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Abstract

Matching Pursuit (MP) is a greedy algorithm that iteratively builds a sparse signal rep-
resentation. This work presents an analysis of MP in the context of audio denoising. By
interpreting the algorithm as a simple shrinkage approach, we identify the factors critical
to its success, and propose several approaches to improve its performance and robustness.
We also develop several model enhancements and introduce an audio denoising approach
called Greedy Time-Frequency Shrinkage (GTFS). Numerical experiments are performed
on a wide range of audio signals, and we demonstrate that GTFS denoising is able to yield
results that are competitive with state-of-the-art audio denoising approaches. Notably,
GTFS retains a small percentage of a signal’s transform coefficients for building a denoised

representation, i.e., it produces very sparse denoised results.
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Résumé

L’algorithme de Matching Pursuit (MP) construit par itérations une représentation parci-
monieuse du signal, au prix d’un cott de calcul élevé. Ce mémoire présente une analyse
de l'algorithme de MP dans le contexte du débruitage audio. En interprétant 1’algorithme
MP comme une méthode de contraction simple (simple shrinkage), nous chercherons a
identifier les facteurs essentiels & son succes, puis proposerons plusieurs approches afin
d’en améliorer les performances et la robustesse. Plusieurs améliorations du modele seront
ainsi développées, et une approche du débruitage audio dénommeée Greedy Time-Frequency
Shrinkage (GTFS) sera présentée en détails. Des expérimentations numériques appliquées
a un large éventail de signaux sonores démontrent que les résultats obtenus par débruitage
GTFS s’averent compétitifs face aux méthodes de débruitage audio qui constituent I'état
de I'art. En particulier, le GTFS ne retient qu'un faible pourcentage des coefficients de la
transformée du signal pour en construire une représentation débruitée, et produit ainsi des

résultats débruités tres compacts.
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Chapter 1

Overview

1.1 Here Comes the Noise

Noise is an unpredictable, ubiquitous and often inevitable phenomenon present in the nat-
ural environment we live in. So much so, that human beings are adept at communicating in
the presence of noise. The growing prevalence of digital communication devices makes the
problem of audio noise reduction an active and important field of research. Noise can be of
several types, including coloured, correlated, multiplicative and impulsive noise. However,
a large percentage of noise reduction research has been focussed on the removal of uncorre-
lated Gaussian or white noise. This kind of noise is present in several speech communication
systems, and manifests itself in musical recordings in the form of background ‘hiss’. Re-
searchers have noted that additive white noise is amongst the hardest to suppress [2]. Noise
reduction solutions have been used to enhance several applications, including cellular phone
systems, teleconferencing, noise cancellation, audio restoration and speech enhancement.
Many of these applications are associated with specific noise reduction problems, such as
suppressing different kinds of noise. As a result, most noise reduction approaches are appli-
cation specific, and it has been pointed out that designing a general-purpose noise reduction
solution that works well in all situations is extremely difficult — if not impossible. The clas-
sical (and not so classical) approaches to audio noise reduction involve transforming the
noisy sound to the frequency domain and then figuring out a clever way to keep only the

non-noisy components of the sound [3]. A fundamental assumption in all these denoising
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methods is that the meaningful parts of the sound are concentrated on a relatively small
number of frequency components, and one can hence perform noise reduction on the sound
in the frequency domain while leaving the meaningful part of the sound largely unaffected.
In the context of this work, it might be useful to interpret noise reduction algorithms as
approaches that compress or sparsify the time-frequency representation of a signal. By this
we mean that a noise reduction algorithm will try to reduce or attenuate the noisy signals
transform coefficients to zero (or to a very low value). This interpretation forms the basis

of signal denoising based on L1l-norm relaxation [4].

An important aspect of the denoising approaches developed in this research is that they do
not remove noise from a signal in accordance with the classical approach. Firstly, classical
signal denoising involves transformation of the noisy signal to the frequency domain using
an orthogonal basis. In the context of signal denoising, orthogonality implies that white
noise in the time domain is converted to white noise in the frequency domain. This greatly
simplifies the design of statistical signal smoothing and attenuation approaches [5]. In
this research we will not work with orthogonal basis. Rather we make use of structures
known as redundant dictionaries for signal transformation. Researchers have shown that
while orthogonality offers statistical advantages, it is not an essential condition as far
as signal denoising is concerned [6]. Secondly, unlike the classical approach, we do not
identify the noise and attenuate it. Instead we try to recover the ‘meaningful’ part of
the sound directly from the noisy audio. That is, we attempt to sense or recover the
deterministic audio content. While we do not expect the denoising approaches developed
in this research to outperform existing (classical) approaches, we hope to produce results
of comparable quality. We hypothesize that attempting to denoise a signal by recovering
the deterministic content is more in agreement with the noise reduction mechanism of the
human auditory process. Human beings do not perform noise reduction as a post-processing
activity. Instead we actively process the noisy signal and try to retrieve as much useful
information from it as possible. We are thus hopeful that this research can find application
in areas related to hearing and psychoacoustic research, apart from more traditional noise
reduction tasks. Another aspect of the approaches developed in this work is their sparse
behaviour. As mentioned earlier, there is a strong link between noise reduction and signal
sparsity. Through our experiments we will show that it is possible to sparsely recover

sounds in varying noise conditions. Notably, we will show that the denoising approach
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developed in this research is able to produce denoising results that are comparable to those
of state-of-the-art denoising algorithms. In this research we will explore audio denoising in
the context of musical audio and speech. The unpredictable nature of these signals make
noise reduction a challenging problem, and any a priori information about the sounds being

analyzed can potentially improve the performance of a denoising algorithm.

1.2 Sounds & Music

Over the years noise reduction has become an essential part of communication devices
such as smart phones, as well as musical audio applications such as noise cancellation
headphones. In order to represent audio signals in the transform or frequency domain, it

is useful to study their lower level structures.

e Musical Audio: At the note level, musical sounds are typically characterized by
short transient component corresponding to the attack of the note, followed by a
sustained tonal part and finally a release segment. Transient-Steady State separation
(TSS) is a common first step in audio compression and audio manipulation / synthesis
applications [7]. Apart from the tonal and transient components, most musical sounds
are also associated with some form of noise — for example, breath noise in a flute sound.
From a noise reduction point of view, this type of noise is ‘good’ noise and ideally
should not be suppressed by the noise reducing algorithm. From our experiments
we have noticed that the transient components of a musical sound are more difficult
to accurately recover in a noisy setting. This is because transient audio components
have a short time support and a proportionately wideband frequency support. As a
result, the frequency content of an audio transient can be quite similar to that of a
noisy sound component, and hence discriminating between the two can be challenging.
Noise reduction approaches for musical sounds generally fall into one of two categories
— digital audio restoration and adaptive noise cancellation. In this work we will be

concerned with the former.

e Speech: Noise reduction for speech, or speech enhancement is a very active field of

research. Speech can be modelled using a sinusoidal representation [§] or a source-
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filter approach [9]. Other approaches based on Gammatone and Gammachirp filter
banks have also been successfully applied to speech coding. Consequently, speech
enhancement algorithms have made use of these different models [10, 1T}, 12, [13],

several of which have been adapted successfully for musical audio restoration tasks.

1.3 Sparse Representation

We describe the sparse representation problem with the help of a simple musical example.
Let us consider a single note of a glockenspiel. We have a priori knowledge that the sound
consists of a fundamental frequency and higher-order harmonics. That is, the information
required to accurately describe the sound is concentrated around a relatively small number
of frequency components. At the same time, apart from its harmonic content, the sound
contains components related to the note’s attack, as well as some noise associated with
the recording process. As it turns out, if one attempts to account for all the different
components, we end up with a system that has more unknowns than equations. This is
because the total number of possible components is typically much greater than the length
of the signal. Such a situation is known as an underdetermined system of linear equations.
Solving such a system of equations requires a non-linear solver. More formally this can be

stated as :

arg ming ||s|lo subject to ||y — Dslj5 < ¢ (1.1)

Where s is a vector of coefficients, ||s||o is the [y pseudo norm, which is a direct measure of
the sparsity of s. That is, it represents the number of non-zero transform signal coefficients
of s. D is known as an overcomplete or redundant dictionary, and in the context of
the above example would ideally consists of elements related to the tonal and transient
parts of the glockenspiel sound. In order to solve for s, one can make use of a greedy
algorithm like Matching Pursuit [I4] or an approach based on Ll-norm relaxation [4].
The sparse representation problem can thus be described as an approach that attempts
to accurately represent a signal with a collection of elements that numbers significantly
less than the length of the signal. In this work we will focus on greedy algorithms. These

methods have found widespread use in audio processing applications ranging from source
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separation to audio coding and compression [I5], due to their computational efficiency
and robust performance. We note that while algorithms based on Ll-norm relaxation
have received significant attention in the context of signal denoising, greedy methods have
been comparatively ignored in this context. The combination of these factors serves as

motivation for us to explore the use of greedy methods for audio signal denoising.

1.4 Noise Reduction

Noise reduction is a very challenging and complex problem due to several reasons. First of
all, the characteristics of the noise change from application to application, and moreover,
can vary with time. It is therefore extremely difficult to design a noise reduction technique
that works well in different situations. Another factor that affects the design of a noise
reduction approach is the specific context or application. For example, sometimes the ap-
plication may call for the noise reduction algorithm to increase the intelligibility or improve
the overall speech perception quality, while other situations may call for an improvement in
the performance of an ASR (Automatic Speech Recognition) system - which would require
a quite different noise reduction approach [16]. Below we list some of the principal factors

that need to be considered while designing a noise reduction or denoising solution:

e The number of channels available for enhancement; i.e., single channel and multi-
channel techniques. Understandably, more channels or measurement points leads to
a simpler and more efficient noise reduction solution. In the simple case where there
are two microphones available, one microphone can be used to capture a reference
of the noise and an adaptive filtering solution can be applied. This approach is the

basic technique utilized in noise reduction headsets [2].

e How the noise is combined with the audio; i.e., additive noise, multiplicative noise
and convolutional noise. In this research we focus on additive white noise, which

occurs commonly in many speech enhancement and audio restoration applications.

e Statistical relationship between the noise and the audio; i.e., uncorrelated or inde-
pendent noise, and correlated noise, such as echo or reverberation. While we will deal
with uncorrelated noise sources, we believe that the approach developed here will be

able to perform well in the presence of correlated noise, provided the correlation is
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not too high.

e In which domain is the processing carried out, i.e., in the time or frequency domains.
While both approaches have been extensively studied over the years and have shown
to produce good results, we choose to develop a frequency domain based denoising

approach.

The factors mentioned above highlight the difficulty involved with designing a noise re-
duction solution. As a result, most, if not all noise reduction algorithms are designed for
specific contexts. In this research we are concerned with noise reduction tasks in the con-
text of audio, including digital audio restoration and speech enhancement. While several
denoising approaches have been developed over the years, frequency domain or spectral
methods have been the most widely used. We present the general concepts of spectral
denoising techniques in the next section, as well as discussion on their application based

on overcomplete signal representations.

1.5 Spectral Denoising

Over the years spectral domain approaches have emerged as the most popular ones for
noise reduction in audio signals. These methods involve generating a time-frequency rep-
resentation of the noisy sound, and then processing the coefficients of this representation
to attenuate the noise. The approach takes advantage of the fact that most sounds can be
represented by a relatively small number of frequency components, and hence noise reduc-
tion can be performed in the frequency domain while maintaining the relevant parts of the
sound spectrum largely unaffected. The Short-Time Fourier Transform (STFT) is com-
monly used to generate time-frequency representations for audio signals. After the STFT
coefficients have been calculated, they are attenuated by using a suppression rule. Along
with classical approaches such as empirical Wiener filtering, several suppression rules have
been introduced by researchers working in speech enhancement [10] [1T), 12, 13]. We note

that several of these methods have been successfully translated to musical audio.

Fig. [L.1] shows the effect of noise on the spectrum of a sound. The audio considered in
this example is a solo trumpet recording sampled at 44100 Hz. Apart from the STFT, the

orthogonal Wavelet basis can also be used to generate time-frequency signal representations.
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Frequency (Bins)

] 300 400 500 600 700 800
Time (Samples)

(a) Spectrogram of clean trumpet sound.

100 200 300 400 500 600 700 800
Time (Samples)

(b) Spectrogram of noisy trumpet sound (5 dB).

Fig. 1.1 Clean and noisy trumpet spectrograms.

Wavelets differ from the Fourier basis in that they belong to a family of time-scale atoms,
as opposed to a family of time-frequency atoms. Wavelets can thus be used to perform
multi-scale or multi-resolution signal analysis. This feature of the wavelet basis was used
by Donoho and Johnstone to develop the wavelet threshold denoising strategy [5]. A review
of Wavelet denoising is presented in Chapter 3. As mentioned previously, in this research
we make use of redundant dictionaries for signal transformation. Like spectral denoising,
signal representation using these structures is based on the assumption that a sound/signal
can be represented by a relatively small number of components in the frequency domain.
That is, dictionary based methods work on the assumption that the analysis signal is

frequency sparse. In the case of signal denoising, the difficulty lies in identifying the relevant
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frequency components of a sound submerged in noise, and only selecting atoms that are
correlated to the deterministic signal content and not the noise. Another advantage of
working with redundant dictionaries is that they offer greater representational power than
either of the STFT or Wavelet transform. A more detailed description and analysis of
redundant dictionaries is provided in Chapter 2. Based on these factors, we are motivated

to explore the use of redundant signal representations for the purpose of audio denoising.

1.6 Performance Metrics

Over the years several quality or performance metrics have been introduced in order to
measure the quality of denoised audio. Most of these performance evaluations are based on
a comparison of some sort with the original sound, i.e., the sound without any noise. In this
work we will make use of two commonly used metrics, in order to collect some quantitative
data regarding the performance of the various algorithms developed and tested over the

course of this research.

1.6.1 Signal to Noise Ratio (SNR)

Signal-to-Noise-ratio (SNR) represents the distortion between the original (clean) signal,
f, and the denoised signal, f, in a norm 2 sense. The SNR of f € RP is given by:

P fm)P
SNR =101 n=1 _
g( P 1f(n) —f(n)|2>

SNR is probably the most commonly used performance metric in audio denoising. That
being said, it does not necessarily provide a clear indication to the perceptual quality of the
denoised results. For instance, denoised results with residual noise and signal distortion
artifacts can still yield high SNR values.

1.6.2 Perceptual Evaluation of Audio Quality (PEAQ)

In order to compensate for the drawbacks of the SNR metric, we also make use of the
ITU-R recommendation BS. 1387 Perceptual Evaluation of Audio Quality (PEAQ) metric
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[T7]. As the name suggests, this metric is a perceptual measure. PEAQ attempts to model
perceived audio quality differences by combining a number of psycho-acoustic features,
based on a filter-bank ear model. A measure known as the objective difference grade is
computed via a neural network featuring a quality scale ranging from -4 (very annoying)

to 0 (imperceptible).

1.6.3 Audio Quality

While both SNR and PEAQ metrics are standard measures of audio quality, they are
not accepted uncritically. Notably, SNR is based on the L2-norm and hence favours non-
sparse solutions, while the PEAQ metric appears to favour sparser signal representation.
Nonetheless, these metrics provide us with with tools for performing quantitative compar-
isons between the denoising approach developed here and state-of-the-art noise reduction
algorithms. We however maintain that the best measure of audio quality is through subjec-
tive listening tests. While we performed informal testing of this nature, large-scale listening

tests are beyond the scope of this work.

1.7 Previous Work

In his article on the relevance of simple shrinkage in redundant representations [6], Elad
highlighted the use of simple wavelet shrinkage operators to solve the basis pursuit de-
noising problem. He also shed some light on why simple shrinkage works with redundant
dictionaries despite their lack of orthogonality. This research is important in the context
of this work as we will also make use of simple shrinkage rules with redundant dictionaries.
Siedenburg points out that while approaches for adaptive thresholding have been described
in wavelet literature, the topic is relatively untouched in the context of audio denoising
with time-frequency dictionaries [I8]. He introduces an adaptive thresholding approach,
coupled with Empirical Wiener attenuation. This research is interesting as it is a sparse

denoising algorithm, which is similar to the approach we developed.
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1.8 Thesis Organization

Chapter 2 provides an overview of greedy atomic decomposition and sparse signal repre-
sentation. We discuss the different aspects of both, as well as how they pertain to audio
signal denoising. We review the Matching Pursuit algorithm, highlighting the potential
advantages of the approach for signal denoising. We then test the algorithm’s ability to
remove noise from musical audio, and present an analysis of its performance. In Chapter
3 we review the Wavelet threshold denoising approach. Wavelet thresholding shrinkage, is
a powerful signal denoising approach, that is known to produce near optimal results for
white noise removal [5]. In Chapter 4 we analyze different aspects of simple shrinkage in
the context of greedy atomic decomposition. We then present the Greedy Time-Frequency
Shrinkage (GTFS) denoising approach, and an analysis of its performance on real world
audio signals. Chapter 5 presents extensive testing of GTFS denoising on a wide variety of

music and speech signals.

1.9 Contribution

In this work our goal is to explore the use of greedy atomic decomposition algorithms to
develop adaptive thresholding solutions for the purpose of audio signal denoising. The
major contribution of this work is the design and implementation of a series of greedy
denoising algorithms that are able to sparsely recover audio signals in a variety of noisy
settings. A significant aspect of the algorithms developed in this work rely on the sparse
nature of the denoised solution they produce. We are able to show that even in adversely
noisy settings, sparse signal recovery of good subjective quality is possible. We believe that

this feature can be taken advantage of in applications where signal compression is desirable.
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Chapter 2

Greedy Atomic Decomposition

2.1 Greed is Good [1]

A greedy search strategy looks for the largest value amongst a set of values. In the con-
text of an atomic decomposition, this corresponds to identifying the time-frequency atom
most correlated to the local structures of the signal being analysed [19]. Despite their
simplicity, greedy algorithms remain a popular choice in image and audio processing ap-
plication due to their good performance, computational efficiency and ability to produce
compact signal representations. As a result, in recent years several low bit-rate audio coding
and compression approaches based on greedy atomic decomposition have been introduced
[20, 21], 22 23]. Ome of the most significant aspects of greedy signal representation algo-
rithms is their ability to work with redundant dictionaries. In the context of this work,
the enhanced representational power of redundant dictionaries allow for better recovery
of deterministic audio content. While greedy methods have received significant attention
for signal coding, compression and recovery, research into their signal denoising abilities
have not received as much attention. In this chapter we will start by detailing the various
aspects of greedy atomic decomposition, and discuss their significance to signal denoising.
In section [2.3| we discuss the Matching Pursuit (MP) algorithm, which forms the basis for
the denoising strategies developed in Chapter 4. In section[2.4.1] we analyze MP’s ability to
denoise a real world audio signal. We reiterate that in this research we are interested in de-

noising music and speech signals, and we have developed our approach taking into account
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the unique nature of our data. Apart from sparse signal representation, greedy approaches
have also been studied for the purpose of sparse signal recovery from noisy or incomplete
measurements [24]. This problem falls under the umbrella of compressed sensing, which is
essentially a sub-sampling approach [25]. We note at this point that compressed sensing
can also be looked at as a denoising approach, in which several random measurements (less
than the length of the signal) of the signal are denoised to sparsely recover the signal. At
this point, we note that while there are similarities, the approach developed in this work
is not a compressed sensing solution [26]. We are however interested in the use of random

measurement matrices for signal denoising, and hope to explore this idea in future work.

2.2 Atomic Decomposition

The idea of decomposing a signal over a family of functions that are well localized both
in time and frequency was first proposed by Gabor [27]. The functions being considered
here are known as time-frequency atoms; so called because they represent a fundamental
unit of sound. Along with a mathematical proof of concept, Gabor conducted a series of
psychoacoustic experiments that helped establish the connection between time-frequency
atomic decomposition and the psychology of hearing [28]. As a result, the idea of atomic
decomposition has formed one of the cornerstones of digital audio processing, manifesting
itself as the Short-Time Fourier Transform (STFT). Over the years, the idea has been
extended and enhanced, most notably with the Wavelet transform [29] and redundant
dictionaries [I4]. A signal can greedily be decomposed over a set of atoms by selecting the
atoms that are the most correlated with the signal in an iterative manner. The weight
of each selected atom is given by its correlation with the signal being analysed. In the
following sections we will discuss the various constituents of an atomic decomposition in a

greedy approximation setting.

2.2.1 Time-Frequency Atomic Families

The set of functions over which a signal is decomposed is known as a time-frequency (or
time-scale) atomic family. Depending on the choice of atoms or indeed their parameteriza-

tion, the decomposition can have very different properties. In recent years, the properties
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of several atom families have been studied. These include damped sinusoids, chirps, har-
monic atoms, gammatones and even a family atoms specifically designed for audio noise
reduction called speclets [30, B1], 32, B3] B4]. These atomic families are parametric, in the
sense that the entire family may be generated from a single atom. Apart from parametric
atoms, research has also been active in the use of instrument specific atoms for musical
applications, as well as learned dictionaries. In this research we exclusively make use of
STFT or Gabor atoms, which are widely used in audio processing. STFT atoms belong to
the so called Weyl-Heisenberg group, which have a time-frequency structure. In Chapter 3
we review simple shrinkage, which is a classical denoising approach based on the Wavelet

transform. Wavelets belong to the affine group of atoms, which have a time-scale structure.

A parametric time-frequency atomic family refers to a sampling of the time-frequency plane
by a mother atom. That is to say, without any a priori information of the analysis signal,
the entire time-frequency plane is sampled by moving a single atom to different locations
in time and frequency. A significant advantage of using such atoms lies in the fact that
the entire family may be generated from a single atom, i.e.; all the atoms do not need to
be explicitly generated. More formally, a general family of time-frequency atoms can be
generated by translating and modulating a single window function g € L% Here g(t) may
be real or complex, and we assume that it is continuously differentiable. Using complex
atoms provides the advantage of not requiring explicit definition of atom phases, which are
obtained as a result of the decomposition [30]. Other conditions on g(t) include that its

integral is non - zero and that ||g|| =1

For any scale s > 0, frequency modulation £ and translation v, we denote v = (s, v,£) and
define :

5= (1) e (1)

The above equation represents a complex time-frequency atom. For a real valued time-
frequency atom, there would be a sinusoid multiplied by the window function instead of
a complex exponential. The parameter u represents the translation of the window along
the time axis, ¢ is the atom’s frequency, and s is the scale of the atom. A time-frequency
dictionary is a single scale dictionary with s = 1, however it is also possible to have time-

scale dictionaries, i.e., a dictionary containing atoms of several scales.
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2.2.2 Redundant Dictionaries

Much like an atomic family, a redundant dictionary also refers to a sampling of the time-
frequency plane. However, in order for a dictionary to be redundant, it must be over-
sampled. Redundancy is directly proportional to the sampling rate, which is determined
by the hop size used between adjacent windows or atoms, and the frequency resolution of
the Fast Fourier Transform (FFT) used to compute correlations. Starting with a Weyl-
Heisenberg family of atoms (such as the STFT one) it is possible, through the introduction
of a scaling parameter, to build a dictionary that allows for time-scale analysis as well.
This is achieved by scaling a mother atom over the time-frequency plane, in addition to
translation and modulation. This multi-scale analysis ability is one of the main advantages
of dictionary-based methods. Another significant advantage of redundant dictionaries is
that different kinds of atomic families can be combined together in a single dictionary. In
the context of audio, this offers advantages such as being able to use asymmetrical atomic
shapes for accurate transient estimation, along with symmetrical atoms. A key feature of
redundant dictionaries is their link with sparse signal representation. In general, the more
redundant the dictionary, the sparser the resulting signal representation. The need for a
very large dictionary is perhaps best explained in opening sentence of the original Matching
Pursuit paper [14] — “ We can express a wide range of ideas and at the same time easily
communicate subtle differences between close concepts, because natural languages have
large vocabularies, that include words with close meanings.” The result is a low-level signal
representation that is more compact than that obtained by using decomposition over an
orthogonal basis, while preserving information content. Due to the relative compactness of
the representation, atomic decompositions over redundant dictionaries are also known as
sparse atomic decompositions. We believe that redundant dictionaries can be useful for an
audio noise reduction approach. As we try to recover the deterministic audio rather than
directly attenuate the noise, it seems logical that a larger vocabulary or dictionary would

improve the chances of success.

It should be noted that most, if not all noise reduction approaches are based on signal
transformation with orthogonal bases or functions that behave like orthogonal basis. This
is because an orthogonal basis transforms white noise into white noise, which simplifies

several of the processing steps. Redundant dictionaries are in general not orthogonal and
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hence classical denoising approaches do not necessarily translate to redundant signal rep-
resentations. Thus, redundant dictionaries appear to offer a tradeoff in terms of signal

denoising — better representational power, but lacking the optimality of orthogonality.

2.2.3 Greedy Parameter Estimation

Parameter estimation in greedy iterative algorithms like Matching Pursuit is achieved by
means of analysis-by-synthesis. In this approach, successive parameters are estimated from
a residual or error signal after all previously estimated atoms have been synthesized and
subtracted from the original signal. This approach has been shown to perform well in the
presence of noise for audio compression applications, and has also been used successfully

for audio analysis, modification and synthesis [35, [36].

Accurate parameter estimation depends upon several factors. Amongst the most signifi-
cant of these is the nature of the signal being analysed. This is because we can use this
information, amongst other things, to design our dictionary. Dictionary design refers to
choosing atomic families that are highly correlated with the signal being analyzed, and
determining how they sample the time-frequency plane. This topic has been exhaustively
studied over the last thirty years, and several dictionaries for speech and music have been
proposed [20]. In this research however, we are interested in noisy speech and music. As a
result, apart from having a dictionary that is highly correlated to the deterministic audio,
it must also not be correlated with the noise. In theory this should not be a problem,
as we are dealing with the removal of uncorrelated additive white noise. However from
numerical experiments we can confirm that this is not the case. The unpredictable nature
of the greedy atomic decomposition process often leads to noisy audio components being
transformed along with deterministic audio. We also note that short atoms are more likely
to be matched to noisy audio. Mismatch between dictionary atoms and a sound can lead to
audible artifacts such as pre-echo [37]. In the case of noisy sounds, we found that a greedy
iterative procedure often produces a signal distortion commonly known as musical noise.
A possible reason for this is that the dictionary is too redundant, or too correlated to the
noisy signal, leading a greedy algorithm like MP to match dictionary atoms to noisy audio

components.

As highlighted in section [2.2.1] several different functions and signals have been used to
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construct dictionaries for signal decomposition.The important point is that the atoms of the
dictionary are well correlated with the possible local time-frequency structures of the signal.
The importance of this fact is heightened when the signal to be decomposed consists of
signal components whose localizations vary widely in time and frequency. Music and speech
sounds are good examples of such signals. When the atoms of a dictionary are not sufficiently
correlated to the local time-frequency structures of the sound, the structures are sub-
decomposed over several atoms and their information is diluted, as in signal decomposition
via orthonormal basis. This presents a problem in terms of extracting said time-frequency
structure from the analysis representation, as the decomposition dilutes the information

rather than provide information on how to easily identify it.

2.2.4 Stopping Condition

Greedy atomic decomposition is an iterative process which insures that the energy of the
residual signal decreases continuously. The process is repeated until some stopping criteria
is met. Signal-to-Residual ratio (SRR) is a parameter commonly used to stop a greedy
atomic decomposition like MP. It indicates the power of the reconstructed signal compared
to the residual MP signal. Ideally, the stopping condition should be based on change
in SRR. When the change in SRR falls below a predetermined threshold, i.e., the SRR
becomes approximately constant, the MP process can be stopped. This approach insures
that MP represents as much of the deterministic audio content as possible, which is a very
important factor in the context of signal denoising. In the noise reduction framework, our
goal is to recover the meaningful audio while leaving out the noise. As a result, we use the
SRR-based stopping criteria for all the denoising approaches developed and tested in this
work. An arbitrary low value of 5 x 107° was selected as the threshold for the SRR level.

2.2.5 Sparsity

In section we stated that the redundancy of the dictionary used for atomic decompo-
sition is intrinsically linked to the sparsity of the signal representation. That is to say, the
larger the dictionary, the smaller the number of transform coefficients needed to represent
the signal. As a result sparse representation algorithms like MP have been widely used for

audio coding and compression. In the context of audio denoising, the aim is to recover as
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much deterministic audio content, irrespective of sparsity. That is to say, achieving high
signal sparsity is not a priority. That being said, from numerical experiments we noted
that the quality of the denoised sounds produced by MP based denoising is directly linked
to the sparsity of the denoised signal representations. We consider a signal representation
to be sparse, if it requires less than 5% of the signals transform domain coefficients are
non-zero. In general, sparse output sounds imply denoised results of good subjective qual-
ity. However if the output signal representation is too sparse, it might mean that denoising
algorithm has not been able to completely recover the signal. This typically occurs when
the dictionary is not sufficiently correlated with the deterministic signal content, and can

be largely avoided by making use of highly redundant dictionaries.

2.3 Matching Pursuits (MP)

The Matching Pursuit (MP) algorithm is the original greedy strategy for time-frequency
atomic decomposition [I4]. In their pioneering work, Mallat & Zhang proved that when a
signal is decomposed over a redundant dictionary, a simple greedy approach will converge to
a solution in a least squares sense. How ’good’ this solution is, depends on the dictionary
and stopping criteria used. More specifically, this means selecting a dictionary that is
highly correlated with the analysis signal, and ensuring that the decomposition process is
not stopped before all the deterministic audio content is matched. An important feature
of the MP algorithm that motivates us to explore it in the context of audio denoising, is
its adaptive nature. Matching Pursuit can adapt to the local time-frequency structures of
the signal. An important aspect of this adaptive nature is the algorithm’s ability to work
with redundant dictionaries, whose enhanced representational power has been highlighted
earlier. MP falls into the category of sparse signal representation algorithms, however
sparsity is not strictly enforced by MP, but rather a consequence of the greedy search
over a redundant dictionary. Another adaptive aspect of MP is its flexible structure. In
the next section we will briefly describe some variations of the MP algorithm that change
the algorithm in terms of different parameters. These modifications of MP point to the
robustness of the algorithm. By this we mean that even with relatively drastic changes
to its basic structure (usually to suit a specific application), the modified MP algorithm

will usually also converge in a mean square sense. A major aspect of this work will involve
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taking advantage of the flexible nature of MP, and adapt the algorithm for signal denoising.

We now proceed to describe the various steps involved in Matching Pursuit atomic decom-
position. In chapter 3 we will develop denoising approaches through modifications of the
MP structure, and thus a thorough understanding of its structure is crucial to our work.
At each stage of the iteration, the atom that is the most correlated with the signal being
analyzed is selected by the algorithm. Then the weighted contribution of this atom to the
signal is subtracted and the iteration proceeds on the residual. The weight given to this
atom is determined by the value of the correlation between the signal and the atom. Math-
ematically, the task at the ith stage is to find the atom g,,; that minimizes the 2-norm of

the residual r;,4,

rivi[n] = riln] — A Gm(3) 1] (2.2)

Where «; is a weight that describes the contribution of the atom to the signal, i.e., the
expansion coefficient, and m(i) is the dictionary index of the atom. The process begins
with ro[n] = z[n]. Treating the signals as column vectors, the energy of the 2-norm of the

residual r;,1 is minimum when orthogonal to the atom:
(ri = Qigm(i)s Im(i)) = (i — QiGm(i))" Gmiy = 0 (2.3)

<gm(l) 5 Ti>

= Qq; = = (g i ,Tz'>
<gm(i)7 gm(i)> @

Where the last step follows from restricting the atoms to be unit-norm. Then the energy

(rit1,riv1) of the error is,

[(Gm(iy, i) |

2
=T, Ti) — | 24

(riyri) —

This energy is minimized by choosing the atom g,,;) that has the largest magnitude corre-

lation with the signal, and the expansion coefficient for that atom is (g, 7). In deriving
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a signal decomposition, Matching Pursuit is iterated until the residual energy is below some
threshold, or until some other, often perceptual stopping criteria is met. After [ iterations

the decomposition corresponds to the estimate,

I
zln] ~ Z Qi Gm(i) (2.5)
i=1

The mean-squared error of this sparse approximation, namely the energy of the residual,
converges to zero as the number of iterations approaches infinity [I4]. This convergence
property implies that [ iterations will provide a reasonable /-term estimate. This [-term
approximation however, is in general not optimal in a mean-squared sense. Since the
dictionary is not orthogonal, the standard Matching Pursuit algorithm does not find the
optimal [-term expansion. In order to do so, it requires finding the minimum projection
error over all /-dimensional dictionary subspaces, which is not computationally feasible for

large 1.
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Fig. 2.1 Spectrogram of clean trumpet sound.

Figs. & 2.2) displays the spectrogram of a trumpet recording and its MP reconstruction.
The MP decomposition process was stopped when a SRR of 20 dB was achieved. A three
scale dictionary with Gabor atoms corresponding to window lengths of 4096, 2048 and

512 samples was used for signal decomposition. From the figure above it is clear that
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MP has not completely recovered the sound, with certain spectral elements present in the
original recording, that are absent from the reconstruction. We can however confirm that
the reconstructed sound is of good quality, and greater spectral detail can be achieved by

allowing the algorithm to reach a higher SRR.
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Fig. 2.2 MP reconstructed trumpet spectrogram.

Fig. illustrates the multi-layer nature of a MP decomposition. We see that most of the
atoms selected in the representation correspond to longer atoms of length 4096 and 2048
samples, while a small number of 512 length atoms are also selected. Fig. highlights the
ability of MP to analyze a signal at different resolutions. This is the main advantage of MP
over classical approaches for signal transformation. Our goal is to take advantage of this

enhanced representational power of MP in order to develop an audio denoising strategy.
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(a) Decomposition corresponding to atoms of length 4096 samples.
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(b) Decomposition corresponding to atoms of length 2048 samples.
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(c¢) Decomposition corresponding to atoms of length 512 samples.

Fig. 2.3 MP: multi-layer atomic decomposition.
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2.4 MP Variations

Over the last decade and a half MP has been widely used in several audio coding and
compression applications. One of the reasons for this is the simple and extendible structure
of the MP algorithm. As a result, several variants of the MP algorithm have been proposed,
each usually tailored to a specific application. We do not attempt to list or review all of these
MP variants here, rather we refer the reader to the literature [38] 22] 23, 39 32]. Some of
these extensions include dictionary weighting, integrating psychoacoustic information and
improving computational efficiency. While several variants of MP exist, none of them, to

our knowledge have been designed to specifically tackle the audio denoising problem.

2.4.1 MP Denoising

Most modern signal denoising approaches are equipped with an assumption of sparsity, i.e.,
they make use of a prior, which imposes certain conditions on the transform coefficients
of the signal. As stated in the section [2.3] signal sparsity in MP is a result of the greedy
search over a redundant dictionary. Specifically, MP builds a signal representation by
greedily selecting the dictionary atoms most correlated to the signal, which often forms a
sparse set. In the case of signal denoising, MP will first match dictionary atoms to the
deterministic parts of the signal, before encoding noisy audio. Thus, the idea would be to
stop the decomposition process before this occurs. This not a trivial problem, as one of the
main issues with MP is that the algorithm does not know when to stop, i.e., it will continue
to remove atoms from the residual signal, possibly indefinitely. This fact is amplified in a
noisy setting as it leads to noisy audio components being captured and transformed. As
mentioned previously, we make use of a stopping criteria based on the SRR value. In order
to illustrate MP for audio denoising, we use the trumpet recording from Fig. [2.1] which we
deteriorate with 5 dB of additive white noise. The spectrum of the noisy trumpet sound
is shown in Fig. 2.4 A two scale dictionary with Gabor atoms corresponding to window
lengths of 4096 and 2048 samples is used for signal transformation. We note that in section
2.3 a three scale dictionary was used for signal decomposition, however from Fig.
we know that a very small number of 512 length atoms were used in signal representation.
Moreover, the shorter length of these atoms makes them more susceptible to being matched

to noisy audio content.
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Fig. 2.4 Spectrogram of trumpet deteriorated by 5 dB white noise.
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Fig. 2.5 Denoised trumpet spectrogram.

Fig. displays the spectrogram of the denoised sound output by Matching Pursuit. From
the figure it is clear that MP was unable to stop the decomposition process before some part
of the noisy audio content was transformed. The noisy artifacts are most prominent in the
high frequency range, and is commonly referred to as musical noise. We note that for an
arbitrary SRR threshold of 5 x 107, the MP algorithm appears to continue indefinitely. In

order to generate Fig. [2.5] the algorithm was run for 1724 iterations, which was the number
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of times the algorithm was run in section 2.3} A simple approach for improving MP’s
performance in terms of attenuating musical noise would be to increase the SRR threshold.
The problem with this approach is that selecting an appropriate value can be challenging,
as too high a threshold would lead to underfitting, i.e., part of the deterministic audio
content would not be recovered. Such an approach would also not be taking full advantage
of the representational power of redundant dictionaries. As a result, we choose to persist
with very low SRR threshold (5 x 107°) throughout this work. In chapter 3 we will develop
ideas for MP-based audio denoising, that try to tackle the problem in a different way,
by identifying when noisy audio content is being matched. By working with a low SRR
threshold and using highly redundant dictionaries, we are able to avoid the underfitting

problem in most cases.

2.5 Summary

In this chapter we presented an overview of greedy atomic decomposition using redundant
dictionaries. We highlighted the advantages of dictionary-based methods over traditional
signal transformation, in terms of signal representation and sparsity. We then discussed
parameter estimation in the context of greedy atomic decomposition, and how it relates to
signal denoising. Then we presented the Matching Pursuit (MP) algorithm, which forms
the basis of the denoising approaches developed later in this work. We highlighted the
algorithms ability to adapt to the local time-frequency structures of the analysis signal, as
well as the ability to easily manipulate the algorithms structure. We then illustrated that
when Matching Pursuit is used to denoise a corrupted musical signal, the algorithm is able
to recover the deterministic audio, but is not able to stop the decomposition process before
some of the noise is also recovered. This noise manifests itself in the denoised signal in the
form of isolated time-frequency artifacts called musical noise. While this is the case, we
believe that the algorithms performance can be improved, based on our analysis of greedy
atomic decomposition and redundant dictionaries. In order to develop ideas to do so, we

review a classical signal denoising approach in the next chapter.
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Chapter 3

Simple Shrinkage

3.1 Introduction

Simple Shrinkage is a classical denoising approach in signal processing. The approach is
based on the idea of signal sparsity in the wavelet or transform domain. Signal denoising
is carried out with the help of an oracle, that furnishes information regarding a spatially
adaptive estimator. Wavelet shrinkage has been shown to produce close to optimal results
for the removal of white Gaussian noise [5]. Apart from being a powerful denoising strat-
egy, one of the main reasons that we choose to study simple shrinkage is that while the
approach was designed for unitary transforms and orthogonal basis, shrinkage has been
used successfully with no-unitary transforms and even redundant dictionaries [6]. This is
an important factor, as we deal with MP-based redundant signal representations in this
work. Our goal is to improve MP-based audio denoising by incorporating different as-
pects of simple shrinkage into the approach. In this chapter we review wavelet shrinkage
denoising, highlighting various aspects of the approach that will be further analyzed and

enhanced in the next chapter.
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3.2 Wavelet Threshold Denoising

3.2.1 Introduction

A commonly used approach for the removal of additive Gaussian noise from a signal y, is

via the minimization of the function
1 2
Fx) = Slx=ylz + AP (x) (3.1)

This equation emerges from a Baysian formulation by means of maximum a posteriori
probability (MAP) estimation. The first term is referred to as the log - likelihood, and
describes the relationship between the desired (clean) signal x and its noisy version y. The
term P,(x) represents a prior posed on the unknown signal x. Over the years numerous
expressions have been proposed and utilized for different signal types [6]. When a signal
prior can be expressed as a linear combination, it can also be described as a filter, i.e.,
it describes an approach to filter the transform coefficients of the noisy signal so as to
retrieve the clean signal or sound. In this work we are interested in one such filtering
approach, related to the wavelet transform [40]. In a series of publications, Donoho and
Johnstone advocated the sparsity of the wavelet coefficients of a signal as the driving force
in recovering the desired signal. Interestingly, the use of a wavelet filter or prior in eq.
leads to a simple closed form solution, known as shrinkage. The wavelet denoising
approach is known to be ideal for Gaussian white noise provided that sparsity is enforced

on the signal’s representation by means of a unitary transform.

3.2.2 Problem Statement

Given N noisy samples of a function s,

Y, = S(tz) + Zis 1= 1, ..... N (32)

with ¢; = =% and z; is given by independent, identically distributed (i.i.d) white noise.

The goal of the wavelet shrinkage signal denoising approach is to estimate the function s,

with small mean square error (MSE). That is, to find an estimate § from the data y, ....y,
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with small risk,

R(3,5) = N"L.E[(5 — 5)?] (3.3)

with a high probability that s is at least as smooth as s.

In order to solve this problem, one usually specifies a fixed class of functions to which the
signal belongs. The Fourier and Wavelet basis are amongst the more commonly chosen sets
of functions.Then one may seek an estimator § that attains minimax, or close to minimax
risk over the function class. In order to apply this principle in practical situations, we
assume that s is an unknown member of a scale of function classes and may attempt to

behave in a way that is simultaneously near minimax across the entire scale [41].

3.2.3 Spatial Adaptation via Wavelet Shrinkage

As per the idea of ideal spatial adaptation, an oracle furnishes information about how best
to adapt a spatially variable estimator, to an unknown function [40]. Donoho and Johnstone
introduced this concept through wavelet shrinkage, and let us quote them: “Orthonormal
bases of compactly supported wavelet provide a powerful complement to traditional Fourier
methods in that they permit an analysis of a signal into localized oscillating components,
due to the time-scale nature of the wavelet basis.” The principle idea in wavelet shrinkage
is to use this kind of spatially varying (varying scale) decomposition to build algorithms
that adapt their effective ‘window width’ to the amount of oscillation in the data. The

primary steps involved in a wavelet denoising solution are summarized below :
e Discrete wavelet transform of noisy data. The N noisy data samples are transformed
via the discrete wavelet transform, to obtain N noisy wavelet coefficients.
o Thresholding of noisy wavelet coefficients via either soft or hard thresholding.

e [nverse wavelet transform coefficients to obtain a denoised signal approximation.
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3.2.4 Transformation of Data

As mentioned previously, in their original paper the authors take advantage of the time-
scale nature of the wavelet transform and its multi-resolution analysis ability. The choice
of wavelets, amounts to the choice of a filter [42]. This is interesting, as overcomplete or
redundant representations can also analyze a signal at different scales. It is worth noting
that the principles of wavelet shrinkage apply to other unitary transforms like the Fourier
transform, however the denoising results are not as appealing when single resolution analysis
methods are used. We will discuss simple shrinkage in the context of redundant and multi-
scale dictionaries in greater detail in a later section; for now it is safe to say that these
denoising rules have been found to produce good results even when overcomplete signal

representations are used [6].

3.2.5 Threshold Selection

In order to shrink the wavelet coefficients, one needs to compute a threshold value. Donoho
and Johnstone proposed several threshold selection rules, including the minimax, universal
and the Stein Unbiased Risk Estimate (SURE) thresholds. The SURE threshold differs
from the former two as it is computed from the actual noisy data, while the others only
depend on the length of the signal. This data adaptive behaviour of the SURE threshold
motivates us to explore it further in order to develop dynamic thresholding ideas for the

GTFS denoising approach.

Universal Threshold

The Universal threshold denoising algorithm was proposed in [40], and is also known as

VisuShrink. This approach adheres to a fixed threshold form given by,
Auni = 0 /2 log(N) (3.4)

Where N is the signal length and o is the noise level estimation based on equation 3.7 The
Universal threshold guarantees to attenuate all the noise, but in doing so it often underfits

the data [43]. This leads to very sparse denoising results.
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Minimax Threshold

The Minimax threshold was also proposed in [40]. It is an optimal threshold that is derived
from minimizing the constant term in an upper bound of the risk involved in the estimation
of the function. The optimal threshold is defined as,

where X\’ is defined as the value of \ satisfying

Ry(d
Ani=infy\ supq {n1 n ])‘%( ) l (d)} (3.6)

where Ry(d) = FE(0\(d) — d)? and Ryrqee(d) is the ideal risk achieved with the help of
an oracle. Donoho and Johnstone considered two oracles, diagonal linear projection — an
oracle that tells you when to ‘keep’ or ‘kill” each empirical wavelet coefficient, and a diagonal
linear shrinker — an oracle that tells you how much to shrink from each coefficient. We do

not go into details regarding oracles here and rather refer the reader to [40].

SURE Threshold

In 1981 Stein introduced an approach to estimate the mean, fi, of a multivariate normal
distribution in an unbiased fashion. Stein showed that for a given multivariate normal
observation y ~ AN(u,I),u € R? and a near arbitrary estimator i = y + g(y), with
g : R? — RP being weakly differentiable, the risk of ji is given by

Elli— ull* = p +Elllg@)]* +2Vg(y)]
where Vg = S0 2 g;, cf. [44]

Where L is the length of the analysis signal.
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3.2.6 Shrinkage Operators

Once a threshold has been selected, the next step in the wavelet denoising procedure is to
shrink the wavelet coefficients and threshold them according to a given rule. Motivated by
the fact that only a few wavelet coefficients contribute to the signal, i.e., the signal is sparse
in the wavelet domain, Donoho and Johnstone introduced two non-linear thresholding rules

for wavelet shrinkage :
e Hard Thresholding: ng(w,\) = w {|w| > A}
e Soft Thresholding: ns(w, ) = sgn(w)(Jw| — \)4

Where (.); is max(0,.).

It is worth noting that the hard thresholding operator does not actually attenuate or shrink
the value of atomic coefficients like the soft thresholding rule. As a result the two operators
display markedly different behaviour, each with their own advantages and disadvantages.
The soft thresholding estimate is a continuous function and tends to have bigger bias due
to the shrinkage of larger coefficients. The hard thresholding estimate on the other hand
is a discontinuous function and thus tends to have bigger variance and can be unstable.
Over the years several other non-linear estimators have been proposed that offer a tradeoff
between the hard and soft shrinkage estimates [45]. In this work, along with hard and soft
shrinkage, we experiment with the Empirical Wiener attenuation rule [46], which has been
shown to produce results that are somewhat in between the hard and soft thresholding
rules [47].

3.2.7 Noise Variance Estimation

An important factor in the wavelet denoising approach is the estimation of the noise power
or variance. In the original papers Donoho and Johnstone proposed the use of a robust
median filter to provide an estimation of the noise variance. The noise variance estimate

is calculated as

 MAD
7= 0.6745

(3.7)

Where MAD is the absolute median estimation of the wavelet (transform) coefficients. We
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note that while this noise level estimate has been shown to work well for several denoising
applications, researchers have pointed out, for example, that in the context of speech en-
hancement, this noise level estimate is not robust enough [48]. Through our experiments

we hope to evaluate the effect of noise variance estimation on our denoising solution.

3.2.8 Level Dependent Thresholding

Johnstone and Silverman introduced a wavelet shrinkage approach for signals corrupted
with correlated noise [49]. In their approach, noise variance is estimated individually at
each level (scale) and level dependent thresholds are obtained. The GTFS denoising ap-
proach tries to take advantage of the representational power of multi-scale overcomplete
dictionaries, and thus a level or scale dependent thresholding approach can be incorporated

into its framework.
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Chapter 4

Greedy Time-Frequency Shrinkage

4.1 Introduction

In the previous chapter we analyzed the signal denoising capabilities of Matching Pursuit.
We established that MP starts out by selecting only atoms correlated to the deterministic
parts of the audio, however when used in conjunction with a SRR based stopping criteria,
MP will match atoms to the noisy signal content as well. In order to achieve denoised
audio reconstructions of good quality, the algorithm needs to be able to determine when
it should stop, i.e., when all the deterministic audio components have been recovered. A
simple approach to make MP more robust in this regard is to implement a stopping criteria
based on thresholding the correlation value between the dictionary atoms and the residual
MP signal. When MP is used for signal denoising in conjunction with this kind of stopping
criteria, the method can be interpreted as a simple shrinkage approach. In this chapter we
present the Greedy Time-Frequency Shrinkage (GTFS) denoising approach. We analyze
different aspects of wavelet shrinkage in the context of MP based audio denoising and

propose several strategies to improve the performance of the approach.

4.2 Greedy Time-Frequency Shrinkage

The denoising principle in MP is based on the fact that the algorithm selects time-frequency

atoms that are highly correlated with the signal in order to build a signal representation.
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Thus as the noise we wish to remove is uncorrelated, MP will first select the correlated
deterministic atoms before it selects the noisy ones. The success of the approach is based on
MP being able to identify when a noisy atom is selected, and stopping the decomposition
process. When this is achieved by thresholding the correlation value between the dictionary
atoms and the residual signal, MP denoising can be viewed as a simple shrinkage approach.
In this interpretation, MP iteratively applies the hard thresholding rule to the greedily
selected atomic coefficient. We hence dub MP denoising performed in this way — Greedy
Time-Frequency Shrinkage (GTFS).

Algorithm 1: GTFS
Task: Denoise the signal y by & = argmin, .|Dz —y||5 < ¢

Parameters: D is a redundant dictionary and y is the noisy signal, k is the iteration count

and ¢ is a predetermined threshold.
Initialization: Set residual =y, 2z, =0 and k =0

Threshold Selection: Determine a threshold value using either universal, minimaz or
SURFE thresholds

Main Iteration: Set k =1 and apply,

e Weights: Calculate correlations between y and D and select the most correlated

atom using a standard greedy procedure.

e Shrinkage: Shrink the coefficient of the selected atom using the hard thresh-
olding rule:
ag(ap, ) = a; {|ag] > A}

e Return: Set k = k + 1 and repeat.

e Stop: Stop iterating when the change in residual energy falls below the threshold
€.

Finalize: The denoised output is & = Dz.
The algorithm above illustrates how GTFS or MP denoising based on correlation thresh-

olding may be interpreted as a simple shrinkage approach. MP iteratively applies the hard
thresholding rule on the greedily selected atom. Ideally, the algorithm should stop when all
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the deterministic audio components have been recovered. However this is not always the
case, as GTFS denoising is sensitive to the shrinkage operator, the threshold value A, and

the dictionary used for signal analysis.

4.2.1 Shrinkage Operator

GTFS iteratively applies the hard thresholding rule on the selected atomic coefficient. The
hard thresholding operator does not actually attenuate or shrink atomic coefficients, i.e., it
is a ‘keep’ or ‘kill’ rule, and hence the success of the approach depends on dictionary con-
figuration, correlation thresholds, and stopping thresholds.The hard thresholding operator
is a discontinuous function, and produces results with high variance [45]. Moreover, hard
thresholding is a diagonal estimation approach, wherein each time-frequency coefficient is
processed independently. One of the known drawbacks of diagonal estimators in audio de-

noising is that they produce isolated time-frequency artifacts that are perceived as musical

noise [50].

Frequency (Bins)

100 200 300 400 500 600 700 800
Time (Samples)

Fig. 4.1 Spectrogram of trumpet audio deteriorated by 5 dB white noise.

Fig. displays the spectrogram of a trumpet sound sampled at 44.1 kHz, deteriorated
by 5 dB of additive white noise. Fig. displays the spectrogram of the denoised sound
produced by GTHS in conjunction with the Minimax threshold.The dictionary used for
signal transformation is of two scales with atoms corresponding to lengths of 4096 and 2048

samples respectively.One can clearly see isolated time-frequency artifacts in the denoised
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Fig. 4.2 GTFS denoised trumpet spectrogram.

reconstruction. As could be expected, the hard thresholding diagonal estimation approach

produces these musical noise artifacts in the denoised sound.

4.2.2 Threshold Selection

At each iteration of GTFS the correlation of the selected dictionary atom is checked against
a threshold. As stated in the previous section, GTFS does not actually attenuate atomic
coefficients and hence an appropriate threshold is needed to avoid both under and overfitting
of data.Table 3.1 compares the output SNR achieved by GTFS in conjunction with the
different wavelet thresholds, for the noisy trumpet sound in Fig.

Threshold | SNR (dB)
Universal 16.16
Minimax 18.61
SURE 17.70

Table 4.1 Denoising results for different thresholds.

Fig. [4.3] compares the absolute value of the atomic coefficients selected by GTFS with
the different wavelet thresholds. In this example, GTFS has been modified by replacing
the hard thresholding rule with soft thresholding, in order to visualize how the different
thresholds affect coefficient attenuation. A more detailed analysis of GTFS in conjunction

with the soft thresholding operator is presented in section [4.3.1]
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Fig. 4.3 Atomic coefficients selected by GTFS using different thresholds.

The Universal threshold (0.1386) is the largest of the three, and attenuates the time-
frequency coefficients the most, as illustrated by the blue curve in Fig. The SURE
threshold (0.0569) is the lowest and accordingly causes the leases coefficient attenuation
(black curve). The Minimax curve displays intermediate coefficient attenuation (red curve),
as suggested by its value of 0.1076. As the Universal threshold is considerably larger than
the Minimax and SURE thresholds, it stops the signal decomposition process the earliest,
producing the sparsest result. While it is able to completely attenuate the noise, the
Universal threshold underfits the data, i.e., it is unable to completely recover the sound.
As a result it yields the lowest output SNR of the three thresholds. That being said, both
the Minimax and SURE thresholds used in conjunction with GTFS produce high-frequency

musical noise artifacts.

4.2.3 Dictionary Design

Signal transformation in GTFS is achieved by decomposing a signal over a redundant

dictionary. The main assumption is that the signal under analysis can be represented by
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a small number of dictionary elements, i.e., an assumption of sparsity. In the context of
audio denoising, in addition to sparsely representing the sound, the dictionary should not
be correlated to the noisy signal content. Thus, GTFS denoising is highly dependent on
the dictionary, and the diagonal estimation approach often leads to data overfitting and
musical noise artifacts. Numerical experiments have shown that GTFS produces the best
denoising results when a dictionary with relatively long atoms is used. This is because long
(tonal) atoms are well correlated to the tonal content of a sound. Longer atoms are also
less likely to be matched to noisy signal content than shorter atoms. Another advantage of
using a dictionary with longer atoms is that it implies sparser denoising results. In general,
sparse denoised results imply good results in terms of musical noise attenuation and output
SNR. However in extreme cases, underfitting leads to results that are foo sparse, and
generally unacceptable. We make use of a three-scale dictionary with atoms corresponding
to window lengths of 8192, 4096 and 2048 samples for the majority of our experiments.
It should be noted that while this kind of dictionary worked well for the majority of our
experiments, it underfits the data for sounds with a large amount of transient content,
i.e., sharp attacks, frequency modulation, breath noise etc. For such sounds we repeatedly
perform a decomposition on the residual signal, using shorter (transient) atoms of lengths

corresponding to 512, 256 and 128 samples.

Atomic Shape

Apart from the length of the atoms in the dictionary, windows of different shapes may be
used to generate time-frequency atoms. In this research we work exclusively with Gabor or
STFT atoms, which are widely used in audio processing. Atomic families like Gammatones,
damped sinusoids and Formant Wave Functions (FOF) have also been shown to work well
with speech and musical audio, and may potentially offer certain advantages over Gabor

atoms. We will consider GTFS denoising with different atomic families in future works.

4.2.4 Discussion

In this section we analyze GTFS denoising in terms of coefficient attenuation and threshold
selection. GTFS uses the hard thresholding rule to attenuate atomic coefficients, which

often overfits the data leading to musical noise artifacts. Shrinkage or attenuation of atomic
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coefficients plays a central role in signal denoising and hence we are motivated to explore
alternate attenuation rules as a means to improve the performance of GTFS denoising. In
terms of threshold selection, the wavelet thresholds were shown to yield problems related to
both over and underfitting of data. The underfitting problem can be avoided by increasing

dictionary redundancy, however, this in turn increases the risk of overfitting.

4.3 Model Enhancements

Having identified the primary factors on which GTFS denoising depends, we present several
approaches to improve its performance in terms musical noise attenuation, output SNR and
algorithmic stability. We begin by considering two alternate attenuation rules in conjunc-
tion with GTFS — Soft Thresholding and Empirical Wiener filtering. We then develop an
adaptive thresholding approach, based on the SURE estimate.

4.3.1 Attenuation Rule

GTFS makes use of the hard thresholding rule, that does not attenuate a coefficient if it
satisfies the threshold, i.e., it is a ‘keep’ or ‘kill’ rule.Thus if an erroneous atom gets past
the correlation threshold, there is no provision to reduce or nullify its influence. In order

to tackle this problem, we consider two alternate attenuation rules.

Soft Thresholding

Along with hard thresholding, Donoho and Johnstone introduced a soft thresholding oper-
ator for the shrinkage of wavelet coefficients [42]. The GTFS-ST algorithm maintains the
same GTFS denoising structure, replacing the hard thresholding step with a soft threshold

as(ai, A) = sgn(c) (|| = M)y (4.1)

Where (.); represents maz(0,.). Unlike hard thresholding, the soft thresholding operator
is a continuous function, and produces results with high bias due to attenuation of large
coeflicients [45].
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Empirical Wiener Attenuation

Like simple shrinkage, Empirical Wiener filtering is a signal denoising approach based on

diagonal estimation [46]. The Empirical Wiener attenuation rule is given by

apw(a;, \) = o (1 - [ﬁf) (4.2)

In relation to simple shrinkage, Empirical Wiener filtering has been shown to produce

results that are somewhat in between the hard and soft thresholding operators [47].
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Fig. 4.4 Atomic coefficients selected by GTFS using different attenuation
rules. HT = Hard Thresholding. ST = Soft Thresholding. EW = Empirical
Wiener.

Fig. compares the evolution of the atomic coefficients selected by GTFS and those
selected when the hard thresholding rule is replaced by soft thresholding and empirical
Wiener attenuation rules. The SURE estimate was used as the threshold in each case. The
empirical Wiener curve (black) starts out at a similar slope as the hard thresholding curve

(blue), but starts to move in between it and the soft thresholding curve (red). GTFS in
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conjunction with the empirical Wiener rule also ran for a duration (iterations) that was in

between the other two attenuation rules.
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Fig. 4.5 Denoised spectrograms produced by GTFS in conjunction with
different attenuation rules.

Fig. displays the spectrograms of the denoised sounds output by GTFS using hard
thresholding, soft thresholding and the empirical Wiener attenuation rules respectively.
All algorithms make use of the SURE threshold. The audio used for this example was
a solo trumpet recording sampled at 44.1 kHz, deteriorated by 5 dB of additive white
noise. We make use of a two-scale dictionary, with Gabor atoms corresponding to window
lengths of 4096 and 2048 samples respectively. Figure 4.2 clearly shows that the hard
thresholding operator overfits the data and creates musical noise artifacts. These artifacts,
represented by isolated time-frequency structures in Fig. [4.2| exist primarily in the high

frequency range (above 4000 Hz). Despite audible artifacts in the reconstruction, GTFS
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with hard thresholding yielded a SNR of 17.54 dB. Both the soft thresholding operator and
the empirical Wiener rule were able to completely attenuate any musical noise. However
in doing so, the soft thresholding operator underfit the data, i.e., did not recover the sound
completely. As a result GTFS with soft thresholding yielded a relatively low SNR output
of 13.52 dB. The empirical Wiener rule performed the best in this case study, producing a
SNR of 17.87 dB. We note that, while the empirical Wiener rule produces the best result
for this sound, the same is not necessarily true for a different sound, or when a different

dictionary is used.

Algorithm 2: GTFS Soft Thresholding / Empirical Wiener

Task: Denoise the signal y by & = argmin, |Dz —y||3 < ¢

Parameters: D and y are given, k is the iteration count and ¢ is a predetermined threshold.
Initialization: Set residual = y,z, =0 and k=0

Threshold Selection: Determine a threshold value using either universal, minimaz or
SURFE thresholds

Main Iteration: Set k =1 and apply,

e Weights: Calculate correlations between y and D and select the most correlated

atom using a standard greedy procedure.

e Shrinkage: Shrink the coefficient of the selected atom using either of:

— Soft Thresholding: ag(a;, ) = sgn(a;)(|a;| — A)+
2
— Empirical Wiener: apy (o, \) = «; (1 — [\Q_AA} )
+
e Return: Set k = k + 1 and repeat.

e Stop: Stop iterating when the change in residual energy falls below the threshold

€.

Finalize: The denoised output is & = Dz.

Algorithm 2 presents an overview of the GTFS denoising algorithm when used in con-
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junction with either the soft thresholding or empirical Wiener attenuation rules. The only
difference with standard GTFS is that the hard thresholding operator is substituted by
an alternate attenuation rule. Apart from affecting the contribution of each atom, the
choice of attenuation rule also affects the GTFS denoising process in terms of frequency
of the atoms selected. Interestingly, the three attenuation rules select mostly the same set
of frequencies — roughly 90%. This implies that a very small fraction of time-frequency

coefficients influence whether the algorithm will overfit the data or not.

4.4 Dynamic Thresholding

Apart from coefficient attenuation, selecting a suitable threshold for denoising is another
important factor. In section we showed that the basic wavelet thresholds suffer from
both under and overfitting problems. In the context of GTFS denoising, the wavelet thresh-
olds are static, i.e., they remain the same for every iteration. While the threshold remains
the same, the GTFS residual signal changes continuously at each iteration. In order to
tackle these problems, we propose taking advantage of the iterative structure of GTFS
denoising via SURE estimate. We are motivated to consider the SURE estimate for several

reasons.

4.4.1 Data Dependency

GTFS denoising is an iterative process, and the residual signal changes at every iteration
(as an atom is subtracted from it). As more and more deterministic audio content is
removed from the residual, it is likely that a correlation threshold computed on the initial
residual signal would differ from that computed on an intermediate residual. As GTFS
iteratively minimizes the energy of the residual signal in the mean square sense, that is to
say, E [e*(n)] ~ 0. Another way to say this is that the residual energy becomes constant.
We hence expect the Stein’s Unbiased Risk Estimate on the transform coefficients at each

iteration to have a generally decreasing trend.

Fig. [4.6] shows the SURE estimate on the transformed residual at each iteration of GTFS.
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Fig. 4.6 Change in residual risk during MP decomposition process (Trumpet
Audio).

As expected, the SURE threshold computed iteratively on the residual signal shows a
decreasing trend.Thus, perhaps unsurprisingly, the static wavelet thresholds are not able
to perform well, especially in conjunction with the hard thresholding operator. The SURE
threshold is data dependent, i.e., it is calculated using the transform coefficients of the
noisy signal [51]. Thus it can be used to update threshold values based on the evolving
GTF'S residual signal.

4.4.2 Adapting to Functions of Unknown Smoothness

Donoho and Johnstone made use of Stein’s Unbiased Risk Estimate (SURE) in their
SUREshrink denoising approach [44]. In this work they introduce the idea of finding level

dependent thresholds by considering the different resolution levels of the wavelet transform
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as independent multivariate normal estimation problems. Stein’s unbiased estimate gives
an estimate of the risk for a particular threshold value ¢; minimizing this in ¢ gives a selec-
tion of the threshold level for that resolution level. Thus, each resolution level has a specific
threshold. The main advantage of this method over other wavelet denoising approaches is

its ability to adapt to signals of unknown smoothness.
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Fig. 4.7 Evolving SURE threshold for different scales (Trumpet Audio).

In a similar fashion to the wavelet transform, overcomplete dictionaries can also analyze
a signal at multiple scales. Fig. [4.7] shows the changing value of the SURE threshold
for each scale GTFS decomposition. The audio used to produce this figure is the noisy
trumpet from Fig. [£.2] In order to generate the individual curves, the SURE threshold
was evaluated independently on the transform coefficients of each scale, at each iteration
of GTFS. A three scale dictionary with atoms corresponding to window lengths of 4096,
2048 and 512 samples was used. From the figure we see that the SURE estimate adapts

differently according to the scale of the atoms.
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4.4.3 GreedySURE Thresholding

As highlighted in the introduction to this section, GTFS is an iterative denoising approach
and the residual signal keeps changing at each iteration. In order to adapt to this continually
evolving residual signal, rather than compute the SURE threshold on initial transform
coefficients of the signal alone, we recompute the threshold at every iteration. The blue
curve in Fig. represents the GreedySURE threshold. In section we showed that
the SURE estimate on the MP residual shows a decreasing trend, and predictably the
GreedySURE approach displays similar behaviour.
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Fig. 4.8 Comparison of the GreedySURE and BlockSURE thresholds.

In order to illustrate GreedySURE thresholding, we persist with the solo trumpet recording
used in previous sections. The audio is corrupted with 5 dB of additive noise. From Fig.
we see that the denoised spectrogram produced by GTF'S in conjunction with GreedySURE
thresholding produces a large amount of musical noise artifacts. We hypothesize that one of
the possible reasons for this is that the SURE threshold is generally lower than the Universal
and Minimax thresholds. This, combined with the fact that the GreedySURE displays a
decreasing trend, could potentially lead to dictionary atoms being matched to noisy audio
by GTFS. A simple approach to help avoid overfitting would be to simply add a bias value
to the GreedySURE threshold at each iteration. From experimental analysis we can confirm
that while there is some marginal improvement in performance, this simple approach does

not help counter the overfitting problem. Another approach would be to use GreedySURE
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thresholding in conjunction with attenuation rules apart from hard thresholding. However,
once again numerical results have suggested that the thresholding scheme produces musical

noise artifacts in this situation as well.
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Fig. 4.9 GreedySURE denoised trumpet spectrogram.

4.4.4 BlockSURE Thresholding

The BlockSURE thresholding approach is a refinement on the GreedySURE threshold-
ing approach.The BlockSURE approach aims to take more local information into account
while determining threshold values. This is achieved by constructing a time-frequency block
around the atom selected by GTFS at each iteration. The SURE estimate is then computed
on the block to determine a suitable threshold value. For atoms of length 2048 samples, this
corresponds to 743 ms time blocks, and a frequency range of 172.26 Hz. The BlockSURE
threshold is represented by the red curve in Fig. [4.8 and overlaps with the GreedySURE
curve (blue) most of the time. Fig. displays the spectrogram of the denoised trumpet
sound using the BlockSURE threshold in conjunction with the hard thresholding operator.
It is clear that the BlockSURE approach is able to attenuate musical noise to a much larger
degree than GreedySURE, although a small amount of visible artifacts remain. The output
sound yielded a SNR of 17.53 dB.

Fig. displays the spectrogram for the denoised sounds produced with the different
attenuation rules. The soft thresholding rule produced very similar results to the hard

thresholding operator, with a similar output SNR of 17.64 dB, and a similar amount of
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Fig. 4.10 BlockSURE in conjunction with GTFS — hard thresholding.

musical noise artifacts. The Empirical Wiener attenuation rule was able to yield the best

result in terms of musical noise attenuation, and produced an output SNR of 17.34 dB.

Fig. [4.8 compares the threshold values generated by the GreedySURE and BlockSURE
thresholding approaches. It can be seen that the two curves overlap each other until ap-
proximately 1650 iterations, at which point GTFS with BlockSURE thresholding stops the
denoising process. At its last iteration, BlockSURE produced an extremely high threshold,
indicated by the vertical dashed line, which caused the process to stop. We hypothesize
that this may occur, when a considered time-frequency block contains a large number of
atoms that are matched to noisy audio. On the other hand, GreedySURE thresholding
works with the entire residual signal, and is unable to increase its threshold value once the
deterministic audio components have been recovered. As a result, GreedySURE thresh-
olding is more inclined to produce musical noise artifacts than the BlockSURE approach.
From numerical experiments we can confirm that this trend is followed for different kinds

of musical audio with varying noise level.

Further Enhancements

A potential extension of the BlockSURE approach involves computation of a priori SNR
values for each block, as demonstrated by Cai [52]. Such a denoising framework would
resemble the audio Block Thresholding algorithm [53], which has been shown to greatly

attenuate musical noise artifacts. Another way in which the approach can potentially be
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(a) BlockSURE in conjunction with GTFS — soft thresholding.
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(b) BlockSURE in conjunction with GTFS — Empirical Wiener.

Fig. 4.11 BlockSURE thresholding with different attenuation rules.

enhanced is by creating molecules [54], or collections of atoms that are subtracted from
the residual signal at the same time. By building a molecule from within a time-frequency
block, each atom of the molecule can be attenuated based on the block threshold and a

priori SNR. Each of these enhancements will be considered in future works.

4.4.5 NaiveSURE Thresholding

The NaiveSURE thresholding approach aims to take advantage of the evolving nature of
the GTFS residual signal. However, rather than analyze the signal in the spectral domain
like GreedySURE, the NaiveSURE approach calculates threshold values based on the time-
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domain residual signal. A noteworthy aspect of the NaiveSURE thresholding approach
is that the algorithm does mot require noise variance as an input parameter, making the

approach more robust.
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Fig. 4.12 Evolution of static and dynamic thresholds over the course of a
GTFS denoising process (Trumpet Audio).

Fig. [4.12] compares the different static and dynamic thresholds over the course of a GTFS
denoising process. It can be seen that the NaiveSURE threshold is considerably higher
than the GreedySURE and BlockSURE dynamic thresholds. Interestingly, the NaiveSURE
threshold starts out with a higher value than the Universal threshold, and ends up at a
value that is somewhere in between the Universal and Minimax thresholds for the signal.
Algorithm 3 presents an overview of the GTFS algorithm in conjunction with the various
dynamic thresholding strategies. The main difference between this method and the static
thresholding approaches is that the threshold calculation step is included inside the main
loop, i.e., thresholds are re-computed at every iteration. Fig. displays the denoised
spectrogram of the audio output by GTFS using NaiveSURE thresholding. Notably, the
approach is the only one to not produce any musical noise artifacts when used in conjunction
with the hard thresholding operator. While this behaviour is partly explained by the
fact that the NaiveSURE threshold is higher than the GreedySURE threshold, we note
that simply adding a bias value to the GreedySURE threshold was unable to improve
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its performance. This point only serves to further highlight the adaptive nature of the
NaiveSURE approach.

Algorithm 3: GTFS Dynamic Thresholding
Task: Denoise the signal y by & = argmin, .|Dz —y||3 < e
Parameters: D and y are given, k is the iteration count and ¢ is a predetermined threshold.
Initialization: Set residual =y, 2z, =0 and k=0
Main Iteration: Set k =1 and apply,
e Threshold:
— GreedySURE: Determine SURE threshold on transform coefficients.
— BlockSURE: Determine SURE threshold on time-frequency block.

— NaiveSURE: Determine SURE threshold on time-domain residual signal.

Weights: Calculate correlations between y and D and select the most correlated

atom using a standard greedy procedure.

Shrinkage: Shrink the coefficient of the selected atom with the SURE estimate

on the residual using either the hard or soft thresholding operators.

Return: Set k = k + 1 and repeat.

Stop: Stop iterating when the change in residual energy falls below the threshold
€.

Finalize: The denoised output is © = Dz.

In Fig. [4.14both GreedySURE and NaiveSURE thresholding have been used in conjunction
with the soft thresholding operator. As the NaiveSURE threshold is larger than Greedy-
SURE, the approach expectedly causes greater attenuation to the atomic coefficients. We
recall that GreedySURE thresholding in conjunction with soft thresholding was not able
to attenuate musical noise artifacts. The NaiveSURE threshold with soft thresholding on
the other hand was able to attenuate musical noise to a large extent. Fig. displays the

spectrograms of the denoised sounds output by the NaiveSURE approach, in conjunction
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Fig. 4.13 NaiveSURE in conjunction with GTFS — hard thresholding.
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Fig. 4.14 Comparison of atomic coefficients selected by different dynamic
thresholding strategies.

with the soft thresholding and empirical Wiener rules respectively.

Although not clearly visible from the figure, the soft thresholding operator underfits the
data, achieving an output SNR of 12.25 dB. The same can be said about the hard thresh-
olding operator and Empirical Wiener rules, which produced SNR’s of 16.10 dB and 14.40
dB respectively. These results are considerably less than the BlockSURE approach, which
yielded a SNR of 17.44 dB. While the NaiveSURE approach does not produce optimal re-
sults in terms of SNR, the advantage of the approach lies in the fact that it is more robust

to musical noise. In the event that denoised sounds with higher SNR are required, better
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Fig. 4.15 NaiveSURE thresholding with different attenuation rules.

results can be achieved by increasing the redundancy of the dictionary.

4.5 Summary

In this chapter we presented Greedy Time-Frequency Shrinkage (GTFS), which interprets
MP-based denoising as a simple shrinkage approach. We analyzed different aspects of the
GTFS approach, including coefficient thresholds, shrinkage operators and signal represen-
tation via redundant dictionaries. Having identified the factors on which GTFS denoising
depends we developed model enhancements in order to ameliorate the algorithm’s denois-
ing performance. Through these enhancements we were able to show that GTFS denoising

is able to recover deterministic audio content from noisy signal without the creation of
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musical noise artifacts. In the next chapter we will perform comprehensive testing of the
GTFS approach with a variety of musical sounds and speech. So far we have experimented
much with the dictionary in terms of composition or redundancy. We will explore these

aspects of GTFS denoising in greater detail in the next chapter.
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Chapter 5

Experiments and Results

5.1 Introduction

In the previous chapter we presented GTFS denoising, which combines various aspects of
simple shrinkage with Matching Pursuit-based greedy atomic decomposition. The unpre-
dictable nature of the decomposition process makes experimental testing and analysis an
important aspect of developing and improving the approach. In this chapter we present
extensive testing and analysis of GTFS denoising on a wide range of audio, including a
broad range of musical sounds, and speech. Quantitative data is gathered in terms of out-
put SNR and PEAQ scores. Apart from these performance metrics, we analyze the output
(denoised) signal representations in terms of sparsity as well. Along with GTFS, the results

of two other state-of-the-art denoising algorithms are also presented.

5.2 Comparison of Denoising Algorithms

For the purpose of comparison we will test the performance of the algorithms developed in
the previous chapter with two other denoising approaches that also make use of redundant
dictionaries — the audio Block Thresholding (BT) approach [53], and the Persistent Em-
pirical Wiener filtering (PEW) approach [18]. The Block Thresholding has been shown to
outperform several well established audio denoising approaches and may be considered as

the state of the art in audio noise reduction. More recently, Persistent Empirical Wiener
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filtering was introduced, and was shown to produce comparable results to Block Thresh-
olding. The approach is based on the idea of mixed norms and structured sparsity [55]. To
our knowledge this is the only denoising approach that produces a sparse solution — with
approximately 10-15 percent of the transform coefficients being retained in the denoised
signal. In our experiments with the two algorithms, Block Thresholding consistently per-
forms better than the Empirical Wiener approach in terms of SNR. It should be noted that
the difference is usually small and often marginal. At the same time, the PEW approach
outperforms BT in terms of PEAQ scoring. Again, the difference is usually quite small.
An important point to note is that at higher noise levels, the Block Thresholding solution
produces noticeable artifacts, for certain sounds. That being said, from informal listening
tests we can confirm that the approach produces excellent results for most sounds. On the
other hand, the PEW approach produces much fewer of these kinds of artifacts. We feel
that this point is an important factor in the context of our work. We will show in the
following sections of this chapter, that GTFS can be tailored to produce different denoised
results. For instance, sometimes it may be desirable to obtain the most compact denoised
result possible. We will also show that GTFS denoising can produce results that are com-
parable to those of both Block Thresholding and Persistent Empirical Wiener filtering in
terms of PEAQ and SNR, while being significantly more compact or sparse.

5.3 Testing & Analysis

An important factor to consider while designing an application to process musical audio, is
the diverse and variable nature of these signals. These features make musical audio quite
challenging to work with. In order to account for this variability, we test GTFS denoising
extensively, on a broad range of sounds, in order to be able to make some generalizations
about the approach. Testing is performed on recordings of wind and brass instruments,
plucked and bowed strings, and human voice. All the audio is sampled at 44100 Hz. Testing
is performed at noise levels of 5 dB and 0 dB respectively.
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5.3.1 Dictionary Design

Throughout this work we have stressed on the importance of the dictionary in the greedy
atomic decomposition process. The strategies developed in Chapter 4 are aimed at reducing
the dependence of GTFS on the dictionary. Provided the algorithm does not underfit
the data, a sparse denoised result generally implies a denoised sound of good subjective
quality. As mentioned previously, the redundancy of the dictionary is intrinsically linked to
signal sparsity. Based on numerical experiments we report that audio signal like music and
speech are best represented by multi-scale redundant dictionaries that oversample the time-
frequency plane. Using dictionaries of this kind often leads to extremely sparse denoised
signal representations. In the case of audio denoising, an important point to note is that
the dictionary used from sound to sound can change. While this is not the case for the
majority of the sounds tested in this work, we make note of the situations in which it
is. We primarily make use of two and three scale redundant dictionaries of STFT atoms,
with atomic lengths corresponding to 8192, 4096 and 2048 samples. As stated previously,

shorter atoms are more susceptible to being matched to noisy audio content.

5.3.2 Wind & Brass

We begin our testing of musical sounds by considering the family of wind and brass instru-
ments. For our testing we will consider recordings of the flute, saxophone and trumpet.
These instrumental sounds are characterized by a large amount of tonal content, and audio
components related to performer breathing. In the context of noise reduction, it becomes a
challenge to differentiate between the noise that needs to be removed, and the components
of the sound that are related to performer’s breathing. While a relatively accurate denoised
reconstruction is relatively simple to achieve, capturing aspects of the breath noise is essen-
tial for the denoised result not to sound synthetic. Fig. displays the spectrogram of the
flute sample used in our testing is displayed. The piece is a short monophonic recording.
In this work we have restricted our testing to monophonic audio, in order to better under-
stand the behaviour of MP-based audio denoising techniques. We will consider polyphonic
recordings in future works. The lower two figures show the spectrograms for the flute signal
when it is corrupted with white noise of varying intensities. It is clear from the figure that

depending on the noise level, several of the spectral components of the original sound are
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either partially or completely blurred out by the noise.
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(a) Spectrogram of clean flute sound.
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(b) Spectrogram of flute sound deteriorated by 5 dB of white noise.
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(c) Spectrogram of flute sound deteriorated by 0 dB of white noise.

Fig. 5.1 Clean and noisy flute spectrograms.
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In terms of setting up the experiment, our main concern involves designing the dictionary.
As mentioned earlier, wind instrument sounds have large tonal content and we accordingly
choose a dictionary that is suited for the extraction of tonal content.We hence construct a
multi scale Gabor dictionary containing atoms corresponding to window lengths of 8192,
4096 and 2048 samples respectively. It should be noted that we will consider the same

dictionary for the two different noise conditions.

SNR Flute Sax Trumpet
GTFS 19.21 17.37 18.06
BT 20.31 19.76 19.48
PEW 18.67 16.60 17.22
PEAQ Flute Sax Trumpet
GTFS -2.62 -2.21 -2.24
BT -3.06 -2.94 -2.66
PEW -2.39 -2.02 -1.97

Table 5.1 Comparison of output SNR & PEAQ scores. Noise level = 5 dB.

Table 5.1 compares the output SNR and PEAQ scores produces by GTFS. The results of
the audio Block Thresholding and Persistent Empirical Wiener denoising approaches have
also been provided. From the results we see that Block Thresholding consistently yields the
highest SNR, although the difference between the three algorithms is minimal. Notably,
the Block Thresholding approach produces audible low frequency artifacts in its denoised
sounds. Both PEW and GTF'S denoising do not produce these kinds of artifacts. This per-
haps explains why both GTFS and PEW filtering perform better than Block Thresholding
in terms of PEAQ scores.

Table 5.2 displays the denoising results for a noise level of 0 dB. We see that the algorithms
follow the same trend as in the 5 dB noise case. Again, BT is able to consistently achieve
the highest SNR, while GTFS and PEW filtering yield better PEAQ scores. From the
tables we notice that GTFS denoising produces results that are somewhat in between the

Block Thresholding and Empirical Wiener approaches.

Fig. displays the output spectrograms produced by GTFS at different noise levels.
Notably, we see that in both noise conditions GTF'S is able to greatly attenuate any musical

noise artifacts. We also note that GTFS was able to attenuate musical noise in a similar
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SNR Flute Sax Trumpet
GTFS 16.47 14.85 15.21

BT 17.09 16.22 16.45
PEW 16.20 12.45 13.72
PEAQ Flute Sax Trumpet
GTFS -2.83 -2.55 -2.52

BT -3.36 -3.17 -2.87
PEW -2.64 -2.41 -2.30

Table 5.2 Comparison of output SNR & PEAQ scores. Noise level = 0 dB.
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(a) GTFS denoised flute spectrogram. Noise Level = 5 dB.
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(b) GTFS denoised flute spectrogram. Noise Level = 0 dB.

Fig. 5.2 GTFS denoised flute spectrograms.

fashion for the trumpet and saxophone recordings. Throughout this work, we have stressed
on the fact that one of the main features of working with redundant dictionaries is their
ability to produce sparse signal representations. In table 5.3 we document the average

sparsity of the signal representations produced by the three algorithms. We recall that
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by sparsity, we mean the number of non-zero transform signal coefficients in the denoised

output sound.

. 5 dB 0dB
Algorithm Noise Noise
BT 97.62 94.45
PEW 14.33 11.04
GTFS 00.19 00.07

Table 5.3 Average number of transform coefficients retained (%).

From Tables 5.1, 5.2 & 5.3, we see that GTFS denoising produces competitive results with
both BT and PEAQ in terms of SNR and PEAQ scores, at different noise levels. While
there is much debate regarding the merits of different performance metrics, we can con-
firm that the denoised results produced by all three algorithms are of comparable qualityE].
This assessment is based on informal listening tests. Notably, GTFS retains a significantly
smaller number of the transform signal coefficients than both BT and PEW, retaining be-
tween 0.07-0.19% of the transform coefficients. In our testing the PEW denoising approach
retained 11.04-14.33% of the coefficients on average. BT is not a sparse denoising approach

and retains most of the transform coefficients.

5.3.3 Plucked & Bowed Strings

The family of string instruments is able to produce a wide range of sounds. String instru-
ments can essentially be divided into two sub-families — plucked and bowed strings. While
plucked strings sounds are relatively simple to represent, bowed strings present a more
challenging problem. This is because bowed strings are often associated with noisy tran-
sient audio content. We will show that accurate recovery of these kinds of sounds requires
additional processing. In this section we consider violin and cello for bowed strings, and the
piano in the case of plucked strings. Both kinds of sounds have some similar characteristics
— large tonal content, with transient parts around the note attacks. Fig. displays the

spectrogram of the clean violin recording, as well those of the clean audio deteriorated by

!denoised examples of all three approaches are available at :
http://music.mcgill.ca/~gautam/ICASSP/icassp2.html
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noise of varying intensities. Unlike the flute recording in the previous section, the violin

spectrogram contains a large number of short vertical spectral lines. This confirms the
presence of transient content.
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(a) Spectrogram of clean violin sound.
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(b) Spectrogram of violin sound deteriorated by 5 dB of white noise.
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(c) Spectrogram of violin sound deteriorated by 0 dB of white noise

Fig. 5.3 Clean and noisy violin spectrograms.

In terms of time-frequency representation, atoms of short length have been shown to be best

suited for transient audio content. This could be a challenge in a signal denoising setting,
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because, as mentioned previously, short atoms are more susceptible to being matched to
noisy audio by GTFS. From numerical experiments we have found that when the noisy
signal contains a significant amount of transient audio content, GTF'S is still able to match
them to deterministic audio and avoid recovery of noisy content. After experimenting with
a number of dictionary configurations, we settled on a two-scale dictionary with atoms
corresponding to window lengths 2048 and 256 samples respectively — long and short atoms

to represent the tonal and transient components of the sound.
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Fig. 5.4 GTFS denoised violin spectrogram (single processing).

Comparing Fig. to Fig. [5.3al, it is clear that GTFS has not been able to recover all the
deterministic audio content. That is, the two scales included in the dictionary were not
sufficient to represent the signal. We note that amongst all the sounds tested in this work,
this was the only one for which GTFS consistently underfit the data. The SNR of the
denoised sound is 8.95 dB. In order to tackle the underfitting problem, we devised a simple
approach. After the GTFS denoising process is completed, we run the algorithm again
using a new or enhanced dictionary. From numerical experiments we found that using a
single scale dictionary yielded the best results. GTF'S is run on the residual signal over and
over, until signal recovery is deemed to be sufficient. At each instance, GTFS makes use of
a different dictionary. Fig. displays the spectrograms of the denoised sounds obtained
after repeated residual processing. In the 5 dB noise case, GTFS was run on the residual
signal 12 times, increasing the SNR to 14.21 dB. Interesting, GTFS was only run 3 times
in the 0 dB noise case, achieving an output SNR of 9.02 dB.
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(a) GTFS denoised violin spectrogram. Noise level = 5 dB.

215 —

193~ -

1721~ : : .

Frequency (Bins)
s © ©® o N @
& 8 % % 8 8
T T T T T
’ L
.
.
L
TN R I N N

~
T
1
‘
p®
"
.
'
‘1
¥
H
.
]
'
.
1
.

Time (Samples)
(b) GTFS denoised violin spectrogram. Noise level = 0 dB.

Fig. 5.5 GTFS denoised violin spectrograms at different noise levels (re-
peated processing).

This example brings up an interesting point regarding time-frequency signal representation.
The original two-scale dictionary we made use of would be adequate to accurately represent
the clean violin recording, with the longer atoms being matched to the tonal content and
the shorter atoms to the transient content. However in the context of signal denoising, this
same dictionary proves to be insufficient to recover the audio. The results of this experiment
suggest that audio recovery from noise is strongly influenced by transient audio content.
Tables compare the output SNR and PEAQ scores of GTFS with BT and PEW filtering on
the different string instruments at different noise levels. The string instruments display a
similar trend as the wind and brass instruments in terms of algorithmic performance. Block
Thresholding consistently achieved the highest SNR while GTFS and Persistent Empirical
Wiener filtering yield better PEAQ scores. Once again, all differences remain small to
marginal. There are no audible musical noise artifacts in the denoised results of each

algorithm, however the Block Thresholding approach produces low frequency artifacts.



5 Experiments and Results

64

SNR Violin Cello Piano
GTFS 14.18 17.54 16.74
BT 14.87 15.92 18.40
PEW 14.10 14.22 16.56
PEAQ Violin Cello Piano
GTFS -3.01 -2.47 -2.42
BT -3.63 -3.01 -3.04
PEW -2.83 -2.12 -2.20

Table 5.4 Comparison of output SNR & PEAQ scores. Noise level = 5 dB.

In terms of output signal sparsity, the trend is also the same. GTFS produces significantly
sparser denoised signal representations than either Block Thresholding or Persistent Empir-
ical Wiener filtering. The PEW approach retains between 12-14% of the transform signal
coefficients, while Block Thresholding retained 96-98%. GTFS denoising retained 0.3-2.5%
of the transform signal coefficients. We note that the violin recording which required re-
peated processing was the least sparse result produced in this work, retaining 2.5% of the

transform coefficients in the denoised signal representation.

SNR Violin Cello Piano
GTFS 09.73 12.19 15.18
BT 12.34 13.68 13.72
PEW 10.04 10.68 12.84
PEAQ Violin Cello Piano
GTFS -1.78 -2.51 -2.58
BT -3.40 -3.13 -3.06
PEW -2.68 -2.15 -1.95

Table 5.5 Comparison of output SNR & PEAQ scores. Noise level = 0 dB.

5.3.4 Speech

In this case study we also tested the GTFS denoising approach on noisy speech recordings.
Speech enhancement has been an active field of research for the last thirty years, with
several pioneering noise reduction algorithms emerging from this domain. In terms of

dictionary design, we recall that we make use of STFT atoms in this work. The sinusoidal
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model has been extensively researched in the context of speech [56], and hence STFT atoms
should be able to accurately represent speech sounds. We use a two-scale dictionary with

atoms corresponding to window lengths of 4096 and 2048 samples respectively.
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(a) Clean male speech spectrogram.
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(b) Spectrogram of male speech sound deteriorated by 5 dB of white noise.
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(c) Spectrogram of male speech sound deteriorated by 0 dB of white noise.

Fig. 5.6 Clean and noisy male speech spectrograms.

Fig. displays the spectrogram of a male speech recording. Unlike the musical sounds
tested in the previous sections, speech sounds have well defined formant structures, as

is visible from the figure. The lower two figures display the same speech spectrograms
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submerged in noise of varying intensities.
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(b) Denoised male speech spectrogram. Noise level = 0 dB.

Fig. 5.7 GTFS denoised male speech spectrograms.

Fig. displays the spectrograms of the denoised sounds produced by GTFS. As was the
case with musical sounds, GTFS was able to greatly attenuate any musical noise artifacts.
In the 5 dB noise case GTFS yielded a SNR of 12.23 dB, while in the 0 dB case produced
an output SNR of 9.93 dB.

In terms of comparison with Block Thresholding and Persistent Empirical Wiener filtering,
the denoising results follow the same trend as for the musical sounds. Block Thresholding
once again achieves the highest SNR, while GTFS and PEW filtering yield better PEAQ

scores. The difference between the three approaches remains marginal.
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SNR M-Voice F-Voice
GTFS 12.00 15.60
BT 12.94 16.95
PEW 11.26 15.28
PEAQ M-Voice | F-Voice
GTFS -2.55 -2.29
BT -2.92 -3.30
PEW -2.39 -2.36

Table 5.6 Comparison of output SNR & PEAQ scores. Noise level = 5 dB.

The denoised speech sounds also show a similar trend in terms of signal sparsity, with

GTFS retaining a significantly smaller percentage of the transform signal coefficients than

both Block Thresholding and Persistent Empirical Wiener filtering.

SNR M-Voice F-Voice
GTFS 09.26 12.20

BT 10.30 13.74
PEW 08.50 11.89
PEAQ M-Voice | F-Voice
GTFS -2.00 -2.17

BT -2.86 -3.31
PEW -2.36 -2.42

Table 5.7 Comparison of output SNR & PEAQ scores. Noise level = 0 dB.
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Chapter 6

Conclusions

6.1 Introduction

This research presented an analysis of greedy atomic decomposition in the context of audio
signal denoising. While classical audio denoising approaches take advantage of this fact by
attenuating noise in the transform domain without affecting the deterministic audio, Greedy
Time-Frequency Shrinkage (GTFS) tries to recover the deterministic audio by means of a
redundant dictionary. GTFS is an interpretation of Matching Pursuit denoising (based on
correlation thresholding) as a simple shrinkage approach. This enables us to systematically
analyze the algorithms denoising performance, and allows us to embed different aspects of
wavelet shrinkage into GTFS denoising. We now summarize our key findings, and propose

directions for future research.

6.2 Summary

As highlighted throughout this work, one of the primary considerations in GTFS denoising
is the redundant dictionary used for signal transformation. As the quality of denoised
results depends on the algorithms ability to recover the useful parts of the audio, the
dictionary needs to be able to accurately represent the signal. If not, GTFS will underfit,
or incompletely recover the signal. We note that while this situation can be improved by

running the algorithm again on the residual signal (as we did for the violin example in
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chapter 5), our goal remains to develop a denoising approach that is able to accurately
recover the sound through a single processing. The underfitting problem can be mitigated
by using highly redundant dictionaries, however as we showed with the violin example,
this is not always the case. On the other hand, stopping the decomposition process before
noisy audio components are transformed, is a more challenging problem. As previously
highlighted, when GTF'S is not stopped in time, it results in musical noise artifacts in the

denoised sound.

In order to improve the performance and robustness of GTFS, we introduced several model
enhancements. The first was based on substituting the hard thresholding attenuation rule
used in basic GTFS with alternate attenuation rules. Both the soft thresholding rule and
empirical Wiener rules perform better than hard thresholding, and produce better denois-
ing results. The second model enhancement we introduced was a dynamic thresholding
approach that makes the GTFS approach more signal adaptive. By taking advantage of
the iterative structure of GTFS, we developed a thresholding strategy that adapts to the
evolving GTFS residual signal. Through numerical experiments we showed that these en-
hancements were able to greatly improve the performance of GTFS, particularly in the

context of musical noise attenuation.

One of the main features of GTFS denoising is the sparse nature of the output represen-
tation it produces. On average, the algorithm retains less than 2% of a signal transform
coefficients. This is significantly sparser than the audio Block Thresholding (BT) and Per-
sistent Empirical Wiener (PEW) algorithms tested in this work. More importantly, the
results produced by GTFS are comparable to those of BT and PEW in terms of SNR and
PEAQ scores. While this is the case, we note that GTFS is more sensitive to the specifici-
ties of the data than the other algorithms we tested. By this we mean that underfitting
or overfitting of the data by GTFS depends (to some extent) on the sound/signal being
analysed. As we were primarily interested in musical audio, this sensitivity is explained by
the variable nature of our analysis signals. We note that the algorithm’s data dependancy

was far less important for the speech signals tested.
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6.3 Future Work

In the context of this work, one of the key aspects of greedy atomic decomposition is its
flexible algorithm structure. That is, the model enhancements we introduced were primarily
based on modification to the structure of basic MP/GTFS. We hope to introduce future

enhancements based on similar modifications.

6.3.1 Non-Diagonal Estimation

Denoising strategies based on non-diagonal estimation estimate the signal’s transform co-
efficients attenuation by considering information from multiple coefficients that are close
together in time and frequency [57]. Non-diagonal estimators are often based on the cal-
culation of an a priori SNR [57, 52], and have been shown to greatly outperform standard
diagonal estimators in terms of musical noise attenuation. We hope to integrate non-
diagonal estimators such as block thresholding and Ephraim and Malah’s MMSE-LSA [58]

into the GTFS framework, in order to further improve robustness against musical noise.

6.3.2 Molecular Approaches

Molecular Matching Pursuit is a greedy atomic decomposition approach that constructs a
molecule of atoms to subtract from the residual signal at each iteration [38]. Molecules
can be constructed based on closeness in time or frequency. The method can be considered
as a structured sparsity approach, as it can be tailored to account for the persistence of
atoms in time or frequency. This is similar to the principle on which Persistent Empirical
Wiener denoising is based, and hence we are motivated to explore the algorithm’s denoising

potential.
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