

L 
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a.d :: (11;21)~ a.e = (11;11),- a.f : (11;20), 
1 

b. d = (11; 12) , b. e = (11, 02 ) , b. f = (11; 11 ) , (A.22) 

'c.d = (11jl1L c.e = (ll;ql), c.f = (11;10). 

If al1 products in (A.12) were a11owed, we would have the fol1owing decomposition 

{ll}:J(21} + 3(11) + (20) + (12) .. (02) t (01) t (10). (A.23) 

A dimension check shows that the right hand side of (A.23) exceeds the dimension 

by 8 which $uggests that one of the fol10wing products be chosen as forbidden 
, 

a.e , b. f or c. d. At this point there i s no rule of thumb and often use must 
• '# 

wotk on a trial and error basis. Let us consider each possibi1ity and first 

dec1are the product a.e forbidden. We now consider (12); the products 

1eading to (12). are 

a. f.d = (12;31)', ta. f. f • (12j30) , 

a.d.d = (12;32) , c.e.e - (12;02) , -
c.e.f • (12; 11), c.e.d -\ {12;12}, 

c. f.d Il (12;21), c.f.f = (12j20), 

c.d.d = (12;22), b.e.e (12;03» ,', . , 
'-' 

~, , 

, 
, .': 
L 
f~ ~': 
! 

i 

", , - ,', , ' , 
b.e.f = (12;112 ) , b.e.d = (12;13), 

" , 

b. f.d - (12;22) , b. f .'f • (12;21", 
,',~ . \ ,. 

~. 

b.d,d :: (12;23) 

a.e.e = (12;12) forbidden l " 

a.e.f • (12;21 ) forbidden 
, , 

a.e.d = (12;22 ) forbidden 

where the forbidden products have been indicated. Therefore assuming no new 

elementary multiplet and no new forbidden product, we have that 

(12)::>(31) .. (30) t (32)" f (03) + ~(12)' + (13) t 2(22) 

f 2(21) t (23) + (02) + (11) + (20). 
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A dimension and index check shows us that our assumption is correct. We 

could proceed through higher representations but we will assume that the 

set {a,b,c,d,e,f} of element~:y factors with the product a.e. forbidden is 

complete, that is, there is a one ta one correspondence between allowed 

products of elementary factors of that ~èt and SU(3) multiplets contained 

in G2 representations. Similar considerations would lead us to the conclusion 

that the chaices b.f or c.d as redundant products are equally valid and 

fhtroduces no new elementary factor. We therefore have the fol1owing set of 

elementary factors {a,b,c,d,e,f} with a.e or b.f or c.d forbidden. The choice 

a.e leads ta the fol1owing GF .' 

choosing b. f we get 

X [ .... {1-~1;.....1--N2--) 
, '49 
fi~a~ly the choice c.d leads to 

1 

l< [ 1 
(l-Ad 

where Al,A2 carry the G2 representation labels as their eXPdnents and 
) 

NI' N2 those of SU(3). It is easi1y shawn that 
J 

II 
1 , 
• 

-. 

i c' 

V, ,-
l ' 

) \' , 

\ 

, , 
, ' , 
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ln this simple example a11 chbices of syzygies. were equally good, but in more 

camplicated problems it is often not the·case. Depending on the choice we 

make, we may have to introduce new elementary factors and forbidden products. 

for instance we could have choosen b. f and c. d as forbidden and then introduce 

a .new elementary factor (11; 11) in order ta balance dimension and index, and 

then proceed to higher representations to see if we have a complete set of 

elementary factors. Although ~o rule forbids such a choice, thi~ could-lead 

us to a situation were we must constantly introduce new eleme~tary factors and 

forb1dden products in order t'o balance dimension and index; this would not 

prove that this particular choice 1s wrong, but would certainly suggest that 

1t is not the most effh:ient way of solving the problem. 
• 1 

.factors 15 usua 1-1 YI not un~que and leads to -di fferent fonns 

al1 equivalent.. L . 

The set Of elementary 

of GF's al~hough 

J 

This approach does no~ constitute a proof that we da have a complete 

set and that a11 .syzygies have been found so that the GF obtained by such a 

method must be checked. Jhe GF for tensors in the enveloping algebra of the 

groups SU(4), Sp(6) and SO(7) have been found by the elementary multiplet 

technique and ways of testing the results are discussed in chap IV. 

" 

It often occurs in this thesis that we must substitute one GF into 
, 

& 
another or couple two GF's to obtain a third one~ we shal1 now briefly discuss 

these two procedures. 

"4. Substitution and coupling techlH'9ues46 

Given two GPs 

based on group G tensors 

llii:.tilU J&&JiULi!L9UiJ6 ; 

1. 
i , 

1 
i. 
1 

i· 
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based on r1 and r2. If the GF for the Clebsch-Gordan series' 
~ ,JI JI 

C(Al; •.. ,At ;Al, ... ,A~ ;Al, ••. ,At > is known, the answer is (LG is equal to 
G G G 

the rank of G) 

(A.24a) 

or 
, /1 

G3(U ,Uj.!\:h •• ' ,At ) ': I: 
G, 

1 
(A.24b) 

. "1 
~re t Re~ K' mean~ the'sum of residues of pOl:s of the var1ales A1 and ~j 

inside t1rcles of a çertain radius. The radius of these circles and the 
, 1 1/ • _ 

~orms of the other variablès (SU~h as U tU ,hj > a~ chosen fd110wing arguments 

similar to those whi'ch led to condition (A.4). There 'are several other ways 

. of coupling Gl and G2 which are actually a mixture of (A.24a) and (A.24b}; 

l " in .those cases, on1y certain Ai and Aj of G1' and G2 are replaeed by their 

reciprocals, the others are replaced by their reciprocals in the GF for the , 

Clebsch-Gordan series. In any case, we use whichever iseas1er to evaluate. 
, 

Examples of such calculations are given in chapter III when evaluating the 

GF for tens/trs in the enveloping algebra of groups SU(3) and SO(5)." 

" 

) 

1 , 
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1 

i . 
The procedure by which we substitute one GF into another has proven 1 

very useful in testing certain results of this thesis; this technique rnay 

serve many other pUY'poses such as con vert; ng an ; ntegri ty bas i s for group 

tensors into the corresponding one for subgroup tensors. The problem of 
\ 

1nterest ta us is the following : given, two Gns for branching rules,' 
" Il lIN 1 G, V'l , ... ,An ;Al, ••• ,Ao ) for the chain or groups G ::::> Gand 

.... G" A-G' 
1 , , 

G2(Al t··· ,A", , ;Alt .•• ,AR. } for the chain G:::JG we want ta eva1uate the GF 
" Il G G " 

G3{Al, ... ,An ;A1, .•• ,Aft) for the branching ru1es of the chain G:::>G • 
.... G" A-G 

G3 1s obtained by substituting ~ ioto G
1

; this is done by the following 

residue calcu1ations 

or 

: t 

( , ':1 • 1 -1 ) 
x Gz Al , •••• At

G
, ;Al •••• ,A

RtG 

Res 
A' 

JI "'-1 ,-1 
{ G1 (Al t ••• ,An ;Al' •••• AII - ) 

NG" liS' 

(A;25a) 

" " 1 1 ~1(Al, •••• A1G~;A.11 •••• AtG} 

(A.25b) 

, . 
As in the case of (A.24), the nonms of the variables are chosen such that 

G1 and, G2 on the right hand' si de of (A.25) be expandable 1n a power series. 

Here again, G3 may be a1so obtained fran a !"ixture (in the sense- given above) 

of (A.25a) and (A.2Sb). Examp1es of such substituons are given in chapter IV 1. 

where-we discuss methods of testing results. 
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APPENDIX 8 

G,ROUP-SUBGROUP CHARACTERISTIC FUNCTION 

We define the group~subgroup characteristic function for the gro~ 
~ 

/ subgroup G:JH as 

t~ (Tl) = (ll(Tl)/t(Tl» t cÀ"nKv• 
" 

(8.1) 

The symbols in (B.l) must now be oefined. 

C
ÀV 

'tation À. 

15 'the mUlt1plieit,y of the H,'r,epreser'ltation 'J in the G represen--
~~) 1 

nKv tneans Rn,' i, where (1( ). 15 the i th component of the vector 
i l''V 1 

~,=1+ W,,; (8.2) 

1'1s half ~~e sumo of the positive roots of H, and Wv is the h1g~st weight 

of. the representat10n ~. 

A'(n}:: E (-l)SnSR (8 .. 3) 
, S " 

1s Wèyl's characterict1c function for the scalar represen~at1on of H; the sum 
. ' , 

1s ~ver Weyl reflections S, and (_1)5 1s the detenn1nant ~f the matrix_of S. 

Similarly A(n) is Weyl's charactet1stic function f~r the scalar repre

sentatiop of G in which (if necessary) a projection onto the wefght,space of 
1 

H has been effected by subst1tuting for the variables in terms of the Tl 

appropriate to H. 

} 

. 

) 
f 
1 
1 
1 
t 

l' 

i 

,-, 
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The constructive definition (B.1) permits the evaluation of ~~(n) 

for any representation À for which the branching multiplicities cÀv a,re known. 

In particu1ar, for the séa1ar representation, cOv : ôOvand 

H R 1 
~O(n) = A(n)n ./6 (n). 

/ 
(8.4) 

Div4ding (B.1) by (B.4) we obtain 

~~(n)/E;~ (n) -:: 1: cÀv n
Wv • (B. 5) 

v . 
If one substitutes for the variables-n in terms of new variables N so that 
w 

n v = Uv, the result is equation (3.2). 

We now discuss some properties of the group-subgroup character.istic 

function. First we sketch a proof that,t~(n) is a sum of monomials. Weyl 93 

shows that'the vectors SR for any compact Lie group are possible wefghts of 
/ 

that group. After, projection onto the weight space of a subgroup, thay will 
1 

be possible subgroup weights. From this it can be shown that h(n) .is a linear 
• 

combination of Weyl characterist1c fun~tions 'tv(n) of H, each of whfch 1s. 
1 , 

of course, divisible by A (n). Since h(n)iA (n) is a sum of monomials: ft 

fol1ows from (6.1) that t~(n)J is also a sum of m~nomials. ' 
1 

We can ~ay something about the distribution of ~he tenQs of t~(n) 

in weight space. From the form of (S.l) it is clear that they lie 1n or 
1 

near thè dominant sector of H weight space, 'the sector of highest weights of 

H représentations (the tenns of tJA' are independent of À and cannot shift 

them far). Weyl's93 character1stic function for the subgroup H 1s 
1 

) , (B.6) 

1. 

1 1 
1 
1 
1 

" 
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In terms of it the character function is , 
, 

Xv (n) : ~v ( n ) i A (n). ( 8. 7 ) 

The symbols are defined as in (B.2) and (B.3). There are similar equations 

for the group G. From the additiv,ity of the characters under the reduction 

G to H. 
r 

X). (n) = t c).vXv(n), 
v 

and (B.6), (B.7) we obtain 

'(8.8) 
/ 
! 

t).(n) = (A/A') ~ c).\I~\I{n), (8.9) 

which incidental1y suggests an efficient way of calculating branching rules 

(just di vi de ~). by A/Il and retain the part of the quotient i~ the dominant 

,sector of subgroup weight s~ace). Now the number of terms in ~).(n) 1s flxed 

(independent of ).), and they al1 lie equidistant from the origin of weight 
-

space, at least before projection onto H weight spacej much cancellation 

occurs bet~en the terms on the right-hand side of (B.9). Now our group-

. subgroup characteristic functiD? (B.l) dif~ers from (B.9)only in that it lacks 

the sum over Weyl reflections~S inplicit in the definition (B.6)of ~(n). 
- 1 . 

/ /. 

Hence most of the cancellê\iion.J~ (B.9) persi sts, since the parts of (B.9) 

comfng from different sectors (under Weyl reflections of H) cannot cancel 
, . 

1 mutually except near the boundaries of the sectors, because of the small 

shifts due 'ta A/Il'. Ne can'con~lude that the terms of t~(n) are either tenns . ' 

from (À(n) whlch proj'ect 1nto t~ dœfnant H sector, or else lie on or near 

the boundaries of the dominant H sector. 

J , , 
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AP.PENDIX C 

MATRix ELEMENTS OF SOCS )::> SU {2 ) x SU{'Z) GENERATORS 
.. ... . -

Here we give formulas which proved useful in evaluating the matrix 

elements of the m1s5ing label operator between 50(5):)5U(2) x 5U(2) states 
77' 

and Pieper's genera.f 
;1 

with m = 0; these were obtained following Sharp , 1 

formula for matrix elements. 

<:5 'Si S3"·ta ,. U. 1 5+1 S+!i 53+1 t3+i> 

~' .. , [(~ + Zs t-" 3) (\I - 2s) .(5 +'53'" 1) (5 ~'t3'" ,1>,]i 
- (25 + 2) (25'" 1) , > 

<:: 5 St 53' t3 l u. s-l, s-l; 53+1 t3+1> 

:. 
[(v. 2. • 21 (v~2s • Il (s - '31 (. -' t 3) r 

(25 ... 1) (2 s) , 
. \ . 

- . < S 5; 53 t 3 1 U... 1 s+l s+l; 53:-1 t3-i> 

:; 
[ (v. 2 s + 3) ~,,- 2 sI (. - s3 + Il (. - ta • 1) l .-

' .. 1 \. 

(25 + 2) (25 t , 
j . " 

, " .. < s s; 53 t3 1 U ... 1 s-i s"i; 53-1 t3-i > , 
, . . . 

::. -
[

(\1.+ 25 ~ z) (~ .. 25 + 1) (5 + 53) (s'. t 3) ~ 
s + s 



) 
, 

/ 

, ' '. 

= 

= 

----_ .. -----_ .... ~- -

< s s; 53 t 3 l 'VI- 1 5+i s+i; S3+! t 3-t> 

[~V + 25 + 3) (v ~ i+5) (s ... 53 + 1) (s - t 3 t 1)] t 
(25 + 2) (25 + 1), . 

<S s; 53 t 3 1 v- 1 5-1 5-1; 5 3+1 t 3-1 > 

[
CV + 2s + 2) (v - 25 + 1) (5 - 53) (5 + t 3)] i 
, (25 + 1) (2sL 

<S 5; 53 t 3 1 V+ 1 S+! s+!; 53-1 t 3+l> 

[
(V + 25 + 3) (v - 2s) (s - s3 + 1) (s + t 3 + 1 )] t 

(2s '+ 2) (2s + 1) 

l,,' ' 

< s S; 53 t 3 r T 3 1 5 5; S 3 t3> = t 3 

136 

< S S; S3 t 3 1 T+ 1 s S ; S3 t 3 - 1>= {s(s.l) .. '~3(t3-1)} i 

<5 Si 53 t 3 1 T_,I ,S S ; 53 't3 + 1>= {s(s+-l) - t~(t3+1)J, i 

< S Si S3 t 3 1 S+ l 's s; 53-1 t 3>= {5(S+1) - S3(S3- 1)} i 

< S s; ~sj t 3 1 5 .. 1 S S ; 53+1 t 3>:{s(S+ 1) - 53(s3+ 1)} i 

AH 'bther matrix elements are. zero. 

The subroutine which diagQflalizes the missing label operator gives 

" us the eigenvalue5 and their correspond1ng eigenvectors. The fol1owing formula 

(which 1s inserted in the progr~) proves useful in determining the 1-value 

ri/' 

\ 
\ 

1 
i 
i 
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of these eigenvectors (note tHst stnce we are working with states for which 

m = 0, l+ L _ pl ays the ro 1!! of L 2 ) 

L+ L_ 1 S,S; s3' t 3> 
= [4 Is(Sl+1) - t 3(t3-1)} . 3{\I+2s+3) {\I-2s} {s-s3+ 1} 

+ (2s+2) (2s+1) 

+ _3 {_\l_+2_S-r.+2;;:-) .... (;'"("V---:2r.::S...,+ 1r--}_{_s_+.S..;:.3_} _{s_-_t3=-}1 r S ,S; s3-t 3 > 
{2s+ l} (2s) l 

+ 2 \13 r{\I+2S+3) (,,-2s) (S-S3+1) (s+t3+ 1) {(s .. l) (s+3/2) -{ta+!} 

.. t (2s+2) (2s+ 1 ) 

xl s+l; S+I; ~3-h t 3+3/2 > 
+ 2 \I! n"+2S+2) (,,-2s+1) (s+s3) Cs- t 3) (Cs-t) (s'+.) - (t3+1) (t3+3/2ul1 

t) {2s+ 1} (2s) . : J 
xl s-l. s-1, s3-1: t 3+3/2 > . 

+ 2~ (\1+25+3) (,,-25) (5+s3+1) (s-t3+t) {~(s+T) -(t3(t3-1)}]t 
2s+ S'" 

/ '~+ 

o 

x 1 s+1. s+l; 53+1. t 3-3/2 > 
, l ' 

+ ~\!3 ~"+2S+2) (,,-2s~1) (S-S3) (s+t3-1) {s(st1) - t 3(t3-1H]* 
-~ , (2s+ 11 (2s) , . • 

• "'1 

X 1 s-l, s,-I; .53"1 t t 3-4/2 > 

.. . 

+ 3 [(\I+2~t3) (\I-2s)' (s-s3-+ 1) (stt34-1) (v~2;;'4) ('I>-.2's-1) (StS3+ 1) (s-t3+ 1 )] 1 
- -- (2s+2) (2s+1) (2st3) (2s+2) 

x 1 s+ 1. St 1;. s3' t 3 > 
. + 3 [(" ... 25+2) (\1-25+1) (S'+S3) (s-t3) (\I+2s+1) (~-2~+2) (5-53) (s+t3 ) J-i 

-[ (2stl) (2s) (25) (2s-1) . ; 
x , s-l. s-1; 53' t 3 > 

'" •• 1 
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w 
- W" A(~) 

-
-2309.~84068875199 -2309.484058875113 • 3719030023035223D-il 
313042895~OO.4796 313042895500.4755 - .10138536495569RAD-l1 
1.05511~59312798 1.055114959312738 _57241281631460500-11 

-100.0999749270177 -100.0999749270186 -.91568467404593120-12 
184.9379039252563 184.9379039"252960 -.21500174193169560-10 
1201.05315t96040~ 1201.053151960351 .45150892368667640-11 
416.0048053711031 416.0048053711025 ' .13664125540593240-12 
1.032519851988636 1.032619851772765 .20905121305762920-07 
6206.~95445595122 6206.995445595216 -.15092318836656730-11 

-82547643.51478626 -82547643.51476282 .4165404121880938D-l1 
-1582563.09104t~51 -1582563.091041470 -.5737l776304167370-12 
-2309.484068875199 -2309.484068875113 .37190300230352230-11 
-.15163983475415310-13 -.15163983475q29230-1~ -.33890675033924750-08 
-.31054535836259610-11 -.31054535836259450-11 .51~73889570623860-12 

15.14119215715013 15.14119215714856 .10384240759614310-10 
.21172476516882860-11 .21172476517445270-11 -.2656364103426601D-08 
.10670520448278430-05 .10670520448310910-06 -.304.0002159167.040-09 

-.86954996886028930-11 -.86954996885995030-11 .38982276771772550-10 
-11632662.03656917 -11632862.03656920 -.26219527251998870-12 

1828.278360079416 1828.278360078226 .65070830531897140-10 
-.39907206606106590-06 -.39907206606089680-06 .42357214241459480-10 

.49416569923757760-07 _49416569923741970-07 .31947925959956230-10 
-.12274283173060380-08 -.12274283173060310-08 .63179398204735660-12 

.21892305348191450-06 .21892306348340070-06 -.678892~2414812840-09 
-1.055114959312798 1.055114959312738 . .57241281631480500-11 

----------- -" 

1 Table 1'. Nunierical check for the SU(4) generating 
function (3.39). 
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\H; 

.. 

r 

w 
5~195.34685533947 
313655132582.6574 
1.055114959312798 

-130.7503916532193 
-3783.996510877058 
'1186.797721759425 
438.8075162660938 
1.032619651988636 
6209.384346261750 

-119104732.8649652 
-1591986.283640401 

54195.34685533-947 
-.1075509404687~430-13 
-.31122630878426100-11 

15.14152800949274 
.20204630637461600-11 

-.47113588601638670-05 
-.4599270726315955D-ll 
-11685110.76236847 

1832.606225130771 
-.33171694163606130-06 
-.10001945510248310-06 
-.12336616693195360-08 
-.55151961311969600-04 

1.055114959312796 

.-" 
~_/ 

w' 
~230~;~a4068875113 

313042895500.4765 
1.055114959312738 

-100.0999749270186 
184.9379039252960 

·1201.053151960351 
416.Q048053711025 
1.032619851772765 
6206.995445595216 

-B2~47643.~1478282 
-1582563.091041470 
-2309.484068875113 
-.15163983475~29230-13 
-.31054535836259450-11 

15.14119215714856 
.21172476517445270-11 
.10670520448310910-06 

-.86954996885995030-11 
-11632862.03656920 

1828.278360078226 
-.39907206606089680-06 

.49416569923741970-07 
-.12274283173060310-08 

.21892306348340070-06 
1.055114959312738 -----

Â(%) 
~ 

-2446.643026714471 
.1958955437083288 
.572.1281631480500-11 
30.61980459889975 

-21~6.090298722Q53 
-1.186910852168222 

5.481357571014067 
.20905l21J057629?O-01 
.38467230858680700-01 
44.28604838808710 
.5954386685923198 

-2446.643026714471 
-29.06814977773306 

.2192756720811713 

.22181367272588000-02 
-4.571245499723244 
-4515.303717364275 
-47.10745913376354 

.4491476442771772 

.2367180592981104 
-16.67743246217530 
-~~.4006426525147 

5078383743978266 
- 5292.39427514742 

• 7241281631480500-11 
\~----

Table II. Checking tQe~e{ficacy of the numerical check of table 1. 
Tve~t~rm U AIA2 in the nurnerator of (3.39) is changed to 
U Â1A2 .The same values of nl,n2 ,n 3 and U are used. 
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w 
-1293Er.l7911,095308 

449245399364.5065 
1.055115410655322 

-121.6852455709903 
21575.94669207450 
1169.i84260803378 

-227.84665b9546498 
1.032520043744396 
S70~.797167165739 

-232225A04.3373866 
-2060669.515724QI9 
-12938.17911095308 
-.14673365002262620-10 
-.34219013465887070-11 

15.56748663420891 
.36358051196855480-11 

-.46654A35900301170-04 
.25761581619983500-09 

-15345347.80111239 
2095.236162839603 

-.85641177601303050-06 
-.3128?754468889260-03 
-.14160874071752200-08 
.98730~7B412342590-04 
1.055115410655322 

'" ,r:'-., 
-' 

w' 
-?J09.484068875113 

313042895500.4765 
1.055114959312738 

-100.0999749270186 
184.9379039252960 
1201.053151960351 
416.0048053711025 
1.032619851772765 
6206.995445595216 

-82547643.51478282 
-1582563.091041470 
-2309.484068875113 
-.15163983475929230-13 
-.31054535836259450-11 

15.14119215714856 
.21172476517445270-11 
.10670520448310910-06 

-.86954996885995030-1) 
-11632862.03656920 

1828.278360078226 
-.39907206606089680-06 

.49416569923741970-07 
-.1227428JI73060310-08 

.21892306348340070-06 
1.055114959312736 

.. 

l 

A(%) 
460.2194570~46145 
43.50953362039250 
.42776626417247430-04 
21.56371233829898 
11566.58983049246 

-2.653412224509551 
-154.7701983277323 

.18590736027833520-04 
-8.042510789720849 

181.323360000941R 
30.21089189997543 
460.2194570346145 
96664.58053093105 
10.18684563925739 
2.815461772335310 
71.72318583939811 

-43823.11184473331 
-3062.633838485325 

31.91377799265058 
14.60159506290684 
114.6007823765709 

-633141.8019130784 
15.37027353933466 
44998.48201527135 
.42776626417247430-04 

--~----

Table 111.- Checking tue2efficacy of the numerical çheck of table 1. 
Tqe

2
term U A2 in the denominator of (3.39) is changed to 

U Az.The same values of n1 ,n
1
,n3 and of U are used. - ~ 
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2 '-3 4 5 6 1 

0 ,/~ 0 

-16 29 -31, 44 " 
j 1 

-15 -15 

1
/
10 35 -160 ZOO 35 .. 250 

195 -345 330 

420 280 .. 20 +708.02 355 r -783.02 

799 J -26 -1451 

+1825.18 1140 '915 490 480.78 -, 
" 

" ' . 

, .' 2065 895 
r 

" , "2'530 2200 '1630 
" ..... 'r 

" 
1 [l~ '. 
-', , 

~ 11' '~' . , . ,' .. " 4325 .. ,-
" 

, , 
l .- . 

" . , 
" i 

·4914 4459 
. 

8680 

Table IV. M1ssfng label up to SO(5) representation 
(0,7) 'as given by De Meyer and Vanden Berghe. 
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1. 0 
-a .00 

t. 2 
a 14.00 

\ 
t. 2 4 
a -16.00 110.00 

"' 
1. 0 3 4 6 
a .00 -15.00 35.00 420.00 

t. 2 4 5- 6 '8 

a 29.00 -160.00 195.00 280;00 1140.00 

f- 2 4 5 6 . 7 -... 
a -31.00 200.00 -345.00 -20.00 799.0Q" 

f- a 10 
a 915.00 2530.00 

1- 0 3 4 6 6 

a .00 :. -15.00 35.00 -/783.02 708.02 

f,' 7 8 9 10 12 
a -26.00 490.00 2065.00 2200.00 4914.00 

. -
Table V Missing label (a) spectrum for the reduction 

SO(5):> SO(3) restri cted to representations of 
the type (Ot~).The 50(3) representations are 
denoted by I.(angul ar momentum). 
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() 
(0,7) R- \2 4 

! 
5 . 6 7 

ex 44.00 -250.00 330.00 355.00 -1451.pO , 

R- 8 8 9 10 11 

1 a -480.78 ·1825.78 895.00 1630.00 4325.00 
1 

R- 12 14 i 
{ 

ex 4459.00 8680.00 

1(0,8) t '2 4 5 6 7 

a -46.00 290.00 -480.00 -95.00 ~' 1249.00 
<) 

1 8 8 .. 9 la 10 
" a 1170.69 -2525 .• 69 .. 995.00 447.95 3897.04 

\,. 

R- n 12 13 14 16 
0 ' , a 2750.00 3724.00 7975.00 8080.00 14279.99 

(0,9) R- 0 3 4 6 6 ,; 
, , 

<I~ 
.,. a .00 -15.00 35.00 999.59 -1074.59 

,A~~ ,. 1 

1 7 8 9 9 10 

a -26.00 , 490.00 -4079.6~ 3084.64 2800.90 . 
"\ 

R- 10 11 12 12 13 r .. 
-2025.90 335.00 7331.09' 2321.90 5935.00 a 

R- 14 15 16 18 
\\ 

'7160.00 13474.99 13514.99 22229.99 / 
a 

'(O,10) R- 2 4 5 6 7 

a 59.00 -340.00 465.00 430.00 -1901 .. 00 

R- 8 8 9 10 10 

a -733.39 2528.39 1210.00 1797.70 -6272.69 

R- 11 11 12 12 13 h a -3461.57 6246.57 -548.94 5641.94 2935.00 
j 

, , 

" .1 
'j 

-l 

() ïable V (continued) , f 
, 1 . , 1 

, , J 
. ',--,~, .- ~~'i':""'" •• ~~ • '::=1 J 

22=&~dT?".H h &+hm:!~I~~~:~~Al~l ~~ r 'if ,"' ~~,'" I~,' ! '{ ... ~ • ,_ ... ~ ..j.J , 



(), 
t 14 14 

a 12600.19 5524.80 

R- 18 20 
a 21279.99 33109.98 

(0,11) , R- 2 4 

r"'~ -61.00 380.00 

~ R- 8 8 
a 1430.05 -3235.05 

1" 11 11 
a 3626.09 -9241.08 . 
1, 13 14 

,a -1625.23 10165.36 

\ , 1, 16 ' 17 
10505.82 , . . a ' 18198.99 () 

R. 22_ 
CI 47563.98 

(0.12) t 0 _ 3 
i 

.00 ' .. 15.00 ,a 

t 1 t 7 8 

a .. 26.00 490.00 

t, 10 11 
a -2647.35 335.00 

1 1, 1~ , 13 l i,~ 
1-1'>, a 7689.41 -8454.41 1 ~L, 

l . ~i __ - 't 
1 - .' 

R. 15 16 
a 1889.00 6931.27 

n '-',. Table V (continued) • 

-----------~ 

15 16 
10909.99 12389.99 

5 6 
- -615.00 -170.00' 

9 10 
-1310.00 5307.09' 

12 12 . 

-5580.99 4193.99 

14 15 
2289.64 7265.00 

18 19 
19929.99 - 32184.98 

,; 
4' 6 

35.00 1"'1367.37 

9 9 
4105.27 -5100.27 

12 12 
2356.13 9828.66 

14 14 
8119.74 -3494.74 

16 17 
16913.71 13848.99 

• ~ , ï 

.. 

,149 

17 
21348.99 

7 
1699.00 

10 
297.90 

13 

11210.23 

16 
20239.17 

20 .. 
31954 .. 98 

6 
1292.37 

10 
3422.35 

12 
-13157.79 

15 
18515.99 

~.-

18 
30845.75 

/> 

-

. ' , ' 

-, 

j :,'" 

i t 

, " 

j~ t' 

> : ",,' 
;~ ~~.' '" 

" , 
" ; 

.; 

"f. t, 
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o 

() 
J <4 ( 

IR. 1$ , 19 J 20 
a 17779.23 28389.99 3035?98 

1., 24 
a 66299.97 

. 1 

) , 

'l •• , 

-'1\ 
1 \,' 

, . 
". . " :'.J-:,; 

• ,1,'-" • 

. , 
.. n'l' 

\ 1::;-"'" 

.. ~ ro-
, ~ / ... , n > {ft , 

'.yll, l~t~);,: -<\ 

, '; .. ~ '-'i:l .. ' l 
\ .. ~ 

r '.' .. : .. 
, , 

fable V (cont1nued) 

" . 

.' 

21 

46634.98 

;' 

-', .- . ' 
',' J 
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22 
46183.98 
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l' 

$- d dl. 

R- a {our values} (5/(6V2» CX U1 L (De Meyer) 

0 .00 1 
.00 

3 -15.00 -15 

~ 35.00 35 
~ 

19 28389.99 28390 

20 30359.98 
. , 

30360 
. 

21 46634.98 46635 
----./ . 

22 4&183.98 461~4 
. . 

24 
~ 

66299.97 66300 
\ . . 

Table VI. In this table we compare the s1ngula~ 
eigenvalues of (O,12) we obtained w1t~ 
those conjectured by De Meye{l,and 
Vanden Berghe. 
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," --- -------..,...-----~-

• 

() 

(0,'\);$ ,sa ,ta ) 

(O.OiO .0 ,0 ) 1 (0) 

(0.1.0 ,0 .0 ) 1 (2) 

/ 

(0,2l1 ,0 ,,0 - .. 598 (2) 
.• 0 ,0 .802 

(0,3l0 ,0 ~,O 

I 
-.316 (O) 

• 1 ,0 .0 .621 

i3/2 ,1/2 , .. 3/2 ~ ':'.507 . 3/2 ,-1/2,3/2 -.507 

, . 

" , 

,: \ 

--..-.-----, 

-.802 (4) 
- ~.598 

.000 (3) -.701 (4) 

.000 .357 
-.707.: .437 
.707 .437 

152 

l 

-,.640 (6) 
-.698 
-.228 
-.228 

.. 

1- ,.' ~ , 

, , 
~. 

, " 

1 
L 

. 

• 

l, ._ 

. , , , ' 

1 ~~~ 

; .,~ " 

;,,~~~t:' 
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"'; 

~-- : 
,-

, , 
\ 

Ç> 

-~ 

153 'C) 
, , 

.It - , 
" 

! • 

" " 

(O,v;s ,s'a ,ta } ... 
. 

, . 
. .. T~--

, 10 '4'0 ,-0 ,0 ) .426 (2) -.251 (4) .000 (5) , •• 701 (6) . " 

1~/2 ,0 ,0 ~ -.624 .246 .000 , .000 
,T/2' ,-3/2 .419 .329 -.707 . -.357 

3/2 ,-1/2 ,3/2 ~ .419 .329 .707 -.351 
2 ,0 ,0 .000 ~.813 .000 . -.505 " 

.. r .... -.514 (8) , .- 1 • 

-.687 '" 
-.299 

, 

.' .... 299 . - -.291 

(o.~;o ,0 .0 j -.332 (2) 'II :367 (4) .dOO (5) .. ,380 (6) 

. P ,0 ,0 .545 -.447 .000 .208 
3/2 ,112 ,-3/2 -.172 .339 .291 .453 

P/2 ,-1/2 ,3/2 ~ -.172 .339 .,.291 / .453 
" 2 ,0 ,0 -.493 -.445 .000 -.384 
. f5/2 ,112 ,-3/2 ~ .382 .345 -.645 '+.357 

Ci' 5/2, ,-1/2 .. 3/2 .382 .345 .645 -.357 
"\<) ,) 

'"' .000 (7) -.661 (8) -.417 (l0) 
.000 -.242 -.634 

-.645 .216 .... 321 
/ ' 

.645 .216 -.321 
'", .000 .485 -.421 

-.291 .296 -.145 
.291 .296 ' -. 145 

Q , 

(0,6;0 ,0 
.0 l .189 CO) .000 (3) .428 (4) -~ 081 (6) 

P' ,0 0' -.340 .000 -.580 .071 
3/2 ,1/2 :-3/2 .118 .095 .144 .190 

a/2 ,-1/2 .,3/2'~ .118 -.095 .144 .190 
,0 ,0 .397 .000 .233 -.244 

~5/2 ,112 ,-3/2 ~ -.418 -.337 .076 -.234 
5/2 ,-1/2 ,3/~ ,:,.418 .337 .076 -.234 

g ,1 ,-3 ~ .382 .615 -.416 -.285 ., 
,0 ,0 .149 .000 -.161 .765 

(3 ',-1 ,3 ) .382 -.615 -.416 
'0 

-.283 

• • 

.... 
, 

"\ ~ .. " ... 

( " 
Table VII.(continued) ) .. i:!f~J: 

" fi'~ 

t ~ '. 1 

1 • -l',.,f 
. 

3_t:i~~f. 
.·~J"~,I:!}r 

, . 
.§t ... ..:, ~j, 
-gl-r"tr''\I 

.t ' ~.' '" 
l' .~(',j 
:; q~J.f 



o 
. . 

l ' (o.,,,;S 
.J 

,$ s , ta ) 

(0,6) -.283 (6) .000 (7) 
, .245 .000 

-.320 .41~ .' , 
-.320 -.416 

.612 ... 000 
-.236 -.472 
-.236 .472 
-.288 -.323 . 
- .. 057 .000 
-.288' .323 . 

• 607 (10) -.340 (12) 

-' . 
'. ,.' , " ., (O. 7!'0 0 ,0 _, '.0 ) 

,'J.. • 1,0 ,0 ) 
:'_ }:: "'~' -, -',." 3/2 .112 .-3/2) 
"' ',". " 3/2 ,-1/2 ,31a ) 

, :<-.": • ,-., • (2,0,0) 
,-' ' '. • . (5/2 .1/2 ,-3/2) . ';' ,'.. ., 15/2 ,-1/2 ,312 ) 

-' ' . 3. l ,-3 ) 
''r !: 3 ,0 ,0 ) 

3 ,-1 ,3 ) 
7/2 ,1/2 • -.3/2 ) 

(7/2 ,-1/2 .3/2 ) 

.391 
,- .. 085 

1 ~.0~5 
. -.341 
-.343 
-.343 
-.087 
-.313 
-.087 

.271 (2) 
-.456 

.148 

.148 

.446 " , 

-.400 
... 400 

.268 
• 104 
.267 
.000 
.000 

.. ,,' 

Table -YII. (continued) 

J' '. 
, , " 1. 

-.567 
-.316 

V -.-316 
-.485 
-.227 
-.227 '" 
-.038 
-.149 
-.038 

.187 (4) 
-.27Ô . 
-.017 
-.017 
.272 
.l22 

,.122 
-.245 
-.594 
-.245 

.397 '\ 

.397 

"1 
\ 

", 

" 

154 

.459 (8) .000 (g) 
-.092 .000 
-.469 .5~4 
-.469 ~- .... 564 
.044 .000 
.199 .405 
.199 -.405 
.091 .135 
.493 .000 

.• 091 -.135 

, 

.000 (5) 
. 

.442 (6) 
.000 -.473 
.153 .144 

-.153 .144 
.000 -.135 

-.414 ,.218 
.414 . .218 
,.553 -.314 
.000 .244 

-.553 -.314 
.000 -.291 
.000 . -.291 

. ~ 

. .. 

1 
1 

i -
1 
s 
1 

l , 
1 , 
~ Q 

i 
1 

\ 

1 
t ' 

, , 
~ 

, 
1 

t 
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~ () 155 

• (O,v;s ,S 3 ,t, ) , 
" 

(0;7) 
t 

.000 (7) • 153 (8) -.207 (8) .000 (9) 

• .000 -.087 .116 .000 
-.129 -.313 ' -.308 -.476 . 

.129 -.313 -.308 .476 

.000 .236 .587 .,' .000 

.229 ~ .295 -.147 ' .265 
-.229 .295 -.147 ' -.265 

~ .207 .334 -.371 .331 
," 

.000 -.356 .177 .000 . 
-.207 .334 -.371 \ • 331 
".623 .... 312 -.176 .306 

... .623 -.312 -.176 -.306 

~"502 (10) .000 (11) .548 (12) .278 (14)' 
-.043 .000 .474 .499 

.419 .483 .021 .297 
," .419 -'.483 .021 .297 

.154 .000 -.168 .507 

.001 , .454 -.30T .2aO 

.001 -.454 -.301 .280 

(' ,-.058 .206 -.116 .063 >~) 
" -.438 .000 -.406 .251 

-.t!8 -.206 
(1; 

-.11.6 .063 . ' . 0 
-.294 • 135 -.196 .083 

~ ~~ , 
) -.294 -.135 -.196 .083 

. . :... c 
(0,8;'0 ,0 ,0 ~ -.229 (2) -.Z36-{4) .000 (5) .297 (6) r .0 .0 

.388 .355 .000 -.359 
3/2 ,112 ,-3/2 ~ -.087 -.142 -.090 -.045 
3/2 ,-1/2 ,3/2 -.087 -. 142 .090 -.045 
2 ,0 ,0 ) -.436 -.211 .000 .202 , 

(5/2 ,1/2 ,-3/2) .242 .273 .250 .278 ! 
f r'2 .-1/2 ,3/2 ) .242 .273 -.250 .278 

! 
3 ,1 ,-3 ) , -.089 -.199 -.185 -.315 
3 ,0 ,0 ) .277 -.380 .000 -.398 

1 3 ,-1 ,3 ) -.089 -.199 .185 -.315 
! 

1 
7/2 ,112'-3/2j -.341 .331 -.352 -.035 

~7/2 ,-1/2 ,3/2 -.341 .331 .352 -.035 
I~ 4 ,1 ,-J .252 -.245 .521 .J08 

~: ,0 ,0 ~ .152 -.148 .000 .186 
t 

'~ ,3 .252 -.245 -.521 .3Q8 
f 

. l_ .. 1 
1 

() 'Table V~I. (conti nued) 
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o 

\ 

o " 'J 

... 
., 

" . 

\ 

, .. . " 

(Q,8)' 

, 
) ' ~ " 

--" > 1 

. ' 

.000 (7-) 

.000 
-.179 

~ 179 
.000 
.378 

-.318 
-.475 
.000 

.• 475 
.177 

..! • .r177 
, -.261 

.. -~' :~ 
, .~ . -.226 (10) 

~I'~ .067 
.• 391 

.391 
, ... ' -.145 

' , ti ':":: :.', Y' -.250 
'" . 

1 • j ~ 

1 

-.250 
'-.330 

.022 
-.330 
.152 
.152 
.028 
.477 
.028 . 

.000 (13) 

.000 

.408 
-.408 
.000 
.462 

-.462 
.249 

< .000 
-.249 
.224 

-.224 
.088 
.000 

- .. 088 

.410 ( 8) ... 025 (8) 
-.331 .020 
.178 .085 
.178 .085 

-.400 -.078 
.190 -.114 

. .190 -.114 
-.180 -.178 
.352 .202 

-.180 -.178 
-.063 .197 

. -.063 .197 
-;320 .354 
-.159. -.720 
-.320' .354 

.149 (10) .000 (11) 
-.044. .000. 

.284 . '-.494 

.284 .494 
-.485 .000' 
.• 110 .076 

.110 -.076 

.400 .263' 
-.356 .000 

.400 -.263 

.137 .366 

.137 -.366 
~187 .219 
.039 .000 
.187 1 -.219 

.489\(14) -.230 (16) 

.513 '-.433 

.098 -.272 

.098 -.272 
-.0071 -.509 
-.2181 -.308 
-.218 -.308 
-.116 -.083 
-.398 -.327 
-.11&,' -.083 
-.276' -.149 
-.276 -.149 
-.074 -.029 
-.189 , -.078 
-.074 -.029 

~ . 
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.000 (9) 

.000 

.222 
-.222 
.000 

-.274 ' 
.'274 

-.331 
.000 
.131 
.401 

-.401 
.323 
.000 

-.324 
.519 (12) 
.167 

-.339 
-.339 
-.231 
-.155 
....155 

.002 

.251 

.002 

.300 

.300 

.109 

.325 

.109 , 

1 " 
j "-

, 0 

, , 
1 < 

! 

,< ... , 1 

, " 1 

; < . 
" ~ 



Cl 

, 

-, C' J,"_: 
, ' 

j. 

.. 

. 
~ 

\ . 
! 

, ........ ". la 

(0,";5 ,S~ .t3 ) 
- 1 

(0", 9l~ ,0 ,0 ~ .135 (0) 
,0 ,0 -.238 

~3/2 ,1/2 ,-3/2 ~ .056 
3/2 ,-1/2 ,3/2 .056 

!~12 
,0 ,0 ) .294 
,1/2 ,-3/2 ) -.177 

5/2 ,-1/2 ,3/2 ) -.177' 
3 ,1 ,-3 ~ .073 
3 ,0 ,0 -.227 
3 ,-1 ,3 ) .073 
7/2 ,1/2 ,-3/2 ) .332 
7/2 ,-1/2 ,3/2 ) 

\ 

.332 
(4 ,1 ,-3 l -.338 

~: ,0 ,0 -.204 
,-1 ,3 -.338 

~9/2 ,3/2 ,-9/2 ~ .319 
9/2 ,112 ,-J/2 .085 

(9/2 ,-1/2 ,3/2 ) .085 
(9/2 ,-3/2 ,9/2 ) .319 

1 -.075 (6) 
~099 
.059 
.059 

-.118 
~.160 
-.160 

.090 
li 

1 .319 
.090 
.070 
.070 

-.055 
-.568 
-.055 
-.319, 

.363 

.363 
-.310 

Table VII. (continued) 

'1 _ 1 
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. 
" 

.000 (3) -.307 (4) -.176 (6) 

.000 .475 .231 
-.032 -.097 -.141 

,032 -.097 -.141 
;,.. .000 -.422 -.012 

".102 .185 .217 
-.102 .185 .217 
-.083 -.043 -.197 

.000 .134 -.518 

.083 -.043 '-.197 
- .189 -.021 .349 

.189 -.021 .349 

.385 -.181 -.053 

.000 -.109 -.075 
-.385 -.181 -.053 
-.544 .383 -.297 
-.049 .102 ':'.043 

.049 .102 -.043 

.544 .383 -.297 

.000 (7) .365 (S) .000 (9) 

.000 -.358 .000" 1 

-.155 -.047 .054 
. 155 ~.047 , -.054". 
.000 .007 .000 
.360 - .333' -.089 

-.360 .333 .089 
-.226 -.307 , -.129 

.000 -.072 .000 

.226 -.307 .129 
-.323 -.115 .204 

.323 -.115 -.204 

.222 .122 .213 

.000 -.245 .000 
-.222 .122 -.213 

.376 .115 .134 
.• 034 .296 -.606 
-.034 .296 .606 
-.376 .115 -.134 

"' .~'., 
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J 

0 
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, 
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'. 

\ 

-( 

0 .f 
• 
. 

:t .. 

.' - , - ~ • 1 - -, -

; , r -, ,. 
" 

~~----- - ............... -,.... - ~ ... ~~--'--"--- .. . 

---~-~~.' 

, (0.9) 
,. 

; 

-, 

; ~ 

, .. 
J:,' 

, . 
. , 

,p 

.t 

1 .000 (9) 
.000 

-.181 
.181 

-
.000 . 
.299 

-.299 , -.414 

" 
.000 
.414 
.310 

-.310 
-.281, 

.000 

.281 
-.177 
-.006 
.006 

, .l'77 
.108 

-.007 
.25'3 
.253 

.... "374 
. ' .102 

'~ 1 ~," • 102 
.402 

--f' -.436 ~ 
.402 
.074 
.074 , , 

.269 , 

-.069 
.269 
.076 
.085 
.085 

" .076 

te 

Table VII. (continued) 

.1 

(12) 

, '. 
'*' 

-.357 (lO) 
.202 

-.221 
-.221 

.525 
-.121 
-.121 

.065 
-.229 

.065 
-.105 . 
-.105 

.. 319 
... 086 

.319 

.147 

.213 

.213 

.147 

.288 (12) 
-.019 
-.426 
-.426 

.035 
~ .145 

• 145 
.283 
.164 
.283 

Ji. .039 
.039 
.042 

-.406 
.042 
.012 

-.281 
-.281-

.012 

1 Lil _..... -- .. - ... 
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'".053 (10) . 000 (11) 
.030 .000 
.163 -.295 
~163 .295 

-.106 .000 
-.172 .243 
-.172 -.243 
":.288 ' .392 

.183 .000 
-.288 ".392 

.241 ... 173 

.241 ;'173 

.353 ' -.255 
-.344 .000 

.353 .255 

.162 -.090 
-.262 ~.313 
-.262 .313 

.162 . . 090 . 

.000 (13) -.517 (14) 
r .000 .... 270 
-.484 .248 

.484 .248 

.000 .225 
-.076 .245 

.076 .245 

.1 ZO , .059 ' 

.000 -.054 
-.170 .059 

.332 -.203 
-.332 -.203 

.299 -.123 

.000 -.392 
-.299 -.123 

.070 -',024 

.164 .... 210 
-.164 -.210 
-.07,0 -.024 

--

'J 

, 
f 
1 

1 
1 

-, 
1 

! ' .... 
1 

1 . -

, 
" 1 , , ' 
j-. , 

',' 

" 

' , 

, 
1'/' 
.f, ~ 

'-, -.. 
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\' 

1-
~, 

C> 
159 ' .. 

"" (O,,,;s ,S3' ,t 3 ) 
, -

, / 

'"' 
{O,9} .000 (15) .434 (16) -.191 (18) 

.000 .520 - • .374 

.344 ,.151 . --.245 1 
, " 

_/ -.344 .l51 ' -.245 
.000 .126 -.475 
.445 -.123 -.317 

-.445 .J..123 -.317 
1 _ .268 -.100 ' -~096 

.000 -.327 '-.376 ' 
, . -.268 -.100 -.096 

.281 -.300 .... 205 \ 
-.287 -.300 -.205 \- l , :~ ! , 

: .156 -.116 -.056 
.000 -.294 .... 148 

~ 

-.156 -.116 -.056 , \ 
- ' .026 -.017 -.006 

• 067 -.119 -.047 ' . . 
-.067 -.119 -.047 ' , . , 

; 

-.026 -.017 -.006' 
' .' 1 ~' r 

, . \ 

C'" , " 

- \ 

-, 

~(o.l°i~ .0 . 
,0 ! -.199 (2) .146 (4l .000 (5) .320 (6) 

- - ,0 ,0 .339 -.231 .000 -:441 . 
. 3/2 ,1/2 ;-3/2 -.077 .013 .059 .108' t2 . ,-1/2 ,3/2 J -.077 .013 -.059' .• 108 

2 \ ,0 ,0 ) -.388 .248 .000 .247 
5/2 ,1/2 ,-3/2) .219 -.011 -.166 -.136 

. r'2 ,-1/2 ,3/2 ~ .219 -°.011 .166 J -.136 
3 flI',l ,-3 -.084 -.034 .126. .035 
3 ,0 ,0 ) .259 -.264 .000 .185 

". , 3 ,-1 ,3 ) -.084 -.034 -.126 .035 

!1/2 
,1/2 ,-3/2 ) -.337 .015 .255 -.201 

. 7/2 ,-1/2 ,3/2 ! -.337 .015 -.255 - .,201 
.' 4 ,1 ,-3' .288 ' .161 -.434 .247 
" 
t%. 4 ,0 ,0 .172 .411 .000 -.098 
:r;~ 

~~/2 ,-' ,3 ~ •• 288 .161 .434 .247 
~il ,3/2 ,-9/2 -.197 -.193 .445 -;267 -'\ 
1."(. 1 .... t2 ,1/2 ,-3/2 ) -.053 -.412 .040 .214 " ~.r.. . 
, [ 9/2 ,-1/2 ,3/2 ) '-.053 -'.412 -.040 .21'4 

, , 
9/2 ,-3/2 ,9/2 ), -.197 -.193 -.445 -.267 

~~ 

~~ ,1 ,-3 ~ .000 .246' .000 -.195 \t 
1;\ -,0 ,.0 .000 .190 .000 ' -.150 '. ~' 

0 
(5 ,-1 ,3 ) • 000 .246 .000 . -.195, 

\ 

,'\' 
'. Table VII. (continued) 
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" 1 ~, f ,~, 
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" ~ , "1 
t ~ _,. j 
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, 
l,' 

, 

.. 

-,~~' 
';'.384 (l8) 
-.509 
-.184 
".184 
-.227 

.033 

.033 

.074 

.226 

.074 

.278 

.278 

.137 

.345 

.137 
-.028 
.200 
.200 
.028 
.053 
.112 
.053 

_ ........ -_ ... , _ .. _._----~-~.~ , 

162 

• 

-.159 (20)/ 
-.322 
-.217 t 
-.217 
-.442 
-.313 
-.313 
-.103 
".405 
-.103 
-.247 
-.247 
... 080 
-.213 
-.080 
-.012 
... 093 
-.093 
-.012 
-.019 
-.042, 
-.019 

" ~.J 

-,-

. " 
l ' 

1 , 

• -

, . 
, < 

It~~_ .... 

1 

1 , . 
! , ' 
1 

i 

\

',: ,< 

1 . 

" 

l,l, 

f 
f 
1 

.1 

1 . 
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(O,v ;s 

1 

,S3 ,t
3 

) 

! 
1· . -(0,11;0 ,0 ,0 ) -.175, (2) - .. 174 (4) 

1 

(1 ,0 ,0, ) .300 .278 
1 (3/2 ,1/2 ,-3/2 ) -.052 -.075 i 

(3/2 ,-1/2 ,3/2 ) -.052 -.075 

. (2 "a ,0 ) -.360 -.263 

(5/2 ,1/2 ,"'3/2 ) .150 .185 .. ~ 
(5/2 ,-1/2 ,3/2 ) .150 .18~ 

(3 ,1 ~) . -.041 -.079 
'(3 ,0 ,0 ) .319 .050 
(3 ,-1 ,3 l -.041 -.079 

(7/2 ,1/2 ,-3/2 ) -.267 -.176 

(7/2 ~ .. 1/2 ,3/2 ) -.267 -.17.6 

(4 ,1 ' , .. 3 ) .146 .189 

C~) / (4 ,'0 ,0 ) -.110 .315 
. -:-( 4 ,-1 ,3 ) .146 ' .189 

{9/2 ,3/2 ,-9/2 ) -.057 -.135 

9/2 ,1/2 ,-3/2 ) .258 -.312 
, 

- - (9/2 .-1/2 ,3/2 ) .258 -.312 
,0 ' (9/2 ,-3/2 ,9/2 ) -.057 -.135 -0 

(5 ,1 ,-3 ) -.258 ... 261 
1 (5 ,0 ,0 ) -.199 .202 

(5 .-1 ,3 ) -.258 • 261 
" 

, 
(11/2 ,3/2 ,-9/2 ) .188 -.190 

(11/2 .1/2 ,-3/2 ) • 087 -.088 

. , (1112 ,':112 ,3/2 ) .087' -:088 
-

(11/2 ,-3/2 ,9/2 ). .188 -.190 

Table VII. (continued) 
~ . 

.000 (5\ 

.000 \ 
-.039 

" 
.039 

.000 

.113 

-.11~ 
J 

-.062 

.000 

.062 
-.201 

.201 
'-.221 

.000 
-.221 

-.129 

.195 
-.195 

.129 

-.,390 

~ooo 

-.390 

.426 

.066 
-.066 / 

-.426 

fl 

----- -"<---
-"~\ 

\/ 
) 

163 

- .238 (6) 
~342 

-.012 

- .. 012 
, 
-.286 

-.036 
-:.036 

.065 c' 

.203 . ~ 

.065 

.146 

.146 

-.289 

-:-.361 
-.289 

.230 

.126 

.126 1 

( , .230 
.139 

.108 

.139 . 

-.261 

-.121 
-.121 

-.261 

-t'lI 

'.(~; 
", 
-

< 

i ....... 
... .;;, 

~ ,;).' 

" - {::-
",\ 

) 1,

" 

.' , 
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1 
! -' • 

(O,Tl) .000 (7) .292 (8) .026 {8} .000 (9) 

1 • .000 -:353 -.032 .000 
-.074 .128 -.042 -.115 1 
.074 .128 -.042 .115 f · j . 
• 000 .052 - .046 .000 , 

! 
.188 . - .135 .098 .244 , 

-.188 -.135 .098 -.244 
• \ 

-.145 .058 -.005 -.044 
.000 .427 -.131 

! 
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-,1 .374 

..... 198 

-~ "'98> 
.. 374 
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