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Abstract

Recent developments in electric vehicles incorporate multi-speed transmissions to improve the electric vehicle
range and performance. Similar to transmissions for fossil-fuel vehicles, those for their electric counterparts
undergo topology changes during gear-shifting. However, this important phenomenon has been overlooked in
the development of transmission mathematical models, which results in inaccurate prediction of the transmis-
sion dynamic response. In this study, a topology-change model based on the impulse-momentum relation is
developed to address the topology change of multi-speed transmissions in electric vehicles during gear-shifting.
An orthogonal complement is introduced to eliminate the non-working constraint forces. The velocity jump
brought about by topology changes is given due attention. A case study is included, whereby the model
is applied to a novel modular multi-speed transmission for electric vehicles. First, tests are conducted on
the transmission experimental testbed; then, the test results are reproduced in simulation using the model
developed herein. Moreover, the velocity jump of the gear-shifting is computed by means of the model.
Subsequently, simulation of the transmission gear-shifting incorporating the velocity jump is conducted. It
is shown that the topology-change model improves the accuracy of transmission mathematical models in
predicting transmission dynamic responses during gear-shifting.

Keywords: Topology-change model; Electric vehicles; Multi-speed transmissions; Dynamic response;
Gear-shifting

1. Introduction

Commercialized by the end of the 19th century, electric vehicles (EVs) were not popular until recently,
due to rapid depletion of fossil fuel and new legislation for exhaust emissions [1–3]. Consequently, EVs
have been developed to improve efficiency [4–10]. Electric medium- and heavy-duty vehicles (EMHVs), such
as trucks and buses, are the focus of this paper. Recent advances in medium- and heavy-duty vehicles lie
in electrification and hybridization because of high energy consumption and gas emission in these types
of vehicles. In addition, an application of multi-speed transmissions (MSTs) has been of interest because
EMHVs otherwise need large electric motors (EMs) to carry heavy loads. Improvement of EV range and
performance due to the application of MSTs has been verified [11–16]. To illustrate the improvement, an
MST developed by Antonov Automotive Technologies Ltd. in Warwick, U.K. was able to maintain the EM
at efficiency values higher than 90%. It was shown, as well, that the EV efficiency under the New European
Driving Cycle increased by 15% [14]. In addition, the contribution of MST application in EVs was validated
experimentally with EVs in field tests [17, 18].

Multi-speed transmissions have a significant influence on the vehicle performance and efficiency. The
development of MSTs has improved largely due to the advancement of computer simulation. Transmission
mathematical models play an important role in simulation tests intended to predict the transmission dynamic
response to various inputs and conditions. Simulation results largely depend on the accuracy of the transmis-
sion models; many of these are available [19–23]. However, one important phenomenon has been overlooked
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when modeling the transmission system, which results in unreliable predictions of the dynamic response,
namely, the transmission topology changes during gear-shifting. Multi-speed transmissions are mechanisms
with variable topology because the gear pairs under meshing are shifted during operation. Transmission-
topology changes occur when gears are shifted from one speed ratio to another. Changing the transmission
topology from one to another gear ratio causes the system to undergo discontinuities; the dynamic behavior
follows the current gear ratio. Modeling this type of system is challenging because different models and
constraints need to be imposed for different topologies. This effect has been taken into account by means of
a combination of different models for predicting the dynamic response of the system [24–27]. Nevertheless,
the topology changes in multi-speed transmissions during gear-shifting are yet to be modeled, as this matter
has not been considered in the development of transmission mathematical models.

Topology changes occur frequently in mechanical systems [28]. Failing to take this phenomenon into
account in the system mathematical model leads to incorrect dynamic-behavior prediction because the gen-
eralized velocity undergoes jumps upon topology changes [26, 29]. For example, Mukherjee and Anderson
tested a quadruple pendulum that undergoes a topology change [29]. The pendulum swung from rest and the
last body was instantaneously grounded at a given instant. The simulation results show that the topology
change brings about velocity jumps. In a similar way, another quadruple pendulum was tested with one of
the joints locked at a certain instant [26]. Joint-locking leads to a topology change, which results in velocity
jumps.

Two main topology-change models are available in multibody systems. The first is based on contact/im-
pact mechanics, where spring-damping systems are used to represent the contact/impact area [30, 31]. The
influence of topology changes can be understood by means of this model. Furthermore, the full history of
contact/impact forces during topology changes can be obtained for thorough dynamic analyses. However,
real-time simulation, which is needed to simulate the topology change with high fidelity in a natural time
frame, cannot be achieved with this model due to its high computational cost. On the contrary, the second
model lends itself to real-time simulation because it allows for larger time steps [32, 33]. This model is based
on the impulse-momentum relation and the coefficient of restitution to obtain a discontinuous response upon
topology changes. Nevertheless, this model still entails numerical problems in coping with discontinuous
jumps in the system state [26].

A new and simple model to compute discontinuous jumps in system velocity during topology changes was
proposed recently [26]. The model utilizes the impulse-momentum relation and the Lagrangian equations of
the first kind, which leads to a system of differential-algebraic equations. In our study, a new topology-change
model is developed to address the topology changes in EV MSTs during gear-shifting. The model derived by
Guo and Wang [26] is adopted here, except that the impulse of the applied forces is not assumed to vanish
because these forces in EV MSTs are the clutch torques, which are impulsive. Furthermore, an orthogonal
complement is introduced to eliminate the non-working constraint forces. A case study is included, whereby
the model is applied to a novel modular MST in EVs. In order to calculate the impulse, experimental and
simulation tests are conducted by means of the transmission testbed and MATLAB/Simulink, respectively.
A gear-shifting operation is recorded experimentally and replicated by means of a mathematical model in
simulation. Moreover, the velocity jump of the gear-shifting is computed by means of the model. Sub-
sequently, simulation of the transmission gear-shifting incorporating the velocity jump is conducted. The
topology-change model improves the ability of transmission mathematical models to predict the transmission
dynamic response during gear-shifting.

2. Topology-change Model

The model that allows the calculation of the velocity jump in EV MSTs due to topology changes upon
gear-shifting is derived in this section. The system of interest in this study is a transmission system with
linear constraints. The dynamics equations are integrated over the duration of a topology-change event to
obtain the impulse-momentum relation. For a holonomic multibody system with n generalized coordinates,
arrayed in vector q, and s constraint equations, the position-level constraint equations are

φ(q) = 0s ǫ Rs, q ǫ Rn, n > s (1)

The velocity-level constraint equations can be obtained by differentiating Eq. (1) with respect to time:

dφ

dt
(v) = Φv = 0s ǫ Rs (2)
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where v is the array of generalized velocities, v ≡ q̇, and Φ the s×n Jacobian associated with the constraints
at the position level, Φ = ∂φ/∂q ǫ Rs×n.

Moreover, the mathematical model of the constrained system can be expressed as

Mv̇ +ΦTλ = f(q,v, t) (3)

withM denoting the n×n constant mass matrix, f(q,v, t) the array of applied forces, and λ the s-dimensional
array of Lagrange multipliers. The Coriolis and centrifugal forces vanish because the Lagrangian equations
and constraints are all linear.

Let T be an orthogonal complement [34] of Φ, and hence, T ǫ R
n×n′

with n′
≡ n − s; therefore,

ΦT = O ǫ R
s×n′

. Pre-multiplying both sides of Eq. (3) by TT , we eliminate the term in the Lagrange
multipliers, thereby obtaining

TTMv̇ = TT f(q,v, t) (4)

Moreover, let

v = Tw, w ǫ Rn′

(5)

where w denotes the vector of independent generalized velocities, w = ẋ, x ǫ R
n′

being the vector of inde-
pendent generalized coordinates.

Substituting Eq. (5) into Eq. (4) leads to

TTM(Tẇ + Ṫw) = τ (x,w, t) ǫ Rn′

(6)

with τ ≡ TT f , or

TTMTẇ +TTMṪw = τ (x,w, t) (7)

thus obtaining a model free of constraint forces.

Introduction of w results in a new mass matrix I = TTMT ǫ Rn′
× n′

in Eq. (7). In addition, the second
term of the left hand side in Eq. (7) vanishes because T is constant. Equation (7) can then be expressed as

Iẇ = τ (x,w, t) (8)

The generalized coordinates remain unchanged during a topology change, whereas the generalized veloc-
ities undergo a jump. Let t− and t+ represent the instant just before and just after the topology-change
event, henceforth referred to as simply the event. Furthermore, let the event occur at t0, and the independent
generalized coordinates at t0 be x0 = x(t0). Integrating Eq. (8) from t− to t+ to analyze the dynamics of
the system during this period, we have

∫ t+

t−
Iẇdt =

∫ t+

t−
τ (x0,w, t0)dt (9)

Let matrix I = I0, which is constant in [t−,t+]; therefore, the integral of the first term in Eq. (9) is I0∆w,
∆w representing the velocity jump. We further introduce ι0 as the impulse of the applied force, i.e., the
RHS of Eq. (9), which leads to

I0∆w = ι0 (10)

The velocity jump ∆w can now be readily obtained as

∆w = I−1

0 ι0 (11)
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Figure 1: (a) A simple PGS; (b) a diagram of the MST

In order to find the velocity jump ∆w in Eq. (11), the impulse ι0 needs to be first determined. As detailed
above, ι0 is the time integral of τ , where τ is TT f and T in Eq. (11) is an orthogonal complement of Φ
at the new topology. Both the applied forces f and T depend on the transmission design. In addition, the
applied force f of the transmission depends on the input torque, the load torque and the clutch torques.
The force f can be obtained in simulation by means of the transmission mathematical model. Experiments
should be conducted to validate the results. Furthermore, the procedure can be reversed, namely, analyze
a gear-shifting operation in the experimental testbed or in the transmission of interest, and replicate the
gear-shifting in simulation by means of a mathematical model. The applied force f needed for gear-shifting
as well as the impulse ι0 can then be obtained from the model. Moreover, the model in Eq. (11) is applicable
to all types of gear-shifting operations, as the model does not limit itself to a specific transmission layout. It
is apparent that the model depends on the constraints and the applied forces during gear-shifting. Therefore,
once this information is available, regardless of the gear-shifting type, the velocity jump can be calculated.

A case study is included below to illustrate the foregoing approach. A gear-shifting operation in our
testbed is recorded experimentally. The operation is then replicated in simulation by means of the mathe-
matical model to find the applied force f needed for gear-shifting. Subsequently, the velocity jump ∆w is
computed.

3. Case Study

In order to illustrate the application of our topology-change model, a case study is included, whereby the
model of Eq. (11) is applied to a novel modular MST intended for EVs [11]. The MST uses a planetary gear
set (PGS). A simple PGS consists of four parts: a sun gear; a planet-carrier; a planet gear; and a ring gear,
as shown in Fig. 1(a). The MST comprises two planetary gear trains, underdrive and overdrive, that are
connected by the carrier [35]. An input motor and a load are used, as depicted in Fig. 1(b).

The MST is unique in its modularity. The number of speed ratios can be adjusted according to the vehicle
need. Different numbers of PGSs can be installed in the underdrive and the overdrive gear trains. The MST
considered in this paper is composed of two PGSs in parallel in both the underdrive and the overdrive gear
trains, as shown in Fig. 2. The first and the second underdrive sun gears sit on a common shaft, those in the
overdrive on another common shaft. The four PGSs are connected by a common carrier. Three planet gears
are used in each PGS. A graph representation of the transmission, depicted in Fig. 3, illustrates the system
topology when all clutches are open. The MST has four revolute pairs, 11 inertia elements, eight gear pairs
(meshings), four ring clutches, and two multi-disk clutches. The inertia elements are numbered from 1 to 11.
The gear pairs are depicted by dashed lines, whereas the revolute pairs by solid edges. Nodes and edges are
used to account for the inertia elements and the kinematic joints, respectively. To give an illustration of a
transmission topology change, the functional and graph representation for the first operation mode is given in
Fig. 4. In addition, the gear ratios are changed by a combination of grounding the ring gears and connecting
the carrier to the sun shafts. The former is done by a ring clutch, the latter by a multi-disk clutch.
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Figure 2: Functional representation of the transmission [23]
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Figure 3: Graph representation of the transmission [23]
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Figure 4: The first operation mode: (a) functional and (b) graph representation [23]

3.1. Gear-shifting Mechanism

To reduce the complexity of the problem and focus on the application of the topology-change model,
gear-shifting in the underdrive gear train of the transmission shown in Fig. 5 is studied. The input comes
from the common shaft on which the sun gears sit. In addition, the output torque is delivered by the common
carrier, which is connected directly to the output shaft. Moreover, gear-shifting happens through switching
of the ring clutches Cru1 and Cru2. The clutch state configuration is provided in Table 1. The underdrive
gear train has two topologies. The system has the first topology when Cru1 is closed and the transmission
operates with a 4:1 gear ratio. In turn, the system is in its second topology when Cru2 is closed and the
transmission functions with a 2.67:1 gear ratio. Furthermore, the system topology transitions from one gear
ratio to another when the on-coming clutch is engaging, while the out-going clutch is disengaging. In this
study, the gear-shifting from the first topology to the second is of interest.

The transmission velocities jump during gear-shifting due to topology changes. For instance, ring gear 1,
the ring gear in the first PGS, suddenly moves once Cru1 is disengaged because the planet gears are revolving
around the internal meshing of the ring gear. In an ideal scenario, the second PGS is set ready when
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Figure 5: Functional representation of the underdrive gear train

Table 1: Clutch state configuration (× means closed)

No Gear ratio Cru1 Cru2

1 4:1 ×

2 2.6:1 ×

ring gear 1 is released completely, namely, when ring gear 2, the ring gear in the second PGS, is grounded
completely such that the transmission can operate with the second gear ratio. The optimum gear-shifting
aims to disengage and engage the first and second ring gears, respectively, in a synchronous manner, in order
to shorten the gear-shifting period. However, the control of gear-shifting is beyond the scope of this study.

3.2. Mathematical Model

Assuming that the gears and their teeth are rigid, the constraint equations of the PGS are

q̇srs + q̇rrr = q̇c(rr + rs) (12)

q̇srs + q̇prp = q̇crc (13)

where q̇s, q̇r, q̇c, q̇p are the angular velocities of the sun gear, the ring gear, the planet carrier, and the planet
gear, respectively; rs, rr, rc, rp are the radii of the sun gear, the ring gear, the planet carrier, and the planet
gear, respectively.

The underdrive gear train is composed of two PGSs, thus involving eight components in total. Due to
the sun shaft and planet-carrier physical connection, two additional constraints are present, namely,

qs1 = qs2 ≡ qs (14)

qc1 = qc2 ≡ qc (15)

With constraints in Eqs. (12) and (13), the total set of the underdrive gear train is

q̇srs1 + q̇r1rr1 = q̇c(rr1 + rs1) (16a)

q̇srs2 + q̇r2rr2 = q̇c(rr2 + rs2) (16b)

q̇srs1 + q̇p1rp1 = q̇crc1 (16c)

q̇srs2 + q̇p2rp2 = q̇crc2 (16d)

where subscripts 1 and 2 stand for the first and second PGSs, respectively.
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Table 2: Coefficient definition

Coefficient Definition

a rs1/rr1
b rs2/rr2
c (rs1 + rr1)/rr1
d (rs2 + rr2)/rr2
A Ic + n(mp1 +mp2)r

2
c + Ir1c

2 ++Ir2d
2 + nIp1 (rc1/rp1)

2
+ nIp2 (rc2/rp2)

2

B acIr1 + bdIr2 + nIp1
(

rc1rs1/r
2
p1

)

+ nIp2
(

rc2rs2/r
2
p2

)

C Is1 + Is2 + Ir1e
2 ++Ir2b

2 + nIp1 (rs1/rp1)
2
+ nIp2 (rs2/rp2)

2

D a(A−B)/c+ C −B
E b(A−B)/d+ C −B

With six constraints in Eqs. (14)–(16), the transmission, with eight components and corresponding gen-
eralized coordinates, has two degrees of freedom that change, depending on which gear ratio is engaged. The
mathematical model of the transmission is derived by means of a Lagrangian formulation. The generalized
coordinates are q = [qs qc]

T . The mathematical model is derived as [36]

Aq̈c +Bq̈s = τd − csq̇s − aτr1 − bτr2 (17a)

Cq̈c +Bq̈s = τl − ccq̇c + cτr1 + dτr2 (17b)

where: A,B,C, a, b, c, and d are constant coefficients defined in Table 2; cs is the damping coefficient of the
sun shaft bearing, cc being that of the carrier bearing; τd, τl, τr1, τr2 are the torques of the electric motor,
the load, the first ring clutch, and the second ring clutch, respectively.

Inverse dynamics was conducted to determine the static clutch torque required to maintain the ring gear
at zero acceleration. The static clutch torques for ring gears 1 and 2 are

τsr1 = Dq̈s − τl − τd + ccq̇c + csq̇s (18)

τsr2 = Eq̈s − τl − τd + ccq̇c + csq̇s (19)

where D and E are constant coefficients defined in Table 2.

4. Experimental Work and Simulation

The simulation of the topology-change model is divided into two phases: 1) to compute the velocity jump
∆w, and 2) to conduct a simulation with the velocity jump ∆w taken into account. This section is devoted
to phase 1, phase 2 being detailed in Section 5. The flow chart of simulation phase 1 is included in Fig. 6.
The procedure begins with obtaining the experimental gear-shifting by means of commercial transmissions
or transmission testbeds. The former have better precision and accuracy than the latter because the former
are built and designed to work in actual vehicles, whereas the latter are primarily designed for laboratory
experimental work. Nevertheless, both transmissions can be utilized for the purpose of topology-change
modeling. After experimental gear-shifting data are obtained, the transmission model is formulated and
the model parameters are adjusted according to the transmission operating conditions. The adjustable
parameters are the clutch torques and controller gains, the former referring to the clutch motor torques and
the clutch configuration.

Subsequently, the model is simulated with the adjusted parameters and the results compared with the
experimental gear-shifting of interest. If the simulation results are acceptable, the procedure can continue;
otherwise, the procedure returns to the previous step, where the parameters need to be readjusted. Two
possible criteria to evaluate the simulation results are the velocity jump and the gear-shifting period. How-
ever, it will be shown that the simulation results with the transmission dynamic model cannot match the
experimental results in both criteria simultaneously because the model does not consider the velocity jumps
during gear-shifting, hence the need of developing a topology-change model for transmissions. For this reason,
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Figure 6: Flow chart of simulation phase 1

Figure 7: The testbed [23]

the simulation results are verified based on the gear-shifting period and the model is simulated to perform
the gear-shifting over the gear-shifting period in the experimental test. The applied forces f and τ can be
computed in simulation for the next step.

Moreover, the next task is to collect a data set of values of τ at discrete instants; these data are integrated
to compute ι0. To this end, the interval of topology change, t+ − t−, can be approximated by means of
Eq. (11) by matching the velocity jump prediction with that in the experimental result. The process is
iterative; therefore, an arbitrary and reasonable interval is chosen to start the loop. After ι0 is computed,
the velocity jump ∆w is calculated by means of Eq. (11) and then verified experimentally. Once the results
are acceptable, the simulation phase 1 is done. Otherwise, the process returns to the data-collection step.

4.1. Velocity-jump Calculation

In this study, an in-house developed testbed of the transmission, depicted in Fig. 7, is utilized. The first
sun gear transmits the input torque, whereas the carrier in the second set delivers the output torque, as
shown in Fig. 5. The transmission speed ratios are 4:1 and 2.67:1. The input and the load are provided by
two identical Glentek brushless servomotors, GMBM80550-45. The input speed is maintained at 269 rpm
by means of a PID controller, while the load opposes the motion with a 2.26-Nm torque. The input and
output angular velocities are measured by the built-in motor encoders. Moreover, the ring clutch operates in
a way similar to bicycle brakes, as shown in Fig. 8. The clamps are adjusted by means of a double-threaded
rod and a DC motor, with screws of identical pitch and opposite hands. The opening and closing of the
clutch is controlled by means of a DC motor. The brake pads are obtained from an off-the-shelf asphalt
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Table 3: PID gains

Parameter Value

Proportional 0.1348
Integral 16.5424

Derivative -9.9659

plate from McMaster Carr. Furthermore, the encoders and the ring clutch motors are connected to a Q8
data-acquisition board to receive and send signals. These are analyzed and processed in MATLAB/Simulink.

In addition, the simulation block diagram is illustrated in Fig. 9. A continuous-time PID controller is used
to control the input torque τd that maintains the input speed q̇s at the set value of 269 rpm. The tuned PID
gains are listed in Table 3. The PID controller adjusts the input torque τd according to the error of the actual
and desired values of q̇s. The input torque is then sent to the gear-shifting algorithm, which determines the
ring clutch torque 1, τr1, and ring clutch torque 2, τr2. The gear-shifting algorithm for simulation phase 1
is provided in Table 4, the simulation conducted under MATLAB/Simulink, the algorithm written on the
MATLAB Function block. The algorithm is quite simple, the gear-shifting is divided into two stages, namely,
the pre- and post-event, which simulate the transmission before and after the topology change happens. In
this study, the event is scheduled at t = 3.675s (t shift in the code). Prior to this, the first ring gear is
engaged, whereas the second ring gear moves freely. The algorithm utilizes if logic as shown on code line
1. The pre-event stage is handled in code lines 1 to 7, whereas the post-event stage in code lines 8 to 14.
Code lines 15 to 17 are used to complete the logic scheme.

In the pre-event stage, τr2 is zero, whereas τr1 grounds ring gear 1. Ring gear 1 has two possible states,

9



Table 4: Gear-shifting algorithm in simulation phase 1

1 if (t>0) && (t<= t_shift)

2 tau_r2 =0;

3 if q_r1_d > 0

4 tau_r1=tau_c_r1;

5 else

6 tau_r1=tau_s_r1;

7 end

8 elseif (t>t_shift) && (t<= t_end)

9 tau_r1 =0;

10 if q_r2_d < 0

11 tau_r2=tau_c_r2;

12 else

13 tau_r2=tau_s_r2;

14 end

15 else

16 tau_r1 =0;

17 tau_r2 =0;

18 end

moving or stationary. Therefore, another if logic statement is introduced in line 3. Moreover, two kinds of
clutch-torque information are needed, clutch torque capacity and static clutch torque. The former, denoted
tau c in the code (lines 4 and 11), is needed to oppose the motion of the gear and bring it to rest. Moreover,
the static clutch torque, denoted tau s in the code (lines 6 and 13), is needed to maintain the gear at zero
acceleration. The values of the static clutch torque are computed by means of inverse dynamics, as per
Eqs. (18) and (19). These two types of clutch torque are required to ground the ring gear. For instance, in
the pre-event stage, τr1 will have the clutch torque capacity τ cr1 if ring gear 1 is moving, as given in code
lines 3 and 4. This torque opposes the motion of the ring gear such that the gear will slow down, eventually
coming to rest. When at rest and about to move in the opposite direction due to the opposing torque of
clutch torque capacity, τr1 is changed to the static clutch torque τ sr1 to lock down the gear, as shown in line
6. In this simulation test, the initial velocity is assumed to be zero; therefore, τr1 becomes the static clutch
torque τsr1 from the start of the simulation and locks the gear.

Likewise, the second stage of the gear-shifting algorithm follows an identical procedure. The ring clutch
torques are now reversed, namely, τr1 is zero, whereas τr2 is adjusted. In this case, it is known that ring gear
2 is moving in the negative direction, therefore, τr2 has to oppose the ring gear. Torque τr2 is changed to τsr2
when ring gear 2 reaches zero velocity to maintain the gear at zero acceleration. The gear-shifting algorithm
needs the actual values of q̈s, q̇s, and q̇c in order to compute τr1 and τr2.

Furthermore, the algorithm will provide τr1, τr2, τd and τl to the transmission model, as shown in Fig 9.
The mathematical model of the novel modular MST is displayed in Eq. (17). The model parameters are
obtained from the gear manufacturer and 3D CAD models. From this simulation, the dynamic response of
the transmission is obtained. The values of q̇s and q̇c are submitted to the constraints in Eqs. (16) to compute
the angular velocities of the planet and ring gears in the first and second PGSs. Moreover, the actual value
of q̇s is fed back to compute the error.

Furthermore, the constraint equation after gear-shifting is needed in Eq. (11) to compute the velocity
jump ∆w. Therefore, the angular velocities of ring gears 1 and 2 are used in the constraint equation
because one of the ring-gear angular velocities will be zero when the gear is shifted. Subsequently, the
angular displacements of the sun, planet-carrier, ring gear 1 and ring gear 2 are chosen as the generalized
coordinates, q = [qs qc qr1 qr2]

T . Matrices M and Φ are given below, along with vector f :

M =









Is 0 0 0
0 Ic 0 0
0 0 Ir1 0
0 0 0 Ir2









, Φ =

[

rs1 −(rs1 + rr1) rr1 0
rs2 −(rs2 + rr2) 0 0

]

, f =









τd
−τl
τr1
τr2









(20)

with Is, Ir, Ic, and Ip denoting the moments of inertia of the sun gear, the ring gear, the planet carrier, and
the planet gear, respectively.
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Table 5: Simulation parameter values

Parameter Value Units Parameter Value Units

rc 0.0508 m Ip1 9.614 × 10−5 kg m2

rp1 0.0239 m Ip2 5.864 × 10−6 kg m2

rp2 0.0119 m Is1 9.614 × 10−5 kg m2

rs1 0.0239 m Is2 4.927 × 10−4 kg m2

rs2 0.0358 m Ic 0.1262 kg m2

rr1 0.0716 m Ir1 0.0132 kg m2

rr2 0.0597 m Ir2 0.0082 kg m2
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Figure 10: Simulation phase 1 results

Moreover, T and τ are computed with the parameter values in Table 5 as follows:

T =









6.02 0
2.26 0
1 0
0 1









, τ =

[

6.02τd − 2.26τl + τr1
τr2

]

(21)

where T is obtained by means of the QR decomposition of ΦT [37]; the lower 2× 2 block of T, multiplying
a zero matrix block being freely chosen, as long as the resulting T is of full rank. Hence, the simplest choice
is the 2× 2 identity matrix.

The results of simulation phase 1 are shown in Fig. 10. The simulated input speed does not match well the
experimental results, as the velocity jump does not occur in the simulation. In addition, the output speed
drops to a significant amount as the gear-shifting period needs to match the experimental results, which
makes it inaccurate for representing the actual transmission dynamic response. Hence, the topology-change
model that takes the velocity jump into consideration is needed to predict reliably the response.

Figure 11(a) shows the clutch torque capacity. In this study, it is assumed that ring clutch 1 releases
the ring gear immediately. Furthermore, the clutch torque capacity is adjustable to match the gear-shifting
period of the experimental result. In addition, the speed ratio of the gear-shifting is shown in Fig. 11(b). This
is obtained by dividing the input speed by the output speed. This figure shows the gear-shifting dynamics
and the period where the topology of the transmission changes. Moreover, this verifies that the transmission
is shifting into the new topology.
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Figure 11: (a) Clutch torque capacities, (b) speed ratio
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Figure 12: (a) The applied torques f , (b) τ

The applied force f is displayed in Fig. 12(a). As expressed in Eq. (20), f consists of four components,
namely, τd, τl, τr1, and τr2. Torque τd is adjusted by the PID controller to maintain the input speed at
a desired value, as shown in Fig. 9. Consequently, this torque was changing as shown in Fig. 12(a) to
compensate the torque changes during gear-shifting. Moreover, the load torque τl in this study is kept
constant throughout the simulation test. Furthermore, the ring clutch torques were adjusted based on the
clutch torque capacity in Fig. 11(a) and on the static clutch torques in Eqs. (18) and (19). In the pre-event
stage in Fig. 12(a), τr1 maintains the ring gear from moving, therefore, τr1 = τ cr1. At the gear-shifting event,
occurring at t = 3.675s, the post-event gear-shifting algorithm is employed, where ring clutch 1 releases the
grips immediately and τr1 becomes zero. On the other hand, ring clutch 2 engages ring gear 2 and τr2 = τ cr2
to oppose the motion of ring gear 2. After ring gear 2 comes to rest, τr2 becomes τsr2 to maintain the zero
acceleration. Both time histories of τr1 and τr2 can be observed in Fig. 12(a).

Figure 12(b) gives the time history of τ . Vector τ is expressed in Eq. (21) and integrated to find the
velocity jump ∆w. In this study, the topology-change interval (∆t = t+− t−) is 0.0099 s. The velocity jump
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Figure 13: Flow chart of simulation phase 2

∆w in Eq. (11) can be readily obtained. The independent generalized velocities are w = [q̇s q̇c]
T , while the

velocity jump ∆w is

∆w =

[

23.3313
22.308

]

rpm =

[

2.4432
2.336

]

rad/s (22)

5. Topology-change Model Implementation

In this section we study simulation phase 2, a simulation task that takes the velocity jump ∆w computed
in phase 1 into consideration. The flow chart of phase 2 is given in Fig. 13. Similar to simulation phase
1, the test is divided into three stages, i.e., pre-event, event and post-event; the event stage simulates the
transmission when the topology change happens.

The MATLAB/Simulink simulation scheme is similar to that in phase 1, except for the gear-shifting algo-
rithm. The algorithms for the pre- and post-event simulation tasks are given in Tables 6 and 7, respectively.
The gear-shifting algorithm for phase 2 is basically a division of the gear-shifting algorithm for phase 1 into
two, namely, the pre-event simulation and the post-event simulation. This is needed to take into account the
velocity jump obtained from phase 1. In phase 2, two Simulink files are needed, one for pre-event, the other for
post-event. The results from these simulation tasks are combined using a MATLAB m-file. Simulation phase
2 begins with the pre-event. The initial values are zero and the simulation is run until the gear-shifting time,
which is 3.675 s in this study. Subsequently, the velocity jump ∆w is added to the last value of w from the
pre-event; this value becomes later the initial value of the post-event. The next step is parameter-adjustment
to match the dynamic response in the experimental result. If the result in the post-event simulation does
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Table 6: Gear-shifting algorithm of pre-event simulation

1 tau_r2 =0;

2 if q_r1_d > 0

3 tau_r1=tau_c_r1;

4 else

5 tau_r1=tau_s_r1;

6 end

Table 7: Gear-shifting algorithm of post-event simulation

1 tau_r1 =0;

2 if q_r2_d < 0

3 tau_r2=tau_c_r2;

4 else

5 tau_r2=tau_s_r2;

6 end
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Figure 14: Simulation phase 2 results

not match the experimental result, the process will be returned to the variable adjustment stage until an
acceptable result is obtained. Finally, the simulation results of pre- and post-events are combined to form
the full simulation of the gear-shifting operation.

The full simulation results in this study are shown in Fig. 14. It can be observed that the dynamic
responses of the model with the velocity-jump in Eq. (11) matches well the experimental results. These are
more accurate predictions than those of the dynamic model in Eq. (17), as depicted in Fig. 10. The sun gear
encountered a jump of 23.3313 rpm = 2.4432 rad/s during gear-shifting. The PID controller compensated
the error and controlled the sun gear at the desired value within 0.1 s. In contrast, the carrier underwent a
velocity jump of 22.308 rpm = 2.336 rad/s. In this study, the velocity jump is added 0.4 s after the gear-
shifting event, to account for the time elapsed for the velocity jump. This number is obtained from observing
the experimental result.

The velocity jumps in the simulation results show the actual dynamic response in the transmission that
cannot be captured by means of smooth mathematical models alone, such as that in Eq. (17). This information
on velocity jumps is essential to increase the correctness of the dynamic response. Moreover, correct values of
dependent generalized coordinates and their velocity jumps can also be predicted by means of the constraints
in Eq. (16), as shown in Fig. 9. Plots of the angular velocities of the planet and ring gears in the first and
second PGSs are depicted in Fig. 15. Having an accurate prediction of the dynamic response of the planet and
ring gears in vehicle transmissions is essential for two reasons. First, they cannot be predicted because they
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Figure 15: Angular velocities of (a) planet gears, (b) ring gears

cannot be measured. Second, having an accurate prediction of their response can provide a better control
and system design for the transmission performance improvement. In commercial automatic transmissions,
gear-shifting is controlled very precisely; therefore, the gear-shifting period and velocity jump are identical
throughout the operation. Thus, results obtained in the simulation can be used to predict the dynamic
response of the transmission in other conditions or operations. Furthermore, the topology-change model is
applicable to any vehicle transmissions with gear-shifting. As shown in this study, the topology-change model
needs three main terms from the transmission, namely, the inertia matrix, the orthogonal complement of the
transmission constraint Jacobian, and the forces applied on the transmission. The first two terms can be
determined from the transmission design data; the case study has provided a procedure to determine the last
term.

6. Conclusions

Realistic mathematical models of multi-speed transmissions in electric vehicles are needed to understand
the dynamic nature of the transmission system and to support their optimum design and control. However,
an important phenomenon in transmissions has been overlooked, namely, the topology change during gear-
shifting. Therefore, a topology-change model based on the impulse-momentum relation is developed to
address the non-smooth changes in multi-speed transmissions in electric vehicles during gear-shifting. A
case study is included, whereby the topology-change model is implemented on an experimental modular
multi-speed transmission for electric vehicles. In order to calculate the impulse, experimental and simulation
tests are conducted by means of the transmission testbed and MATLAB/Simulink, respectively, where a
gear-shifting is recorded experimentally and replicated by means of a mathematical model in simulation.
Moreover, the velocity jump of the gear-shifting is computed by means of the model. Subsequently, simulation
of the transmission gear-shifting incorporating the velocity jump is conducted. The topology-change model
is essential to predict the actual motion of the transmission during the topology changes brought about by
gear-shifting. Furthermore, the topology-change model developed in this paper is applicable to any vehicle
transmissions with gear-shifting.
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