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M.x. 

MSTRACT 

TAn..1N FAN 

1\wi cul ttr'al 
E ngi neeri ng 

MUlTl-PLATE PENETRATION TESTS TO DETERMINE 
SOIL S TIFF NESS MODUlI 

Bekter's p-e5slI'e-slnkage eq.Jation, which characterizes t~ soil p-operty 

of vertical deformati on perti nent" to off-road 1 ocom oti on, has l'ong been mder 

diSCU!!5im as to its validity. The variatility of the soil 12rameters in\'Olved in 
f 

ttis eqJation is a major issue. Itïs stresse<! in this stLdy that these variations 

are attributatie to the localized inhomof§eneity ïn sell sa-nples, which is 
o 

inevitatie even lI"Ider strictly controlled laboratory condition;. The stLdy has 

srown ttat the con1ientional two-plate soil penetrati on test cannat be regarded 
. 

as an acctrate technique for the p;1rameter extraction, and srould be 

substitl1ed by a mtJti-pate test. Thls«suggestion was evaluated bya series 

of small plate penetration tests on dry sand. The" soil fBrameters were 

atsess ed by the reg-essi on met rods, and the pi-ess lI'e-si nK:1ge relati 9f'6 hip which , 
WiB Jredicted by using tl"ese parameters compared weIl with the measLred one. , . 
Recommendations are formtJated for the mirimun mmber of pat"es req...aired 

for a des! red level of acCU" acy in t he f(~ ûl ts. 
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GENIE "RURAL' . 

L'équation de "pression-enfoncement" de Bekker qui 

caractérise 14 propriété de d~formation vertic41e du sol 

pertinente aUX v&hicu1es tout-terralin, A été longuement; 

discutée quant ASa validité. La var,iabilité des p4ranEkres du 

sol impllqu&es dans l"'éqJation e~t le problène PI incipal. Il 

'est soul igné dAns cette étude que ces VAr iat ions sont .dues cl 1d 

non-hom09~nêit'ê 1ocalls'ée "des échantillons ne sol, qui. est 

inévitable mGme dans les conditions de laboratoire entlà'ement 

contrdrees. Ainsi, le test conventionel de pénétrAtion cS deux , 

plateaux ne peut ~re considéré comme une technique cld~qJélte 

p:>ur 1" extr4ct lon des par dI1\èt res et do i t ~ re s ubst i tu~ au ter:l t 

à multiples plAteaux. Cette suggestion cl ét'é évaluée par une 

série (je tests à p~nétr4tlon de petits plate4ux (Jàns du sdble 

sec. Les Ptiramètres du sol ont été êVàlu~s pd.~ J:.a méthode de 
i 

régress ion. La reldtion de pression-enfoncement, obtenue en 

ut il: lsant ces !)4r anèt res, est cons istante pesr rapport d celle 

mesurée. Des recommendations sontoformu~:êes pour les tests à 

nombre m inlme de plateaux d'" et.foncement 

désiré de précision quc:tnt aux résultats. 
, /-- --"'" . / 
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OfAPTER 1 

INTRODuctION 

T errain-vehicle mechanics is a branch of mOdern applied mechanics 

developed in the last fort y years. Its objective is to study the interaction 

between the terrain and 'l.ehicles in or der to {ormulate guiding principles for 

thr rational development, design and ,evaluation of off-road vehicles (Bekker, 
~ 

1969). In recent years, the growing concern over energy conservation and 

envirpnment protection has further stimulated .the studies in ~his field. In 

addition to be based on a good engineering design in the traditional sense, an 

off-road vehicle is now expected to attain a high level of energy efficiency 

and IlOt to cause damage to its operational environment, such as excessive soil 

coO)paction in agriculture or the tearing of surfi'lce vegetation on tundra and 
1 

muskeg in northern transportation (McKyes et al:, 1978; Wong et al., 1979; 

T ayl or and Gill, 1984). The increasing activities in the exploration and 
, 

exploitation of nat ur al resources in new frontiers, induding remote areas and . . ... 
, . 

the seabed, have also given much new impetus to the development of off-road 

transportation studies (Yong and ,Harrison, 1978; Falbo, 1984). 

The terrain-vehicle mechanics developed by Dr. M. G. Bekker represent 

one of the main schools o~ thought in this field (W His, 1966). Bekker' s work 
~ 

is the first and 50 far a very influential effort in the systematic development 
" -

of principles of land locomotion mechanics {Soehne, 198 O. Bekker' 5 methods 

, , 
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have been frequently used by engineers in the off-road vehicle industry dtring 

the last 1.5. ta 20 years (Kogure et al., 1983; Vo1fso~, 1984): 

Bekker's theory on soi! deformation by vehlcles depends entirely upon the 
~ 

fitting of the sail presslre-sinkag~ data with an empirical equation 

P = O<c/b + kq,) z n 

with kc, k. and n being construed as real soil constants CReece, 1964a). 

Pressure P is integrated along the terrain-vehide interface of width, b, over 

the sinkage, Z, from zero to maximun sinkage, Z , ta predict the sail motion 
~ ~ .0 

resistance of a vehicular rll'lning gear with a width of b, i.e. 

1 

~ 
Re = b J P dZ 

o 

--Bekker's approach has inspired many investigatOrs ta proceed along this 
" .. 

Une of reasoning. The effectiveness of Bekker's method was demonstrated ful1y 

by i ts exce llent perf ormance in the development of the L lI'lar R oving Yehide 

during the Apollo missions in the U.s.. space program. An acctracy of a few 

percent was achieved in the prediction of power consll1lption (Costes et al., 

(972). 

This rotwithstanding, the validity of Bekker's equation has not been left 

unquestioned. The variabUity of the three sail parameters is a main issue 

undrer discussion (Reece, ·1964b; Will s, 196&; Karafiath and Nowatzki, 1978; 
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Wong, 1980; ,Youssef and À1i, 198~; Volfson, 1984). If these values are, as 

8SSerted by sorne investigators, dependent on the width of the loading area, b, 

then the commonly adopted pra~ice, i.e. using n, kc and k. obtained trom 

small ~ate sinkage tests to predict the behavioll' of a large vehicular running 

gear, would not be justifiable, and the application of Bekker' s method would be 

inaccurate (Hegedus, 196.5). 

PresLmal:i y, there are two possible reasons which might give rise to the 

variaticn; of the soil parameters in Bekker' s equation. The size of loading area 

might" have an effect on the soil parameters. In this case the variation of 

these parameters should be systematic 'and could be formulated as a function 

of footing size, b. On the other han d, the reported deviations might be due 

to tœ random variations of physical states of the soils under test. It has been 

noticed that soil variability prevails in penetration tests even under controlled 

laboratory conditions (Reece, 1964a; 3anosi, 196.5; Bekker, 1969). And the 

CDnYentionally adopted two-plate penetration test makes the assessment of the 

soil par~eters mast susceptible ta the sail varialXli ty • 

W hile the first hypothesized reason js advocated or quoted by some 
\ . 

investigators, the arguments are found based solely on observations of the 

variation of the soil parameters, without reporting, any sys!~matic patterns of 

the variation. In the meantime, the second possibility, i.e. tl1.e soil variability 

i nducing the daimed "size effect", is found to be overlookep in the cited 

literature. 
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It is suggested in this investigation that the assessment of kc and k~ 

might be grossly affected by the soil vari abi lit y, especia11y in the conventional 

two-pate penetration test. It is suggested that the m ul ti-~ate penetrati on 

test is conducive to a more dependable evaluation of the parameters in 

Bekker's pressLI'e-sinkage equation. Such teSts were conducted with a family 
o 

of small model ~ates on loose dry sand. The ordinary and weighted least 

squares methods were used to assess kc and k~ •. The pressure-sinkage 

relationship of a large plate was predicted with the soil parameters thus 

obtained, and was checked w~th the measLl'ed P(Z) relation. 
/' 

-. 
" . 



OfAPTER D 

LITERATURE REVE. 

2.1 Neœssity of _eai.!!8 the sail J!'ess ... e-linlca~ 

relalion in terramechani.cs 

, 

, 

The need to study terrail1 mechanical jroperties in relation 'to vehicle 

" 
(~ performance is evident from experience in the areas of agricultlJ'al traction" 

'\mUitary transport, and civil transport and constroction. A truck might be 
'" 

stalled in a s·wamp. ' A pneumatic tire might lose half ~f its pow~r efficiency 

when shifting f rom conaete road to farm land (Gill and Vanden Berg, 19(8). 

AlI of tAese are related to the weak strength and large defa-mation of soil 

..nœr Yehicular load To predict, evaJuate and improve the perfa-mance of an 

off-road vehicle, the mechanical ~perties of soUs have to be LIlderstood and 

assessed. ' 

The mechanical jroperties of terrain can be defined in severa! ways, 

depending on the analytical approach to the mechanism of the rtl'lning gèac-soil 

interaction. As an empiricar method, the mechanical jroperties of the soil 

" 
could be lumped into an integrated parameter, such as cane penetrometer 

index, in an attempt to correJate this single parameter with the performance 
o 

of a wheel or track ,9<night and Freitag, 1962; Wismer and Luth, 1973). 

When theoretic~l approaches are adopted to interp-et terrain-vehic1e interaction, 
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the s'OU mech~ical properties could be defined in terms of the angle of 

interna! friction' (.), cohesion (c), and densi ty Cp) for the limlted e~ilibium 

analysis rt ong and Windisdl, 1970; Hettiaratchi and Reece, 1974; Karafiath 

and Nowatzki, 1978), or in terms 'Of the modulus of elasticity (El, Poissorfs 

ratio (If) and the friction parameter (fi) for the finite element method f'{ ong 

et al., 1984). 
/ 

{ 

Be kker took a semi-empirical approach to mobility proliems. He 

seJBCated the machine-soil interaction lnto two parts; soil vertical deformation 

~ving rise to wheel or track roUing resistance, and soil horizontal deformation 

mobillzing tlYust •. Soil mechanical properties were characterized by the 

vertical stress-strain Clrve and horizontal shear stress-strain ctrve. By 

integrating these two C\I'ves, rolling resistance and ttrust were calculated • 

.>- According to Bekker's 097.5) theory, rolling reslstance consists of tlTee 

parts; compaction resistance (Rd' bulldozing reslstance (Rb) and, for 

pneumatic tires only, flexing hysteresis resistance (Rf>' Only the compaction 

resistance part was attributed to the soil vertical deformatlon. On medium 

strong soil, compaction resistance is the main forc::e against the machine moving 

forward. 

When a vehide rl.J1S on lJlplved ground, soil 1s compressed under the 

vehicle load. The inclined leading edge prevents the wheel cr track f rom 

moving forward. To keep the wheel cr track going ahead, energy has to be 
, '-. 

spent on compacting t,he soil into a rut. Bekker asst.med that, on an 

.. 1 

:y 
,1 
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infinitesimal segment of the machine-soil interface, the compaction presslJ'e, 

no matter in which direction it acted, w~ identical to the compaction presSlJ'e 
'. 

under a fIat sinkage plate at the same depth. ln other words, the contact 
~ 

\ 

pres5lJ'e i5 a function o~ only sinkage, Z. By integrating the presslI"e--sinkage 

reJati9r:t, ~Z), from the ground slJ'face 
, 0 

ta ,the maximun sinkage, Zo' the 

compaction resistancè is obtained for a r,unning gear of width b as, 

Zo 
R = b { ~Z) dZ 

c 0 
(2.1) 

To imrJement this method, the P( Z) relati on must be assessed tirst. This 

i5 clone by a plate sinkage test. Flat plates, usually in drcular shape, are 

forced into the soil lIlder 'investigation, and the P(Z) relation 1s recorded in 

~graphical or numerical forme This experimentally assessed relation 1s used as 

the input f or the ca1culation of R. Thus the assessment of the sail c 

pressure-sinkage relation becomes an Indispensab!e part of Bekker's 

terramechanics theory. 

A few important facts are negiected in simLiating the running gear-soil 

interaction wi th the flat plate-soil interaction. Firstly, under the action of the 

circular dm of a rl.l1nlng gear, soil particles are not pushed only do~nward, 

but also forward. Secondly, the shear stresses developed in the machine-soil 

interface also contribute to the sinkage. 

In fact, these factors are considered separately in BekJœ~5 theory. The 

resi~éIlCe from forward movement of soi 1 particles is partially asnsed as the 
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bltldozing resistance. The slip sinkage is calculated as an additive ,part to the 

presslI'e reJated sinkage when the deformation is large. For moderate loads 

and deformation, slip sinkage can be negle~ed with negligible error (Bekker, 

. 19(0). 

The experimental P(Z) relation recorded in grapücal or nlnlerical form 

camot bè convenlently us\ed in engineering ca1culations of a>mpaction resistance 

and the prediction of sinkage. Attempts to formulate the P(Z) relation are 

'" discussed in the next section. 

" 

The idealized presslI'e-sin1<age process occll'ring in a homogeneous plastic 

saI m~s at a shallow depth can he roughly represented by two lines, OA and 

AB in Figure 2.1 (Bekker, 19(9). Une OA refers to the iryitial IX>rtion where 

emtic deformation or mere relocation of soil partic1es, or both, prevail. Point 

A CDrresponds approximately to the ultimate bearing capacity of soil. In most 

soil s, a sinkage Z smaller than 6 mm lies within this elastic range <Road 

Re;earch Lab., 19(4). Line AB desaibes a sinkage due to soil fallure ttTough 

plastic flow (Terzaghi and l'eck, 1948). The presslI'e-sinkage relation in this 

range is governed by the changing geometry of the soil fallure zone. The 

"SlI'dlarge effectl1 aI soil above the .wheel-soil contact plane requires additional 
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" 

Pressure ,O~~ ______________________________ ~ 

B 

Figure 2.1 Load-penetration curve in a 
"plastic" homogeneous soil 
obtained by means of a cir­
cular or rectangular plate 
(Bekker 1 1969) 

9 

" 

, 
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presstre to maintain the pastic flow. This additional IX'esslI'e is directly 

proJX)rtional to the s!nkage, Z, in the Equation (2.2). 

q = p g Z 

f 
(2.2) 

where q is tœ slI'charge, g is the acceleration due to W'avity, and p is the 

densi ty of the soil. 

ne real line re(X'esenting an actual P(,z) relation is a ClI"ve, also soown 

in Figlre 2.1. Since two kinds of P'lysical (X'ocess are inwlved in sinkage, an 

acclI'ate mathematica! model tends to he tao romplex ta be l5ed in the 

integration for "comp:1ction resistance (Reece,1964a). W'hat is needed is a 

si mple eqJati on ca(Btie of aplX'0ximati ng the real IX'essli" e-si nkage process to 

meet the recp.tirements of (ractical engineering applications. 

Goriatchkin and his co-workers (1936) found that the plate sinkage data 

<D\,Id he fitted into an exponential ClI"ve. Plotting tœse data in log-log scales, 

tt-e data p::>i nts would faU roughly on a straight Une wi th a sloIE of n and an 

irterœpt ri.. K on the ordinate of log P. This suggests a function in the form 

P = K x Zn (2.3) 

where .the exponent n might tale any value between zero and ap(X'oximately 
\ 

one.~ A specific case of this eqJation with n eq.JaI to 0..5 was fOllld by 

BerrlStein in 19Ôfa- a~icultLral soUs (Bekker, 19(9). 
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commonly agreed to be 

indefPendent of the size and the focm of loading area (Bernstein, 1913; 

Gaiat<:hl4n et al., 1936; Bekl<er, 1960; Wills, 19(6). Th\!; n is talen as a true 

scil mr6t~t. The value of K was foœd to be dependent both on the sail and 

on the sizes of pates used 10 a test, so K is not a soil constant. Using 
/ 

Equati on (23) to predict the moti on resistante of rigid wheels, researchers hâd 

to œtermine the val~e of K fer each wheel lB~ng a plate wi th the same width 

as that of the real wheel. The predictions thus. abtained proved satisfactary 

(Be klœr, 1969). 

Withits [Brameter K tDœd ta the size of the vehic1e rlnnlng gear, the" -
Il 

JX'actical usage of Equation (2.3) is very limited. When a rrnnÏng gear is small 

.-

and easy to falric~te. it does not ~.Ie moch sens~ to get • less 'reli'~ 
predIction tram a J::enetration test è.sing a similarly sized plate. When a 

r unn! ng gear in design 1s large and cast! y, the penetrati on test dem anded 1s 

aiso Inconvenient. Without relating the ~rfermance o! a nnning gear ta the' 

(lil"aneters of -.ehiçle configuration, Equation (2.3) affers no link to the design 

oc selection of the rœnÏng gear. Bath ~rnsteil'l and Gaiatcnkin f.ailed in their 

eff<rts ta identify more fundamental (Brameters ta replace K. Pra~ess in This 

direct! on w~as m acte by Be kker (I 955). --

Bekker noticed that, in civil engineering soil mechanics, the ultimate 

bearing cap1city of soiIs could be expressed in the fam 

P = (A/b + C) x z (2.4) 
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where __ ~ameters A. and C are regarded inde~ndent of b, the sm aller· 

dimension of ~the loa.ding. area. This fcrmàa i5 valid f'cr 5mall sinl<ages where . 
, 

Z i5 less than b (Taylor, 1~8)~ Bekker- combined the .two-term expr.essioo of-

K \\Ïth the clI'vilinear .rèlation between pressll"e P and sinkage Z, and prop>sed 

a new eqJati on. 
l, 

.-------
? = O<c/b + ~> znrr-~----::-- (2.5) '-

~ -_:..----~ , 
~ ~----~....------- - -

------------- . wœre,kc ' k~ and n were ail perœived as empirical parameters witmut specifie 
, ~ 

ph ysi cal m.earu ngs att ached. 

Through his intensive stu:fy, Beklœr fornd tr.at, foc practiçal purp>ses, 

parameters in Equation (25) were constants inder.ender~t of the size ~d 

-........x.J~r-t'llf--the loading area. Bekl<er checlœd t~ ~nerality Of Equation32.5) by 

fiJti ng experimental data from tests Of rus own and tro'se published by other 

workers. Results with a "reasonalXe degree of accll"acy" w~re -achieved 
~. 

(Bekker, 1960). jkcording to Bekker(1977), Equation (2.5) is,v~lid in the 

!9-llow!J)g~ es: 

----------- -----e------------ ----- 1. Fin~~ained and coarse mineraI soi.ls, _. 
2. Fricti onal and co~ soj.ls, ?~ ~ rôixttre ~hereof,~ 

3. Homogeneous oc stratified ~oll1d, .-

4. Or~nic soil soch as ttrf, m.uskeg, pe'"at m~s, etc, 
• > 

5. Soow • .. 
.. 
o'J,- ~\ .. -

- -' -. 

.. 

/ 
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2.3 The two-liate sinkage test and data, proœssing 

A penetration test, with a single pate canno~ yield aU the ttTee 

~ëmeters, kc ' k. and n. To solve fer kc and k., at least two K values from 

pates of two sizes are needed. Bekker believed that two plates were enough 

to extract kc ' k. and n relialX y f cr homogeneous, unstratified terrain. 

, \ 
ln a two-l:tate penetration test, two rectangular plates of widÙ~ bl! and 

---Q b2 ' or two circular plates of" radü bl and-bï' are pressed at constant ~peed 

, into tœ sail Ulder investigation: Plotting the two sets of P(Z) data in 108'"log ~ 

scales, two K values, KI and K2 ,are availalie as the intercepts of the plotted -lines on the ordinate of log P. If the two transfocmed P(Z> lines were 

.straight and with identicaJ slope, n, the two K's, Ki and'K2, could be wntten 

'" in the form suggested in Equa~ion (2.5), 

K; = O<c/bl of, -k.,> 
" ' 

. K 2 = (kc!b2 + k
f

), 

.... kc and k+ could then he solved w-aphi~~lly. by plotting K agai.;lSt i/b. 

~\\ 1\ Drawing a straight Hne ttT?ugh (l!bl ' KI) and (l!b2 ' K2), kc and k. wo~d \ 

be availalXe as the slope and K-interœpt of the ~ine (Figures· '2.2, 2.3) •. 

1 
1 , 
, , 

'.~ 

UsuaUy, kc and k. are solved by rearranging the Equations (2.6) as' foUows, 

kc = (K2b2 - K1b l}/0l2 - bl) 

kf ::11 0< 1 - K2) ~lb2 1 (b l - h2) (2.7) 

\~ 

-
',~ 

--.' 
" ~ 
k 

, c' 
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,Figuré 2.2 Interpolat ion of kc, kcp and n values 
from tests performed with two plates 
having radii a and b, or width 2a and 
2b respectively. n =(na + nb)/2. Na 
and Nb denote numbers of test points 
re1ated to each plate (Bekker, 1966) 
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The Iraphical metilJd to straighten out the experlmental P(Z) ctrYe does 

not need a great deal of calculati on, and seems easy and fast. However, 
Q 

because s~ra1 adjustments have to be made ta the Bnes in practice, the real 

process might not be so easy to handle. The first proijem is that the 

transfcrmed P(Z) line 1s seldomly straight. This i5 because, essentiaily, the 
"i:, 

exponentia! eq,Jation is onJy an approximation ·to the real P(Z) relation. 

Moreover, even if the. exponential eq..aation 1s an acctrate mode! of the 

press .... e-sinkage process of soi 1 , the varialj1ity of soU would distort the 

experimental CU've, and hence deUect the transfcrmed line. A best fit line 
1 

has to Ile fOUld from the raw data. 

Secondly, the sl.o~s of the two tran5fa-med P('l) lines ace usualÏy not 

the same. Even though n i5 regarded as a constant fer a given soU, the 5011 

itself is not cOll5tant. Homogeneity in theory is an idealization. In practice, 

i t is a relati ve concept, referring to an average effect on the wro1e. The 

\8rialility of soils will be discussed in Section 25. In this case, the values of 

.,n l'ave to he averaged ta get a comman value of n. ~bseq.Jently, the centers 

of. Ifavity of the two straightened transf crmed lines smuid be fOLl'ld as pivots 1. 

abo ut which ta reori ent the, t wo lines, in accordance wi th the common 

..... . value of n, in arder ta asSes5 the interœpts, KI and K
2 

• 

, 
In maKng these adjustments, it is difficult ta reach the desired objective 

by vi5ual inspecti on. M eanwhile, a small difference in making these 

adju5tmdlts might lead to a 1arsr ~ifference in the final results.· It is rot 

" 
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uncomn:-0n t hat different investigators draw totall y different co ncl usi ons f rom 

the sane set of P(Z) data (Wong, 1980, 1983). One cannot verify these 

conclusions witoolt a knowledge of the errer inwlved in their ctrve fitting 

step. 

Aiming towards al objective judgement, various metoods lhave 'been 

proposed in the past to Und the best fit li ne. The mirimun errer metood, 

proposed by Reece in 1964, was most freq.JentJy q.Joted. In executing this 

method, tlTee parallel straight lines are drawn, the tirst passing tl"rough two 

pre-determined limit data !X>ints on the Iog-scaled P(Z) ClI"Ye, the second 

téllgent to this log-scaled cur ve, and the third mid-way between the tirst two 

straight Unes. The third is regarded as the best fit line. Besides being 

objective, this metrod is superi(%' to the pr-evious grarhical metood sinc:e it 

enali~ the ~timation of the error inwlved in the fi t (Reece, 1964a). Such 

an estimate infCX"ms the investigator as to how well the exponentiaJ P(l) 

iuncti on matches the experimental data. If the mat ching is poor, the 

subseq.Jent' predicti on based on the exponential functi on will be less reliatie. 

Through the fc:re~ing discussion, it is dear that t'r0 ~als have been 

o sought for in the improvement of the proce~sing method oI penetration data, 

namely objectivity and a measure of errer. Witrout these two criteria, it is 

hard to reconcile the resul1ing of different conclusions drawn trom the same 

set of meas Lrem ents. 

To this end, a numerical method of ClJ"Ye fit1ing can function more 
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reliatiy. "t the cost of long and tedious calc\lations, this type of mettnd 
( 

leëWeS Jess room fa- subjective influence, and gives more lilœlihood of a precise 

estimate of soU parameters. However, because this metrod inwlves an analysi.s 

of t~ experimental CU'YeS and mmero~ calculations, it wa-; once not favo,lI"ed \ 

by some researchers ~ "impractical" ~ an engineering metood (Reece, 1964a; 

Wi11s, 19(6). This was true befa-e electroric computi ng machines became 

popular. 

The invention of the micro-processor in the mid-1970's and its 

proliferation tnereafter have opened a' new dimension in variou; fields of 

research. Mk:ro-irocessor based automatic data aCCl-Jisi'tion and processing 1s 

replacing the tradi'lional techniCJ.les. Aided by these new devices, nllllericai 

C~ye fitting yields faster and more aCClrate reslJlts fer terrain investigations 
, 

(\Vang, l~O). The m.merical metood, which was once avoided beca~e of its 

<ssociati on wi th computi ng machines, now becomes preferal:te fa- just the sane 

reason. 

The ordinar y 1 east s~ares metrotl is the basic .metrod in fI tti ng 

presslre-sinkage data to straight lines in log-log scales. Meanwhile, the 

weighted leél5t squares metood wa-; also introduced into terramechanics stlXiies 

t:> aca>mOOate certain situations. In field penetration tests, the lI'Ievenness of 

the terrain slrface u;ua.lly causes lar~ data scatter and males the data tram 

stallow penetrati ons less reliatie. In the Clr ~ fi tti ng , a cor~ecti on could be 

made by increa-;ing the weight of data of deep penetrati on deptlli and 

decreasi ng the weight of data of shallow penetratio1i depth;. To this effect, 
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the values of presslZe, P, could be selected as the weight in the regression 

, (Wong, 1980, 1983). 

~ 

ln this investigation, as explai~ed in later sections, a11 the meri ts offered 

by numerical Ctrve fitting, namely objectivity, acc .... acy and estimate of error, 

are ,of assistance. This method will not only be used in the fitting of log Z 

vs. log P data, but alsa in the evaluation of the K-l/b relation. ,In the second 

assessment, a weighted least squares method might be necessitated. 

SaI pressure-sinkage relations and two-pate penetration tests, along with 

Beklœr's study in shear stress-strain relations, are' the corner-stone of Bekker's 
, 

terramechanics study. On this basis, a comprehensive theory has been 

deYelojJed and refined. Bekker's work has inspired many workers to follow his 

direction or work hard to explore new roads. Since he proposed his 
, 

presslI'e-sinkage equation, more than ~wenty years have passe?, The equation 

has been used, checked and questioned. Discussion as tà the validity of the 

equation has never stopped. 

s,bme of the questions concem the rationality of the whole strategy of 

'Bekker's approach. Karafiath and Nowatzki (1978) argued that the two 

, 
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different mechanical lX'ocesses (elastic and plastic deformation of soils) involved 
p 

in the plate penetration test cannot be represented by a smooth exponential 

function in the forms of Berstein-Goriatchkin or Bekker. 

Wheriever referring to the, presstre-sinkage equation, Bekker would stress 

that this equation was acceptable "for practical pur(Xlses" as an approximation, 

instead of an accurate mechanical model. Whether the approximation is 

acceptable should be judged by the practicality and usefulness of the resul ts 

which it produces in the solution of engineering problems (Wong, 1-984). In 

i ts practical application, Bekker s method has achieved a certain record of 

success (Costes et al., 1972). 

However, in the practical aspect, Bekkers pressLl"e-sinkage' equation is 

rot free from question. Many workers fOlBld that kc and k~ seemed not to be 

real constants, but plate-si ze related (W ills et al., 1965, 1966). As mentioned in 

Section 2.1, the pur(Xlse of introducing two parameters kc and k~ to replace 

K is to eliminate the si2!le effect on the basic parameters of the equation. 

Only parameters immtrle from the influence of plate si2e can he L5ed in the 

prediction of the sinkage of an arœtrarily selected loading area (HegedL5, 

1965). If kc and k41 do not remain constant, then they are not ultimately 

suitable to replace K. 

Wills (196p) conducted penetration tests to check t~ variability of the 

soil parameters in Equation (2.5). An important part of his investigation was 

to test with a family of plates covering a large range of sires, from 5 - 25 
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cm. Wills fO\Jld that kc and k. "vary apprecia~y even over a limited ranS! 

of footings". As fer the exponent n, Wi11s observed "significant, variatiorl' but 

conc1uded that lin 1s in fact approximately constant". 

The results of the investigation by Wills is illustrated in Figure (2.4). 

"T o. evaluate kc and k.,11 Wills noted, .. two mode! footi ng tests are now 

reCf.Jired." Proœeding in this way, the variations of kc and k; are ap~rent 

when different pairs of data ,poi nts are tBed to extract kc and k~ (Figure 2.4). 

However, Wi1I~ conclusi on wi th reference to the consideralje variati on 

in kc and k~, when plate size changes, is only one way to interJX'et the 

phenomenon presented in Figure 24. And interJX'eting Figure 2.4 is the main , 
issle here. A more direct description of Fig_tore 2.4 is that the (lIb, K) polnts 

have not a11 fallen onto a straight li ne. The (Xli nts might have eldlibi ted 

another systematic relation between lib and K. But they did not, otherwise ' 

W i1l s would have re (Xlrted i t. The dat a (Xli nts si mpl y did not f aU onto a 
, ' 

straight Une and had no systematic IBttern. 

Now, li the relation between lIb and K is exactly the sane as that J."'" 

suggested by Beklœr, Le. 

(2.8) 

is i t IDS si bJe f (X" aU the dat a poi nts of (lIb, K) t 0 f aU e>act 1 y onto a str aight 

Une, as suggesteq in Equation (2.8)? If the mechanical properties of soUs are 

fi' 
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determiristic, free from any kind of variation, the 'answer is yeso Jciring any 

two of the (lIb, K) points would male no difference ta kc and k.. On the 

ether haneS, if ;;ail variatility is inevitatie, the points will aIso inevital:iy faU 

off the straight Une. Large differences might exist among the slo~s and 
~ 

intercepts of the lines drawn tl-rough different pairs of (lIb, K) points, as 

demonstra~ed in the next section. But in the flrst place, the two-point 

techni~e is not a proper method in this case. 

So the question is whether the relationship between lIb and K should be 

treated deterministically or probabilistic~llyl. This will be discussed in the next 

section. 

Equation (:2.5) holds only fc:r homogeneous soils. But soils are complex 

in CDffi(X)si'lion, changeatie in texture and weak in strength, ~ their mec~anical 

cnaraàersi 'Ii cs are vulneratie to any small di st ur tance. "Sai is never tniform 
v 

in the field or even in a laooratory soil birl' (Janosi,1964). 

Because of soi 1 variability, "in determiring P(Z) funct\orti, an indi~ual 

{enetration test is unreliatie". "Even with an almost perfectly graded ~anular 

dry soil sieved from a comtant height under controUed humidity, changes in 

densityand particle configuration can cause enough error in penetration tests 

, 

l ' 
l 

L 
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that a mM'nber of meastrements must be evaluated." However, "when repetitive 

tests are made in a mm ber of 'spots of the sample area, nattral soil may 

display such a scatter of Joads fa- the given sinkage that any sile errer may r 

be expected, and even data from controlled laooratory tests, ••• , l1lay i ndicate 

soil nonhomogenei. ty similar to that prevailing in the field". In other words, 

"even the best laooratory metoods applied to the 'easiest' soit, dry sand, to 

reproduce i15 original condition cannot prevent the scatter of meaSlCed data" 

(Be k1œr, 1969). 

From a si ngle test arrangement, i.e. wi trout d'langing plate size, one 

gets a set of Ctr~ spreading in a band (Reece, 1964a). Acoording to 

Bekler, the width of the l?and is aoout 20% of the average load fpr wet loam 
-;"". 

and well Efaded pumice when the sinkage is larger than 4 cm. In the si nkage 

range less than 4 cm, the scatter 1s evefP larger, possibly near 37% of the 
". 

average load. 

Ail these indlviduaJ CtrYeS trom the Sime plate are different 1 n their 

'1alt.ES ci. K and n. K and n are not determiristic. They are random vari ables. 

"Soil behavior, and cOrlSeqJently, vehlcle behavior are both statistical". "Even 

the mast extensive scatter of P(Z) data is not an obstacle in locomotion 

evaluati on, ... , for the 'mean' soil characteristic produces tre 'mean' vehicle 

perfa-mance; and this is the onJy observable p:trameter in any field and 

lalDratoryexploratiorl' (Bekker, 1969). By reretitive penetration, a piir of K 
1 

and _n are available as s~ple means. They are better estimates/ of the 

'population means of K and n. But they are still estimates. 
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.. 
From his tests and analysis, Bekloer recolJlized that K 15 a functi on of 

plate size b, and this functiAn ,could be expressed, fa- practical (UjX>ses, as 

Equati on (2. 5), 

From here on, this function will he talen a<; a -verified approxim'ation' of the 

K-b relation. Me~while, the results rresented by Wills (1966) are aiso verified 

f acts, i.e. the mean n and mean K are still random varial:ies. Will!t finding 
, \ 1 

stressed one thin~ Two plates ,are not enough ta eval~ate kc and k~. 

In fact, the scatter of K values from re~ti tive penetrations of one plate 

tends to be romparalie ta the scatter of P(Z') curves, which i5, as mentioned 
. \ 

before, generally large. Comlliring soch two p(Z) Clrve5 at the Sérne si nkage 

level Z, the relati on between the deviati on of P and the devi~ti on of K is 

Ap/p =AK/K + ln Z~n (2. 9) 

where flK, an and ,:l.P' are dev'iatives of corresponding variaties respectively. As 

noticed by Wills, the deviations of K and' n often tale opt:X>site directions. 

/ When this happens, there 15 

At<;./K>ÂP/P (2.10) 
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-
The repetitive ~netrations cm bring the sampe méans of K and n 

nearer to the po{iIlation means, byt may not eliminate the deviatiorri. In the 

/ , 
l,-

----;---;;;-~' 

. --two-pLate approach to kc and k
4l

, ,the deviations of K are transferred ll;to kc 
/ 

and k .. wi trout correcti on. In fact, the deviati ons might œcome ~ lar~r 

in tœse two values. // 

1 
/ 

/ 
/ 

Suppose,-in Figure 23, the value of KI (froriÎ the larger plate bl ) 
~ 

varie; a small amount ilK 1 from its_ po ~!a.ti on mean, K2 (f rom the smaller 
"" ' 

values of kc and k4> wo~d 

(2.11) 

(2.12) 

Tt-e ratio of bz/b1 is l'()rmally close to one due to the following reasons. 

J The smaller plate is us ua. 11 y larger than 10 cm in diameter to avoid excessive 

inflœnce of the localized soil nonhomogenei ty. The upper li mi t of sire of the 

larger plâte'is subjected to the limitation of loading, cap:!.city of the test 

eqJipment. 

Thé near unit y ra~io of b2/b i causes a larger deviation of k~~ as 

suggested in Equation (2.1l). The deviation of kc is affected by the ratio 

b 2/b1, and is also !X'op:>rtional to b2, Increasing the plate si:ze might œ a 

m etrod ta subdue the effect of localized soil nonhomogenei ty, but i t might 

bring more error to k ,as suggested in Equation (2.12). c 
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lhe relati ve changes of ,kc and k~ are also high: 

6kc !kc = àKI ! 0< 1 .. Kt 
• 0 

6k~ !~ = 6Kt' (K 1,- K2 :b/ bl ) 

They are both larger, than 6K IIKr 

\ 

(2.1.3) 

(2.14) 

/ 
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Since K is reco{1lized as a rand~m varial:le, there is 00 ,special reason 
• 

to cling to the two-pate approach. By i nc1uding more plates in penetrati on 
c 

tests and obtairing more data lX>ints of (lIb, KYas Wills did, kç and k. can 

~ assessed mae reUal:ly by t~ reIJession m~trod. Just aS an individual 

IEnetration Clr~ is lIlrelial:le in determiring thé P(Z) function, the two-pate 

awoach 1s aiso U1rélia~e i.n determiring KU/b) parameters. The prlnc1ple of 

statistical evaluation of the general trend smuid not-only be applied to the 
, ' 

P(2) function, but aIso to the KO/b) function. In the two-1iate approach, the 
, 

" 

valles cl ~ and k~ reflect mae the relative maWli tu:le of tW? sam pe means, ' 

KI and K2' rather than the general trend. 1 ln tt-e m li ti-~ate aplX'oach, unless 
~ . 

the K(1/b) relation 15 rot li near , nle resulted '\: and k~ would not be 50 " 

misleading. 

Another ImjX)rtant merit of the mtJ1i-pate penetration test is, along 

with detèrmiring kc and k!6' that the error Involved in the estimate is 
'J 

meas lI"alje. By refer-ence to the fPodness of fit, one might I<now how well . 
the Jres5lJ"e-sin~ge e~~tion might perfam in the p-ediction of the P(Z) 

relation of a larger plate. In the two-~at; aPlX'oach, oo1y one pair of kc and 

1 
\~ 
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k_ values are calculated without any knowledge of accuracy. 

The KU/b) data reported by Wills (1966) in Figure (2.11-) were examined 
o 

in light of the above considerations by this author. Data O/b,K) were read 

trom the reported curves and fitted into a simple linear model with lIb as the 

independent variable and K as the dependent variable, ~ = kc lIb + k; .• TI-us 

. kc and kcfJ wer«; estimated as the regression coefficients. 

k = -.51.8 kPa/ m c 

k; = 1617 • .5 k Pa! m 

rte correlation coefficient is -0.93. In a footing size range of .5 - 25 cm, the 

linear relation of Equation (2.8) matches the data to a substantial extent. For 

pur poses of engineering application, the linear model could be regarded as an 

-~cceptable approximation ,of the relationship between K and lIb. 

'. 



" J 

( 29 

Be klœr' 5 presstre-sinkage eCJ.Iation, although' fcrmlJated empirically, 

functions weIl within the framework of his terramechanics theory. However, , 

i·n the conventional two-pate sinkage test, larg! variation; d. kc and k. were 

obsa-~. RecowÜ1ing the alnYe facts, analysis smws that ail the parameters 

in the jX"essll'e-sirikage eq.&ation are random varialies and shJuld be estimated 

correspondin~y. The rewession 'metmd sh:>u.d be appied tlToughout the 

processing of penetration data, including both the extraction of K and n, and 

the extraction of kc and k •• " For this treatment, mtJ1i-liate penetration tests 

are necessi tat ed. 
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From the literatlre review in the last dlapter, it is reco(Jlized 'that , 
Bekker's presslre-sinkage eCJ.Iation is a well estat»ished approximation to the 

P(Z) relati on relevant to terramechanics stLdies. The exponenti al fa-m of that 

~Œl had been fOlfld beftre Bekker's stLdy, but the two-term expression of 

K is a reslit of Beklœr's extensive experimental observations. Analysis on data 

of Will~ (1%6) mli1i-~ate investigation suggests that, over a range, covering 

small model ~ates of 5 cm diameter to tarse plates of 25-'cm diameter, the 

composite form of K approximates the relation between lIb and K 

slbstantially, with a rorrelatlon CDefficient of 9396. 

It is also recoglized \that all the empirical plrameters imolved in the 

" 
prèsSlCe-sinl<age ~<p.Jation are statistical in natll'e. In t he co nventi anal 

tw.>liate approach, while n is always estimated on the basis of a large mmber 

of s.nkage versus lX'essll'e data points, kc and k., which are also prone to large 

variation, are calculated usually by only two data points. 

It IS beheved that mll1i-~ate penetration tests would facilitate more 

accu-ate estimates of the soil pirameters in <p.Jestion. By implementing 

" ' 
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refJ'e5sion precedu-es in the process Œ plrameter eX1jraction, the pe~crmance 

of the pressu-e-sinkage eCJ.lation in prediction c:ould be ~sessed objective!y. 

The objectives ci this investigation are: 

(1) To observe the patter~ of variati on of Bernstèirl s 

modulus eX sei 1 defcrmation, K with ~ate size b. 
, 

'~ 

(1) T 0 obser ve the vari ati ons of Be !der' s soil modul i of 

soU defcrmati on, kc and k. in the, two-~ate approach. 

(3) To evaluate the feasibility and benefits of a mliû-p.ate 

approach in penetrati on tests. 

A family of p.ates ranging trom 3.5 cm to 6.5 cm in di~eter was 

planned as mode! ~ates. The presslCe versus sinkage relation of a ~ate of 1.5 . 
cm diameter was to be predicted and measll'ed. The penetrations were 

perfcrmed on loose dry sand. 

1.2 AND.-ïan ecpipmmt 

The soil tank used was 2 meters long, 0.7 meters wide and a..5 meters 
-p 

high. Within each soi 1 prelDration, five mode! pates (one group of 3.5 cm, 

4.0 cm, 4 • .5 cm, .5 cm and 5.5 cm in di~eter; and another group of 4.5 cm, 

.5.0 cm, 5.5 cm, 6.0 cm, and 6.5 Cm in diameter) were tested down to 4 cm 
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sinlcage wi th"'l a wall or bottom effect due to the tank siZlè. 
,.! 

, 2 
The penetration smft was a rack of 2.-'4 x 2.-'4 cm crosS section, 

driven by a 1.5 kW OC motor ttTough a piri?". To safeguard the e~ipment, 

the vertical mOYement of the Penetration shaft was limited by the preset 

control arms and the corresponding limi t swi tdles. 

This assenbly was mOUlted on a carriage, which, supported by fOU" 3.5 

cm diameter wheels, could be mOYed 1reely by hand along the rails flan~ng 

the soil tank. The height of the rail was 1.5 m measll"ed from the tank 

bottom. Bef<re each penetrati on, fOl .. bol15 fastened the cardage to t~ rail s 

to enSlre a rigid connection between the,two. DlI"ing the penetration the 

st..pp>rting wheels were suspended aooYe the rails and did not sustain any load. 

To this movafje carriage, a (iywood ooard with a width the sane as 

tmt of the soil tank was clamped, serving as a scraper. After each seil 

preparati on, the soil slI"f ace was levelled 10ngitu:1inally by the scraper 

hand-rushed along the rails. 

The vertical load on the penetration pate was sensed by a linear 

varialie differential force transducer (Daytroric M odei 152A-500) mOUlted at 

the lower end of the penetration shaft. The penetration plate was connected 

to the LVOT by a rod of 2.5 cm length"and 254 cm dianter. 

The sinkage of the plate was measlred by al linear p;>tenticmeter 
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mOUlted beside the penetration shaft. This meaurement was aiso meclœd by 

a rùer fixed on the side of the penetrati on shaft. 

The sinkage and the load were recorded simùtaneously on a X-y mart 

recorder. Calibration; on the load arltd the sinkage meœl.l'ements were done 

before each test. 

Thet\m aIl circular plates used as models were 3., cm, 4.0 cm_, 4. 5 ~m, 

'.0 cm, '."cm, 6.0 cm and 6.5 cm in dianeter. A Jar~ ~ate of 15 cm 

cüameter was used to get a datun P(l) relation fer oomparison wi th the 

predicted P(Z) relation. AlI the plates were ctlamfered to prevent side wall 

fricti on. 

The experimental e<fJipment is soown in Fig\Xe5 3.1 to 3.3. 

o 

J: 



34 

.' . 

. -
, . , 

Figure 3.1 Penetrometer 
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J..3 Sdl maraderizalion and experimental proœcb'e 

\ 
A dry medium-fine sand of particle density 2600 kg/m3 was used in 

the tests. The an~e of reJX>se of the sand W~ 30'. The internai friction 

angle q, w~ measured by' a S<iltest Shear~aJil to be 26.2'" The !Jain size 
n 

distribution is smwn in Fig~e 3.4. 

• 
Prier to ea::h run of tests, the Sa'ld w~ 'smvelled troroughly to _the full 

depth with uniform acti on. Theo the sa'ld w~ levelled wi th a raie fora, fixed 

time. Finally, the scrapér bull t on tœ carriage was pushed aaoss tœ tank to 

bèi ng the sand surface level. 

Abng the length of the preplred sand sanple, a rln of ~netration tests 

with five small ~ates was carried out once. Five runs fcrmed a series. There 

were fOU" series, dènoted by Series 1, 2, :3 and ~ in this investigation • 

, 
For the large plate of 15 cm diameter, penetration could be re~ated 

ttree times in each sa'ld prej:Bration. 

In agricultural,machinery o~ration on soils of swtalÎe coll5istency, wheel 

penetrati on is us ua Il y not greater t,han .. 3 cm G\icKyes, 1 ~O). Pen etrat! on in 
, [ 

dis investigation was limited to this range, and the penetration rate was lept 

constant at 1 cm/sec.. 
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OIAPTER IV 

>. 
RESUL TS AND DISCUSSION 

'.1 Data prnassing 

ln this investigation, each test series included five runs of sail 

preparation and penetra~io~ •. In each nn, each of the five plate;; was used 

once. Sa five ctrves for each of the five plates were obtained in each test 

series. 

Load readings were take~ from the experimental curves at sinkage 

increments of 2 mm clown ta 20 mm. Ten data points were read from each 

curve. The loads were transformed into presstre by dlviding by the loading 

area of the plate. For each plate a mean CUl"ve .~as obtained as an average 

of the five P(Z) ctrves. The results are shown in the Appendix. 

Tt-é logarittms of the sinkage and presstre, (In Z, ln Pl, were fitted 

ta the equatlon 

Jn P = ln K + n ln Z (4.1) 

,,' 

by the ordinacy least squares method, 

r 
l '-
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to es'timate kc and k.. 80th the ~dinary lea;t s.quares metOOd PLS) and~the 

weighted least squ,ares metOOd (WLS) were laed in this fitting. In the WLS 

fitting, (lIb) was seJected as the weight. The ooflSetJjenees of WLS fitting will 

, be discussed later. 

The ordiriary lea;t ~aies' mett-od is as follows, 

. ' \ \. . 
l:(K/b) - 1'K IU/b) , M 

kc = --~---~--
%0/b)2 - Œ1/b»2 / M 

-
where M is the m.mber of data points used in the fitting. 

The weighted Jea;t ~ares mett-od is: 

1'0< t,2) - !G< b)~l:b ,- M 

Ï(tl) - Cl7b)2 / M 

. (If.. 7) 

(If.. 8) 

(4..9) 

( "-10) 

, . . 
The kc ,and k. id ne values were used in t~. presslre-sinkagè e,~ation, 

p ~ (k lb + k ) Zn~ 
e • \ 

,(4..11) 

, . . 
,'" ' ...... 

to predict ttle P(Z) relation of a large pate of 15 cm diameter. The predicte,d 

',,' 

" 
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P(Z) C\I"\'e was compa.red with the mean etr'Vle from six penetration tests using 

the plate of U cm diameter • 

. ' 

, . 

- ~-

For each pate, the five rlllS of penetration in 'each test series yielded 

a set ci five C\J'\eS (Figlre 4..1). Compared at the sane sinkage level, the 

standard deviation of the presSlJ'es readings fram these five CU"YeS 1s less than 

10% of the mean pressU"e (Talie 4..1). This deviation decreases with the 

i ncrease in sinkage depth. The width of the Clr~ enveloJE is amui: 20% of 

~he meêWl presslCe, and abo ~eéBes wi th the increase in si nkage depth. 

Be kker (1969) reported that the spread of P(~ curves of a single plate was 

about 20% of the average press.ure at depths below 4 cm, and wider at less " 

" than 4 cm depth. The soil variation in this investigation is less than or 

comparable with those resul ts. 

The P( Z) reJati on in 10§UÎ ttmic potti ng i s not exactly a ,straight line 

11 (Figtre 4..2). HOIVever,' the §>odness of fit 1s generaUy high, with R 2 > 0.99, 

which ind~tes that the linear relation approximates the ln Z - ln P relation 

substantially. The meél5U"ed mean P(.Z)tr~ iscompared with the'predicted 

Clr"t'e in Figure 4..3. They are different in shaJE, but in the range of , 

rewession, the difference in tl-e arëa:s ~der the ClrYeS is very small. 

o 

\ . 
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Table '.1 ..... ed ... _swe YS. si __ • 

,; 
(Series 1,0 = 4.5 an) 

1 

- ______ ..... _____________________________ • _______ -r ______ .- __ ---_____________ 

SinieF Presstl'e '(kPa) 
1 

-----------------------------------------------i-... ---~- .. -.----
~) SI-1 SI-2 51-3 51-'" SI-.5 meal SE C.V. 

----------------------~------------------------------------------._---
. , 

2 9.2 7.4 7.4 8.6 6 . .5 7.8 1. 1 13.8 

4 14.9 13.3 12.3 14.'" 11.3 13.3 1.5 11. 1 

, 
6 19.1 17.4 16.0 18.9 15.2 17.3 1.7 10.0 

8 22.2 20 • .5 19.0 22.) 18.4 20.5 1.8 8.8 
& 

10 24.6 23.2 21.6 24.6 20.8 23.0 1.7 7.6 

12 27.0 25.3 23.9 27.7 23.0 2'.4 2 .. 0 7.8 

14 0:- 0 927.2 25.9 29.9 2.5.3 27 • ., 2.0 7.2 

16 .8 29.3 27~9 32.2 27.2 29.5 2.0 6.9 

18 32.7 31.3 29.9 34.4 29.2 31. , 2.1 6.6 
1 

20 34 • .s 33.4 32.0 36.5 31.2 33.5 2.1 6.2 
1 

.r'~ 

~ " -----------------------------------------------------------------------
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The error of loads predicted is always less than 4% of the measlJ"ed values. 

For practical purposes, the reaJ 1'(7) relation cao be approximated quite 

acorately by the exponential e~ation P = K z!1. 

It is noticed that the least squares metrod is used here only as a 

con~nient tool to assess the best fit Hne with which to approximate the true 

relationship between ln Z and ln P. If inferences about the regression Une are 

to be made, a few asSlMTlptions about the raw data, Le. the asStmptions of 

l'Q'mality, homogeneity, and additivity, have to be met. Here we have known 

that the transformed mean P(Z) Clrve deviates slightly but systematically from 

a straight Une. The slight deviation makes i t possible to approxi mate the true 

relation wlth a slmJie linear relation. J The systematic deviatton makes any 

further inferences about the regresslon ,line theorectically incorrect (Mead, 

1983). ThIS flaw ln applying the least squares method in fitting of 
'-

pr essure-sinkage data had been mentioned by Reece (1964) wlthout 

acknowledgmg that it is the inference part where pro~ems occur. 50 even 

though "the method of least squares analysis is quite robust in that smaU or 

miner violations of the "underlying asSLmptions, do not invalidate the ~nferences 

or a>nc1US10ns drawn from the analysls ln a major wa'l' (Chatterjee and Priee, 

1977), it is prefered to retain the theoretical integri ty by refraining from 

maJ<ing further inferences. 

The results of fitting of the mean p(.Z) Clrves are presented in Tal:ie 

4.2. Since K values will be calculated by the adjusted n, and the adjusted n 

values vary with the number of (lIb, K) points used (see next section), Iln P, 
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lIn Z are JX"e5ented in the tal1e instead of the lIladjusted l:ln K for the 

conYeruence of reference. 

Plate 

(D: cm) 

3 • .5 

4.0 

4 • .5 

.5.0 

.5 • .5 

) 

Tatle 11..2 Exponential approximation of meéll P(Z) CIrWS 

(Series 1) 

c ; 

n CorreJati~ 11:1n P lin Z 

coefficient 

0.6821 0.9993 ' 29.25 -47.~ 

0.6167 0.9979 30.16 -47.~ 

0.6162 0.9965 30.51 -47.~ 

0.6008 0.9946 31.24 -47.~ 

0.6020 0.9961 31.27 -47.04 

., 

._, 

,1 
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To examine the variation of Beklœr's moduli of soU def«matlon, kc and 

k., in relation to the mmber of pates used in the parameter éluessment, the 

',(ive pates lBed in each test were combined into slJi>.woups -of' two plates, 

Uree plates and fOU' plates. A common ncwas obtained for each of these 

sub-got4)s br averaging the ris in the sub-Ef"0up. For example, in Series 1, 

the sU>-g-oup of pates c1 .s.5 cm dianeter and 5.0 cm dianeter has a common 

n c1 (0.6008 + O.6lJ20)~1 2 = 0.601/4.; fer the slJi>.g-oup of Jiates of 5.5 cm, 5.0 

cm and 4.5 cm diameter, tt-e common n is (0.6008+0.6020 +0.(162) 1 3 = 
0.6063. 

K fer eadl pate in él' stJrwoup was ca!c"ated using this common "cby 

K :: e «Dn P - n,J:ln "!JI N) ('4.12) 

where N is the mmber of data points used in the ca1culation of n, eq.aal to 

10 in tlisin-.e;tigation. For IOn P) and I6n Z), see the relevant C010011'\'5 in 

T~e 4.2. 1 , 
\ 

kc and k., were estimated for each subo-Ef"0up as the rewession 

coefficients br fitting the data points of (l/b,K) into the romposite form cS 
\ 

K, 
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Plate 
r;o~ 

tan) 
.. 

.5 • .5 
5.0 

~ 

5 • .5 
4..5 

.5 • .5 
4.0 

5.' 
3 • .5 

5.0 
< 4 • .5 

.5.0 
4.0 

5.0 
3 • .5 

4, • .5 ' 
. 4.0 

4." 
3:.5 

4.0 
3..5 

.50 

T" "",' kc and"'k. fram two "'a (SIri_ 0 

" 

n K kc 'kq. 

0< Pa/ m") 0< Pa/ mn-1 ) 'Oc Pa/ nt') 

0.6014 382.216 O.73S 3.5.5.367 

-' 
0.6091 396.314 ?-3.1~ .5.10.219 

0.6091 396.780 -2.795 498.427 

0.6421 If62..nL -3.890 604.228 

0.60$.5 3<n.W3 -(;.304 6.50.12.5 

0:6088 398.441 -4.079 561.599 

\ 

0.641.5 464.695 -4.891 660.355 

0.616.5 384.0.53 -2.378 489.n8 

0.6492 447.91-4 -4.176 633 • .506 

0.649tJ 433.914 ' -.5.273 69&.671 
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PJate 
W;o~ 

:00) 

,., 
'.0 
'iJ.' 
5.' 
5.0 
4.0 

5.5 
5.0 
3.5 

5.' 
4.' , 
4.0 

5.5, 
4.., 
3.5 

5.' 
4.0 
3.5 

" 

5.0 
4.5 
4.0 

5.0 
4.., 
3.5 

... 5.0 
4..0 
3.' 

4.' 
4.0 ' 
3.5 

n 

0.6063 

0.606' 

0.6283 

0.6116 

0.6334 

0.6336 

. 0.6112 

\ 0.6330 . 

0.6332 

0.6383 

1 , 

K kc k. 

0< Pal m") 0< Pal m"-1) O<Pa/m" ) 

391.189 -3.207 '12.918 
393.937 
366.204 

391.496 -2.034 469.7'2 
39f1..246 0' 

366.492 

433.n4 -3.9fl.5 585.087 
436.821 
357.996 

401.065 -2.850 503.968 ~ 
375.449 
362.536 

444.376 -3.749 581.412 
415.99tJ. 
366. 746' 

If.44.nlf. -3.659 579.599 
1J02.001 
367.034 

403.123 -8.106 561. 533 
374.7434 
361.854-

446.656 -4.518 622.5.52 
41'.222 
366.057 

4-4-7.006 -4.697 635.24-2 
4-01.245 
366.34-4-

4-25.694 -4.017 606. 991 
411.052 
375.29& 



Plate 
grol4> 
(D:an) 

5.5 
5.0 
4.5 
4.0 

5.5 
.5.0 
4.5 
3.5 

5.5 
5.0 
4.0 
3.5 

5.5 
4.5 
4.0 
3.5 

5.0 
4.5 
4.0 
3.5 

l' 

n 

0. 6089 

0.6253 

0-6254 

0.6292 

0. 6289 ... 

K 

0< Pa/ m") 

395.988 -3.1n 
3~.769 
370.696 
357.9fl.6 

427.645 -3.888 
630.649 
400.332 
352.938 

427.897 -3.827 
430. 902 
386. 799 
353.146 

435.717 . -3.869 
407.888 
393.859 
359.600 

438.158 4.378 
407.312 
393.303 
359.093 

k41 

0< Pal m") 

516.318 

575.882 

575.417 

579.417 

609.177 

52 

, 
." 
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using the ordinary least S<J.Iares mettl:Xf (Tati es' 4.3 - 4.5). 

The œefficients of variati on of values of kc and k
f 

were calculated fa-

the categories of 2-pate, 3-pate, and 4-pate ~oups. The results are 

presented in Tatie 11.6. 

T éilie 4- 6 V ëri ati on al kc and k. \ (Seri es 1) 

N \.Ill be r of 

, plates 

mean 

2 -3.62 

3 -3.67 

4 -3.83 

k G< Pal mn- t ) c 

C.V.(96) 

1.93 -53.4 

0.79 -21.6 

0.43 -11.2 

SE* : st andard deviati on 

mean 

566.02 103.79 

565.02 54.17 

571.21 33.76 

c. V.(%) 

18.3 

~ 
5.9 

Because, in the two-p.ate woups, the Ilalues 'of k and k .. de~nd totally . c ~ 

on the relative mawtitude of the two K values in\Qlved, their ,variations are 

generally high, especially tlœ variatlon of kc' By increasing the mmber of 

" ", 



plates to three, the variation of kc is reduced to 4096 of that of two-(:tate 

g-oups, and the variation of k41 is reduced by 5096. When four plates are used, 

the variation of both k and kIlo is reduced by another 5096. For sand, if a k c y , c 

variation of less than 1096 is desired, at least five plates are needed. 

A common n for five plates in each test series was calculated by 

averaging the five n values. K value for each of the five plates was 

re-ca1culated with this common n and plotted in Figure 1j..4-, for test Series 1. 

By visual inspection, it 1s obvious that a linear relation 1s a reasonable 

approximation to the relationship between K and lib, even if it cannot be 

concluded that 'the true relation 1s exactly linear. 

The best fit "line was calculated using both the .orginary least squares 

method (OLS) and the weighted least squares method (WLS) (Figure 4..4-). The 

values of kc and kt> obtalned from the two methods are only slightl:y different 

(T able 40.7). 
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Talie 4.7 kc and k. estimated by OLS ald WLS (5«' es 1) 

Lemt ~ares 

mettod 

Ordinary 

Weighted 

-3.n7 

\ -3.667 563.70 

CorreJati on 

coefficient 

0.9777 

0.m3 

6.5.2 

553.3 

Comparing the two rewession lines, it can be seen ttat ,the residuals 

became relatively more 1S1iform for the line of the weighted least squares 

mettDd (Figll'e 4.4). 

Bekker (1969) mentioned specüically that "smaller plates produced a 

wider scatter (of P(Z) clJ"~) t'han the large )plates1'. This is because a 

smaller pate i5 generally more susceptible to the localized soil imomogeneity. 

Whie this filemomenon might oot be alwaY5 obvious in well Jl"oœssecf\satls, it , 

is expected in mœt , especîally soUs in the field. The wider scatter of P(Z) 

'- CIJ"ye§ ri. smaller plates will li timately reslit in a larger variance of K values. 

'Ulis 1s aIso evident -by examining the œffi(X>si te fœm cl K, K '" kc '" b 

+ k •• , Heré kc and k. are œnceived as charactersi tics of the soil ~ysical 

5tate. Giving -a small perm~ation to kc ' a larger deviation of K will be 

• , 



associated with a smaller b. If bis very small', e.g., ât the 0.01 \m level, the 

small permltation Œ kc will be meas\l'ed as a stbstantiaUy lar~r œviation Œ 

K. ne in ~neral, the variance of K is irilerently correlated \VI th 'the plate 
- " 

sille, b, and becom-es lar(ll!r when b geU smaUer. 

" 

This i 5 a type of trterOl œdas ti e si ttati on, in which the err or van ance i 5 

rot <Dnstant O\ler aU the obser '/atÎ QI"fi (Chatterj ee and Priee, 1 '117). f'. simi1ar 

erampe was given by Chatterj ee and Priee, where in a li~ar relation of YOÔ, 

the \Briance of dependent Y ~ts larser when the value of independent X gets, 

lar~r (FiglXe 4. 5). A basie asSlITlption ct the ordinary least s~ares metll:>d 

- the a>nsistency of error variance - ras been violated by the prese"lce of 

meqJal variances. "If the ordianry least sCJ.lares mettnd is perf,crmed on this 

type of data ignoring heterosœdasticity, the estimated coefficients are still 

unbased, but will laek precision 10 a theoretical sens~ (Chatter; ee and Priee, 

1 fJ17). 

The heterosœdastlcity in Chatter;ee and Pnce's example was removed 

by a transfcrmation ct the-raw data. A new model was obtained by dividing 

bath sides Œ the origmaJ model 

y = 'a X + b 

by X 10 Ft 

• 1 

" 
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The Sërne transfer(Jlation can be perfermed .on the data of K fer varicu 

plate"si.zes,b. Mul1iplying both sides by b, the eq.Jation KU/b) becomes 

( 11.13) 

with (K b) and b as dependent and independent variali~, respectively. The 

form ula fer kc and k. in the weighted le~t sCfJares rewession (wi th 1/b as 

weight) have been presented in Section 4.1. 

As \VaS ooticed in F.ig~e 11.4 and Ta.t1e 4.7, the two rewession metrods 

gi-.e almost identical res~ts of kc and k.. This fact suggest~ that the function 

of K = kc (lIb) + k. is at least a g:>od approximati on of the "true" reJati on 

of K(I lb). si nc~ ~nly when the two functi"ons of K(1/b) and KbG» are 
. 

algebraicall y equivaJent could such a resul t be expected. 

n.e prt5S11'e-sinkage relation fer 0 = 0.15 m was predicted using the n, 

kc and k. values obt~ned in the five-JDi nt re~ession. The resLi tant Cll' ve 

1s q>mpared with the measll'ed presstre-sinkage èlCve in Figlre"'6. The 

méDimurn error of p-esstre prediction i5 796 of the meastred value. Fer mast 

parts of the t'NO pres5tre-sinkage Ctr...es, the disQ'"e~ncy is very small. 

Considering that the value of the parametric variatie b in the predictlon, 

O.075m, is mere than tt-ree time larger than the average b of the tet small 

~ates G> = 0..022.5 m), the error of p-esstre prediction 1s qJite acceptatie. 
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e -... Rad. of Seri_ 1, l ..... 

Res u1 ts of Seri es 2, 3 and 4 confinn- the fi ndings Œ Seri es 1. The 

variatIons of ~ and k. were hig~ when onJy two data points were empo)led 

in the extraction. These vacël;tions sharpy decreased when more data points 

were added (T&lie If... 8). 

T &lie If... 8 Van ati ons œ kc and k. (Seri es 2, J and 4) 

Ntmber of k 
c variati on (96) k. variati on (96) 

plates S. 2 S. 3 S. 4 50 2 S. 3 S. 4 

2 -12&.1 -52.9 -157.3 34.6 11.5 28.9 

3 -32.9 -16.0 -54 • .5 8.5 3.4 10.0 

4 -13.2 -8.4 -42.0 4.8 1.9 7.0 

ln Series 2 and 3, the reduction of variations of kc and k. when the 

plate num ber cnanged from 2 to 3 and 4 are about 70% and 50% of the 

preceding values. ln Series 4, the, rates are 60% and 30%. Seri es 4 is an 

ex.ample of larse vadatlOO5 in meastrements. In this case, the use of !ive 
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plat es ta determi ne sail properti es cannot, bri ng the van ad on of kc be low a 

value of 10%. 

Bath the ordinary and weigt:rted least squares calcù,ations wer~ perfcrmed 

on K vs. lIb data in the Series 2 to 4. The estimated kc's and k.s from the 

two mêthods are aJmost identical (Fjgtres 4.7, 4.8, 4.9; Tatte 4.9) 
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T~e "'-9 kc and k. esûmated by OLS" and WLS 

(Seri es 2, 3 and 4) 

Series Least s~ares ~ k. Correlati on ~ F 

mettod (kPaI mn-l) 0< Pal mn) 

2 ordlnary -4.45 607 • .52 

weighted -4.62 610.23 

ordlnary -4.08 570.31 

wei.ghted -3.96 565. fJl 

,4 ordlnary -2.03 471.92 

weighted -2.22 47&.n 

, . 

coefficient 

, . 
o.~69 

o.~40 

O.~5 

a. 7351 

0. 9904 

9.4 

112.4 

91.5 

,154.0 

66 

The predicted pressu:e vs. sinl<age fer the plate of 15 cm diameter are 

presented in FiglJ"es 4.10,4.11 and 1j.,12. lt is interestlng to note that in ,-nost 

of the foll' series oc tests, tte P(Z) cU' ~ p-Idicted U51ng kc's and k~'s from 

WL5 él'e nearer to the expenmental CU" ~ dBn trose from OL~, altrough the 

differences are very s,-nall. 

. \ 
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J 

T~ restJ15 of kc and k. from ba,th Series 2 and 3 give good predictions 

of presslre. Compared wlth resul ts of Series 1 to 3, the presslre prediction 
- J 

in Senes 4,15 Jess sati sfact or y, wlth an errer arolSld 10% of the measlCed 

loads. 

Looklng' at the K-l/b plot of Series 4 (Figure 4.9), a tYplcal case of K 

• x:atter lIlCTeasing wi th b deaeasmg 1S seen, similar to that discusséd in S ec!ion 

4.3. lf only two plates were mvolved ln the assessrnent of kc and k., a moch 

'.larger prediction error would resa t. 

A few words .of· caution are necessary here. A high correlation 

a:>effident of Ithe K-lIb regression mlght be perceJved as an mdication that a 
t 

good prediction of the P(Z) relatlon ffilght resutt. ln trus connection, the 
~ 

resul ts of Senes' 3 are a very !nterestmg example. In spi te of the fact that 

the flVe-JX>int regression has aIready glVen a reasonal:i y good predictiOn of 

pressure,' the prediction can still be Improved. Scrutirusmg the K-l/b plot in 

Figtre \'4.8, as' shown by the double pOlnt dashed hne, the fOIJ potnts on the 

right side he almost on a Single stralght li ne, and. the flfth pol nt on the 

extreme left IS not in thlS Hne, By exc1uding the outlYIng pblnt from the 

regression, a new set of soil parameter estlmat~ is obtamed, as n = 0,0463, 

kc = -9.36 kPaI m"-l , k9> = 594.71 kPaI m", WhlCh gives 'an error of presslJe 

prediction, (P measLCed- P predicted)/ P measLCed' of only 2% (Figure 4.13). 

But a high correlation coefficient in K-l/b 'regression is not the aim 

p.rsued. If such weil behaved data points were always availatie, i.e. the data 

1 

t 
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points always'fall onto a straight Une, two data points or two plates are 

already enough ta eX1ract kc and k. reliatiy. Hence there wotid be no point 

in uains more plate. In fact, because of the inevitalie s<il imomoFneity, 

especially in fieid condi1icn, certain deviation ct çar~eter K from Its 

po puJati on meéll is mŒe aeneraJl y expected. The men t cI \aÏ ng more plates 

is ttat the estlrnale of average sail IBrameters Wlll aJways Ile more acClJ"ate 

by US! ng mŒe data JX>i nts. ~u11i.plate penetrati on tests also yie.ld the 

iriamilî on aoo~ .... well the P(Z) predictIon mlght he, because the order of 

méllfutude of variaticn can !Je determined.. nus IS especially valua/je ln the 

case of a 1arser sail varialillty, where lar~ errors ln prediction of Jre5SlJ'e 

vs. srUege might 0CC1t \Vi thJ~ the aid of ml1 ti-pate tests. 



u 

atAPTER V 

/ ~ 
f 

ln this investigation, mLJ1i-pate penetration tests were perfcrmed with 

a family of smaU model liates on loase dry séI'ld. RewesS100 metoods were 

used to fit the data trom these penetration tests to BeIOer's (1~,) 
\ 

, press 1Se-5Ï nkage e(JJati on, n an el y, 

P = K Zn 

and 

K = k c (lIb) + k. 

to extract the parameters ct kc ' k. and n in the eq..aation, 

P = (k d b + k.) Z • 

The res lA 15 eX the e xtracti on were checlœd by corn pari ng the (X"edicted and 

measlied P(Z) ClC\IeS fer a fiate of a 5iz:e alx>~ ttTee times of the average 

siz:e of the model pates. 

It was fOU1d that in the range of S<il sinkage investigated 

(0) The measlJ'ed P(Z) cll'ves could œ. aplX"oximated /11 by the 

pressl.l'e-sin~ge eCJ.lation al Bekker 0955,1960). 

(~ Even 50, the exponential eQJati on of lX"esstre vs. sin~ge 1S rot a 

consi stentl y exact mechafÙca1 mode1 of the real ~nètration process. 

, 
L 
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(J) The values ri n, kc and ·k. reflect the 500 varialillty and .vary 

nndomly fa- a given soil. 

(4) To evaluate these ~anti fies, the statistical metrod is very relevant. 

For the assessment cl the k and k. patêmeter5, this meéWl5 that the methld c , 

~! rerti1ive penetration with each plate size srot,jd a150 be s~pemented with 
J ~ 

ac:t:ütionaJ plate size:s in arder to obtain the reqJired acClI'acy of determination 

of seil mechanical pr operti es. 

ln a lalx>rator>--p-eçared simple s<il (cry $and), the foUowing tatie 

summaozes the number oi pates of different sÎzes whkh should be used in 
1 

or der to achieve desired le..-els d. acetracy of meastrement of snJeae 

.mefficients. 

Nunber of Avera~ variation (9&) 
" 

plates k k. C 

~, 2 rn iJ 
" p 

3 31 S 

4- 19 .5 
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Acco~ding ta Wills (1966), the Jrediction perfa-mance of _, 8ekle~s 

presslJ'~si nkàae eCJlati on is 'Narse fa- sa\d t tBn i t is f cr day and loam soil 50 
'!o 

Ac.alrctng ta &eider (191&9), the scatter of penetration data is more in the case 
, 

of stallow sinkaae depths tt1iJll fer <Jeep sirûage. This Investigation proYed that 

the mli1i-~ate penetration test cao handle these mast difflCult situations 

ft JS therefa-e believed tre.t the· mett-ods suggested ln this 

investigation can also imJro\le the assessme1t of sail p'0~r1lE5 by Bekker's 

metlnd in gëneral-cases, Le. diverslfied soil types; deeJEr ~netration and fIeld­

co ndi 11 ons. Veri~icati on of the aoove irterence is recomme1ded for fut u-e 

researdt. 

A field Investigation with small model plates. 1s particularly 

recommSlded. A stad stical esti mate of sail p-ojErti es is most relevant to 

soils in field conditions. An increé6e ln plate mmber might compensate fer 

the decrease ln plate sires In dealing wi th the locallzed sc.l Imomo~nei ty. 

And a decrease in plate sires will enatie raJid and deJEnda~e data acqJision 

wi th JX)rtatie eqJipment. .. 

-
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. ,J!lIIIIUII!IOL AESSUI! VS. S NIIŒ Q\'D\ 

Table Al.l Pressw-e vs. si nkaF dlta 
j 

(5erl!5 l, D = 5.5 an) 

-----------~------------------------------------.----~----------------" '. 
S inkage Presstre (kPa) 

-----------------------~-------------------------------------... 

""" ) SI-1 51-2 51-3 ~ 51"-4 51-5 mean SE C.V. 

--------------------------------------------------------_.------.-----
2 8.7 8.0 9.2 8.0 8.5 8.5 0.5 6.0 

4 14.4 13.0 16.2 13.8 14.4 14.3 1.2 8.2 
\ 

6 18.7 16.5 16.2 13.8 14.4 18. (, 1.5 8.3 

8 21.7 19.4 24.3 21.4 22.3 21. 8 1.8 8. 1 

10 24.3 ~ 21.8 27.6 24.3 21.4 24.6 2.1 8.5 

12 • 1 26.4 23.9 30.4 26.7 27.6 . 27.0 2.3 8.6 

14 28.5 25.8 32.8 29.0 29.9 29.2 2.5 8.6 

16 30.5 27.7 35.0 31.0 32.2 31.3 2.6 8.4 

18 32.5 29.7 37.1 33.0 34.3 33.3 2.7 8. 1 

20 34.6 31. 7 . 39.4 35.0 36.5 35.4 2.8 7.9 

-------------------------------------------------------------_.-------

&0. 

\J. 

( 
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~ 
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TableAl.2 Press ... e YS. sirRae data 

(5er i es 1, 0:: 5. 0 an) 

o 

" 

-------~----------------------------------.-----------~---------------
] 

1 

Sinkage Presslre (I<Pa ) 

---_ .. -------_.---------------------- .. ----.. --_ .... _-- --------.---
V'rm) 

J 

51-1 'Sl-2 51-3 51-4 SI-5 mean SE C.V. 

-_..:. ----.- -----.--------------------------. ---- ----.-------_.- -------';;--
2 9.5 8.5 8.0 9.8 7.2 8.6 1.1 12.'" 

'"1 

4 15.5 14.5 13.1 16.8 12.5 1",.'" 1.7 12.1 

6 19.5 18.5 17.2 21.8 1~. 8 18. 7 2.0 10.7 

8 22.7 21.5 20.5 25.6 20.4 22.1 2. 1 9.7 

10 25. 1 23.9 23.2 28.7 23.4- 2"'.8 2.3 9.3 

12 27. 1 26.0 25.7 31.2 26.2 27.2 2.3 8.5 

1", 29.0 27.9 28.0 33.3 28.4- 29.3 2.3 7.7 

16 31. 0 29.6 30.0 35.7 30.7 31. ", 2.5 7.8 

18 32.9 31. 7 32.1 37. ~ 33.0 33.6 2.5 7.4 

20 34.9 33.6 34.3 39.9 35.0 35.6 2.5 7.0 

---------~------------------------------------------------------------
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Table Al.l PressW'e vs. sinkase data 

(Seri es 1, 0 ::: 4-.5 an) 

----------------------------------------------------------------------
Slnka~ Press IZe (kPa) -"""" 

CI 
~ 

-------------------------------------------------------------
mn) 51-1 51-2 51-3 SI-4 51-5 mean SE C.V. 

4' 

----------------------------------------------------------------------
2· 9.2 7.4- 7.4 8.6 6.5 7.8 1.1 13.8 

4 11./..9 13.3 12.3 14~4 11.3 13.3 1.5 11. 1 

6 19. 1 17.4 16.0 18.9 15.2 17.3 1.7 10.0 

8 22.2 20.5 19.0 22.3 r 18.4- 20.5 1.8 8.8 , 

10 24.6 23.2 21.6 24-.6 20.8 23.0 1.7 7.6 

12 27.0 25.3 23.9 27.7 23.0 25.4 2.0 7.8 

14- 29.0 27.2 25.9 29.9 25.3 27.5 2.0 7.2 
~ 

16 30.8 29.3 27.9 32.2 27.2 29.5 2.0 6.9 

18 32.7 31.3 29.9 34.4 29.2 31. 5 2.1 6.6 

20 34.5 33./f. 32.p 36.5 31.2 33.5 2. 1 6.2' 

------------------------------------------------~----- ---------.------

n') 

" . . 
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Table Al.t Press ... e vs. siniaF data 

(Series 1,. D :: 4.0 an) fI._ . D 

-------_.-----------------------------------------------~------------~ 

Sinkage PresslI'e (kPa) 

l 
------------------------------------------.-.----------------

~) 51-1 51-2 51-3 51-4 51-5 mean SE C.V. 

----------.-------------------------.----------------- -------~--------

2 7.3 7.3 7.0 8.7 7.8 7.6 0.7 8.8 

4 12.3 13.1 11.9 14.2 12.3 12.8 0.9 7.2 

6 1.5.9 17.6 15.6 17.9 15.6 16.5 1.1 7. 0 ~ 

8 19.0 21.4 18.7 20.3 17.8 19.4 1. fi. 7.2" 

10 21.7 24.0 2l.8 22.6 19.8 22 • ..0 le5 7.0, 

12 2f1..3 26.2 24.3 25.0 21. 8 24.3 1.5 6 • .5 

1411 25.6 28.1 27.0 27.0 24.0 26 • .5 1.5 5.7 

16 28 • .5 29.9 29.5 29.0 26.2 28.6 1.4 5. 1 -
13 30.7 31.8 31.7 31.2 28.1 30.7 1.5 5.0 

20 32.8 33.7 34.3 33.1 29.9 32.7 1.7 5. 1 

----------------------------------------------------------------------
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Table Al.' Pres~ ... e~. si_. &;.t~ 
.< ... .. ~ 

'(Series 1,0= 3.5 an) 
\ 

'\' 

, , ' 

---------_._-----------~-----------------------~----------------------. . 
.. Sinlcage ,Press .... e (kPa) 

-----~--------------------------------~----------------------.. 
4nn) 51-1 ' 51-2 51-3 51-4 51-5 mean SE C.V. 

---------------------------------.--------------!. -.-----.. --.---!3- ----- , 
t 

2 6.7 7. ~ 5.1 5.5 7.5 6.6 -1. 2 18.9 . 
, 

4 11.2 13.4 9.0 9.4 12.2 11. 0 1.9 17.1 

6 15.3 17 • .5 12.6 10.4 1.5~ 5 14.3 2.8 19.4 

8 18 • .5 21.0 16. 1 14.9 18. 1 17.7 2.3 13.3 

10 21.6 23.4 19.4 17. 1 20.2 20.3 2.4 11.6 

12 ,24.6 25.7 22.6 18.9 22.0 J 22.8 2.6 11.4 

14 27.5 27.9 ""25.5 20.8 23:6 25..1 2.9 11.7 

16 30.2 30.2 28.5 22.6 25.3 27.3 3.3 12.1 
,-

18 32.6 32 .4 31. 6 24.4 27.1 ~9.6 3.6 12.3 

20 32.8 33.7 34.3 33.1 29.9 31. 9 4.0 12.6 

. '1 ----------------------------.---.--------------------.----------------
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Table Hl.. Press ... e' YS. si.fII! data 

(Ser i es 2, 0 = 6 • .5 an) 

.. 
, /. r,./. 

-------------------~---------------------------- ~--------------------
5inkase PresslI'e (kPa) 

-------------------------------~----------------------.------
• 

rnn) 52-1 _ S2-2 S2-3 52-4 52-5 mean SE C.V. 
\ 

-.---------.---- ,,-_CJ --- - ---- - - - -- - - --- - ------ - -7- ----.-.-::--. - - --.-- - - - --

2 7.8 8.1 8.6 7.7 7.0 \l.8 0.6 7.5 

4 13.0 13.6 1/#..2 13.1 12. 1 13.2 0.8 5.9 

6 17.4 17.7 18.6 17.2 16.2 17.4 0.8 4.9 
1" 

8 20.7 21.0 22.1 20.5 19.6 20.8 0.9 4.4 

la 23.6 23.7 24.9 23.3 22.4 23.6 0.9 3.8 
. 

12 . 26.2 25.9 " 27.5 25.6 25.0 26.0 0.9 3.5 

14 28.5 27.8 29.8 27.8 27.3 28.2 0.9 3.3 

16 . 30.7, 29. ~ 31. 8 29.7 29.7 30.3 0.9 3.1 

18 32.8 31.6 33.7 31. 7 31.7 32.3 0.9 2.8 

20 35.0 33.5 35.5 33.7 33.7 -3'4.3 0.9 2. 6 ~ 

y 
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/ 

1àble A2.2 PressW'e vs. sinkase data 

(Serjes 2,0= 6.0 an) 
( 

\ 

S inkage Press lf'e (kPa) 

-------------------------------------------------------------
~) . 52-1 52-2 S2-3 S2-4 2-5 mean SE c. V. 

~~~~------------------------------------------------~------------------
2~ 7.6 9.5 6.7 7.6 9.7 8.2 1.3 16.2 

" '-

4 13.9 16.3 Il. 8 12.5 15. "3 13.9 1.9 13.4 

6 18.9 19.0 15.8 16.2 19. 1 17.8 1.6 9.2 

8 22.9 22.0. 19.0 19.3 22.2 21.1 1.8 8.,5 0 

10 26.1 24.5 21. 7 21.8 24.7 23.7 1.9 8.0 

/ 12 28.8 26.9 24.0 24.3 ,27.0 26.2 2.0 7.7 

14 31.3 28.8 26.0 26.3' 29.0 28.3 2.2 7.7 

16 33.6 30.7 28.1 28.4 30.8 3'0.3 2.2 7.3 

18 35.7 32.7 29.9 30.5 32.8 32.3 2.3 7. 1 

20 37.9 34.7 31. 7 32.4 34.7 34.3 2.4 7.0 

( 
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Table A2.3 Press lI"e vs. &lnkaae--etat a 

. (Seri es 2, D = 5. $ an) 

------------------~---------------------------------------------------

S inkage Press tre (kPa) 

------------------------------------------------------ ---~---

~) 52-1 52-2 52-3 51-4 52-' mean SE C.V. , 

----------------------------------------------------------------------
2 6.6 6.2 4.8 7.3 6.9 6.4 1:. 0 15.4 

,0 

4 11.6 11. 6 8.2 12.4 13.0 11.4 1.8 16.2 

6 16. 1 15.7 11.5 16.5 18.0 15.6 2.4 1~.4 

8 19.6 19.1 111-.2 19.4 21.9 18.8 2.8 15.0 

10 22.9 22.0 16.7 2i. 9 , 25.2 . 21.7 3. 1 14.3 

12 25.8 24.6 18.9 24.1 27.9 2if.2 3.3 13.7 
~ 

14 28.5 26.8 20.9 26.1 30.3 26.5 3.5 13.3 

16 30.9 28.9 22.8 28.0' 32.6 , 28.6 3.7 t 3.-0 

18 33.2 1 31.2 24.7 30.1 34.6 30.8 3.8' 12 • .5 
'" 

20 35 • .5 33.3 26.6 32.0 37.0 32.9 4.0 12.2 
___________________________________________ J __________ ___________ ~ ____ 
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Table Al.' PrelsW'e vs. si_. data 

(Seri es 2, 0 :: 5.0 an) 

--------------.--------------------------;---------------------------
S inkage Presst.re (kPa) 

--------._---------------------------------------------------
~) S2-1 52-2 52-3 52-4 ,52-5 mean SE C.V. 

---------------~-.-----------------------------------------------._-.-

2 7.2 7. a 7 • .5 6.8 6.5 7.0 0.4 5.4 

4 13.2.' 11. 9 12.7 12.0 12.0 12.4 0.5 4.5 

6 17.0 15.4 16 • .5 16.1 16.8 16.3 0.6 3.9 

8 20.1 18. a '19.2 19- .5 20.8 19 . .5 ,",0 5.4 

la 22.8 20.1 21.6 22.3 23.9 22.1 1.4 6.4 
\. 

12 25,.0 22.2 23.7 24.8 26.7 24.4 1.7 6.8 

14 27.0 24.2 25.8 27.0 28.9 26.5 1.7 6.6 
.. 

16 28.9 26.2 27.7 29.0 31.4 28.6 1.9 6.8 

18 3b.9 28.0 29.4 31. 10 33.7 30.7 2.1 6.9 
p 

20 32.9 29.9 31.3 33.1 35.6 32.6 2.1 6.5 

----------------------------------------------------------------------

/ 
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S inl<age 

.' 

Table A2.' 

" 

Pressw-e vs. si nIca. data 

(Ser i es. 2, D = 4. 5 00) 

Presslre (kPa)' 

" 

-------------------------------------------------------_.----
) ~) S2-1 52-2 52-3 52-4 52-5 mean SE C.V. 

----------------------------------------~--------------.--------------. 
') 2 7.4 6.3 6.7 6.2 5. 7~ 6.4 0.6 10.0 

4 12.3 10 • .5 11. 3 11.1 10.4 11.1 0.8 7. 1 

6 15.8 13.7 15. ~ 14.8 13.9 14.7 0.9 6.2 

8 18.6 16.3 18.5 18.2 17 • .3 17.8 1.0 5.6 
\ 

10 , 21.0 18.6 21.0 21.0 20.0 20.3 1.0 5. 1 

12 23.2 20.8. 23.4 2110.0 22.3 22.7 1.2 5.4 
G 

14 25.1 23.4 25.9 26.6 24.6 25.1 1.2 4.8 

16 27.4 25.6 27.9 28.8 26.9 27.3 LO 4.3 

18 29.6 27.7 29.8 31. 2 28.8 29.4 1.2 4.3 

20 .31.9 29.8 31. 8 33.3 30.8 31.5 1.2 4.1 

------------------------------------------------------ ---~------------

,; 
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Table M.I 

l' Il 

- 1 

\1 
, Presstre vs. si nkaF clat&? 

(Seri es 3, D = 6.' an) 

-------------------.----------------------------------.-----_.--._--.-
5 inkage PresslJ"e (kPa) 

--------------------------------------------------~-------_.-

~) S3-1 53-2 53-3 53-4 53-5 mean SE C.V. 

----------------------.------------------------.----------------------. -

2 8.6 7.2 6.6 7. 1 6.6 7.2 0.8 11.6 

" 
4 14.9 12.5 Il. 5 12.9 Il.8 12.7 1.3 10.4 

6 19.8 16.4 15. 1 17. 1 16.0 16.9 1.8 10.5 
<l 

8 23.6 19.6 18.0 20 • .5 19.7 20.3 2.1 10.2 

10 26.6 22.3 21.0 23.4 22.9 23.2 2.1 8.9 

12 29.2 24.8 23.0 25.9' 25.7 25.7 2.1 8.7 

" 
14 31.3 26.8 25.2 28.0 28.2 27.9 2.2 8.1 

16 33.4 28.9 27.3 29.9 30 • .5 30.0 2,2 7.4 

18 35.4 31.1 29 • .5 31.9 32.7 32.1 2.2 6.8 

20 31' • .5 33.3 31. 7 33.9 34.8 • 1,34.2 2.2 6.3 

----------~-------------------------------------------.----------.----
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Table M.2 Presstre YS. ,s i nlca8l! ciat a 

, (Seri es 3';- 0 :: 6.0 an) 
1· 

--------------~----------------~----------------------~-------------
S inJage Press lI'e (kPa) / 

------------------------~---------------------------~-.------

mn) 53-1 53-2 53-3 S3-4 53-5 mean 'SE. C.V. 
" 

---~---------------------------------------------~_._-----~-----------
,1 

2 8.7 ' 8.3 5.2 8.5 7.3 7.6 1.4 19. 1 

4- 15 • .4 14.2 9.0 14.6 Il.5 '13.1 ~.5 19.3 

6 20.4 18.3 12.~ 19.1 16.3 17.3 3.2 18.5 

8 24.3 21.5 14.8 22.5 19.3 20.5 3.6 i7.7 

10 27.6 24.1 17.3 25.3 21.8 23.2 3.9 16.8 

12 30.4 26.3 19.5 27.7 24.1 25.6 4.1 16.0 '" 
14 32.7 28.6 21.6 30.0 26.1 27.8 4.2 15.2 r .. ~ 
16 311-.9 30.8 23.6 32.2 28.1 29.9 . 4.3 14.3 

1 
18 37.2 33.0 25.6 34.3 30.2 32.0 4.4 13.6 

20 39.2 3.5.2 27.7 36.4- 32.2 34.2 4.4 12.8 

, , 

.-
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Table A3.J Presswe YS. sinicalF data 

(Series 3, D = 5.5 on) 

--------------------------------~~----------------------------.-.-.---

S inkage Press lJ"e (kPa) 

-----------._-._.----.-.--------.-----------_.-_.----------.-
mn) 53-1 53-2 53-3 53-4 53-5 - mean SE C.V. 

----------------------------------------------------------------------
'" 2 6.8 9. 1 5.9 7,0 7.4 7.2 \ 1.1 16.0 

4 12.4 14.4 1.0.3 .11. 9 12.6 12.3 1.,5, 12. a 

6 16.7 18.4 14.0 15.5 16.7 16.3 1.6 10.0 

8 20.5 21. 4 16.9 18.3 19.8 19.4 1.8 9.2 . 
10 23.5 23.9 19.5 20.7 22.5 22.0 1.9 8.6 

12 26.2 26.2 21. 9 23.1 25.2 24.5 1.9 7.9 \ 

14 28.5 28.0 24.3 25.2 27.4 26.7 -1.8 6.8 

16 ·30.5 30.1 26.3 V.2 28.9 28.6 1.8 ~.3 

18 32.8 32.2 28.3 29.5 31.8 30.9 1.9 6.3 

20 ~4.9 34.4 3O.4J.. 31.6 34.0 33.0' 2.0 ,5.9 

---------------------------------------------------------------.------
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Table Al.$ Presst6e YS. sinkaae data 

(Seri és 3, 0= 5.0 an) 

L 

---~---.--------------------------------------------------------------, 

5 irib.ge ~ Presstre (kPa) 

--------------------------r------------------~---------------

6nn) 53-1 53-2 53-3 53-4 53-5 mean SE C.V. 

Il 1 ----------------------------------------------------------------------
2 7.2 7.5 6.5 7.0 6.7 7.0 0.4 5.7 

4 12.5 13.0 11,,') 11.7 11.& 12.0 0.7 5.6 

6 16.3 17.2 14.6 15.2 16.0 15.8 1.0 6.3 

8 19.0 20.5 17. 1 18.0 19.0 18. Z 1.3 6.8 

la 21.2 23.4 19.1 20.3 21. 7 21.1 1.6 7.6 

12 23.0 26.0 21.2 22.8 24.0 23.4 1.7 7.5 

14 24.8 28.5 23.2 24.9 26.3 25.5 2.0 7.9 
, 
16 26 • .5 30.8 25.1 27.0 28.4 27.5 2.2 8.0 

18 28.1 33.2 27.0 29.1 30.4 29.6 2.4 8.1 

'20 29.9 3.5.6 28.9 31.1 32.6 31.7 2.6 8.2 

t> 



Pressure vs. sinlca~ data· 
~ 

(Series 3, 0 = 4.5 an) 

..,...,------ - .. ---- -------- - ------ - - ----- - ----- - - -- --- - - - ---- - - ------ - --_ .. -
S image Presslre" (kPa) 

----- -- ----- - - ----- - - - --- - - ------ - ------- - - - --- - - - --- .. - _ .. -- .. -

4-rm) 53-1 53-2 53-3 53-4 53-5 mean SE C.V. 

-------------- -------- -------------- -------- -- ----- ------------- ------

2 9.2 6.0 6.8 6.4- 5.3 6.7 1.5 22.1 

4 H.8 10.4 Il. 1 11.1 9.5 11.4 2.0 17.8 

6 18.2 13.7 14.3 14.8 13.1 14.8 2.0 13.6 

8 21.0 17.5 16.8 17.4 16.0 17.7 1.9 10.7 

10 23.3 18. (, 18.7 19.7 18.6 19.8 2.0 1 Ch 1 

12 25.5 21.0 21.0 22.2 21. 1 22.1 1.9 8.8 

14 27.6 23.2 23.0 24.4- 23.4- 24.3 1.9 7.8 
" 

16 29.8 25.3 25. :3 25.3 25.9 26.3 2.0 7.5 

18 32.0 27.4 27.5 28.6 28.0 28.7 1.9 6.7 

20 " 34.1 29.6 29.6 30.8 29.9 30.8 1.9 6.2 

- --- .. _- - -------------.-- - ---~- - ------- - --- .. - - - ------ - ------ ------- -----

. ' 

-- j-.. .....----



Si nltage 

4"nn) 

Table M.l Press\I"e vs. si nkase data 

"(Series 4, D = 6.5 an) 

Pres S lI'e (kPa) 

-------------------------------------------------------------
Sl4. -1 54-2 54-3 54-4 54-5 mean SE C.V. 

------------ -.- - - - -_.-- - - - - ---- - - -- - -- - - --- - - - ------ - - - ---- - - --: - -- - - --

2 7.6 7.6 7.4 7.0 8.6 7.6 0.6 7.7 

4 1.3. 1 13.1 12.1 1l.8 14.2 12.9 0.9 7.3 

6 17.2 17.7 15.9 15.4 18. fi. .16. 9 1.2 7 • .3 

8 20. fi. 21.3 19.0 18.6 21. 7 20.2 1.4- 6.8 

10 23.0 24.0 21.5 21.1 24.5 22.8 1.5 6.5 

12 25.5 26.5 2.3.9 23.6 27.0 25.3 1.5 6.0 

14 27.6 28.7 25.6 25.7 29.1 27 • .3 1.6 6.0 
\ 

16 29.7 30.8 28.4 27.8 31.1 29.6 1.5 5.0 , 

18 31.8 33.0 30.5 29.8 33.1 31. 6 1.5 lj..7 

20 3j.8 35.1 32.1 31. 8 35.3 33 6 . 
~ 1.6 4.8 

\ -- - - ---- -- - ----- -- - - --_.- - - ------ -- ---- - - -- - - - - - ---- -~ -- - .... -- - -- ---- --
\ 
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. Table M.2 Presstre vs. sinlcaF data 

.(Seri es. 4, 0 = 6.0 an) 

-------~--,--_._------------------------------------------------------

Sina~e Press tr~ 1 (kPa) 

----------------------------------~~------------------ -------

~) 54-1 • 54-2 54-5 mean SE c.v. 

------_.-_._---~------------------------------------------------------

2 7.2 8.2 6.6 7.0 6.6 7.1 0.7 9.6 

4 12.8 13.9 11.4 12.3 11.4 . 12.4 1.0 8.2 

6 ii'O 18.0 1.5;3 16.4 14.8 16.3 1.3 7.9 \ 
. 

8' 20.2 21.1 18.2 1 ~.\-6 17.4 19.3 1.5 7.8 .. 
10 22.9 23.8 20.8 22.3 19.8 21. 9 1.6 7.5 

12 25.2 26.2 23.0 24.7 
0 

22.1 24.2 1.6 6.8 

14 27..3 28.1 25.3 27.0 24.1 26.4 L6 6.1· 

,16 29.5 30.2 27.2 29.0 26..1 28.4 1.7 6.0 

18 31. 5. 32.lI- 29.3 31.1 28.1 30.5 1.8 5.8 . 
~20 33.6~ 31.3 33.1 30.2 32.5 1.8 5.4 

J. 

------------------------------------~---------------------------------

,. 
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TableM.3 Pns .... e w. si_. data 
, 

(Seri es 4-, o = 5.' an) 

\ ----------------------------------------._---------------------.------
Sinkage Presslre (kPa. ) 

, 
---------------------------------------------.---------------

~) 54--1 
\ 

Slp·2 SfI.-3 5fI.<4 54--5 mean SE C.V. 

--------------------------------_.------------------------------------
2 7.2 7.9 7.6 7.5 7.8 7.6 0.3 3.9 

4 8.2 13.4- 12.8 12.8 13.3 12.1 2.2 17.9 

6 16. , 17.3 16.5 16.5 16.9 16.8 0.3 2.1 

8 20.0 20.4- 19.6 19.4- .. 19.8 19.8 0.4-' 1.9 

10 22.9 22.8 22.2 21.8 '22.2 22.4- 0.4 2.0 

12 25.5 . 24-.7 24-.6 23.9 24.3 24-.6 0.6 2.3 

14- 28.0 27.0 26.8 26.1 26.3 26.8 0.8 2.8 

16 30.2 28.9 29.0 28.0 28.3 28.9 0.8 2.9 

18 32.2 30.9 31.2 30.1 30.4- 30~9 0.8 2.6 

20 34.3 32.8 33.2 32.2 32.3 32.9 0.9 2.6 

---~---------------------------------_._--------------~---------------

( 

• 



~ . 

.' 

. 
, ,f- ~ 

TMle M.' Pres.lre YS. si •• ckta 

(Series 4, D= '.Dan) 

" ---------------------------------------------------------------.------
5 inlage Press\I'e (kPa) 

-----.-------------------------------~-----~-------------~--

~) 54-1 54-2 54-3 ~..JJ 54-' m~, SE C.V. 

----------------------------------------------------------------------
,2 7.0 6.3 6.9 7. , 6.6 6.8 0.4 6.6 

4 12.0 .10.8 11.3 12.4 11. 5 11.6 0.6 5.3 

6 16.0 14.J 14.8 14.8 15.2 15.0 0.6 4.2 

8 18.9' 17. ". 17.5 18.4 18.0 18.0 0.6 J.5 

10 21.4 20.1 19.8 20.8 20.4 20.5 0.6 3.0 

12 2J.8 22.7 22.1 22.9 
1 

22.6 22.8 0.6 2.7 

14 25.8 25.2 24.1 25.0 24.8 24.9 0.6 2.5 

, 16 27.8 27.7 26.1 27.2 26.8 27.1 0.7 2.6 
... 

18 29.7 29.9 28.1 29.3 28.6 29.1 0.7 2.6 

20 31. 7 32.4 JO.2 31.' 30.4 31.3 0.9 2.9 

'" --.-----------------------------_.------------------------------------. 
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TMleM .. ' Presstre vs. sinkaF data 

(Series 4,.'? =' 4.5 an) '-

,. 

-----------_._-------~-.----------------------------------------------.. 
. S inkage Presstre (kPa) 

-------------------------------------------------------------
,.~ #-

-' 
ton} 54-1 S1J-2 54-3 ~-4 54-5 mean SE C.V. 

-------------------------------------------------------------~--------. 
2 8.1 7.4 8.0 6.8 6.~~ 7.3 0.8 11.4 

\ 

4_ 13.7 12.4 13.1 11.8 10.5 12.3 1.2 10.0 
~ , 

6 18.0 l·5.9 17. 1 15.4 13.7 16.0 1.6 10.3 

8 21.1 18.5 19.8 18.5 16.1 18.8 1.8 10.0 

10 ~J. 9 20.7 22.3 21.0 18.5 21.3 2.0 9.5 

12 26.1 22.8 24.3 23.3 20. (, 23.4 2.0 8.7 lb 

--~ 

14 28.2 24.9 26.4 25.5 22.6 25.5 2.1 8.1 

16 30.4 27.1 28.3 27.7 24.6 27.6 2.1 7.5 

18 32.7 29.3 30.3 29.9 26.6 30.0 2.1 7.3 

20 34.8 31.4 32.4 32.2 28.7 31. 9 2.2 6.8 
b 

-------~--------------------------------------------------------------
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