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Abstract

Autonomous robotic operation in an unstructured or partially known environment
requires sensing and sensor-based control. To overcome the problems with current
“eve-in-hand” svstems. miniature amplitude-based. infra-red proximity sensors are
being studied. Obtaining position and velocity estimates of a rigid body with these
sensors is a non-linear parameter and state estimation problem. Among the methods
examined in simulation. Extended Kalman Filtering (EKF) was selected for imple-
mentation. A novel approach for object localization was developed in which the object
geometry is known. sensing is performed by a proximity sensing network (PSN) and
the object’s unknown reflective properties are estimated on-line. The method has
been tested extensivelyv in simulation and experiments in which a target object’s pla-
nar position and velocity were successfully estimated. To the author’s knowledge this
is the first time amplitude based infra-red sensors have been used to estimate a rigid

body’s unknown trajectory.




Résumé

Un robot doit utiliser une commande a base de capteurs pour exécuter des taches
autonommes dans un environnement non-structuré. Pour éviter les problémes associés
avec les systéemes “caméra-en-main~ d’aujourd hui. des mini-capteurs d’intensité de
lumiere infra-rouge sont étudiés. Obtenir la position et la vitesse d un objet avec ces
capteurs est un probléme d’estimation non-linéaire de parametres et d"états. Parmi les
méthodes d’estimation examinées en simulation. celle choisie pour application fut le
filtre Kalman étendu (EKF). Une nouvelle méthode a été développé ou nous utilisons
un résau de capteurs de proximité (PSN) pour estimer la position. la vitesse et les
proprietés de surface d'un objet dont la géométrie est connue. Des expériments ou |’
estimation fut accompli pour un objet manoeuvrant en 2D démontrent la practicabilité
du svsteme. Aux conaissances de l'auteur. ce fat la premiere foix que des capteurs

pareils sont utilisés pour identifier la trajectoire inconnue d'un objet.
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Chapter 1

Introduction

Object Localization

The determination of an object’s location is basic to human interaction with the ever-
changing outside world. The acquisition of this knowledge is necessarily sensor-based.
Research in systems which mimic human object localization capabilities has produced
such technologies as sonar, radar and forward-looking infra-red (FL-IR). These sensors
have achieved extremely high levels of sophistication. Systems incorporating satellite
mounted sensors are now capable of tracking maneuvering air and ground targets at
the horizon and bevond. These systems are often composed of several independent
sub-systems whose data streams must be fused to provide a single accurate estimate
[13]. A typical exampte is depicted in Fig. 1.1.

For robots to operate autonomously in unstructured environments, they must be
provided with similar capabilities. Object recognition is a well established field of
study [21]. Typical systems have one or several overhead cameras and/or laser-range
finders which act in unison to provide the robot with a model of its environment [1, 2].

Large vehicle tracking systems and smaller robotic systems are similar in many
respects and thus suffer from the same problems. Of these, one of the most important

is that, to acquire useful information, the object must be in view of the sensors: the
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Figure 1.1: Tracking a free flying object with a multi-platform sensor network.

sensor’s view must not be occluded by another object. For vehicle tracking systems.
the approach has been to provide the sensor with an increasingly global point of view.
The Airborne Warnings And Control Systems (AWACS) systems and satellites shown
in Fig. 1.1 are examples of this. For robotic manipulators. “camera-in-hand” svstems
have been introduced to minimize the impact of occlusion. However, attaching directly
to the end-effector is problematic due to space limitations and increased manipulator
torque demands. Furthermore, since the camera is often attached to the link preceding

the end-effector, it may still be occluded by the end-effector itself.

Infra-red Proximity Sensing

To avoid occlusion, proximity sensors could be embedded directly within the surface
of the end-effector. This requires sensors which are small and light. Active infra-red

sensors satisfy these conditions since miniature infra-red emitters and receivers are
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available in diameters as small as 1.37mm [17].

Proximity sensing with such electro-optical sensors can be performed with one of
three methods: triangulation {20, 31|, difference of phase [28, 32] or received signal
amplitude [3, 23, 27]. Of the three. only the amplitude-based scheme can be pack-
aged small enough and retain a reasonable sensing range. Amplitude-based infra-red
sensors with a head diameter of 5mm and a range of =~ 15cm are available commer-
cially but are not suitable for multiplexed proximity sensing networks [16]. Work is
underway to produce an equivalent sensor with greater range and the multiplexing
circuitry necessary for networked operation [12].

Wide-spread use of amplitude-based infra-red sensors in robotic applications has
been hindered by the difficulties associated with their use. They are vulnerable to
ambient light conditions; this can be eliminated with proper modulation [3]. They
are also subject to cross-talk if a svstem has more than one sensor: this can be
mitigated with proper multiplexing [11]. By far the greatest shortcoming of these
sensors is their non-linear dependence on not only sensor-object distance but on the
angle of incidence between sensor beam and the object’s surface as well as the object’s
reflective properties (color, smoothness, collectively known as the reflectance gain)
[15, 21]. Since the output is a function of three independent variables (object-sensor
distance, object-sensor line-of-sight angle and object surface properties), all three
must be estimated for any one to be measured.

Because of these difficulties, some research has been done in using the sensor output
in a qualitative fashion, ie. using the magnitude of the sensor output as a measure of
object “closeness”. This approach has been implemented to perform obstacle avoid-
ance {11}, and automated robotic grasping [13].

Research has thus far concentrated on solving sub-problems of amplitude-based
sensing by imposing restrictions on the object’s motion, geometry or both.

A single proximity sensor was used to estimate surface properties and the one

dimensional sensor-target distance in [15]. The estimation was performed as the
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sensor was moved towards planar surface at a known velocity.

In [22], an end-effector equipped with three sensors was used to estimate the angle
between it and a planar surface. For this experiment the object surface properties
were presumed known and the sensor output was assumed to be independent of the
angle between the sensor’s line-of-sight and the target surface. Angle independence
was made valid by restricting the angle between the end-effector and the target surface
to less than 25°.

In further experiments [23], a single sensor was used to estimate the sensor-target
distance of a moving surface with unknown surface properties. The sensor output’s
dependence on the angle between the sensor’s line-of-sight and the target surface was

again assumed negligible.

Sensor Fusion

Tracking an object with anyv sensor, be it radar or an amplitude-based proximity
sensor. requires a model of the relationship between the target’s kinematic states
and the sensor’s output voltage. This model is often non-linear and thus estimation
schemes which can handle such models must be employed. The estimation scheme
should also accommodate multiple sensors. A network composed of multiple sensors
provides redundancy in case of failure, minimizes the occurance of occlusion as well
as increases the robustness of the state estimation by providing additional constraint
equations [14, 33].

The study of how to assimilate and reason with data from disparate sources to
produce the best estimate of the state of a system is collectively known as sensor
fusion [26]. Although sensor fusion can be the study of how to fuse data from different
types of sensors (eg. sonar and radar), it can also be the study of how to fuse the
data streams from many similar sensors. This work is primarily concerned with the
latter. From this body of knowledge, two state estimation schemes are especially

suited for object localization. The first, batch estimation, fits sensed data to the sensor
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model in a least squares sense. Although primarily intended for parameter estimation.
the method has been adapted to perform state estimation [7]. The second. Kalman
filtering and its derivatives (extended Kalman filtering and iterated extended Kalman
filtering), is one of the most popular state estimation schemes [3. 8. 6. 9. 18. 30. 34].
This is due largely to its computationally inexpensive formulation but also to its many

design variables and thus configurability.

Author’s Contribution

Although research on using amplitude-based infra-red proximity sensors has a long
history. estimating a non-planar object’s position and velocity moving along an un-
known trajectory with these sensors is new. Of all the assumptions made in previous
experiments. one that seems to have been overlooked is assuming a known geometry
for the object. I have shown that by knowing the object geometry and using a network
composed of amplitude-based infra-red proximity sensors. an extended Kalman filter
can be derived to perform object localization. Furthermore. I show simultaneous es-
timation of the object’s reflectance properties. Simulations and experiments in which
a maneuvering target object is acquired and tracked by the syvstem demonstrate the

effectiveness of this approach.

Organization of the Thesis

The thesis has the following structure. The state estimation problem is presented for-
mally in Chapter 2 and the four approaches are examined in simulation and discussed.
In Chapter 3, the proximity sensor network for which the estimation scheme is being
constructed is described. Chapter 4 describes in detail the extended Kalman filter
implemented to perform the sensor fusion for the proximity sensor network (PSN).
The experiments and their results are presented in Chapter 5. A summary as well as

an outline of possible avenues for future work are given in Chapter 6.




Chapter 2

Dynamic Object Localization

We wish to estimate the position and velocity of a free-flving. maneuvering object

using infra-red sensing. The situation is depicted below in Fig. 2.1.

Figure 2.1: Localization of an arbitrary object. Position. q. and velocity. q. are es-
timated with respect to end-effector-fized coordinates. G. The i sensors. each having
local coordinate azes. Si. may be positioned and oriented arbitrarily over the surface

of the end-effector. Object orentation is quantified using target fized coordinates C.

In general. object localization in this manner is a difficult problem. In order to
build an estimation scheme. a relationship between the object’s kinematic states and

the measured output must be obtained. This relationship. being a function of the

6
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object’s geometry. may be complex or even impossible to derive. Furthermore. as the
complexity of the object increases, additional parameters must be estimated.

To render the problem tractable, the crucial assumption was made that the ge-
ometry of the object to be tracked is known. Although this may appear to be verv
restrictive, in reality it is quite valid. In many industrial tasks, the geometries of the
objects to be manipulated are well defined and known. Additionally, although the
geometry must be specified prior to the state estimation sequence. a rudimentary ob-
ject recognition phase can be performed by the sensing network prior to tracking. A
limited form of object recognition can be accomplished concurrently with our object

localization as described in Sec. 5.2.3.

2.1 System Formulation

The dynamic system model is:
x=Ax+Bu+v (2.1)

The state vector, x, contains the object states as well as anv parameters we may
wish to estimate. 4 and B are the system and input matrices. respectively. The input
vector. u, is used to introduce any known inputs to the object dyvnamics. Note that
u is zero for a free floating object. Model noise. v. allows for unmodelled dynamics.
[ts statistics are system specific.

The system is being sensed by n sensors. The ith sensor is modelled as:
yi = hi(x) + w; (2.2)
The relationships, h;, between the state vector x and the sensed output. y;. for
each of the n sensors is non-linear and corrupted by noise, w;, whose statistics are
also sensor specific.
The tracking problem is therefore how to estimate the state vector. x. whose evo-

lution in time is modelled by (2.1) and being observed by n sensors modelled by

(2.2).
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2.2 Estimation Schemes

Four methods were examined in simulation to perform the estimation: Batch. Kalman
Filtering (KF). Extended Kalman Filtering (EKF) and [terated Extended Kalman
Filtering (IEKF).

2.2.1 Batch Estimation

Standard non-linear parameter estimation schemes can be used to estimate time-
varying states. The one examined was recursive least squares (RLS). The algorithm
used to perform the RLS was a boxed routine available as part of the mathematical
modelling package used for the simulations. The advantages of using the packaged
routine were that it was error-free and thus the time to develop the simulation was
reduced. This allowed more time to examine its performance vis-a-vis the case in
point.

The RLS method minimizes an error function g with respect to the states x. For

object localization the error function is:

k
2 &
g(x) = (h(x) — y)° (2.3)
1=1
where h(-) is the non-linear sensor model. y is the measured value and & is the number
of measurements. To accommodate time-varving object positions we estimate locally

the initial conditions and a constant velocity as parameters:
X =X, +tx r=0 (2.4)

The primary advantage with this method is its simplicity. Little time was needed
to produce simulations for batch estimation since only the error function had to be
written. The actual RLS function was available as part of the mathematics software
package used for the simulations {37].

There were, however, two important disadvantages with batch estimation. First. it

was too computationally intensive and thus too slow to implement in real-time. This
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computational overhead is due to the structure of the estimation scheme. For all es-
timation schemes, the computation time increases with the number of measurements,
k used in the routine. This number can be increased by either increasing the number
of sensors or, in the case of the RLS, retain past sets of measurements. The minimum
k would be equal to the number of states, ie. a system of & equations for £ unknowns.
However, due to sensor noise, unmodelled dvnamics and other sources of error. the
number of measurements must be significantly larger. Second, the simplicity of (2.3)
is misleading. To obtain even marginally acceptable results, the measurements. y.
should be weighted: measurements from accurate sensors more than inaccurate ones,
newest data more than old, etc. Proper assignment of these weights is non-trivial and

has been adressed [36].

2.2.2 Kalman Filter

The Kalman filter is based on the assumption that an estimate of the system’s next
state can be obtained by combining a prediction of the system’s state and the newest
received measurement data such that the increase in the estimated covariance of the
states is minimized. A full annotated derivation is given in Appendix B.

The Kalman Filter (KF) requires both state and measurement models to be linear.
Since the measurement model (2.2) is non-linear, this method must be rejected. It is
described, however, as the next two methods are derived from it.

There are several advantages to using a Kalman filter. First, the filter equations
are simple matrix equations in which the most computationally expensive operation
is inverting an n X n matrix. Since n is the number of sensors, which is often less than
the number of states, this is an improvement over the batch method as processing
time is reduced. Moreover, the model and sensor noise statistics appear in the filter
equations explicitly as the covariance matrices, @ and R, respectively. Investigation
into the effects of varying the elements of these matrices independently could proceed

in a more structured manner than for the RLS method. For example, the weight
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assigned to the velocity estimates could be altered independently from the position
estimates providing insight into their relationship within the estimation scheme. This
contrasts with the batch method where all the noise characteristics must be included

in a single, composite weight for each state.

2.2.3 Extended Kalman Filter

Even though the measurement model (2.2) is non-linear. it can be used in the Kalman
filter after linearization. A Kalman filter which employs linearized measurement mod-
els is called an Extended Kalman Filter (EKF). The linearization is a first order Taylor

expansion of the measurement equation:

yi = Hiox + v; (2.3)
where
H, = [ahi(x)] (2.6)
81:1

is the Jacobian of the non-linear measurement function, h;(x), of the ith sensor. When

the systern has more than one sensor they are stacked into a single matrix equation.

y = Héx +v. (2.7)

This linearized measurement equation may now be used in the derivation of the
extended Kalman filter. See the complete derivation of the EKF in Appendix B
Sec. B.2.

The extended Kalman filter has all of the advantages of the Kalman filter while
accommodating non-linear measurement models. This flexibility comes at a cost

however, the linearization may introduce numerical errors into the state estimates.
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2.2.4 Iterated Extended Kalman Filter

As just mentioned, use of the Jacobian of the measurement model may cause numerical
errors in the estimates. These errors may be significant depending on the curvature of
the measurement function [6]. Iterated Extended Kalman Filtering (IEKF) minimizes
this error by performing local iterations between measurements to improve the value of
the Jacobian. The reasoning is as follows. In the EKF, the Jacobian, H, is evaluated
with the last estimate of the states, ie. linearization is performed about the last
estimate. [t is then used to calculate the newest estimates. Since the new estimates
are an improvement over the old ones (the filter would be diverging otherwise) these
new estimates can be used to produce an improved Jacobian. This new Jacobian can
then be used to reprocess the old data to increase the accuracy of the states. This is
repeated until subsequent values of the states differ by less than a preset tolerance.
The IEKF is derived in Appendix B Sec. B.3.

The advantage of this method is obvious; by reducing the effects of numerical errors.
a more efficient filter is obtained. This improvement comes at the cost of increased

processing time required by the local iterations.

2.3 EKF vs. IEKF

Prior to implementation, a choice had be be made between the EKF and I[EKF. In
simulation both methods gave equivalent results. Convergence was slightly faster
with the IEKF but only when the simulated noise levels were unrealistically low.
Because the gains accrued using the [EKF were not large enough to justify it’s longer

processing time, the EKF was chosen for final implementation.



Chapter 3

The Proximity Sensor Network

To perform accurate and robust object localization, a network of proximity sensors is
necessary. A network composed exclusively of amplitude-based infra-red sensors was
developed specifically for this task in a companion Masters of Engineering thesis [12]
is described in Sec. 3.1. The first step after the construction of the sensors was their

characterization, described in Sec. 3.2.

3.1 Sensor Hardware

The sensors and their associated circuitry were designed to conform to the following

specifications:
e range of 0 - 100mm
e single-valued function in operational range
e ambient light rejection
e head diameter less than 7mm
e multiplexed sensor operation

e sensor scan less than 2ms
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A commercial sensor was found whose range, ambient light rejection and diame-
ter were suitable [16], but it did not support fast switched operation necessary for
multiplexing.

One of the sensors developed is shown in Fig. 3.1 without its protective casing.

Figure 3.1: Miniature infra-red proximity sensor.

3.2 Sensor Characterization

The output voltage of an active infra-red sensor is a function of not only object
distance, d, but also of the local surface angle, 8, the reflectance gain, A. and local
surface curvature. Object features were assumed to be large compared to the sensors
and thus the effect of local surface curvature was neglected.

The sensors were characterized by experiment: sensor output voltage was recorded
while a white paper covered cylindrical object, 60mm in diameter, whose longitudinal
axis was perpendicular to the sensor’s line-of-sight, was moved in front of the sensor.
For every reading, the Cartesian coordinates of the center of the object were used to
calculate the sensor-target distance, d, and the object surface angle, 6.

A typical raw data set is presented as a surface plot in Fig. 3.2.

The data obtained was used to establish the sensor model to be used in the extended
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Figure 3.2: Prozimity sensor output voltage vs. object angle, 8 and sensor-target

distance, d.
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Kalman filter. Two avenues for constructing this model were pursued. At first. an
analytical model was used but when this proved unsatisfactory, a numerical model

had to be used. Both avenues are now discussed.

3.2.1 Analytical Formulation

In simulation, an analytical formulation was used for the sensor model. At first. as

there was no actual sensor data for comparison, the following equation was used:

h= %cos(ﬁ) (3.1)

The relationship between sensor output, h, (which is proportional to the intensity
of the received infra-red light reflected by the object) and sensor-target distance, d.
is the well known inverse square law [13. 21, 23]. The angle dependence relationship
was obtained by assuming the object’s surface was Lambertian [19, 21]). Finally,
the surface properties of the object (color, texture, finish) were lumped into a single
“reflectance gain” as in [13, 23].

Once the sensors were built and the calibration experiment conducted. (3.1) was
used as the functional form to which the data was fit using a least squares parameter

identification scheme. The parametrized sensor model was:

ABy ,
hi(d;,0;,\) = mcos(ﬁa,iei). (3.2)

The i subscript refers to the zth sensor in the network. In general, each sensor would
have its own model but since all the sensors in the PSN are infra-red sensors. their
structures are identical and only their parameters (31, 82.i, 33., 84;) differ. The fact
that the parameters differ between sensors is due to variations in the sensor heads, in
turn caused by our current manual production method. Eventually, all sensors will
be characterized by the same h(-).

Note that while [23] assumes that surface angle dependence is negligible, Fig. 3.2

shows that this was not the case with our sensors as there is a definite attenuation of
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the output signal with increasing angle. These findings agree with other researchers’
findings and and the theoretical development found in [15].

The parameters J; 534 were determined byv fitting (3.2) to experimental data using
recursive least squares (RLS). Due to the large variability between the output ranges
of the different sensors (minimum range 1.4 volts. maximum range 3.3 volts) which
were to make up the PSN. each was calibrated independently. Since the overall shape
of each sensor’s output curve was the same. each sensor’s output was scaled in software
to a range of 0 — 3.5 volts prior to use in the parameter identification routine. The
scaling and offset values for each sensor were saved for use in the filter. The relation
(3.2) fit each sensor’s data with a maximum root mean square {(RMS) error of less
than 6m}l".

Unfortunatelv. RMS error is a good indicator of model fit only if errors are due to
gaussian noise [33]. Even though our RMS error was small. the surface plot of the
error between measured data and the fit surface vs. object angle and sensor-target
distance in Fig. 3.3 show that significant svstematic errors existed. The lobes to
either side of 8 = 0° suggests that the angle dependence isn't modelled correctly by
the cosine function. The error is due to the fact that our model assumes an incident
light beam painting a point on the sensed object whereas. in reality. the sensor emits
a cone and thus paints a circle on the object. The geometry involved in determining

how much of that circle is reflected back to the sensor’s receiver is complex {15}.

3.2.2 Numerical Formulation

Acknowledging the presence of svstematic errors raised the question of whether further
theoretical analysis should be performed in hopes of producing a more faithful model
or to forego the analyvtical model and resort to a numerical characterization. It was
decided to follow the latter to keep the focus of the research on producing a working
system.

The sensor model now takes the form of tabulated data and is evaluated by 2D linear
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Ao @y (veat Sotce Mot o van Symnmupe Uvore

Figure 3.3: Analytical formulation for the measurement model: raw data from charac-
terization run (left), surface plot of model (middle). Surface plot of error (in percent
of current value) between model and experimental data (right). note the lobes to both

sides of = 0°.

interpolation. The process to produce an array suitable for table lookup involved two
steps. First, an interpolation scheme was used to produce a regularly spaced matrix
from the irregular vectors of sampled data. The resulting ¢ x d matrix mapped rows
to increments of 1° in § and 1lmm in distance, d. Drawing upon image processing

techniques, the data was then smoothed by convolving it with the following mask. M:

1 21
M=12 4 2 (3.3)
1 21

and dividing the value of each element by 16, the sum of the elements in the mask.
The resulting array was then stored for use in the filter. These steps were all per-
formed using functions available in the mathematical software package used for the
simulations {37].

It should be noted that. from a computation stand point. tabulating the function
should have been the method to adopt from the start as it reduces computation time'.

This is of prime importance since the goal was implementation in real-time.

1To evaluate the analytical model (3.2) 4 multiplications. 1 addition and 2 function calls (cosine
and exponential) are needed. This is replaced with three linear interpolations which only require 4

additions, 1 division and 1 multiplication, each.
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A second set of data. obtained in the same fashion as the data used to create
the table, was used for validating the table. The error between the output voltage
of the new data set and the output obtained from the table evaluated at the same
coordinates was plotted to verify that the systematic errors had been eliminated. The
covariance of this error was calculated and saved as it was required for implementing

the extended Kalman filter.



Chapter 4

Data Fusion for the Proximity

Sensor Network

4.1 Object Model

4.1.1 Geometry

As discussed in Chapter 2, the complexity of the filter depends to a large extent on
the object’s geometry. For simplicity, the object selected for localization was a circle
which does not require the estimation of orientation. As can be seen in Fig. 4.1. the
relationship between the sensed distance, d;, the local surface angle, 8;, and the center
coordinates of the circle, (z,,,z2,). will be identical for each of the n sensors. The
circle was also chosen because the task for which the PSN system was being developed
was robotic grasping. Since many “grippable” objects, especially for anthropomorphic
robot hands. are cylindrical in shape, using the simplest 2D projection of a cylinder

seemed a natural starting point.

19
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X1

Figure 4.1: Sensor i viewing object. Sensor output is a function of d; and 6; and the
object surface properties, A. The sensor model must relate these variables to the states

of interest, (1, T2;)-

4.1.2 Dynamic Model

The object’s dynamic equation was given in (2.1). Since the filter will be implemented

in discrete time, that equation. discretized, is:
Xee1 = PxXp +[Tug +m + v, (4.1)

where x; is the state vector at step, £ and we have added the vector m which
captures known displacement of the manipulator. For the circle, the state vector is
arranged as follows:

X = (1, g, &1, B2, A]T (4.2)

where z; and z; are the components of position of the center of the circle and their
derivatives, respectively. We are estimating the albedo parameter A on-line and ap-

pend it to the state vector, assuming it has no dynamics, Agy1 = Ag + k.
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The state transition matrix, P, is defined as:

® = e ter1=t) = g7 (4.3)
(100 0)
01 0 70

® = (00100 (4.4)
00010
Loooo0 1)

(4.5)

We assume we have no knowledge about the system inputs. u, and therefore set
ux = 0. Thus accelerations are modelled as disturbances. Finally, the object model
noise, v, is assumed stationary and Gaussian. Furthermore, it is not correlated in

time and therefore does not have a k subscript:
Elvx vi] = Qdx, (4.6)

where @ is the system covariance matrix and d;; is the Kronecker delta.

4.2 Sensor Model

The measurement model (2.2) is composed of n non-linear equations, or n look-up
tables, where n is the number of sensors acquiring valid data. The non-linear rela-
tionship, h;(+), is a function of d;, §; and A which must be evaluated from the state
variables x. From the geometry in Fig. 4.1, the following kinematic relations are

drawn:

6, = asin(%) (4.7)

d,‘ = Iy; — TCOS(O,’). (-18)
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The sensor noise. w, was characterized as described in Sec. 3.2 and therefore,
Efw, wi] = Réy, (4.9)

where the elements on the diagonal of the measurement covariance matrix, R. are

equal to the experimentally obtained sensor covariances.

4.3 Calculating the Jacobian

The final step before using the extended Kalman filter is to obtain the Jacobian, H
of the measurement function, k, with respect to the state vector in end-effector-local
coordinates, “x. As described at the end of the previous section. A;, is a function of d;
and 8; which are in turn functions of the object state in the ith sensor-local coordinate
system, S'x. Furthermore, Six is related to “x through a coordinate transformation.

Since we are considering only a planar scenario. this transformation is

cosa; —sina; Sig
Te = | sinq; cosa, Siy |- (4.10)
0 0 1

where ¢; is the angle between the x-axis of the end-effector and sensor coordinate
systems. and Si;, St, are the components of the distance between the origins of the
two coordinate systems.

Thus, the Jacobian with respect to “x can be derived by applying the chain rule.

_ Olh] _ 9k Olpi] 9[%'x]

Bo= 56y = 3p] 3] 30"

(4.11)

The functional forms of the three terms can be found in Appendix A where the
Jacobian is derived. Note that for the analytical formulation of the sensor model
the first term in the Jacobian has an analytical form. For the numerical formulation
the first term must be obtained from the look-up table. The partial derivatives of

the function with respect to d and 6 were obtained numerically and stored in two
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additional tables. The partial with respect to A is simply the original function divided

by the latest estimate for A.

4.4 An Extended Kalman Filter for the Proximity
Sensor Network

The EKF equations are presented below:

Prediction
Xere = Pxp (4.12)
Pk+lik = ‘IJP;:@T'i-Q (4.13)
Update
Xitlk+l = Xk+1k T K[Yk-(—l - h(l'k+1|k)] (4.14)
Pivipsr = [~ KHeo|Poyy[l — KHe]" + KRKT (4.15)

the Kalman gain is defined as,
K = Pep_ 1 H{ [HcPoy— H{ + R]™ (4.16)

The subscripts are in standard conditional probability notation. Conditional prob-

ability and other statistical concepts are covered in any statistics textbook. eg. [29].

4.5 Filter Implementation Issues

From the extensive simulations performed, several issues were raised and handled

prior to experimentation.

4.5.1 State Vector Initialization

Although in simulation the initial values for the states, xq, can be set arbitrarily near

or far from the actual values, in practice this cannot be done. Thus, a method to
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initialize the states had to be devised.

The method adopted was a purely geometric one: at initialization, each sensor was
checked to see if it was acquiring valid data. The lines of sight of those sensors which
were valid were used to approximate the object’s initial location. A graphical view of

the method is given in Fig. 4.2.
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Figure 4.2: Initialization procedure: from left to right examples of two. three and four

point initialization.

Single sensor initialization was not implemented since this would lead to an unob-
servable system. Observability is discussed in Sec. 4.5.5. The velocities were always

initialized to zero and the reflectance gain to one.

4.5.2 Model Covariance Matrix Initialization

A more difficult problem was initializing the model covariance matrix. ). This matrix
greatly affects the speed of convergence and steady state noise of the state estimates.
Theoretically, the @ matrix is a measure of the system model noise and is therefore
used to account for unmodelled plant dvnamics. Alternatively, the @ matrix can be
thought of as a measure of the confidence the filter has in its estimation of each state.
Thus large values in @ indicate that the confidence is low. Mathematically, large

values weigh that state’s estimation so that it is more sensitive to measurement data.
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Since @) is an input to the filter. its elements can be designed to produce specific
filter behaviour. The @) matrix for the PSN was designed as follows.

Since only the positions and the reflectance gain appear in the measurement equa-
tion, these are assigned higher confidence than that which is assigned to the velocities.
Assigning low confidence to the velocity estimates has a positive side-effect. Since the
accelerations are not being estimated. uncertainty in the velocities allows the object
to maneuver without causing the filter to diverge. The drawback of assigning greater
uncertainty to the velocity is that its estimate will be noisy even after the filter has
converged. This will make it difficult to trust the velocity estimates for use in a control
algorithm. Appropriate low-pass filtering can be used to smooth the velocity. how-
ever, since the estimate is reacting to sensor noise, not accelerations. A comparison

between two filters with different @)’s is made in Fig. 5.6 with experimental data.

4.5.3 State Covariance Matrix Behaviour

The state covariance matrix. P, performs a similar function to that of the model
covariance matrix, Q: it weighs the state estimates by their uncertainty. It is therefore
initialized in the same way as Q.

The P matrix can be used to measure the progress of the filter’s performance. As
the filter converges. its elements tend towards zero. Since the diagonal elements are
the covariances of the estimated states. the trace of P is commonly used to determine
filter convergence.

A final note on the P matrix. Since the calculation of the Kalman gain involves an
inverse, numerical stability issues arise. As the P matrix forms the core of the matrix
that is inverted, if it is badly conditioned, numerical errors may cause the filter to
diverge. For this reason, the condition number of the P matrix provides an indication

of the numerical stability of the filter.
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4.5.4 State Covariance Resetting

When a Kalman filter (EKF or IEKF as well) converges. there is a danger that the
state covariance matrix, P, will become so small that the filter ignores new measure-
ments. Recalling the discussion in Sec. 4.5.2, this is equivalent to assigning a weight of
zero to a state’s estimate. This effect can be seen by examining the filter equations. If
the state covariance matrix tends towards zero so does the Kalman gain (4.16). Thus,
the measurements’ contribution to the state update equation (4.14) is zero.
Vanishing covariance occurs when the object to be located by the PSN is station-
ary or moving with constant velocity for extended periods of time. This could be
catastrophic if the object suddenly accelerated since the filter would not be able to
respond and would diverge. To prevent this. the trace of the covariance matrix is

checked against an arbitrary minimum and, if it is below, reset to its initial value [30].

4.5.5 Observability Analysis

Since the extended Kalman filter acts as an observer. observability theoryv was used

to analyze the system. The observability matrix for the PSN system is:

- -

H
H®
O=1| H®? |. (4.17)
H®?
Ho?

where H and ¢ are the Jacobian and state transition matrices, respectively.
Observability theory states that if the rank of O is less than the number states
being observed, the system is unobservable [3]. Since the Jacobian, H. is a function
of the relative positions of the sensors and the object, the system could become
unobservable in certain configurations. An investigation into which configurations

would be unobservable was therefore conducted.
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The observability matrix for the syvstem is:

~ -

My N\, 0 0 P)
(M, N, M, N, P)
(
(

O=72| (M, N, 2\, 2\, P) (4.18)
M, N, 3)M, 3\, P)
| (M, N, 1M, 1N, P) |
where.
M, = ©O;cosa;, - Q;sina, (4.19)
N, = B;sina, + 9, cosa, (4.20)
P = 1, (4.21)

and each bracketed row is composed of n. the number of sensors. rows. The variables.
©. and II are defined in Appendix A.

Let us consider the situation in which the PSN is composed of a single sensor. In
this case. the first. second and fifth columns are identical. making the rank of this
matrix. at most. two. Thus. a PSN composed of a single sensor could estimate. at
most. two states simultaneously and the values for the other states would have to be
obtained independently. Recalling that the state vector is ordered (r;.r;.I;.I2.A)
and each column of O is associated with its respective state. the only possibilityv for
an observable svstem is to estimate one of the velocities with one of the positions or
the reflectance gain.

When the PSN contains more than one sensor. the first. third and fifth columns no
longer have identical elements and thus the system should be observable. However.
as mentioned above. the system may become unobservable in certain sensor-object
configurations. Since a measure of how near a matrix is to losing rank is its condition
number. this was used as a basis for a “generate and test” optimization scheme to find
the optimal arrangement for the sensors on the end-effector. For each configuration.

two indices were calculated:
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1. the sum of the condition numbers of the observability matrix (4.18) over the

number of discretized locations in a fixed sensing region.

2. the number of locations in the region in which the object is out of view of one

or more of the sensors.

The first index is a measure of how observable the system is throughout the sensible
region. Since large condition numbers arise from matrices which are near to losing
rank, the larger the sum, the poorer the configuration. The second index is an indi-
cation of the coverage provided by the configuration. The more the object is in view
of all the sensors, the better the configuration.

Since the general optimization problem (placing n sensors in arbitrary positions and
orientations over the full surface of the end-effector) could not be solved in a feasible
amount of time, some restrictions were imposed on the final sensor configuration.
First there was to be four sensors: two on the horizontal edge of the end-effector and
two on opposite vertical edges at 40mm from the horizontal edge. Second. the sensor
arrayment was to be svmmetric about the centerline of the sensible region. Finally.
the orientation of the two sensors on opposite edges could only be outward looking.
thus 0 < 6 < 90°. With these restrictions, only two parameters enter the optimization:
the distance from the centerline, .X', between the sensors on the horizontal edge and
the angle, 6, of the other two sensors.

The results of the optimization are plotted in Fig. 1.3. As can be seen from the
plot of condition number vs. X and 6, the regions to be avoided were at distances
of = 30mm between the angles of 40 — 50° and 75 — 78°. The plot of the number
of locations in which the object is out of view of one or more sensors shows that the
angle should be greater than 60° and distances less than 20mm. The values used for
our implementation were X = 13mm and 8 = 60°. The sensor arrangement is also

shown in Fig. 4.3.
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Contour piot of condition number vs. aistance and angle
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Figure 4.3: Final sensor configuration, § = 60° and X' = 15mm (left). Regions of low
observability characterized by high condition numbers in the observability matriz (top
right). Number of locations in which the object is out of one or more of the sensors’

views (bottom right).
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4.5.6 Sensor Validity Checking

A method for checking whether a sensor was providing valid data had to be imple-
mented. Once a sensor was determined invalid, a method to remove it from the filter
on-line was also developed.

Two checks were made to determine valid sensors. The first was based on the
estimated position of the object: if the object’s estimated position was out of a
sensor’s lateral field of view it was rejected. Second, if the measured value from the
sensor was below the noise threshold, it was also removed from the filter.

To reform the filter equations on-line, a “Select” matrix was constructed based on
which sensors were valid or not. This matrix operated on vectors, removing undesired
elements but maintaining the order of the remaining elements. Once the valid sensors
were selected, the new size of the measurement vector was propagated through the

filter equations.




Chapter 5

Experimentation

5.1 Hardware Description

A custom autonomous robotic test-bed was constructed for sensor calibration and all
experimental work. The test-bed is composed of two serial link manipulators: a PPR
actuated linkage named “Calvin” and an unactuated RRR linkage named “Hobbes”.
All data was handled by custom software running on a two-node transputer network
composed of a T800 and a T222 INMOS (© processors [24, 25]. Control programs
are downloaded from, and post-process data logging uploaded to. a UNIX workstation

over an ethernet connection. The system is shown in Fig. 5.1

Calvin

The actuated manipulator configuration was chosen for its analytical simplicity: its
forward kinematic equations are identical to its inverse kinematics. The base link.
known as the z-stage, is a belt driven linear stage and has a travel of 600mm. Its
actuator is a brushless DC motor. The second link. or y-stage, is a ballscrew driven
linear stage with a travel of 300mm. It's motor was a brushed DC motor. The final
link or #-stage is a worm gear driven rotary stage. Its motor is a brushless DC motor.

Each link’s motor was instrumented with an optical encoder having a resolution of 0.09

31
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degrees. Power to each motor was controlled by a servo-amplifier. The end-effector

was a parallel jaw gripper.

Hobbes

To validate the estimates provided by the PSN. the object’s actual position and ve-
locities had to be determined. The second linkage was built for this purpose. Each
of the three links was instrumented with an optical encoder having a resolution of
0.0071 degrees. Fig. 5.1 does not show Hobbes’ distal link as it has zero length and

thus not needed with a circular object.

The Transputer

The software controlling the I/O, running the servo-loops and handling postprocess
storage, was written in C. However, because of the parallel architecture of the trans-
puter network, the manufacturer’s parallel process library routines also had to be
used. The 32-bit T800 processor ran high level state machines, data storage and path
planning calculations. The 16-bit T222 processor was responsible for I/O with the
hardware as well as low-level data manipulation such as numerical differentiation of

the position signal and low-level command calculations.

5.1.1 Calibration

A kinematic calibration was performed to identify Hobbes’ position relative to Calvin’s
workspace (link0) as well as determining Hobbes’ link lengths (linkl, link2). Since
Hobbes is initialized by pushing its links against their respective hard-stops. offset
angles between their assigned coordinate axes and this position, 81,7y and 62,7, were
also determined. Calibration followed the method described in [4]. First, the last
link of both linkages were fixed together forming a redundant closed chain. Then the

Joint angles were recorded as the pose of the redundant chain was changed manually.
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Finally, a recursive least squares algorithm was used to perform the parameter iden-

tification. The results are given in the table below.

Parameter Nominal Value | Calibrated Value
link0, (mm) 20 18.69
link0, (mm) -385 -369.33
linkl (mm) 400 100.34
link2 (mm) 200 200.02
01,7; (deg) 240 239.43
02,77 (deg) -135 -156.95

5.2 Experimentation and Results

The behaviour of the proximity sensing system is presented in a combination of sim-
ulated and experimental results. Simulation results are presented first, showing the
feasibility of the system. Experimental results of the working system are then pre-

sented as proof of implementability.

5.2.1 Dynamic Object Localization: Simulation

The following results were generated from the final version of the simulation. In this
version, an object could be made to follow an arbitrary trajectory and this trajectory

was estimated by a PSN fixed to an end effector controlled using the following control

law:

7= Kp(x — (Xq +6)) + Ky(% — Xq) (3.1)

where, 7 is the two dimensional torque vector, K, K, are the proportional and
derivative gains respectively, X,,X, are the current end-effector position and velocity

and x,x are the latest estimates of the target’s position and velocity, respectively.
g p
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The components of all the vectors were in the x, and v directions. The offset, 4. is the
desired distance between the end-effector-fixed coordinate system and the object-fixed
coordinate system.

The end-effector was modelled as an undamped mass. The control law is a modified
PD control in which actuator sensor feedback is replaced with the filter's estimates of
the target’s kinematic states. The errors go to zero when the end-effector’s position
and velocity match the target’s estimated position and velocity [10].

The sensors were modelled using the analytical measurement model given in Sec. 3.2.
The noise characteristics used matched those identified from the actual sensors.

An important assumption was made concerning the placement of the sensors. [t was
assumed that the location of each sensor was exact and known. When the orientation
or position differ from that assumed by the filter systematic errors are introduced into
the filter which may cause it to diverge.

Results from a typical simulation are given in Fig. 5.2. In the simulation shown. the
object followed a linear trajectory to the right at 3.5 e¢m/sec upon which sinusoidal
disturbances in the .X and Y directions were superimposed. The disturbance in the
X direction had an amplitude of 0.2 cm and a period of 0.4 seconds. The disturbance
in the Y direction had an amplitude of 0.5 cm and a period of 2.86 seconds. The
resulting object trajectory is shown in the upper left panel of the figure. The filter's
estimate of the object’s trajectory is presented in the same graph. The errors in
each of the five states are presented in the other five panels. The effect of assuming
linear behaviour for the object in the filter is highlighted by the periodic nature of
the errors. The filter's performance in the linear regions of the trajectory is very good
but degrades significantly in the regions with more curvature.

To keep the object in view of the PSN, the end-effector was allowed to move accord-
ing to the control law stated in (5.1). The two plots in Fig. 5.3 demonstrate how the
filter’s estimates of the object’s position and velocity can be used as feedback signals

for use in controlling the end-effector. The plots show the trajectory of the center of




CHAPTER 5. EXPERIMENTATION 36
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Figure 3.2: Qutput from a typical simulation erperiment: actual and estimated ob-
ject trajectories (top left), reflectance gain error (top right), error in the X and Y
components of position (middle left and right, respectively) and error in the X and Y

components of velocity (bottom left and right, respectively).
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the end-effector superimposed on the trajectorv of the object. The trajectories were
superimposed by adding the offset. § in (5.1). to the end-effector’s trajectory. This
was done so that the performance of the filter may be more easily evaluated.

From the first plot we see that the end-effector acquires and tracks the object closely.
In the second plot. however. we see a phase lag between the object and end-effector’s
trajectory. This lag is due to the simplistic control law used to control the end-effector
and could be mitigated by adding an integral term. The control law would then be a

modified PID controller which would exhibit better tracking properties.

Object and End-Effector Trajectories
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3.4F -7 B
5. 3.2 4 -
=2
. >
ar i —— Object i
;: — - End EHtector
28 L : " " x
Q 5 10 15 20 25 30 35 40
X (cm)
Object and End-EtHector Trajectories
4.5 —_
4 ~ - .
—_ P
_g. 3.5 / .4
> N =
3 - - - i 06|ec1 ! -
T End Effector
L N —
2.5 " S . R
S 10 15 20 2s 30 as 40

Figure 5.3: Object and end-effector trajectories using estimated object position and
velocity for feedback: object following linear trajectory (above) and object following

trajectory with disturbances (below).

From Fig. 5.2 we see that the filter provides sufficiently accurate for object tracking.

Simulations were also conducted to determine the filter's behaviour when faced with
a changing reflectance gain. The results of a simulation in which the reflectance gain
changed suddenly are also presented in Fig. 5.4. Note that the actual reflectance gain
and not the error is plotted in the top right panel.

The simulation changes the reflectance gain from 0.8 to 3.0 at ¢t = 3 seconds and

changes it again to 0.45 at t = 7 seconds. As can be seen from the plots the error
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Figure 5.4: Tracking the reflectance gain. The reduction of the signal to noise ratio

at large reflectance gains causes the efficiency of the filter to increase.
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of the states is significantly reduced at larger albedo parameters. This is due to the
fact that when the reflectance gain is large. the signal to noise ratio is reduced. thus
improving the efficiency of the filter.

Asseen in Fig. 5.4 the system is able to track objects of unknown surface properties.
This is important since the measurement model for a given geometric class (in this
case a circle) obtained in calibration is valid for other, naturally occurring, objects of
the same class. Thus the PSN calibrated with a white paper covered surface could

track green paper covered objects, wooden objects, etc. as well.

5.2.2 Dynamic Object Localization: Experimental

As a first iteration experiment the PSN was attached to a stationary fixture and the
object was mounted on the Calvin robot so that its motion could be controlled.

As mentioned in the previous section an important assumption was overlooked
during the simulations: the filter needs to know the position of each of it's sensors
or systematic errors are introduced in calculating the measurement function and the
Jacobian. This is a definite drawback since proper implementation hinges on correct
knowledge of where each sensor is located. For the experiments conducted a precisely
machined fixture was used. An alternative method is suggested for future work in
Chapter 6.

In the experiment, the object moved from (-3, 35)mm to (0,40)mm in 5sec. The
coordinates are in the PSN’s local coordinate system. The object was in view of all
the sensors throughout the experiment.

Thus, with proper tuning of the system covariance matrix, @, a real object can be
successfully tracked. The system acquired the target and tracked it over a period of
5 seconds. The state errors converged to zero in less than 0.5 seconds.

The data from this experiment was also used to demonstrate the effects of tuning
the system noise covariance matrix, Q. The raw data from the run was filtered post-

process twice, once with @1 = Diag(0.0001,0.01, 0.0001, 0.05,0.001) and then with
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Figure 5.5: Frperimental Results: actual and estimated trajectories (top left). re-

flectance gain error (top right), errors in X and Y position (middle left and right,

respectively), errors in X and Y velocity (bottom left and right, respectively).
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Q2 = Diag(0.1, 10, 0.1, 20, 0.01).

EXPERIMENTATION

The results are given in Fig. 5.6.
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Figure 5.6: State errors of two filters with different @ matrices.

Time (sec)

The filter which

generated the output on the left had smaller elements than the filter on the right.

Note the differences in speed of convergence and steady state noise.

The errors in the states estimates are given for both filters, @1 on the left and Q2

on the right.

Comparing the convergence of the velocity estimates, it can be seen

that by assigning larger weight, convergence time decreases and steady-state noise

increases, as explained in Chapter 4.
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5.2.3 Object Recognition: Experimental

The EKF assumes a known object shape. If the PSN acquires data from a different
shape, the filter will diverge. This observation led to a series of experiments to
demonstrate the system'’s ability to perform rudimentary object recognition.

The object recognition procedure was as follows. At initialization, several filters,
each assuming a different object geometry, were launched in parallel. Each filter was
given a finite period of time in which to converge. The object in the filter which
converges is assumed to be the object being sensed.

The experiment performed launched several filters, each assuming a different radius
for the object. The object is stationary. The results are given in Fig. 5.7.

As can be seen in this first iteration experiment, rudimentary object recognition
can be performed by the system. From these experiments, however, the system could
not discriminate between objects whose radii differed by less than 5mm. This is due
to the measurement function where a change in radius can be compensated by a
change in reflectance gain. Thus. although the system can be used to perform object

recognition, it can only do so with objects which have sufficiently different geometries.
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Trajectory Trace vs. Time
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Figure 5.7: Object recognition with a PSN. Four filters, each assuming a different
radius for the object are given 5 seconds in which to converge. The estimated trajectory
(left) as well as the trace of the state covariance (right) matriz are given for each filter.

Two filters converge in the alloted time of 5 seconds.



Chapter 6

Conclusion

Accurate sensing of one’s environment is a precursor to autonomous operation within
it. A network of miniature, amplitude-based, proximity sensors coupled with an ex-
tended Kalman filter has demonstrated it's ability to provide estimates of a sensed
object’s velocity and position. This information has been used in a sensor-based con-
trol algorithm to track a moving object. Although the vehicle used for demonstration
was autonomous grasping, this technology can be applied to any other task requiring

precise, non-contact object localization.

6.1 Future Work

Although experimentation on the C&H robotic testbed demonstrated the basic track-
ing of all parameters, the full extent of the system’s capabilities, and limitations, have
vet to be tested. The following avenues of experimentation should be explored.

The simulation results should be reproduced in reality. The system should be tested
with data from the PSN used for control of the Calvin robot.

The object recognition phase should be studied further. How sensitive is the pro-
cedure to errors in the object’s radius? What is the system’s resolution? Later, when

filters are derived for other objects such as ellipses or edged shapes, other object

44
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recognition experiments could be conducted.

The effect of sensing ellipses with a filter which assumes circular objects was not
investigated. Since the goal is to grasp 3D objects, the cylinders to be grasped will
not always have their longitudinal axes perpendicular to the grasping plane. An
analysis of how the filter degrades with increasingly elliptical cross-sections should be
performed.

The system has only been tested on the 2D testbed. Generalization to a 3D envi-
ronment is a natural extension of this work.

As mentioned in Chapter 3, the relative positions of all the sensors which make
up the PSN must be known by the filter. otherwise systematic errors are introduced.
Since making a precision fixture for the PSN is expensive and inconvenient, a method
to perform the kinematic calibration of the PSN should be developed. One method
which used the sensor outputs in an identification scheme to estimate the positions
and orientations of the sensors was tried with mixed success. This research should be
continued.

Finally. all experiments conducted were with a PSN with a static configuration.
A PSN in which the sensors can move with respect to each other could modify it's
coverage to adapt to certain conditions. Thus. a PSN could widen its coverage when
no object is in sight to increase the likelihood of acquiring a target. The benefits and

drawbacks of a “dynamic PSN” should be investigated.




Appendix A

Jacobian Derivation

The full analytical derivation of the Jacobian is presented here.

The measurement model (3.2) for the ith sensor is repeated below:

A
i = mcos(ﬁs.iei)- (A.1)

where the 3;; are the curve fitting coefficients. Let us define the parameter vector
p = [di. 0. \]T. (A.2)

As described in Sec. 3.2, d; is the sensor-target distance, 6; is the object angle with
respect to the sensor’s line of sight and A is the lumped parameter of the object’s
surface properties. The parameters, p, are related to the object states in sensor-fixed

coordinates. S'x, by geometry as presented in Sec. 4.2, repeated below:

Si
§; = asin (%) (A.3)
d,’ = SiX2—TCOS(0,‘). (:\4)

G

The object states in the end-effector-fixed frame of reference, “x. are related to the

46
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states in the sensor-fixed frame of reference, S'x, through a simple transformation:

Siy SiR. Gx +5 Pg
Sig | = SiR. Gx (A.3)
A A
where,

: co;  S@y
SRg=| = (A.6)

—8Q; COy

is the rotation matrix relating the two frames of reference and,
. ~P; co; — Py ;sa

SiPg = e (A7)

PI_,'SO’i — Py,,'sa

is the distance between the origins of the two coordinate frames. The angle of rotation
between the sensor-fixed and end-effector-fixed frames of reference is ;. The cosine
and sine functions have been abbreviated to ¢ and s. respectively.

We can now derive the Jacobian of the measurement model with respect to the

states in end-effector-fixed frame representation. Using the chain rule of differentiation

we have:
. , Si
ol¢x]  dlp:] I[5'x] 9[°x]
where,
a[h‘] - —01.:92.,Ac05(33..8,) —3d1.3,Asin(33,6,) —3I1,cos(33.6,} }T (_\ 9)
o[pi] (dy+Ba)72 7 (d,+33.,)72 (di+ 35,072 ™
- .} '1"
tan Bi 1 000
9[p;] :
— = A10
6[511.] cos §; 0000 ( )
0 0 0 01 |
[ St 17
i RG 02x2 02><I
a[°*x] .
3[Cx] =| Oaxa “"Rg 021 (A.11)
A 01x2 01x2 1 ]
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For the case in which the sensor model is numeric rather than analvtic. the values

for (A.9) are tabulated rather than calculated. The rest of the derivation is identical.

Multiplving the three matrices vields the Jacobian.

- -

O, cosa; — §2, sina;

O, sina; — 2, cos a;

H,‘ = 0
0
i I, |
where,
QO = ﬁjl.zji’.i/\cos(j&:gz)

h (di + 3y,)%2!

0. = '31.1'32.1)‘ COS(J;_,’B,’) tan 61 _ 31_,33_,Asin(33_,9,)

(d; + 34,)%2~1 rcos 8;(d; + 3y,)7

I, = - cos(J336;).

1
(dx + 34)3'

(A.12)



Appendix B

Filter Derivations

The derivations of the Kalman filter. extended Kalman filter and iterated extended
Kalman filter are presented below. These derivations may be found in the literature.
but not all together. nor with a consistent notation from one derivation to the next.
Furthermore. derivation was not just an academic excercise. In deriving the filters.

important insights were gained in how to tune. initialize and implement them.

B.1 The Kalman Filter
We are observing a discretized linear dvnamical system:
Ty = P + [ ewy. (B.1)
with the following linear measurement equation:
e = CeZi + Uk (B.2)

where wy and v, are white. zero mean. gaussian noise processes.
If z, is the latest estimate of the state. then the estimated state at £ — 1 given the
state at k£ will be:

fk—l'k z(pi'k (B?v}

49
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The Kalman Filter forms a linear combination of the latest state estimate and the
latest measurement in which the increase in the state estimate covariance matrix. P,
is minimized.

The linear combination takes the following form. constants J and K to be deter-
mined:

Te+1 = Jer1Tr+16 + Ker 1Ykt (B.4)

We now take the expected value of both sides of B.4:

Elire1] = ElJes1Zirie] + E[Kes1Yk+1)
Elire1] = Jes1ElZerk) + Kes1 E[Cri1 Tt + Vkai]
Tesr = Jer1Thv1 + K1 Crs1 Tes
Therefore,
I = Jiksy + K1 G (B.5)
and,
Jer1 = I — K1 Gy (B.6)

By substituting the newly found expression for J into B.4 we get the familiar
Kalman Filter update equation:
Zrs1r = (I = Kes1Cre1)Tisr e + K1Y+t

{

e+t = Zkep + Keer[Uk+1 — Cre1Zes1ik) (B.7)

We now derive the expression for the Kalman gain K. We do so recalling that the

linear combination in equation B.7 must minimize the increase of Zi.x’s covariance

matrix, P.

We begin by deriving the covariance matrix update equation.

P = E[(& — E[2])(")T]
= E[(Zxpk—1 + Kilyx — CxZape—1] — z)(1)7]
= E[((I -~ KeCi)(Epp-1 — zx) + Ki(y — Cizs)) ()T
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= E[((I — KiCi)(Erk—1 — 7x))(-)"]
+E[(I - KkCr)(Zxk—1 — zi) (K (ye — Crzi))T]
+E[(Ki(yx — Ckzi))(Expp—1 — 7x) T (I — KiC)T]
+E[(Ki(yx — Cezi))(1)"] (B.8)
= E[(I - KiCr)(Zxik-1 — &) (-)T(I — KikCx)T] + E[Ki(yx — Cezie)(-) T K{ ]
= (I = KiCo)E[(Zrjk—1 ~ &) () TI(I — KxCi)T + K E[(vi) ()| K{
= (I - KeCo)E[(9Fk—1 — Bzr—y + Troqwie—) ()] — KiCh)T + KeRe KT
= (I ~ KeCr)PE[(Ex-1 — Elzr_1])()T]®T + E[(Te-rwi_1) ()T = KiCi)T
+K R KT
= ([ ~ KxCy)[®@Pe1 T +TQRIT(I — KiCi)" + KeRe KT
= (I = KiCi)Peje—i(I — KikCi)T + K Rk K,
= (I — KiCi)Peje— (I = CFK]) + KR KT (B.9)
The middle two terms of equation B.8 vanish under the assumption that the system

error and the measurement error are uncorrelated random processes.

We now minimize AP with respect to a change AK.

AP = P(K +AK) - P(K)
= (I —(Ky + AK)Cy) Pepsr (I = CT (K + AK)T) + (K + AK)Re(Ki + AR)T
—(I = KiC)Peje (I —~ CTKT) + Ky R KT
~ AK(~CiPyi-i(I = CTKT) + ReKL) + (=(I = KiCr)Pejg-1C{ + KeRi)AR]
= AKV+TAKT (B.10)
In deriving this last equation we have neglected second order terms. \We now force

AP to zero by setting ¥ and Y to zero. Setting ¥ = 0 we can solve for A}.
0 = —CiPus_1(I - CTKF) + R KT
0 = _Ckpklk—[ + Ckpklk—ICEKZ + RkKZ
0 = CiPip-1 — (CePrp-1Ci + Re)K{
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K{ = (CrPip-1C{ + Ri) ' CrPe-1
Ky = [CiPik—1]"(CkPip-1CF + R)™T
K = PhL_CL(CPL._.CF+RD)™!
Ki = Pye1CF (CePrpe1CT + Be)™

(v}
o

(B.11)

Equation B.11 is obtained by recognizing that P and R matrices are symmetric. Had

we started with T equal to zero the result would have been identical to the one above.

We can now write the Kalman Filter equations.

Given
Prediction
Update
Tiyl
Pty
where,

Terr = Sxp + Twy
ye = Cizp+ v
I = Pzi

Pk+1|k = (I’Pk‘I)T + FQkFT

= ZIpek + Kest[Uk+1 — Crr1Trrri)

= [I = Kip1Cri|Perripll — CFL BT + Kis R K

Kis1 = Pip-1CF [Cr P CE + Ri]™!

B.2 The Extended Kalman Filter

(B.12)
(B.13)

(B.14)
(B.15)

(B.16)
(B.17)

(B.18)

Extended Kalman Filtering is a derivative of the regular Kalman filter which allows

for non-linear measurement and system model equations. In this case we are solely

concerned with measurement non-linearity and thus the following derivation will be

specific to this case.
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We are observing a linear dynamical model:
Tipr = Pz + Trwy, (B.19)
with the following non-linear measurement equation:
Yk = h(ze) + v (B.20)

where w; and v are again white, zero-mean, gaussian noise processes.
Since we wish to use linear filtering theory, we will linearize the measurement func-

tion about some nominal trajectory Ix:
()-.’I,’k =T, — Ik (B?l)
Let us therefore define the nominal measurement as:
- é - B .').
Ur = h(Zk) (B.22)
and the measurement variation as:
- A - 9
Yk = Yk — Uk (B.23)

Therefore, using B.22 and B.23 in B.20 we have:

oye = h(zk) — h(Zy) + vk

~ H[zldz, + v (B.24)

Equation B.24 is the first order Taylor expansion of A(z). The linearized measurement

matrix, A, is defined as:

H, = [6’;5:?1:)] (B.25)

which is the Jacobian of the measurement equation. The index, i, on the measure-
ment equation, /., reminds us that it is possible to have more than one measurement
equation. The index on the state z in the denominator specifies that the partial is to

be taken with respect to each variable in the state vector. Thus, A, is an { X j matrix.
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After linearizing the measurement equation, we have the following pair of linear
equations:

Iper = Pz + wy

o'yk = Hdzp + e (B.26)

but what is the nominal trajectorv Z;? The obvious choice is the latest estimate
Tkstfk-

We now use these linear equations in the Kalman Filter. The only equation affected
is the update equation. Substituting dyx, for yps1 and Hy10Zgsqk for CroyExvqx in

equation B.7 we get:
Tes1 = Zirrje + Ke[0ykrr — Hisr10Tk+11]) (B.27)

but.
(5ifk+1|k =0 (828)

Equation B.28 requires some additional explanation. Let us consider the definition of

dx in equation B.21. Following its form. we see that:
Tk = e — Ik (B.29)
When & = 0. the initial condition is £, = Zg9. Therefore,
dZgj0 = o0 — Lopp =0 (B.30)

And thus,

When we go to the next time step, the above repeats, since when k£ =1, &; = Zy.
Thus for all &:
0Tk = 0Zpsx =0 (B.32)
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Therefore, to complete the derivation we have:

Ikv1 = Tk+ik + Kiel0yksr — Heqr - 0]
Zkyt = Tk + Ke[0yer
Tkvr = Tkwik + KelUrsr — A(Zewri)]

which is the update equation for the EKF with measurement non-linearity.

The filter equations are therefore:

Prediction
T = DI
Pepe = ®POT +Q
Update
Tpetks1 = ZTrer + K{Yksr — M(Terre)]
Perigsr = [{ ~ KHe|Peoipll = KHeyt)]T + KRRT

the Kalman gain is,

K = Plclk-lHE[HkPk!k-lle‘ + R]—l

B.3 The Iterated Extended Kalman Filter

(B.33)

(B.34)
(B.35)

(B.36)
(B.37)

(B.38)

The logic behind the IEKF was explained in Sec. 2.2.4. The derivation for the local

iterations begins with equation B.27. repeated below:

Tke1 = Therje + Ri[0yke — Hk+lf5-'fk+l]k]

(B.39)

In the EKF it was shown that dZxx and dZi.1x were always zero. For the IEKF.

however, additional iterations between successive measurement updates occur and

thus the linearization is being performed around the [th local iteration’s estimate

T4y » DOt Tiiy k. The update equation should therefore read:

Zie1 = Terie + Ki[0yksr — Hi0Tgrry)

(B.40)
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In the IEKF 6Zx41; does not go to zero as did the analogous term in the EKF. This

is seen by noting, for local iterations i:

0T,; = Zii— Ii
0o = Zajp — Lo
(5.’1?0!0 =0
but for local iterations,
0Z10 # P0Zop0 (B.41)
Therefore,
0Ty = Zio — To
dZ10 = Zyo — Lo #0

Note that in the before last equation above Iy = ;g cannot be used since I;p is a
function of i'o[o.

The derivation is now completed. continuing from equation B.40.

Brer = Zpeip + N[0y — Hl kw1 — Z1))

Tier = Tkeir + Kilyksr — hey — H(Zeore — 1) (B.42)

which is the IEKF update equation. Thus the iterated extended Kalman filter
equations are:
Prediction
Same as for extended Kalman filter.

Iterations

Ti—qg = jk+l|k (B‘lg)
Zie1 = Tesye + Kifyesr — h(E) — Hi(Zxe1e — )] (B.44)

Kz = Pk+1|kHIT[HlPk+”kH[T+R]-l (845)




(S]]
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Iterations stop when the difference between two successive estimates of £ is less than
an arbitrarily set tolerance. The resulting estimate at the end of the local iterations,
le. at [ =[f, are:

Estimation

Tkslk+1 = Iif (B.46)

Pesiksy = [ = KigHylPeowll — KipHy|" + K RK], (B.47)
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