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A simple method of forming a planar model for t h e  tuo- 

Jiiuenyionnl computer anriLysis or :I t .hree-dimensional  usyiu~uetric  

s t r u c t u r e  t h a t  t r a n s l a t e s  and t w i s t s  under h o r i z o n t a l  lund  is 

prcsqn:-& The structure must c o n s i s t  of  parnllrl b e n t s  w h i c h  any 

be of a n y  tyse and whose properties may v a r y  with h e i g h t .  T h e  

b e n t s  and member properties are represented directly i n  the 

model, without tran:<forrnation, while the resulta for 

displricements and f o r c e s  from the n n a l y ~ i s  may be rend d i r e c t l y ,  

also without transformation. The use of a p1:in:ir model makes it 

possible t o  s imulate  n thrcc-dimensional  n n a l  y s i u  using a planer 

analysis program. The simp1 i f i c a t i o n  a1 lows a reduction in both  

the engineer's and the computer's time, nu well as allowing the 

analysis o f  large structures on smaller computers. 
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Until ncw, t. -icral carplter d e l s  for analyzing buildirrj 

s t ~ ~ u r e S  hme l l m t l y  been ccnfinPd to represer,ting system eat arc 

m t r i c  abart the axis of lam, such as t!! one s h m  in  F i g .  1. 

'Ihese s y s k ~ ~  h a m l a t e  w i t h o u t  twisting. The a&!!- imve p m t e d ,  in a 

pmvims p a w  (Ref. 1) , various tech1lques €or Lye plm~r &ell irrg of 

mn-twistirg bphaviwr. F-tric la tera l  loads, on the other hard, 

pruiuce k o t h  tramlation arrl k k i r q  m,-psm in buildii-qs. Ui 

qmmtrical stx-, these a of txd-nviour can m i l y  be -dated, 

&ling oW.ec skple t u o 4 h i o r a l  rrrxtcls to be d w d w  (Ref. 21. 'Ihe 

bending and twisting t h t  occurs in a s - t r i c a L  buildingr, huieyer, is 

mch rrnre difficult tc d e m h  arri is aLmA u n i v c ~ l l y  th-t of as 

requir- a m e t e  ~ 4 ~ s i o r w l  & for analysis. me purpose of 

this paper is to intx&mz a plamr rm3.elh-q &we t . t  is opb le  of 

fully a d  a-tely duglimrbq the &mviwr of asynmetsical stmcmml 

srst-. 

lh other -iml tech~icpres f ~ r  and f l i ng  strum- 

have p M &  t .e m=thd to be &scribed herein. It1 Ref. 3,  a techuqi:e 

w a s  proposed for a certain class of syaanctrical s t t u w ,  i.e. ones which 

mist of only "tm t w s  of framing systems, axprising %we& 

vertical planar -lag- having similar stiffness properties a d  a 

m n  variation thereof alu-q LCle t-eiqht". 'Ihe mthd is &s& on a 

mthemtical M q u e  of cn-ordimte 'cransfomtirm, yielding uncoupled 

systms of ecpatiors. It involves transfcamirrg tFe stiff- of LFe 

framing systems, a ~ l y z i n g  the ~~~cultirq ardcrgous s y s t a ~  'G- 

dhmsionally, recpnverting the forces a d  displacements that nssult, a d  







problem lies in taking an il.ppit'p~.t step bchmd by no lower try- to 

=prate t rardat iowl  fm twisting m p m ,  but i n s w d  by date lophj  a 

-1 that on i r m r p m t e  both Wavicurs  s i r r m l ~ l y .  

me m y  to win t .e  develqmmt of We -1 is to mnsider one flmr 

lmel cf a s t m c b ~  a d  ib displaoewnt urder i d - .  A floor slab of a 

v q  s k l c  a m t r i m 1  kuildirq is -3 in Fiq. 3 .  As a m d t  of 

ecpiljbrim p=sitim such as indici~ted. To displace in this -, the 

flwr mst both l a w  t n m l a t r o n  and rotation. It is LZ! €run 

occurrirq akcut the centrr of Pdlst. me displacement in the direztion of 

loadinq of a m y  selectd pint B on the floor slab mn t!!en be - 
frcm Fiq .  3 to be qivcn by 

5- , 

( , '  ' ' I  ' L A !  + \ ~ 5 ; ~ ( 6 7 d , - V 5 , ~ d  ! (1) 

 here L,,V,'+l,w,8~+d$ are &fined in the figrrre. ~t bear; r e ~ t i n q ,  

ha;ever, that thc l m t i m  of the writre of the tdist is not easily fmrd 

Cmsider relating a flmr's M a t i o n  ard rotation to any 

arbitrarily ch- point in L5e p l m  of LIC slab (pint A in Fiq .  3 ,  for 

i m i a n e )  instscd of ta its  cent^ of trikt. It is pstulatcd b t  Lkc 



displ i lcmmt and m t a t i c n  mxxrrmg a t  A, can +hen be Cefinal as 

, ,. 
7 

I r - - 
I -I = l LA! - ;L,,f+,+ A v s : * w ! -  h 5 k e d - W  5 . , n [ a -  d ) ! ,  

'here are shmn in Fiq. 3. 

F m  q-try, hcwever the follcwing relationship c;m be establish& 

I .An = .A + + ~ 5 : ~ : ~ - $ j  

&ck M i h r t m g  t h i s  w s i o n  fo r  into Eqn. 2 leads t o  

i 
%.A = A + v ~ ; - ( a t ~ )  - v ~ , < o l  

whic5 is identical to the expression fo r  31c late--al d i s p l a m t  a t  B as 

i n i t i a l l y  d e r i v d  with r-L to t+ certre cf t w i s t  in Fqn. 1. 

T ~ I L C ~  it has ~XYX-I %P.cun *a: t5c cyu i l ib r im pcsition of a la:cr&Lly l r aua l  

f loor  s l ab  can be &scribed equally w e l l  w i t 5  reqxzct to an a r b i t r a r i l y  

selected reference certre A as to the ccntrc of txist. 

So f a t ,  only t5c rcl;qxme t o  lo;ldkq of an i - d i v i ~ l  f loor  Lxeq 

mnsicered. A ccsrplete structunl qstan, however, cqrises m n y  mc5 

floors, eac9 of whic9 w i l l  mt l ikc ly  t r a n s l a k  and ro ta te  by a d i f  fcrent  

m t .  k a m r o l l a r y  of 'L-ie fa& -&a: each f loo r ' s  displacc-nent can be 

referred to any point i n  its plar.e, i t  fo l lmx  t?2t dl f lcors ,  M ratter 

byat Wir rcsp3nse, can k r e l a m  to a mmkxdy l a m  r c f m  p i n t  

in each of the floor l w c l  p lmq;  i. e., %e r e f e r . c e  p i n t s  fo r  a11 of the 



artside t% hildjng erruelcpe, as to wi-& it. By fo l lwirq  this 

-on, it is -al that all structural ei-ts' laterd 

displa-ts caused by the rotation of flmrs abcut t .  ref- cmtres 

crr~lr in the w M i o n .  If the r e f e r  centre axis was s i t u a w  

w i t h i n  the tujlding itself, %ch lateral displacnlcnts nculd t.&e place in 

w i t e  directions on ci- side of the axis. While t%is lattcr 

btlhaviollr i s  only s1iqhtl.y mre d-l::iadt to incorpra te  in- a planar 

model, its k l u s i m  is a n d e s s  ccmplicatim and, miqht as mil be 

avoided. 

z ? ! F r l - i m . . ~ ~  
?he p- of wnstructing the FdimensiotwL rodel *ins by 

a l l  the load-resistirg structu.-d bents side by side in a s k l e  

plane. 'Ibis js dermr!stratd in Fig .  5 for an esmple of ar aspretrim1 

structure. The bents n d  mt k p i t i a n d  in ~ E Y  m i d a r  &err m 

be arbitrarily spaced, ad are lmtd wlative to scane mnvcnient m 

ottlinate origin typically situated at t5e bottom left-hand wmer of t h e  
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mcr3el. Tlw d y  rule that mst be &==xed in assarbling these bents is 

that they are all z, t h q h  b e h g  v k d d  in the real stmckm lmking in 

the d h d i c m .  For exmgle, the bents in F i g .  5b have k e n  drawn f m  

the perspedive of an dsserver uho is lmking at the qstm 

sbm in Fig. 5a f m  left to riqht. 

Havbq rep- a l l  the vertical stmzbxd elements, cnly the 

o=r6traint of the horizonbl rigid flocr dia@mqm on these el-ts' 

relative displwmmts, ard on the distribution of f o m  bet- them 

mmins to be allded. For this, sets of additional ride w i t h  each bent 

of the strudure are &fin&, as are irmbxs that conned these r d e s  to 

flwr levels, F i g .  6. me ~ i a l  characteristia of t h e  

extra rides ard are desccibed in the follrwirrg paraqra*. 

me d e s  abded to the model, temd qmernk nodes, ceplace the 

M i m  of the ref- centres in the threedhmsiwral m; i.e., 

the struchral el-ts displace laterally with rezpzt to these pints. 

Each bent has a55ociatd with it gweming mdes equal in m m h r  to its 

flmr levels. The location of an individual governing node is es-dlished 

as follms. H o r i z d l y ,  its m&te is set the same as that of the 

bent cn its m- floor level. In the exarple shm in F i g .  6 ,  

each gwernhq is thus kor izmtd ly  lmted, althaqh to aid the 

clarity of the dravkg these rdes are dmn offset further left. 

Vertically, a gmernirg m e  is p i t i d  W e  its -iated f lmr level 

a equal to the distance in plan between tfae berh ard the 

mferenoe mtre axis.  F i g .  6 damnstrates this for ths ewmple structural 

q&m aid n = f m  oentre axis dwn in Fig. 5a. me gw=mirq ncdes are 

against vertical d i s p l m t :  h-er, their mining b m  
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degrees of fredm, rotation a i d  horizontal mement, are not 

unconditionally free. It is r-~ary, using the intesnodal d e q r e  of 

freedcm mmAx?.int cptinn, available cn the wre qrehensive general 

pnpee stmcbxd analysis prcgrams, to -in the horizontal 

displacenwt of all of the governing associated with a &oil* 

flwr lwel of a to be identical. For exanple, #e r d e s  in Fig. 

6 m m t d  by an asterisk, which p e n ?  the behaviwr of the structure's 

fifth flmr, are so wmtmkd. By the same Mique,  the mtatims of 

M floor level sets of governing ncdes are also wi&xained to match one 

amther. In this -, t h  ipverning & defined for ~ a &  floor level 

in the planar take the p l a e  of the assiqed single refenme amtre 

about Wch the different levels af the x t u X l  Ume4hmsional drmbre 

arp taken to rotate. 

The -ion of the members that join the qmernirq M e s  to the 

sbxchml bents in tk &el is to duplicate the eff& in the real 

Szcbxe of a )  #e in-plane riqidity of the floor d i a w  a d  b) the 

rigid arms h g k d  to -ect these dia@-xagm to their reference cenrres. 

In order to carry a t  this function, it is that the 

rranbers are assigned to be very stiff in W3 flexure a d  shear. Also, sa 

that only * force is transferred f m  these mhrs into the struchrral 

bents - just as the shear forre alone is crwusidered to be 

pssd f m  the floor slabs into vertical el-ts - mment and 

axid force releases mst be specifid at the ends of the w i n g  

rmibers attach& to the hmts. As a guide to the tetm "very stiff", it is 

that the M a s  of the  rigid aru6 &add  be assigraed values so 

that, if a riqid atm - mnsidersd as a vettical cantilever, fixed, at the 
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governing r&e and free at its 1- end, its tmrizontal stif- at the 

lmer erd would be of an order 103 to lo5 greater than the & i m a m  

horizontal stiffness of the bent at the level to w h i &  the r igid a r m  

-. 
PLis m e t e s  the d e s x i p t i m  of the F h y s i d  elements that 

the plamr mDdel of an a s y m ' r e t r i d  structural systm. It rrmst ma be 

ezbblished hcu the -1 i s  to be loaded. 

It has been dmn that in -i& spas a W d i r g ' s  

to lmdiq  can be d m  into lateral tratlslation a d  mtaticn 

relative to an a2oi t ;ar i ly  located vertical reference mtre axis. 

horizontal lmding, no mtter when= or haJ it is a~plied, can also 

be in- relative to the reference centres by s t a t i c t l l y  equivalent 

& of l-. In Fig. 7b this is sham for the ~ ~ l ~ e n t r i c d l l y  applied 

lateral l m d  acting on the flmr of the -e structure, Fig. 7a. 'Ihe 

lateral lmd on be har6formed to a similar load at the ref- wtre 

& a torque. DIerefore, for the hildiq as a whole, whatever the form of 

the actual lateral 1- ~ud bhatever vatiatiom it exhibirs w i t h  kimt, 

it is p~ssible to -form it into a s k l e  quivalent distrihtica! of 

•’0- a c t b q  at the flmr reference centres a d  torques. 

In the planar -el the governing rdes, !hi& are analcgcus to the 

r % f e n ~ ~  oa-k r~~  in the n d  &ruchre, are used to apply the lateral 

l a .  !me totques d lateral forces, determined as a+ at the 

$mxhre ts  reference cefitres, ace applied to one bent's governing nods, 

Fiq.  7c. 'Ihe wnstraint bet- the d i s p l a m  and rotatiom of Me 

c a m  the force ~ K I  tuque applied to cne governing ride 

to k e  effezLively applied sinul-ly to all the other governkq nodes 
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for the s a w  floor level. 'Ihe directions of tke forces and torques applied 

to the W a ~ @  decidEd m that the displaammts they cause in the bents 

mnform w i t h  those resulting f m  the actual 1- on the real structure. 

For m l e ,  in the planar r&el shwn in F i g .  7c, b r i z o n t a l  fo- acting 

f m  left tn ri@t and ccxmtercl-ise mts am depicted applied to the 

gwernirag Me. b t h  tke forces a d  the m;ments hiwe ri*tkard 

d e f l e c t i o ~  i n  the bents by means of the rigid -irq mer-. 

- o f t h e m  

For m i s o n  plrpases the results of the analysis of the tw- 

dimensional d e l  j u s t  descr2c.d am p-M i n  Tables 1 ard 2 ,  beside 

thase frm a mnwdional thr~4immsional structuml &el. In both 

models, bsamtyp elements are used to represent alunins and beams, and 

w i l a m  membrane-type elements are iwd to mreSent wall segrrwts. 

!?do& for the joints a t  the base, !hi& are fixed, every joint in the 

-ional m%zl has s h  degrres of f r e d m .  The rigid-flmr 

did- effect is inmrprated into the -ional &el by a set 

of  w-imter beans that h v e  relatively large axial areas ard nmwnts of 

inertia in tk plane of  the slab. .Sam= structural amlpis p-, 

d a l l y  written for the analysis of builw, have a rigid-flmr 

djam w o n  that !auld seemhqly e l i r n i ~ t e  the need for this pximeter 

set of a d  simultaneously a t  almost in half the 2 e q r ~ ~  of freedan 

in the three-dimensionnl model. H-er, wen Cmen this m i m  ia 

available it is not always possible to use it since scme of these p-s 

restrict its use to ndels  m m d r w t d  of only bsemtyp elmmts, !hi& is 

not the case in this m l e .  Table 3 mnpares the size of the km ard 

-ional U s .  
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A l l  the results of the a ~ l y s i s  using the -iondl u d e l  are 

w i t h i n  five percent o f  the correspofidirag v a l u e  cbtained f m  the three 

dimensiondl representation. 'Ibis is certainly an amptable  cliff- for 

building desicjn, qiven the inevitable uncertainties ard hacuracies 

inherent in arry numerical -tion of a real structute. The  

dirJepancies bee- t k  results of Lk bto of a m l y s e s  were 

przbably a t t r h t a b l e  to the l a c k  of ccarplete rigidity in the rnnmztiq 

am6 of the -ional m33el. and in the horizontal frames of the 

-ional m. M e y ,  as indicated in Table 3 by the of 

equations to be salved for the analysis of each rrrrlel, the -i& 

is mch mre concise than the three-dimensional method. Ple 

saving in c n n p r t e r  time is partly a furrcticm of the analysis pmqmm and 

the size of the stmchre. For this emqle problem, using the SAP 80 

p-, the prcposed -iondl analysis ran in one-third of the time 

for the -id analysis. 

-mim 

Iiavirq &sc-W the ccncept and dummCcrrttEd the v a l i d i t y  of the FAG- 

dimensioml -1, a mndensed versim of W&s & can easily be 

w, Fig. 8 .  Instead of defining an v t e  set of gmerning r d e s  

for each berh of the structure, only a single set of governing ncdes red 

be defined. 'Ihe bmts m t  then be offset v e r t i d l y  fmm this set of 

nodes a m -  to their in-plan diw frrao the chosen reference centre. 

All the bents are then joined at their flwr lwels to this shqle set of 

~ e m i t - q  W. In all other tespeces, this mdensd wdel is the same 

as the original one. C h i o u s l y ,  the reduced s ize  of this 
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-1 Wles ewn greater reductions in cmpter storaqe requiremerhs ard 

rurrnirg time. 

C9rlu=icn 

V u e 4 h x s m  asyrrpnetrical structural syslxam (;m be analyzed 

sinply and aoaaately in M dirrrensimrs as a result of the W g w s  

developed in this paper. An origiral for the divisicn of 

t-lational ard twist ing responses to lcadiq is develcped to pezrnit 

these m i o u r s  to ba incarpwatd simvtdrwusly in a sirqle pl- 

m. & mcdel significantly b m  the range of stmdmms tbat can 

be M i g a t e d  ufien nzsttictd to a -ional p-. Also, it 

significantly the t h  arrl storage capacity rquirfd of a 

for an andpis of a very large building strucfilre, &wing an atnlysis 

by a mi- md-~ nmre faasible. 
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