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Abstract

A simple method of forming & planar mode® for the two-
dimensional coomputer annlysis of n three-dimensional asymmetric
structure that translates and twists under horizontal load is
prezant=c=, The structure must consist of parallel bents which may
be of any type and whese propertiezs may vary with heizht. The
bBents and member properties are represented directly in the
model, without trans=formation, while the results for
displacements and foroes from the analysis may be read directly,
also without transformation. The use of a planar model makes it
possible to uimulate a three-dimensional analy=is using a planar
analysis program. The simplificatinn‘allows a reductien in both
the engineer's and the computer’s time, aa well as allowing the

analysis of large structures on smagller computers,




Until now, twodimensicral coomguter models for analyzing bailding
structures have mostly been confined to representing systers that ame
symmetric about the axis of loading, such as the one shown in Fig. 1.
These systems translate withouk twisting., The authors have presentsd, in a
previous paper (Ref. 1), various techniques for the planar modelling of
non—twisting behavicur. Focoentric lateral loads, oni the other hand,
produce  both translation amd twisting responses in bulldings. In
syrmetrical structures, these modes of behaviour can easily be separated,
emabl ing other simple two—dimensicral wodels to be developed (Ref. 2). The
bending and twisting that oconrs in asymetrical buildings, however, is
mch more difficult to describe and iz almost universally thought of as
requiring a carplete threoe—dimensicnal model for analysis. The purpose of
this paper 1s to imtroduce a planar modelling technigque that is capable of
fully and accurately duplicating the behaviour of asymmetrical structural
systems,

Two other twodimensional techniques for analyzing such structures
have preceded the method to be described herein. In Ref, 3, a techpique
wvas proposed for a certain class of symmetrical structures, i.e. ones which
consist of eonly "two types of framing systems, each comprising several
vertical planay assemblages having similar stiffness properties and a
common variation thereof along the height'". The method is based on a
mathematical technique of co-ordinate transformation, yielding uncoupled
systems of emuations. If inveolves transforming the stiffrnesses of the
framing systems, analyzing the resulting analogous systoms twe

dimensionally, reconvertiryg the forves and displacements that result, ard
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linearly recaombining them to cistain the real structure’s response. The
technique imolves much maruwal manipolation or specially written computer
softvmre  for hardling the moescus coamputations that oth precode and
succeed the actual tevo—dimensional analysis. In Ref, 4, a planar methoed of
analysis was proposed for structures that are asymoetric aboct an axis
parallel to the axis of horizental loading but symetric about the
crthegoral axis.,  The method irvolves comverting the origiral bents to
analogous columns, which ropresent the shear and torsicon proporties, ard
assambling them into a planar model for aralysis. The methed 1s restrictod
to bemts that behave as ‘shear’ mperbers and, because of the 'lumping!
procedurs, it is neot usually possible te recover the individual czlumn
forces.

The planar technique propesed in this paper, on the cther hand, avoids
having to transfocon mesber properties o  resulting  forces  amd
displacemcnts. As a result, the medel's response to loading has actual
physical significance anel can lead to a better understanding of the
couplodstwisting behavicur of an asymmetrical stoucetural  System, The
method is wwrestrictod in the nucber of types of framing systems it may
include, and in the pocasible variaticns of these systems with height. The
made]l {5 restricted, however, to stouctares corprising a systen of parallel
berts aligred with the directicn of horizental leading, Fig. 2. It’s
forrulation assumes the floor slabs to be infinitely rigid in, and
infinitely flexible out of, their plares. “he first assumption is
generally accepted as correct and is inherent to the technicque. The secord
assimption, that of an out-of-the-plare flewible floor between bents, can

truly only approximate reality when the bents are widely spaced and the



floor slab between them is thin, Tt should be noted that this is a
relatively common siftuation in typical apartment kbuilding construction.
However, work 1is currently proceeding on finding a way of incorporating
into the planar model the effect of perpendicular-to-the-load Froming.
Stnichoal Behaviour

The feature of structural behavicur that has long delayad the develcpment
af the planar model for an asymmetrical siructaral system is the difficulty
Cin wneoapling its simultanecus translational ard twisting responses to an
arbitrary lateral Ilocading distritucion. In the symmetrical case, the
amount of lateral lead causing translaticn only, and of torque producing
twisting load only, can easlly be deduced from the eccentricity of the
applied load (since the centre of resistarce and the cantre of twist are
known at every tloor level to be at the geometrical centre of the
strctural  system). it is possikle to ther construct and analyze two
planar models, one for translation, the other for torsion, and to coambine
the results of the two acpropriately to obtain the complete structural
beravicur (Ref. 2).

When dealing with an asymmetrieal struchure, however, the behaviour is
mach more camplex.  The struchure’s centres of resistance and twist are
abvicusly off—centre; further, these centres have been found to be
distinct from one ancther and to vary in location fram one floor level to
the next. Establishing the positions of these centres is possible, but
only after having previcusly oxecuted matriw analyses that incorporate the
camplete struchural system (Refs. 5, 6], Evidently, if the plamar
technique being developed for analyzing asymmetrical structures is to ke of

practical use, a different concopt from that used for syrmetrical
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structures must be found. Irondcally, it tiems out that the key to the
problem lies in taking an apparent step backward by no lomger trying to
separate translational from twistirg respornses, but instead by developing a
model that can incorporate both belaviours similtaneously.

The way to begin the developmant of the model is to consider one floor
level of a structure ard its displacement under loading. A floor slab of a
very simple asymeetrical hbuilding is shewn in Fig. 3. As a result of
lateral leoading applicd to the struchore, this floor displaces to some
equilibrium position such as irdicated, To displace in this manner, the
floor must urdergo both lateral translation and rotation. It is usual from
the treatmernt of symmetrical structures to descoribe those motions as
coourring about the centre of twist., The displacement in the direction of
loading of a randomly selectod point B on the floor slab can then be seen
from Fig., 3 o ke given by
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where &, V,'W = §ad@ are defined in the fiqure. It bears repeating,
howevar, that the location of the centre of the twist is not easily found
in an asymootrical structure. As a result, ancther method of describing
the displacement of the floor slub is reguired.

Consider relating a fleoor’s translation ard  rotation to  any
arbitrarily chosen poimt in the plane of the slab (point A in Fig. 3, for
instance) instead of to its centre of twist., It is postulated that the

slab displaces about this point as though an imaginary rigid arm connects



5
the slah to A Tne laternl movewment of point B, in torms cof the

displacement and rotation ccourring at A, can then be defined as
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where are as shown in Fig. 3.

From gecmetry, bowever the following relationship coan be establ ighed

Ly = B +wsing + weia{5-4) )
Back substrititing this ewprecssion for into Eqgqn. 2 leads to
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which is identical to the ewpression for the lateral displacerent at B as
initially derived with respect to the certre cof twist in Egn. 1.

Thus 1t has keon shown that the cquilibrium position of a latorally loaded
floor slab can be described equally well with respect to an arbitrarily
selected reference certre A as to the contro of twist.

5o far, only the mesponse to loading of an individual floor has keen
considered. A complete structural system, however, comprises many such
floors, ecach of which will mest likely translate and rotate by a different
amcunt. As a corollary of the fact that ecach floor’s displacrment can be
referred to any point in its plane, it follews that all fleors, no matter
what their response, can e relabod to a comeonly locabod reforence point

in each of the floor level plans; i.e., the refererce points for all of the
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fleor levels can be choson in such a way that they lie on a single wertical
line, Fig.4. By this choice, the previcusly menticned obstacle to
develcping a twodimensional moded for asymmotrical structures - the
difficulty in determining each fleor's actual centres of resistance ard
twiskt - is sidestepped, and 2 simple means is achieved for describing the
conplete response of the structures. It is shown in the following section
how this new concept can be utilized to develcp a planar model for the
analysis of asymmetrical strictural systems.

In order to simplify the construction of the twodimensional model it
is recamended that the wvertical axis of refercrnce centres be located
outside the huilding ermvelcpe, as cpbosed to within it. By followWing this
sxgestion, it is ensured that all structural  elements’  lateral
displacements caused by the rotation of floors about the refeorence centres
cocur in the same direction. If the reference centre axis was situated
within the building itself, such lateral displacemeonts would take place in
opposite directions on cither side of the axis. While this lattor
behaviour is only slightly meore difficult to incorporate into a planar
model, its inclusion is a needless complication and, night as well be
avoided,

Two—Dimens jonal Model

The process of coonstructing the twedimensionn! medel begins by
standireg all the lcad-resisting structural bents side by side in a single
plane. This is demonstrated in Fig. 5 for an example of an asyrmetrical
struchure, The bents recxd not be positioned in any particular order, can
e arbitrarily spaced, am are located relative to same corvenient co-

ordinate oriqin typically situated at the bottom left-hand comer of the
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medel. The only rule that must be observed in assembling these bents is
that they are all as though heing viewed in the real structure locking in
the same direction. For exarple, the bents in Fig. 5b have been drawn from
the perspective of an observer who is locking at the structural system
shown in Pig. 5a from left to right.

Having represented all the vertical structural elements, only the
censtraint of the horizontal rigid floor diafhragms on these elements”
ralative displacements, and on the distribution of forves betmween them
remaing to be included. For this, sets of additional nodes with each bhent
of the structure are defined, as are members that connect thesse nodes to
corresponding floor levels, Fig. 6. The special characteristics of these
extra nodes ard members are descriked in the following paragraphs.

The nodes added to the mwodel, termed governing nedes, replace the
function of the reference centres in the three—dimensional systeam; l.e.,
the structural elements displace laterally with respect to these points.
Each bent has associated with it governing nodes equal in mmber to its
flecor levels. The location of an irdividual goverming node is estanlished
as follows. Horizontally, its coordinate is set the same as that of the
bent on its corresponding flcor level. In the exarple shown in Fig. &,
each governing mode i1s thus horizomtally located, although to aid the
glarity of the drawing these nodes are shown offset  further left.
Vertically, a governing node is positioned above its associated floor level
a distance egual to the distance in plan between the bent and the chosen
reference centre axis. Fig. é demonstrates this for the example structural
system arxd reference centre axis shown in Fig. 5a. The governirg nodes are

constrained adqainst vertical displacement: however, their remaining two
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degrees of freedom, rotation and horizontal movement, are not
unconditionally free. It is necessary, using the intermodal degres of
freedom constraint option, avallable on the more comprehensive general
purpose  structural analysis programs, to constrain the horizontal
displacement of all of the governing ncdes associated with a particular
floor level of a stnuchure to be identical. For example, the nodes in Fiq.
6 imdicated by an asterisk, which govern the behaviour of the struchure’s
fifth floor, are so constrained. By the same technique, the rotations of
these floor level sets of goverming nodes are also constrained to match one
ancther., In this manner, the governing nodes defined for each floor level
in the planar model take the place of the assiqmed single reference centre
about which the different levels of the actual three—dimensional structure
are taken to rotate.

The functicn of the members that join the governing ncdes to the
structhral bents in the wmodel is to duplicate the effect in the real
structure of a) the in-plane rigidity of the floor diaphragms and b) the
rigid arms imagined to connect these diapragms to their reference centres.
In order to carry ocat this function, it i= necessary that the connecting
merrhers are assigned to be very stiff in both flesuire and shear. 3Also, so
that only shear force is transferred fram these merkers into the structural
bents - just as the actual structure shear force alone is considered to be
passed fram the floor slabs into vertical structural elements - moment and
axial forve releases must be specified at the ends of the commecting
members attached to the berts. As a guide to the term “very stiff", it is
su.lqgaestedﬂlatthehmaxtiﬁ of the rigid arms should be assigned values so

that, if a rigid arm were considered as a vertical cantilever, fixed at the
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governing node and free at its lower end, its horizontal stiffness at the
lower end would be of an order 103 to 10° greater than the estimated
horizontal stiffness of the bent at the level to which the rigid arm
connects.

This corpletes the description of the physical elements that campose
the planar model of an asymmetrical structural system. It must now be
established how the model is to be loaded.

It has been shown that in three—dimensional space a building‘s
response to loading can be decompased into lateral tramslation and rotation
relative to an arbitrarily locsted wvertical reference centre axis.
External horizontal loading, no matter where or haw it is applied, can &lso
ke interpreted relative to the reference centres by statically equivalent
sets of leads. In Flg. 7b this is shown for the concentrically applied
lateral load acting on the floor of the example structure, Fig. 7a. The
lateral lcad can be transformed to a similar load at the reference centre
ard a torgue. Therefore, for the bailding as a whole, whatever the form of
the actual lateral loading and whatever variations it exiibits with height,
it is possible to transform 1t inte a simple equivalent distribution of
forces acting at the flcor reference centres and torgues.

In the planar model the governing nodes, which are analogous to the
reference cerntres in the real structure, are used to apply the lateral
loading. ‘The torgues and lateral forcves, determined as acting at the
structure’s reference centres, are applied to cne bent’s governing nodes,
Fig. 7c. The constraint between the displacements and rotations of the
governing nodes causes the force and torgue applied to one governing node

to be effectively applied simaltanecusly to all the other governing nodes
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for the same floor lavel. The directions of the forces and torques applied
to the mode] are decided so that the displacements they cause in the bents
conform with those resulting from the actual loading on the real structure.
For example, in the planar model shown in Fig. 7¢, horizontal faorces acting
fram left to right and counterclockwise maments are depicted applied to the
governing nodes. Both the forces and the momernts induce rightward
deflections in the bents by means of the rigid cornectineg merbers,
Testing of the Mode]

For comparison paposes the results of the analysis of the twoe
dimensional model just described are presented in Tables 1 and 2, beside
those from a conventional three—dimensional struchaoal model. In koth
nmodels, beam—type elements are used to represent colunns and beams, and
cuadrilateral membrane-type elements are used to represent wall segments.
Except for the sjeints at the base, which are fixed, every joint in the
three—dimensional model has six degrees of freedom. The rigid-floor
diaphragm effect is incorporated into the three—dimensional mcdel by a set
of perimeter beams that have relatively large axial areas and moments of
inertia in the plane of the slab. Some structural analysis programs,
specially written for the analysis of buildings, have a rigid-floor
diaphragm cption that weuld seemingly eliminate the need for this perimeter
set of beams and similtanecusly cut almost in half the degrees of freedom
in the three-dimensional model. However, even when this option is
available it is not always possible to use it since same of these programs
restrict its use to models constructed of only beam—type elements, which is
not the case in this evample. Table 3 oomares the size of the two and

three—dimensional medels.



11

All the results of the analysis using the twodimensional model are
within five percent of the corresponding values cbtained from the three—
dimensicnal representation. This is certainly an acceptable difference for
hiilding design, given the inevitable uncertainties ard inacouracies
inherent in any rmwerical represertation of a real structure, The
discrepancies between the results of the two types of analyses were
proeably attrikutable to the lack of complete rigidity in the connecting
arms of the two—dimensicnal model, amd in the horizontal frames of the
threae—dimensional medel. Further, as indicated in Table 2 by the mumber of
equations to be solved for the amalysis of each madel, the two—dimensional
technicque is much more concise than the three-dimensional method. The
saving in computer time is partly a function of the analysis program and
the size of the structure. For this axample problem, using the SAP 80
proorem, the proposed twodimensional analysis ran in one-third of the time
for the three—dimensional analysis.
Cordenserd i ional

daving described the concept and demonstrated the validity of the two-
dimensional medel, a condensed version of this madel can easily be
imeroduced, Fig. 8. Instead of defining an separate set of governing nodes
for each bent of the structure, only a single set of governing rodes need
be defined. The barts must then be offset vertically from this set of
nedes according to their in-plan distance from the chosen reference centre.
All the bents are then Jjoined at their flocor levels to this single set of
governing nodes. In all other respects, this condensed model is the same

as the original twodimensiocnal one. Ohviously, the reduced size of this
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model enables even greater refuctions in computer storage requircments and
omnclusicn

Three-dimensional asymmetrical structural systems can be analyzed
simply and aocomately in two dimensions as a result of the techniques
daveloped in this paper. dn original concept for the division of
translational amk]l twisting responses to loading is developed to pernit
thesa behavicures to be incorporated simdltanecusly in a simgle planar
mxlel. This model significantly broadens the range of structures that can
be irvestigated when restricted to a two-dimensional progrem. Also, it
significantly reduces the time and starage capacity rexuired of a camputar
for an amalysis of a very large building structure, rendering an analysis

by a micro—computer much more feasible.
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Table 1: Iaternl Deflection at the Top_of the Puilding

2= . =1
Model Modal % difference

{in.}) (in.)
|
Bent 4. | 0.510 0.527 3
! |
!
 Bent #2 0.392 0. 406 3
. Bertt #3 0.274 0.285 3

' Bent #4 0.156 0.163 4




Table 2: [istribation of Joint Displacements: (ver Height of the Mmilding
for Windward Side of Root #1

1fth 6th Jrd

Floor Floor Floor

Hori zontal 2 =D ¥odal O.510 g.270 C.077
v spl acement
(in.) 3 - D Model 0.527 3.279 0. 080

% differerce 3 3 3
Uef‘ical 2 = D Mxiel 0.0237 0.0192 0.0097
Displacement
fin.) 3 - D Model 0.0235 0.0191 0. 0096

% difference 1 1 1

2 - [ Model 0. 000219 0000353 3.000106G2
Rotation
{rad.] 3 = D Model 0.000216 0.000367 D.000314

: % difference 1 4 4




Table 3: Comparison of _Size of 2 = D and 3 = B Models

2 - D Mexlel J - B Moxdel
Number of Modes 194 154
i
Number of Equations
to be solwvied 340 2110
| 1
Minber of Beam-Type :
Elements 220 240 .
I
|
Huber of Membrance— i
Type Foements 30 30
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