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(i) 

ABSTRACT 

Measurements have been made of the noise current fluctuations 

on the electron beam from a space-charge-limited, diode electron gun, 

in four sealed-off vacuum tubes. To perform the ~easurements a 

synehronous detection system was developed and evaluated. The varia

tion of noise smoothing with changes in the gun anode voltage bas been 

examined at 1,400 Mc/s., 4,250 Mc/s. and 9,520 Mc/s. Values of smooth

ing calculated from theories which do not take into account the multi

velocity nature of the electron beam in the region imnediately beyond 

the potential minimum are in poor agreement with the experimental 

measurements. 

By using the results of density funetion calculations to deter

mine input conditions at a plane in the gun beyond which a single' 

valued vel.oci ty theory is valid, a method has be en developed for cal

cula ting the four electron beam noise parameters at. the gun anode. A 

critical examination of the resulta shows the method exhibits the two 

invariance properties known to be required for any such theory. 

The theory prediets a dependance of anode current fluctuation 

noise on the square root of the frequency. The present measurements 

are found to vary with frequency in this manner as did those of earlier 

workers. The explicit frequency dependance of tha anode CUrrent 

fluctuation noise has not previously been reported. 
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1. INTRODUCTION 

The e.xtremel.y rapid developD.ent of microwave technology and its 

application for defence purposes which started about 1940, bas been 

.tollowed after the war by its application to new and more complicated 

radar networks and to trans-continental communication systems capable 

of handling simultaneously large numbers of independent messages or 

very detailed visual information. For auch purposes a wide range of 

frequencies must be transmitted and handled with uniform ef!ectiveness. 

This large ban:iwidth requirement has made it necessary that such systems 

empioy microwaves for the transmission of the appropriate intelligence. 

At short wavelengths greater absolute band~dth is more readily obtained 

with the attendant greater capacity for transmitting information. 

One fundamental phenomenon occurring in ail electronic deviees 

or systems of deviees is called noise. The noise appears in the form 

of a fluctuating voltage or current in addition to that of the desired 

signal. In passive deviees, those wbich are not otherwise sources of 

additional energy, the noise is the result of random thermal motion of 

electron.S·:within the conductors, ani has been called Johnson Noise. 

When vacuum tubes are employed, other sources o! noise are present whioh 

are a consequence of the statistical nature of electron emission fraa 

thermionie cathodes. Several distinct. noise proeesses ean be identi

fied oceurring at or within the cathode itself, in the stream of elec

trons after emission, or at electrode structures in the path of the 

electrons. The relative significance of e~ch of the three processes 

depends upon the frequency of interest. At microwave frequeneies the 

latter t'WO are more important in determining and modifying the noise 

properties of the electron stream. 
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When attempts were made to use vacuum tubes of conventional 

triode or pentode design for microwave applications, it was found 

that their performance deteriorated as the frequency of operation 

was increased. Such tubes cannot be used when the transit time o! 

electrons between the various tube elements is canparable to the 

signal period. For the amplification or production of microwave 

signale a ver.r general class of deTices has been developed, character

ized by the use of a longitudinal electron beam. .Amplificàtion. Hi 

achieved by the cumulative interaction of a stream of electrons with 

an electromagnetic wa.Te propagated along an adjacent guiding structure. 

The bandlddth of such tubes can be extremely large and for purely 

practical reasons therefore, they have received extensive study. As 

with all such deviees the lowest signal level at which these tubes are 

useful is determined by the amount of noise produced within the tube 

itself that appears at the output tenninal. The magnitude of this 

noise depends upon the noise properties or the electron beam inter

acting with the slow-wave guiding structure. 

To produce the beam of electrons, an electron gun is used, which 

in most cases operates as a space-charge-limited diode. (Pierce 1949). 

The gun consiste of a thermionic cathode q.perating in the temperature 

range of looo-2500 degrees Kelvin, and a pair of electrodes across 

~ch the accelerating voltage is applied. Noise on the emergent 

beam appears as randan fluctuations of the beam current and of the 

electron veloeities at the anode plane, each about some average value. 

The magnitudes of the fluctuations at the anode are in general not 

~qual to the magnitu::les of the corresponding fluctuations on the beam 
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at a pJ.ane immediately following emission from the cathode. The init-

ial fluctuations are modified by the presence of electrons in the 

region between the cathode and anode. The nature of this transforma-

tion is such that fluctuations in input velocity and eurrent each pro-

duce fluctuations in velocity and current as the electron beam leaves 

the gun. 

From statistical considerations, the mean square fluctuation of 

current bas been ealculated for an electron beam emi tted randomly from 

a thennionic cathode. This fluctuation in current is called shot noise. 

At the anode of a space-charge-limited, diode electron gun, the current 

fluctuations are no longer completely random and the mean square cur-

rent fluctuation is less than full shot noise. 

The present work is eoncemed wi th the experim~ntal and theor-

etical aspects of the propagation of noise on accelerated streams of 
Q 

electrons. The transformation of noise quèntities along a drifting 

electron beam has received adequate theoretical treatment, and there 

is good agreement with the experimentally deter.mined noise character-

istics. Such is not the case for an electron beam accelerated from 

a thermionic cathcxie to the anode of a space-charge-limited electron 

gun. The several theories reported in the literature for the calcula-

tion of anode noise do not simultaneously account for the ef'fect of' 

finite beam diameter and the multivelocity nature of the electron beam 

in the region of the cathode and the potential minimmn. It :has not 

been posai ble to include the se effects in any theory in a simple analytic 

fashion, and the early results cculd be considered as only approxi.mate 
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descriptions of the physical processes involved. Recent etatistical 

work (Siegman et al 1957) has given considerable insight into the 

transportation of noise through the multivelocity region be,yond the 

potential minimum in the gun. To include the e!.fect o.f finite beam 

diameter, Kornelsen (1957) and Vessot (1957) have employed an analog 

computer in the calculation of anode noise. 

Very few authors have reported tundamental measurements of anode 

noise that can be readil.y compared with theoretical resulta. The work 

o.f Cutler and Quate (1.950), and Fried and Smulin (1.954) was restricted 

to a single .frequency region. The .first measurements over a wide range 

of frequencies were those o.f Kornelsen (1957) and Vessot (1957). Al

though a variation of noise with frequency was observed, no essential 

dependance of the re sul ts on !re que ney was pointed out. In the very 

early lCrk, agreement between the theory and measurements of the noise 

eurrent fluctuations at the anode of a spaee-charge-limited gun appears 

to have been the result of the proper selection of !requeney or voltage, 

and no one method of ealculation of noise snoothing has been available 

that is accurate over a w:i.de range of .frequeney am gun voltage. 

The researeh here reported. bas had three specifie objectives: 

1) To develop am evaluate a measuring system for electron beam 

noise measurements over a wide range of frequeneies. Suffieient 

sensitivity must be available .for the detection of current fluc

tuation noise on electron beams ô.f very low cu.rrents. 

2) To extend the .frequency range o.f available noise snootbing data 

to 9, 500 Mc/s., and to stmy the variation of smoothing as a 

.function of .frequeney and gun voltage. A eomparison o.f the 
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measurements with predictions from e.xisting theories can indicate 

the merits and inadequacies of a particular approach • 

.3) To apply the resulta of the statistical calculations of Siegman 

for the more accurate specification of input conditions at a plane 

beyond the potential minimum, to be used in an analog canputer 

solution of the Kornelsen-Vessot type, and to criticallJ' examine 

the results of this solution. 

The extent to lilich these objectives have been accomplished may 

be outlined as follows: 

1) A receiving system based on the radiometer technique of Dicke 

(1946) bas been developed. The system operates by periodica~ 

interrupting the noise signal to be measured and synchronously 

detecting the recei ver output. The method is applicable wi th 

equal facility at any frequency ani measurements on system per

formance at 24 IOnc/s. are in excellent agreement with the cal

culated value of system sensitivity, as determined .from Dicke's 

theory. The limiting sEnsitirlty of the measuring system is 

appro.ximately .35 db. below the self-noise of the microwave re

ceiver alone, and the noise current fluctuations on an electron 

beam of 1 pa. are readily detected. 

2) Measuremen ts have been made of the noise current fluctuation 

on the electron beam from a space-charge-limited electron gun. 

The variation of noise smoothing with Changes in anode voltage 

bas been examined at 1,400, 4,250 and 9,520 Mcfs. Smoothing 

values calculated from theories Which do not take into account 

the multivelocity nature of the electron beam in the region im

mediately beyond the potential minimum are in poor agreement 
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with experimental measurements. 

3) The statistieal resulta ar Siegman et al (1957) have been used 

to specify the noise characteristics of the electron bean at a 

plane in front of the potential minimum, beyond 'fbich a single 

valued vel.oci ty theory can be applied. The finite-beam, analog-

computer solution was then used to study the transformation of the 

noise along the accelerated electron beam to the gpn anode. Ex-

pressions for the output noise quanti ties have been determined, 

which are linear combinations of input noise quantities. This was 

made possible by virtue ar the linear relation observed between the 

input and output computer voltages. 

A ver.y general formulation of the noise problem by Haus (1955) 

showed the invariance of two noise parameters under any lossless 

transformation. The present computer solution exhibits the required 

invariance properties, Which gives considerable confidence as to 

the validity of the method of calculation. It i s believed tha t 

the work here reported is the first calculation of anode noise 

quantities Wl.ich satisfies the two invariance requirements. 

From the calculated value of noise snoothing ô 2
, a distinct dea 

pemence on !requency and anode voltage was apparent, wb.ich bas 

not before been reported. It was found that the quantity 

ô 2 
V ;w112 is independant of frequency w, ani essentially indea oa 

pendent of anode vo 1 tage V ; decreasing very slightly as V is 
oa oa 

increased. The measurements made reflect the above dependance, 

as do those of Vessot (1957) and Mcintosh (1958). Considering 

the 'Wide range of frequency over which .data bas been taken, the 

variation of smoothing wi.th the square root of frequency is well 

confirmed. 

·-·······- ·------------------------------! 
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2. A SYNCHRONOUS DETECTION SYSTEM FOR ELECTRON BEAM 

NOISE MEA.SlJR»ŒNT 

2-I Introduction 

The output of a microwave superheterodyne receiver used. for noise 

measurements consista of tlO parts: that due to the noise under study, 

and tba.t resulting from I!JOurces of noise within the receiver itsell'. 

In the microwave regi~~JD the crystal mixer and the first stage of the 

intermediate frequency- (I.F.) amplifier are the chief contributors to 

receiver noise. The noisiness of the receiver is characterized by its 

Noise Figure. With a ma.tched termination on the input, the Noise 

Figure specifies the ratio of total output noise power to tœt part 

of the output power due solely to Johnson noise from the input. termina-

tion. If S is that c.w. input power capable of producing unity- signal 

to noise ratio at the receiver output, then the Noise Figure is given 

by-

F • s 

where k is Boltzmannts constant. 

T is a standard reference temperature 293°K r 

B is receiver bandwidth 

(2-1) 

Ir S representa a white noise source, we can define a source 

tEmperature T8 such that 

(2-2) 

ani the ratio T8 /Tr is simpl.y one-hall' the receiver Noise Figure. The 

factor 2 appears because the receiver responds to two noise bands eqaal 

in width to the I.F. ban:hd.dth. In microwave beam noise stu:lies, the 
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resonant cavity employed usually restricts the desired signal to one 

auch band and the factor 2 is not present. 

The sensitivity of the receiver is limited by output nuctua-

tions when no signal is present. These fluctuations arise !rom two 

sources: the statistical nuctuations of a random noise wave!orm, and 

spuriOUS gaiD fiuctuations. Output fiuctuations due to the .first C&D 

be reduced by reducing the bandwidth a!ter detection. The !ractional 

out put fluctuation due to this source is then the order of 

[
AUDIO BANDWIDTH J l/2 

I. F. BANDWIDTH 

which can be made very small. (Dicke 1946, Se]oye 1954). 

Gain nuctuations are coneentrated at low !requencies and their 

e.t'!ect can be minimized by modul.ating the signal at a low audio !re-

qaency, and performing the final detection in a synchronous detector 

operating at this !requency. Dicke employed this technique for the 

measuremeiit of thermal radia ti on from space; modulating the signal 

by periodical.l.y' tenninating the receiver input with a non-reflecting 

terminaticm. This wa.s accomplished by a rotating attenuator vane mov-

ing altemately in and out of the input wa.vegu.ide. The output o.t' such 

a system is proportional to the noise temperature difference between 

the terminating attenuator vane and the applied signal. Sensitivities 

of the order of 1 °K temperature increment can be readily obtained. 

The method bas been applied to the measurement of noise on elec

tron beams. {Sai:to 1958) The system to be described, however, avoids 

the mechanical eomplexities and problems of impedance matching associated 

with the signal chopping attenuator, by gating the electron beam with 

a low !requency square wave. The same square wave is used as the re! er-
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enee signal for the syncbronous detector. Measurements over a wide 

frequency range are possible ld.th equal f'acility and adequate sensi

tivity is available for the accurate determination of' the shot noise 

asympto.te using very low beam currents. 

Dicke's anal.ysis bas been applied to a system employing an oTer

damped output meter cl. rcuit, pennitting evaluation of the eipected 

sensitivity. Measured values are in excellent agreement ld.th that 

calculated. 
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2-II Description and Ana1ysis of the §ystem 

A block diagram of the system is shown in Fig. 2-1. The square 

wave generator drives the electron gun modul.ator and a resonant eavit7 

couples the current fluctuation noise to the microwave receiver. A 

bolometer at the receiver output provides a square-law detector, and 

the audio signal is fed via an amplifier and calibrated attenuator to 

the synchronous detector. A recording milliammeter is used as aD out-

put indicator. 

Dieke (1946) has analtzed the radiometer mieh employe a square-

law detector ani found the incrementa! sen si ti rl ty to be 

r_/1 F(w) 14 &.1 _/-ls(w) 12 &.1 J 1/
2 

s co> JIF<w> 12 
dw 

(2-3) 

where l::œ is the signal source noise tEmperature increment sufficient 

to prod.uce an output voltage increment equal to the R.M.S. 

output fluctuation. 

S(w) is the output filter response 

F(w) is the I.F. amplifier response 

F is the receiver Noise Figure 

The output filter response must include the e!!ect of the output 

indicator. Using a simpli!ied circuit to represent the combination of 

low pass filter and output meter, it was assumed that the output indica-

tor was proportional to the wltage across a condenser in a series 

R.L.c. circuit; Fig. 2-2. 

R L 

Vl(t) c T V2(t) 

o-----------------------------~---0 
Fig. 2-2 
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The present system was over damped and the output response f\Ulction was 

wri t ten in the form 

( 2 2 - a - c ) 
S(w) • (w- j(a + c)J[W- j(a- c)J (2-4) 

Noting tbat S(O) • 1 and using Dicke's Talues for the integrals over 

the rectangular I.F. band, the incrementa! sensitivit;r ia 

J 
1/2 

ê! • ,;12 F . fa(l - c2/a2) 
Tr 4 .... & 

where l::s» representa the I.F. band:w:l.dth. 

(2-5) 

The case of c • 0 is that for critical damping lrlhich is generall.y 

used when the value of the noise being observed is changing, and must 

be record.ed as a function of time. The justification for this ean be 

seen by examining a qualit;r factor R, de.t'i.ned as the product of the 

incrementa! sEnsitivity times the time required for the output meter 

to reach a maximum deflection when an impulse is applied at the filter 

input. 

The out put due to an impulse input is the inverse Fourier trans

form of the steady state respanse function S(w) • 
.... 

v2(t) • ~ _f S{w) ejtw dw 

-(a
2 - c

2) [ -(a+c)t •(a-c)t) 
• 2c e -e (2-6) 

Whieh reaehes a maximum at time 

t • !... ln [a + c] 
max 2c a-c (2-7) 

and the quality factor beeoaes 

R • J:_ ln [a + •] 
2c la - c 

'V2 [ 2 2] 
1
1

2 
'f(' F a - c 
4 (~/2 a (2-8) 
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This has its maxùmnn value when c)Rjdc • 0 or 

1n[a + c] 2ac 
a - c • a2 + 02 

(2-9) 

Noting that cfa,< 1 the only possible solution for (2-9) is c • 0, which 

corresponds to critical. damping. 

The present system was overdamped, and the calculation of system 

performance required the experimental determination of both the filter 

constants a and c. A quanti ty was desired to represent the improve-

ment in sensitivity 'When using the synchronous system. It was defined 

as the reciprocal of the ratio of the noise power represented. by AT, 

to the self noise power of the receiver alone. It becoll8s: 

Strictly this is not a measare of the real improvement in sensitivity, 

as no mention has been made of the incremental sensiti~ty of the re-

cei ver wi th out the synchronous system. It is a factor which can be 

measured wi.thout an absolute detennination of noise power. 
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2-III Description of Apparatus 

As the technique is applicable over a wide ra~e of frequencies, 

no details of a pa.rticul.ar microwave receiver will be given. 

The square wave geœrator is shown in Fig. 2-3. It consista of 

'b«:> one-shot multivibrators arranged so that the differentiated and 

clipped output of one triggers the other. The arrangement permits 

easy modification where a highly asymmetric waveform is required. With 

the circuit constants shown, the output is a symmetrical square wave, 

with provision for frequency and symmetry adjustment. A manual trigger 

is used. to initiate the proper functioning of the unit as the circuit 

itself is stable. After being clipped by a grid circuit limiter, the 

square wave is d. c. coupled to a cathode !ollower which provides the 

80 V p.-p. reference signal for the s.ynchronous detector, and a llO V 

p.-p. signal to drive the electron beam modulator shown in Fig. 2-4. 

Modulation of the electron gun voltage is accomplished b.y means 

of a series gate tube. As the grid of the 6c4 gate driver tube is 

driven positive, the~ 829B gate tube is eut off by the voltage developed 

across the 47K, 6c4 plate load resistor. When the grid of the 6c4 

swings negative, the current through the tube is eut off and the grid 

and cathode of the 829B are at the same potential. The series re

sistance of the gate tube is then ver.y low and the electron gun is 

effectively connected. to the negative supply voltage. The voltage 

regulator tubes and 100 K series resistors maint ain 300 volts for the 

6c4 plate supply and penuit adjustment of the 6c4 bias to the- proper 

value. A metering circuit is provided for the œ asurement of peak 

values of output voltage and current. A 100nitor point permits examina-
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tion of the output waveform while the unit is operating. 

Exami nation of the out put wavefom wi th an oscilloscope indic a tes 

a square wve rise time of appra:ximate]Jr 20 p.sec. and a somewhat longer 

decay time. Harmnic content above 50 Kcfs. is therefore very small 

and will not contribute to signala measured in the microwave region. 

The Lock-In amplifier design was gi 'Y8ll to this laboratory by 

L. D. Smulin of M.I.T. Slight modifications of the original circuit 

have been made in co-operation wi th E. V. Xornelsen and the schema. tic 

appears in Fig. 2-5. An Esterline-Angus recording milliammeter is 

used for an output indicator. 

The square wve generator and Lock-In amplifier are powered by 

voltage stabilized power supplies of conventi(i)nal design. The cir-

cuit constants of the square wave generator are such that a supp]Jr 

voltage change of lOO volts produces only 1/4 c.p.s. change in fre

quency and supply voltage stability requirements are theretore not 

stringent. 'l'he high voltage for the modulator is obtained !rom a 

PBD Type 801 A Universal Klystron Supply. 

For the miorowave receiver an intennediate !requency of 30 Mcfs. 

is used. The I.F. Preampli!ier employa a low noise casco.de inpu.t 

circuit, and bas a band:width of appraxi.mately: 15 Mcjs. The main I.F. 

amplifier limita the overall barxhtl.dth to about 10 Mcfs. ani a total 

gain in exeess of 100 db is available. At the output of the I.F. 

amplifier a 10 ma. Uttlefuse is u.sed as a bolometer wi. th about 6 ma. 

of bias current. 
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2-IV Measurements and Calculation• 

The evaluation of the theoretical s.ystem performance required 

knowledge of the output filter response function S(w). This was deter-

mined as follows. A constant voltage sine wave from a Hewlett-Packard 

TYPe 202A Low Frequency Function Generator was applied to the synchron-

oua detector grids. With no square wave reference 10ltage applied, 

the amplitude of the recorded sine wave output was measured as a func-

tion of frequency. The response ia plotted in Fig. 2-6. 

By fitting a curve of the theoretical form for agreement at O, 

0.1 and 0.5 c.p.s.,the constants a ande were evaluated as 

a • 2.9900 

c ... 2.3306 

From Fig. 2•6 i t is seen that the theoretical curve is a good fit ex-

cept at trequencies greater than about 0.7 c.p.s. It is of some im-

portance to note that the effective bandwidth ot the theoretical curve 

is somewhat great er than the measurements indi ca te tor the true response. 

The r.F. amplifier had an approximately rectangular passband. 

10 Mc/s. wide. From equation (2-10) the expected im.prOYement in sensi

tirlt;r when using the synchronous system is 

1/2 2 [~xl07] -~1 -rr'3/2 l.î87 - 2.61 x llT - 34.2 db 

To compare receiver sensitivity, with and without the synchronous 

system, a fluorescent noise source {Mllm.ford 1949) wa.s made tor opera

tion at 24 Kmc/s. This unit oould be operated. on d.c. or pulsed by" 

the electron gun modulator. 

The relation between receiver noise and the output from the 
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fluorescent source was obtained by measuring changes in the d.o. volt-

age across the bolometer as first the preamplifier was turned on and 

then d.c. applied to strike the flu"Grescent tube located in the input 

waveguide. The resulta of the measurement are summarized below. 

Measurement Bolometer Bias Voltage 

Zero signal 3. 406 

Receiver noise 3.543 

Reoeiver noise plus lamp noise 3.590 

Noting that the bolometer is a square-law deviee, the input 

signal to noise ratio when the fluorescent lamp was operating was 

~ • 3.590 - 3.54i 0 '244 4 6 db 
N 3 • 543 - 3.40 • •.1 • - • 

The input signal was therefore 4.6 db below that which would produce 

unity signal to noise ratio at the reoeiver output. 

With the full system operating and the fluorescent noise source 

gated by the modula tor, maasurEDents were made of the output signal to 

noise ratio as different values of attenuation were used in the input 

line between the noise source and the reoeiver. Three determinations 

were made using values of attenuation of 50 db., 32.2 db., and 29.5 db.; 

the acouraoy of the attenuator calibration being approrlmately 0.3 db. 

The .tirst setting provided a negligible amount of signal am the out-

put was essentially system noise. The second and third attenuator 

settings produoed an output signal to noise ratio slightly lesa and 

somelfhat grea ter than unity respecti vely. 

The output signal to noise ratio was dete:rmined as follow. With 

eufficient audio gain to produoe fluctuations on the output recording 
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milliammeter of approximately one half of full scale, records of the 

system output were made for a period of eight minutes for each of the 

three attenuator settings. The records were analYsed b,y counting the 

number of times the output wavetorm made a positively directed crossing 

through a given output level. The resulta are plotted in Fig. 2-7. 

The addition of a d.c. te:nn to the noise output is apparent in the 

presenoe of signal. 

Rice (l.944, 1945) bas indieated that the expected number of posi-

tive crossings per second for a filtered ramdom noise TOltage is 

lilere H is the expected number ot zeros per second. 
0 

V is the value of the noise wlta.ge. 

\]r is the mean square noise voltage. 
0 

(2-ll) 

The R.M.S. value ot the output voltage is therefore that value for which 

the nliiJlber of positive crossing is 0.606 times the number of positive 

zero crossings. In Fig. 2-7 the R.M.S. output level is 12.8. Table 

2-1 summarizes the evaluation ot the sensitiTity improvement from the 

measured input and output S/N leTels. 

TABLE 2-1 

Smnmarz of Measured Sensitivity Impronment 

Input; S/N Attenuation db. Output S/N Output S/N db, Improvement db. 

-4.6 db. 

-4.6 db. 

32.2 

29.5 

0.72 

1.66 2.2 
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During electron beam noise measurements signala were such as 

to produce S/N ratios ranging from approximately 5 to 30 db. Using 

a câ.librated signal generator, system linearity was found to be t 0.1 db. 

over a greater than 30 db range of input signala. Compression occur

red in the audio 1111pllfier at signal l.evels in excess of -83 dbm. For 

the accurate measurement of wide band noise, the I.F. amplifier should 

remain linear at c.w. inputs, 10 db greater than the ma.xilnml noise 

power to be observed. The present system appeared to satisty this 

requirement:.. 
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2-V Discussion 

As has been remarked, the quantity indicated as the improvement 

in sensitivity is the ratio of the self noise power of the receiver 

alon~, to the minimum detectable noise power using the complete syn-

chronous system. The measured improvement figure is slightly larger 

than that calculated from theory. This is a consequence of the tact 

that the effective bandwidth of the theoretical output filter is 

greater than the measured response. A method e.xists for con!'irming 

this dis cre pancy. It is based on the number of zeros per second of 

the output waveform. The expected number of zeros per second is 

(Rice ~944, 1.945) 
coO 1/2 

2 [ 1:. v(t) <H ] 

J v(!') dr 
(2-12) 

0 

vhere w(f) is the power spectrwn of the noise at the output of the 

!'ilter. The bandw1dth of the twin T feedback amplifier in front of 

the synchronous detector is several a,ycles and it is assumed that it 

does not modify the noise centred at the modulation frequenc;r. The 

filter input noise has therefore a unifonn spectral density and ex-

cept for a possible constant multiplier 

(2-13) 

Using the tbeoretical form of S(w) the expected number of zeros per 

second is from (2-12) 

1 [ 2 211/2 R • - a - c 0 'fr 
(2-14) 

With the values for a and c as detennined above, it is f<:Wld that 

the expected number of zeros per second is 0.600. The measured value 
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was 0.39.3. The integral in the nwnerator of (2-12) depends ma~ 

on the torm ot S(w) at the higher frequencies. Fig. 2-6 shows that 

it is just in this region that the theoretical value of S(w) . is ~o 

large, resulting in the higher value predicted for N0 • 
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3 - THmRY OF NOISE IN ELECTRON STREAMS 

3-I Introduction 

The literature in the field of fluctuation processes in electron 

beams is sufficientl.y extensive that an exhauative survey is not pos-

sible in a few pages. It ~11 be valuable however to present a brie! 

outline of the most significant. lliOrk in order to introduce the tu.nda• 

mental concepts, and comment on the more general aspects of the analytic 

approaches. A more detailed examination will then be made of the 

theoretical work applicable to the specifie problem of the transport 

of current ani velocity f'l.uctuations on an electron beam from a therm-

ionie eathode,along the accelerated beam to the anode of a space-charge-

limited, diode gun. A foundation will thus be indicated on which rests 

the theoretical contribution of the present work. 

As a starting point the input nuctuations on the electron beam 

at emission are specified. This is most convenient.l.y done in term.s 

of the time average value of the square o! the deviation from the aver-

age value, lilich has been cal.led the quadratic content. The mean 

square current nuctuation of a beam from a thermionic cathode has been 

determined (Schottky 1.9.37, Thompson, North and Harris 1940) as 

2e J ~! 
0 

(3-1) 

and has been called 3hot. Noise. J0 is the d.c. beam current density 

and M is the bandwidth over lèlich the measurement is made. Rack (1938) 

has derived an expression for the quadratic content of velocity for 

electrons emitted with a Maxwellian distribution of velocities: 

~ ( ) k'l'c v • 4--rrn-M r ï Jo 

The use of the current density J 0 in (3-1) and (3-2) imPlies quadratic 
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content per unit beam area. In all noise analrsis the assumption is 

made that no correlation exista between the fluctuations in current 

and velocity at emission. 

Experimental~ it is observed that the ef'fect of space-charge, 

wi.thin an electron gun, is to reduce below full shot noise the current 

fluctuations on the electron bean at the anode of a space-charge-limited 

diode. At low frequencies the pbenomenon is reasonably well under

stood. The analysis of Thompson North ani Harris (1940) postulates 

that an increase in the nuàber ot electrons emitted from the cathode 

causes a depression ot the potential miniml:m tormed in the gœ, which 

is such as to oppose the transmission of the additional current to the 

anode. At microwave frequencies the effect of a fluctuating potential 

minimum on the current and velocity fluctuations on the electron beam 

is lesa elear. There is good theoretical justification (Tien and 

Moshman 1.956) tor assuming that the velocity distribution of the elect

rons leaving the pote:atial minimum remains Maxwellian. The Monte 

Carlo calculations ot Tien ani Moshman (1956) indicated, however, that 

the current fluctuations on the beam could. be greater or lees than shot. 

noise depending upon the frequency. A significant result of this cal

culation was the lack ot correlation of the current and veloeity 

fluctuations at the potential minimum. 

Beyond the potential minimum, the fluctuation quanti ties are 

transformed as a conse~ence ot kinematic and space-charge interaction 

processes; variations occurring in magnituie and }:ilase as the current 

and velocity fluctuations propagate along the accelerated electron beam 

to the mode. The magnitudes are monotonie wi. th distance as contrast 

to the periodic variations on a drifting beam. 
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The fïrst analyses of the transformation of micro~ve noise 

q\Wltities through a space-charge-limited diode (Pierce 1950) wre 

based on the Llewel.:cyn Peterson Equations (1944). There was the 

implici t assumption th at between the potential minimum and the anode, 

the electron beam acta as a passive transducer, output current ani 

velocity fluctuations being expressible as a linear combination of 

input quantities. Under the assumptions of zero initial d.c. vele

city and a S,PlCe-charge factor equal to unity, Pierce found that 

input shot noise produced no output, the fluctuations in current and 

velocity appearing on the beam at the anode being entirely a conse

quence of velocity fluctuations at the potential minimum. ·using 

this theory to predict the amplittrle am phase of the noise space

cbarge wave pattern beyond the anode, Cutler and Quate (1950) obtained 

reasonable agreement with dr~t-space noise measure.ments. However, 

they did not observe the theoretical zero value predicted for the noise 

wave minima. F. N. H. Robinson (1952) showed that a second uncor~ 

related noise wave resulting from shot noise input at sa.me plane in 

front of the potential minimum,could account for a finite standing 

Wan Ratio in the drift region beyond tbe anode. This plaœ was speci

fied as one beyond which the beam could be eonsidered single Talued in 

velocity but rather naive and inaccurate input conditions were assumed. 

A more sophisticated and much more general analysis was under

taken by Haus (1955); again necessar!ly starting at a plane in the 

gun beyond which a single velocity analysis is valid. Included in 

the formalism are not only terms related to the mean square noise cur

rent and the mean square kinetic voltage, which is a counterpart of 
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veloci ty, but also the real and imaginary parts of their cross product. 

A real cross power term exista if the current and velocity fluctuations 

are correlated. No indication was given as to how, if at all, this 

correlation might arise. It was pointed out that there existed two 

parameters of the beam noise, llhich rem.ained. invariant under any loss-

less transformation. A losslese transfonaa.tion is one in llhich no 

electromagnetic power is added to or extracted from the beam b;r virt.ue 

ot an interaction with a circuit ext.ernal to the beam. One of these 

parameters, called Beam Noisiness S, is related to an earlier study by 

Pierce (1954) of the noise standing wave in a drift space. The second 

invariant TI is the real part ot the Cross Power Densit:r Spectrua, and 

is related to the real part of the Kinetic Power carried by the beam. 

The concept vas sutficiently novel to prompt a number of groups to at-

tempt the measurement of TT and contrar:r to the simple analysis of 

Pierce (1950), a non zero value of 11 was observed. 

The beam invariants S and TT are related to the lowest Noise 

Figure obtainable from a tube employing the particular beam. The 

Noise Figure decreases with increasing values of TI and for high gain 

tubes is given as (Haus 1955) 

F • l+ ~(s-n) 
min kTé 

(3-3) 

Measurements of the Noise Figures of low-noise travellling-wave tubes 

indicated values lower than could be explained by zero values for the 

real kinetic powr. The existence of this real part could be at

tributed to a correlation between the f'luctuations in current am velo-

city at the potential minjmua, but this was in disagreement ldth the 

statistical work of Tien and Mosbman. 
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Experimental work by M. R. Currie (1957) with backward-wan 

amplifiera and theoretical studies by Siegman Watkins and Hsieh, showed 

that an electron beam can develop real kinetic power lrlhen it. is drirt

ing in a regi cm where the spread in veloci ti es is comparable '00 the 

average velocity. The computations or Siegman et al were based on a 

digital computer solution of a differentia! equation describing the 

Density Function (Watkins 1952) for groups of electrons as theymoved 

!rom the potential minimum toward the anode in a d. c. field described 

by the Fry-Langmuir equations. Integrating over ali groups of electrons, 

values were found as a .function of distance, for the me.an square our

rent, the mean square kinetic voltage and the real and imagi.nary parts 

of the cross product of current and ldnetic -voltage. The resulta 

showed that S and TI are not invariant in the low velocity region, but 

approach constant values as the beam velooity increases. The real part 

of the cross product i.e zero at the potential m.i.ni.mum, am increases 

to a coœtant Talue as the bean moves toward the anode. 

None of these anal7ses take into accomt the finite size of the 

electron beam in a direction transverse to its motion. Only one at

tempt bas been made to do this (Parzen 1952). The modification of 

Hutter•s (1952) Electronic Equation b.Y the introduction ot an effective 

d.e. current density, proposed by Parzen, has received considerable 

attention in this laboratory. For an analog computer solution of the 

Fini te Beam Electronic Equation, Kornelsen ani V es sot used as input con

ditioM the fluctuations in current and velocity at the potential mini

mum defined by (3-1) and (3-2). In the region imnediately in front ot 

the potential minimum., the single valued velocity assumption used in 
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the derivation of the Electronic Equation is violated. To avoid this 

difficulty the present work starts the calculation at a plane in front 

of the potential minimum at which II bas reached its final value; this 

being considered as indicative of the validity of the snall signal, 

single velocity assumptions. The values of the noise quantities as 

published by Siegman are used to determine the necessar,y initial values 

for the solution of the differentiai equation by the computer. 
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3-II The Electronic Equation 

Of considerable importance in the anal.ysis of the operation of 

microwave vacuum tubes is a knowledge of tbe manner in lfhich disturb-

ances in current and velocity propagate along an electron beam in the 

absence of aey continuous interaction wi th a radio frequency slow-wave 

structure. An analysis valid .for period.ic variations in current am. 

velocity will be ~pplicable to studies of narrow bBJXl noise if the 

d.c. electron velocity is sutficiently large. (Haus 1955). 

The Electronic Equation of Hutter (1952) is the result of one 

such analysis, and a brief outline of the assumptions and method of 

develo:r:ment .follows. In co:DllOOn wi th most oUter 'WOrk the assumptions 

are made in the interest of mathematical simplicity; œore general ap-

proaches resulting in a considerable increase in anal.ytical complexity. 

~) The electron beam is infini te in a direction perpendicular 

to beam motion and only one spatial co-ordinate variable is 

retained. 

2) All a.c. variables are assumed to be harmonie .functions ot 

time; the deperxience being as ejwt. 

3) All electrons passing a beam cross-section have the same 

velocity. 

4) Any a.c. modulation quantities are small compared to the 

corresponding d.c. values. 

I1' T and J are respectively the ampl.itu:ies of the velocity and w w 
current density modulations on the electron beam, they are determined 

from the two basic equations 

v -w 
-1 [dY 

jwlo ~ 
y .. . dUo) -jw't' 

--- e llo () r (3-4) 
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(3-5) 

where use has been made of the definitions 

Y -jw't 
J,,, • - e 

ON u
0 

(3-6) 

The result is a particularly general one applicable to regions 

of an arbitrary axial d.c. potential profile. Where the magnitu:ie 

of the d.c. current density and the boundary potentials determine this 

profile, the equations (3-4) ani (3-5) are strict~ equiTalent to the 

Llewel]J'n Paterson ana:cysis (1944) • 

Contrary to the assumption of an electron beam infinite in a 

direction transverse to its motion, practical deviees amploy cylindrical 

beams ani consideration must be given to the tact that the .forces on 

an electron within a cylindrical beam are sanewhat modified .from those 

.for an infinite beam. With the exception o.f statistical theories it 

is usual to consider the electrons to be in the form of a fiuid in which 

interactions between individual el.ec:trons are neglected, and any given 

electron is assumed to be in a reasonab~ regular Coulomb field che to 

all the other electrons in the beam. When an electron in a plasma of 

zero net charge densit;y is displaced !ran its equilibrium position, the 

restoring .farces on it are such as to cause it to oscillate with simple 

harmonie motion about its mean position. The .frequency o.f oscillation, 

called the Plasma Frequency, is a 1\tnction ot the electron charge dea-

sity and has been calculated by Tonka and Langœuir (~929) as 

w .j.ePo 
P m€o 

(3-7) 
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Sin ce short range collisions ha. ve been neglected, the energy of an 

oscillating electron is not transmitted to its neighbours am the 

disturbance is not propagated through the plasma. 

The restoring forces on a displaced elactron in a cylindrical 

beam are lass than for an infinite beam aJXl the associated plasma fre-

quency is reduced. The ratio of the eyl.imrical beam plasma .frequency 

w , to th at for an infinite beaa of the SamB charge densi ty, is called q 

the plasma frequency reduction factor p. 

û) 

:9. - p 
Wp 

(3..S) 

In general p is complex. (Birdsall ani Whinnery 1953) For an electron 

beam drifting in a metallic eylinder the diameter of lbich is large 

compared to the be am di ame ter 2b, the value of p is real am is gi ven 

by, 

[ 
T2]1/2 

p ""' 1 + Pe2 
(3-9) 

where T is determined as a function of ~eb by the solution of an equa

tion arising fran field matching at the electron beam boundary. 

(3-10) 

~e • W/Uo 

The value of p is not uni~e. It is possible to satisfy the 

requisite boundary conditions with a series of possible field con-

figurations and their related radial profiles of charge and velocity. 

Each mode is characterized by its own reduction factor. Calculations 

are usually based on the assumption that only the first order space-
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charge wave mode is significant, which is valid for a narrow drifting 

electron beam not enclosed in a metal cylinder of the same diameter. 

Under rapid accelerations, coupling between modes can occur· am. as the 

radial mode functions are in general not orthogonal, the mathematical 

anal1sis becomes quite intractable. 

In order to make a correction for the finite beam size in the gun 

region,Kornelsen and Vessot used a modification proposed by Parzen 

(1952). In the Electronic Equation (3-5) the d.c. current density J0 

was replaced by an effective current density J 0 e defined by 

In his analysis Parzen requires the approximations 

~ << 1 w 
1 c)Uo --· WUo a't" 

2 
- << 1 wr 

(.3-11) 

(.3-12) 

where the d.c. velocity has been assumed to be that for a Llewel.lyn 

gap in the determination of the equali ty. Both of the relations break 

down in the region of the potential minimum and sane comment on the 

first inequ&l.ity will be made later. 

To establish a fo:nn of the Electronic Equation, modified for 

fini te beam size, lilich is applicable to the region between the poten-

tialJ minimum and the electron gun anode, Komelsen and Vessot assumed 

that. the effective current density at any point in the gun could be 

characterized by the reduction factor for a drifting beam of the same 

radius and d.c. velocity. To simplify the solution of the resulting 

equation the total current ~ was taken as zero. As the effect of 

total current is negligibly small for transit angles of greater than 

21T radians (Pierce 1950), at the frequencies of interest in the present 

work, no serious error is expected. The Finite Beam El.ectronic 
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Equation becomes from (3-5) 

d 2y 1 [ a2uo 2 eJo J 
àt'2 - llo o't 2 - p mEo y - 0 (3-13) 

The d.c. velocity-traneit time relation was specified as that for a 

LlewellYn gap with no initial acceleration and an initial velocit;r 

equa1 to the R.M.S. thennal. velocity. 

(3-14) 

There is some uncertainty in the proper value to use for u , and a 
Oll 

somewhat lowr value than the R.M.S. Yelocity will be emp1o;red later. 

Equation (3-13) reduces to 

c,2y - K(1 - p2) 
ot2 uo 

Y•O (3-15) 

eJo 
K •-meo 

which is the final fo:nn to be so1ved on the analog computer. 
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3-III Haus' Ana}ysis 

The very general formulation by Haus (1955) treats the electron 

beam as a four terminal network. The analysis is one dimensional with 

the usual assumptionsof amall signal single velocity theories. With 

the introduction of a quantity ealled the kinetic beam voltage, 

v .. (3-16) 

lÀ'l.ere v is the beam velocity modulation, an analogy between an electron 

beam ani a transmission line is established. The time average power 

flow for an electron beam, as for a transmission line, is equal to 

~ Re VJll. and this quanti ty has been called the real ld.netie power 

density. (L. J. Chu 1951). Haus shows that in an electron beam pass-

ing through a region in l'àlieh no electromagnetic power is added to or 

extracted from the beam, the real kinetic power density is a constant. 

Such a region is called a lossless beam transducer and the beam excita-

tion at the output, in terms of the kinetie voltage and current modula-

tion, must be linearly related to the input quantities. 

Noise in an electron beam is a statistieal process and Haus uses 

statistical methods in its analysis. The starting point is the linear 

transducer in which the Fourier transforma of the output quantities of 

eurrent and voltage are linearly related to the Fourier transforma ot 

the input quantities. 

It is not possible to determine Fourier Transforma for the input 

kinetic voltage Va (t), am the current density modulation Ja (t), that 

are valid for - ao < t < - • The integrals of interest do converge 

if the ti me interval is restricted to 2'1'. By defining 
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vaT (t) - va (t) -T..: t<'r 

- 0 T <1 t 1 

(3-17) 
Jar (t) - J (t) - T< t < T 

a 

... 0 T <: 1 t 1 

the functions V aT (t) and J aT (t) accurately represent. the noise over 

an interval 2'1'. These have the Fourier transforms 
oD 

vaT (w) • j vaT (t) .-jwt dt (3-18a) 
- ,..0 -

JaT (w) ... /JaT (t) e-jwt dt (.3-18b) 
-oo 

The corresponding quanti ti es at the output plane of the linear trans-

ducer can be represented as 

VbT (w) • A(w) VaT(w) + B(w) JaT (w) (3-19a) 

JbT (w) '"' C(w) VaT(w) + D(w) JaT (w) (3-19b) 

where the associated inverse transforms VbT(t) and JbT(t) represent the 

true output over most of the interval 2T except for initial transients. 

If' the interval T is alloved to increase to infinity the correspondance 

of all quantities to the true values becomes exact. 

Before taking the limite Haus evaluates the squares of the absolute 

magnitudes of' equations (3-19) and writes the tirst multiplied by the 

complex conjugate of' the second. Observing that as T.,...- the quanti-

ties appœoach f'inite limits Haus def'ines 

lim 1T 1 V aT (w) 1 2 • pa (w) .. 

T+ooo T 

Self' power densi ty spectrum. 
of' the kineti c noise voltage 
modulation. (3-20a) 
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lim .,. 1 JaT (w)l2 = t.j; a (w) • 

T-- T 

Self power density spectrum of 
the noise current modulation. 

(3-20b) 

lim .,. V aT (w) .raT (w)Jl = [ lim .,. V aT (w)lE J aT (w)J K 
T ....... T T~"" T 

• Cross power densit7 spectrum 
between the kinetic voltage 
and current modulation. (3-20c) 

where the bar indic at es an ensemble average, and the limi ts are not 

only valid for the input plane a as indicated, but also for the output 

plane b. From the manipulations noted for equations (3-19) there 

resulta, 

pb • A 2~ a + B 2{; a + we a + A][ B Bal[ (3-21&) 

'} b • C 2 ~a + D y a + CDKGJ a + (;* D (9 aK 
(3-2lb) 

@ b • Arf!;!:. + mf- ,J; + ADJf(J + AK D fi} K 
~a J'a a a 

(3-2lc) 

Since the last of these is complex there are required four parameters 

to characterize the noise in an electron beam at any cross section. 

A factor of 4n relates the Selt power density spectrum to the 

more common~ used quantity, the quadratic content per unit bandld.dth. 

For pure shot noise in a beam of current density J
0 

(3-22) 

B7 formulating the problem of the transformation of noise quanti-

ties by a lossless beam transducer, in terms of matrix algebra, Haus 

finds two invariants of a noise process in an electron beam. 
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Re ~ .. rr 

S • [ f f - A 2 J '/z 

làlere the real and imaginary parts or (!) are gi ven by 

(3-23) 

(3-24) 

(3-25) 

From equation (3-20c) it is seen that ~ is proportional to the 

ldnetic po-wer carried by the beam. The invariance of TT signifies that. 

the real part of the kinetic power in a particular frequency balli must 

be conserved through a linear lossless transducer. 

Since Sand IT are invariant for a lossless transducer, their 

values can be traqed back along the beam to the input plane at ltbich 

tbe small signal single velocity approximation f.irst becomes valid. 

This is true at a plane a few tenths of a volt higher in potential than 

the potential minimum. The magnitudes of S and 11 are therefore en

tirely determined by conditions in the gun between the cathode and the 

region inmediately beyond the potential minimum. 
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J-IV Statistical Methode 

In the low velo city region of an electron gun, anal.ytical expres

sions to characterize the noise of the entire beam cannot be developed. 

It becomes necessary to accept the statistical nature of electron amis

sion and base calculations of fluctuations in current and velocity on 

the integrated effects of electrons consid·ered individually or in groups. 

Using a large digital computer and random numbers to specify the velo

city am time ot emission of each electron, Tien and Moshman (1956) 

calculated as a fUnction of frequency the mean square eurrent and velo

city fluctuations in a particular gm at a plane 1.2 times the distance 

of the potential minimum from the cathode. As was anticipated by 

earlier authors, the Maxwellian character of the distribution ot' elec

tron velocities was unmodified and the fluctuations in current were not 

correlated with those of velocity. Depending upon the frequency, the 

current fluctuations were found to be greater or less than shot noise, 

equality maintaining at f'requencies above 5 Kmc/s. 

or more general application is a cal.culation by Siegma.n, Watldns and 

Hsieh (1957) of' noise propagation on an accelerated multivelocity elec

tron stream in the region inmediately in front or the potential minimum. 

The basic assumptions of the work are as follows. 

1) The analysis is tor small signale and the linearized density 

fmction equations are used. The density !unction is defined 

such that F(x, u, t.) dx du is the amount of smoothed out negative 

charge in the distance dx with electrons in the velocity range du 

at time t. The fUnction is separated into a.c. and d.c. parts. 

F (x, u, t) • F0 (x, u) + F1 (x, u) ejwt (J-26) 
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2) The analysis is one dimensional. 

3) The total a.c. current in the stream is zero. 

4) Input conditions correspond to full shot noise in each velo-

city class, the input fluctuations in any one veloci ty class being 

uncorrelated with the input nuctuations in any other velocit7 

class. 

5) The d.c. potential profile is that of the Fry-Langmuir analysis 

(1921, 1923) for the space-charge-limited diode ~th a Maxwellian 

distribution of initial velocities. The region considered starts 

at~ • O, the potential minimum, ani exterrls out toward positive 

~, where ~ is Langmuir's norma.lized distance parameter. 

Using an IBM 650 computer to carry out a numerical solution of a 

differential equation for F1 (x, u) (Siegman 1957), the noise fluctua

tions were studied as a function of ~ for three values of a frequency 

parameter a. 

a=~ (3-27) 

where wpn is the plasma frequency at the potential minimum. Values 

for the total mean square eurrent fluctuation per unit bandwidth, the 

total. mean square ldnetie noise voltage .t'l.uetuation per unit bandwidth, 

and the real and imaginary parts of the total correlation between noise 

ourrent arrl kinetic voltage were evaluated. The parameters S and JI 

were round to vary with distance from ~ • 0 to 7J • 4. The normalized 

potential, ~ • eVo/kTc, was measured relative to the minimum in poten

tial. The value of S decreased from its initial value of kTc/2rr to 

approximately 0.7 times this value. The real part of the kinetic power 

JI increased from zero to approximately 0.3 kTc/2rr. Be7ond "') ~ 4 
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S and TI were invariant. For the purpose of the present theoretical 

contribution, this is interpreted as indicating that beyond the plane 

7) = 4 a single valued velocity theory would accurately characterize the 

transport of noise through the remaining accelerating region to the 

anode. 

For convenience in later discussion, the fol:howing definitions 

will be made, using quanti ties calculated by SiegJDan et al. Noting - -2 2 that Vi and Ji are the total mean square fluctuations per unit. 

bandwidth per unit beam area for the kinetic voltage and currentrdefine: 

&2 
J 2 

lm il i 
a 

2eJ
0 

- 2eJO 
(.3-2Sa) 

- 2eJ 2eJO 
p,2 v 2 0 - 4k~o2 - ~trr{> 2.r2 i 4k c 

(3-2Sb) 

-TI- .. Ji Vi !!ill Re2kT = 
2kTC c 

(3-2Sc) 

-
A-- Ji V· ltrrrÂ. Im__!. - -2kTC 2kTc 

(3-28d) 

-&-- ~2 2 2]
1
1

2 4rrrS p ô --A .. 
2kTe 

(3-2Se) 

The curves presented b,y Siegman et al provide numerical values for 

52, JL2, +f-, A-and 9-. 
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3-V Analog Computer Solution 

Two methods have been used to solve the finite beam Electronic 

Equation. 

y • 0 (3-15) 

H. E. Rowe (19-52) has indicated a solution by means of the w.K.B. ap

proximation. Kornelsen and Vessot (1957), by using an analog computer, 

obtained a more accurate evaluation of beam noise at the electron gun 

anode. In both cases the plane at ~ich input conditions were speei-

fied was taken at the potential minimum. Irowe specified an initial 

d.c. velocity equal to zero aa:l evaluated the mean square noise current 

and velocity fluctuations at the anode due on]Jr to a velocity fluctua-

tion at the potential minimum. Kornelsen and Vessot took as an initial 

Telocity, the R.M.S. value of the Maxwellian distribution, and deter-

mined the mean square output current ani velocity fluctuations for each 

of two uncorrelated inputs: full shot noise and Rack velocity. 

The Llewel]Jrn Paterson equations and the modified Electronic 

Equation Which have been considered for calculating the noise properties 

of an electron beam at the anode of a space-charge-limited, diode g)ln, 

in volve small signal single veloci ty assumptions whieh are unquestion-

ably violated in the region of the potEiltial minimum. It might also 

be remarked that neither admit of the existence or development of real 

kinetic power when the input plane is selected at the potential mini-

mum, although the conservation of S is maintained. To remove beth of 

these restrictions, a method of calculation was undertaken which limita 

the application of the modified Electronia Equation to a region in the 
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gun over which the assumptions made in its derivation can be reason-

ably presumed to be va.lid. The statistical calculations of Siegman 

et al provided the criterion for dete~ng an appropriate input plane 

and al.so made i t possible to accurately specify the noise input quanti-

ties to be used. An analog computer was employed to solve the fini te 

beam Electronic Equation between the input plane am the electron gun 

anode. There resulted a set of equations of the fonn of (3-21) for 

the four anode noise quantities defined by equation (3-28), in terms 

of the corresponding excitation quantities at the input plane. The 

method of solution is exactly that described by Kornelsen (1957), and 

his resulta are derivable as a special case of the more general fonnula-

tion. Considerable simplification has resulted from the linear rela-

tion observed between the computer voltages used to represent the func-

tion Y and its derivative at the input and output planes. 

Komelsen has outlined. tœ details for setting up the computer 

to solve the fini te beam El.ectronic Equation and the se are sumnarized 

in .A.ppendix I. A schematic diagram of the computer is shown in 

Fig. (A-1). The procedure is briefly as follows. 

1) The computer is set up to solve an equation corresponding 

exactly in form to equation (3-15). 

2) Two time nonnalizations are made. If T is the independant 

variable, t real time on the computer, and 't' gun transit time, 

normalization is auch that at a point representing the gun anode 

and·this serves to'define Œ and p. 

• pt • l 
a (3-29) 
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2 The quantity (1 - p )/u for a given beam radius am fre-
0 

quency, is determined as à function of time using equation (3-14) 

and an assumed initial velocity. The function F(T) is the term 

(~- p2)/u nor.malized to its maximum value and this is set on 
0 

the computer b,y loading a tapped potentiometer. Kornelsen shows 

that it is not necessary to change this function for any anode 

voltage lower than that for 'Nlich it was calculated, provided the 

computation is carried to a point beyond the maximum F(T). 

4) The necessary circuit constants are determined. by equating co-

efficients of the parallel equations, and the initial values of the 

noise current and velocity are introduced by setting appropr.iate 

values for the voltages representing the initial values of the 

tunction and its derivative. 

Consideration must be given to the aelec':tion ot a d.c. velocity 

to be used at the potential minimum. Kornelsen has used the R.M.S. 

thermal velocity 

2kTc --m 
(3-30) 

Siegman et al have compared the resulta of the statistical calculations 

for the total. mean square eurre nt w.1. th the resulta of a similar com-

putatian using the Llewellyn Paterson equations. For small values ot 

11a 11 , good agreement is obtained if the charge average velocity is used; 

Pom 
(3-31) 

Jo --
where Pom is the charge densi ty at the potential minimum. It will be 

convenient to examine the value of Pom and Wpn in terms of the . Fry

Langmuir dimensionless variables. These are defined by 
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Distance ~ • a ~/4 z (3-.32&) 

( ) 
eV0 

D.C. potential 'rJ ~ • kTc (.3-32b) 

where a. • 1/4 [ eJo J 1/2 a .. ar -meo 

The charge density at the potential minimum is required to deter.mine 

u from equation (3-31). From the Fry-Langmuir analJ"Sis it is deterom 

mined that at the potential minimum (Kleynen 1946) 

d2?J -d~2 0.5 (3-.33) 

Using the definitions (3-.32) arx\ changing to the variables Vo and z, 

equation (3-33} becomes 

- 0.5 • (3-.33a) 

As the analysis in the present use is one dimensional, from Poisson•s 

Equation 

v2v • il - ~ 
dz2 e:o 

Solving for the charge density at the potential minimum, 

p • ! kTc a2 ~/2 e: 
om 2 e o 

and using equations (3-31) and (3-7) 

2 2 kTc 
uom ,. -

'"" m 
(3•34) 

(3-35) 

The selection of · the input plane at which to start the solution 
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of the finite beam Electronic Equation is somewhat of a compromise. 

The single valued velocity requirement wWA. appear to dictate a large 

value of ~ beyond which S and TI do not vary. However the plane 

cannot be advanced beyond the point ~ere finite beam size becomes 

significant in the transfor.mation of fluctuation quantities. For 

the present work the reduction factor p is never l.ess than 0.965 between 

the potential minimum and the input~ plane, and that only at 1,400 Mc/s 

being essentiallf unity at the two higher frequencies studied. 

At an input plane where the beam has developed a non-zero value 

of real kinetic power, there exista correlation between the kinetic 

voltage and current fluctuations and the computer input conditions are 

less simple than the two uncorrelated inputs used by Komel.sen and 

Vessot. As shown by Bloom (1955) and Beam (1955) the noise properties 

at auch a cross section can be defined by three independant sets of 

input conditions. It Vi 2 and Ji 2 represent the total ne an square 

values of kinetic noise voltage and current the three inputs are speci-

fied by 

1) V 2 • (1 K :2) V 2 
I - 1 i 

2 
JI • 0 (3-36a) 

2) 
-y 
VII • 0 JI! 2 • (l-K2 2) Ji2 (3-36b) 

(.3-36c) 

with (3-36d) 

The first input consista entirely of a kinetic voltage excitation, the 

second consiste only of a current fluctuation and the third is a com-

pletely correla.ted fluctuation in current and kinetic voltage with a 
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phase difference {) , as yet undetermined. The correlation coefficients 

are such that 

Using R.M.S. values for the current and kinetic voltage, the 

kinetic power is given as 

(3-37) 

at the input plane. Noting the definitions (3-2S) it is apparent that 

-ff- - p,ô Kl K2 cos G 

"'2'\- • - p,Ô K
1 

K
2 

sin g 

0-3Sa) 

(3-3Sb) 

The values of p,2 , '62, tr and -A are lmown from published curves 

(Siegman et al 1957) and having selected an input plane at a particular 

~' the value of e and the product ~ K
2 

are determined. As will be 

demonstrated a proper selection of K
2 

leads to the conservation of real 

kinetic po-wer ani with K
2 

speci.t'ied, there resulta an unambiguous deter

mination of all input quantities (3-36). The method of calculating 

the computer input voltages v11 and v21 (see Fig. A-1) for each of the 

three inputs is described in Appendix I. 

The anode noise quanti ti es co ITesponding to each input are deter

mined from the appropriate computer output voltages V la and V 2a. The 

observation that for a given elBctron gun anode voltage t.œ computer 

output voltages are linear functions of input voltages has enabled more 

concise expressions to be written for the beam noise parameters at the 

gtm anode. The computer voltages are related as follows: 
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(3-39a) 

(3-39b) 

The coefficients a
0

, ~, b
0

, b1 , are positive ani their determination 

constitutes the oanplete solution for a given anode voltage. Define 

(3-40b) 

g (3-40c) 

(3-40d) 

V
0

a = gun anode voltage. 

kTc 
voi ... -e' 'Where '}(t) specifies the input plane. 

2 e 
u i • 2- vi o m o 

t 
5 

• transit time from the potential minimum to the plane ~, 

as determined from equations (3-14) and an assumed 

value for Uom• 

A!ter some lengthy but straightforward algebra, summarized in Appendix I, 

it is fœnd that the noise quantities at the electron gun anode are: 

s:. 2 Voi [ 2 2 2 v-=- gap, 
a V0 a 1 

2K_ 2s:.2 ( "\ )2 s:.2 + a
0 

-z v + a1A + a
0 

v 

- 2g1a1
2A + 2g a0~ (-fr-A-)] 

2 voa 
f.La =v

oi 

1 [ 2 2 2 2__ 2 2 2 2 
g2 g c1 p, + c

0
-K2 ô + (o1 )., + c

0
) ô 

- 2g)..c1
2A + 2g o

0 
c1 ( ff-A)) 

(3-4la) 

(3-4lb) 
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(3-4lc) 

...Â... 1 [ 2 2 2 2 '\ )ô2 L la • g g a1 Clf + a
0

e
0 

K2 ô + (B:l.À + a0 }(;_A + c
0 

- 2gÀ ~c1-A + g(~c0 + a
0

c1)(-ff- A>] (3-4ld) 

(3-4le) 

In the computationB, K2 is selected so as to conserve .:ft=. in equation 

(3-4lc). 

'l'he quantity ô2 representa the ratio of the total mean square cur-

rent fluctuations to full shot noise. It is this quantity that bas 

been measured experimentally as a function of frequeney and voltage at 

the anode of a space-charge-limited, diode gun. 

Equations (3.41) can be reduced to the relations deriTed b7 

Komelsen. No ting tb at at the potential minimum llild.er Komelsen' s 

assUilptiona 

the relations for the noise quantities at the gun anode becom.e 

(3-42a) 

(3-42b) 

(3-42c) 

0-4.2d) 

(3-43a) 
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2 voa _! [ 2 2 2] (3-43b) !La -- g c1 (4 - ~) + a
0 voi g2 

-ffa - 0 (3-43c) 

-À a • i[ g2~cl (4-11") + aoeo] (3-43d) 

-5-a2 • 2 2 
(~c0 - a0~) p 5 (3-43e) 

Equations (3-43a) and (3-43b) are exactlY the results !ound b.f Kor.nelsen. 
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4. THE EXPERIMENTAL VACUUM TUBES 

The electron gun used for the measurements reported was based on 

a design b.1 Pierce (1949). In a Pierce gun designed to produce a 

cylindrical beam of electrons, the electrodes are arranged in such a 

manner as to provide a variation of potential along the beam edge that 

corresponds to the variation with distance computed for a space-chuge

limited diode. The equality of potential inside am outside the beam 

resulta in a cylindrical stream of electrons which leaves the gun through 

a circular aperture in the anode. When the noise curreot f'l.uctuations 

on the beam are less th en full shot noise, additional noise can result 

if a portion of the beam is intercepted by an electrode in the path or 

the electrons. The magnitude of the additional beam noise depends upon 

the current. intercepted ani the portion or the beam. from which it is re

m.oved. Mcintosh (19.5S) has detennined that aperture interception con

tributes less noise than a unifonn interception across the beam section. 

For noise studies of the electron beam from a spaee-charge-limited, 

diode gun it is therefore desirable to minimize interception noise by 

employing sufficiently large apertures in the anode and subsequent tube 

structures. 

A structural diagram of the gun studied is shown in Fig. 4-1. 

It employed. an oxide cathode, .090" in di ame ter, in front of which was 

a beam forming electrode of the required Pierce shape. An aperture 

.03111 in diameter in the beam fo:nning electrode determined the diameter 

of the electron beam leaving the cathode. The anode-cathode spacing 

ws 0.15611 which includes a .00411 retraction of the cathode behind the 

beam form.ing electrode, in orcier to provide thermal isolation. To 
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Heater 

Sllpport Rod (3}\ 

/ Beam Formino Electrode 

Anode 

\.=... Ceromic Wosher 

Rg. 4-1 The Electron Gun 
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simplify construction the anode was appro:xima.ted by a plane. The 

two tubes used at ~,400 Mc/s. and 4.250 Mc/s. had an anode aperture 

.062" diameter and interception of beam eurrent. by the anode was small. 

To improve the coupling of the ele etron beam to the 9, 520 Me /s .. ca vi ty, 

the anode aperture was reduced to .031" and this resulted in an increase 

in interception. for the two higher fre~eney tubes. 

To couple the noise power resulting from beam current fluctuations 

to the mi.crowave reeeiver, the electron beam was passed through a cavity, 

resonant at the frequeney of interest. ~ using a short gap. it was 

assured that the output noise po-wer coupled to the receiver would be 

directly proportional to th!l total mean square current fluctuation in 

a frequeney interval centred at the resonant frequency of the cavity. 

A eavity lbieh has a very short gap ld.ll produce no output arising from 

veloeity fluctuations on the electron beam. By locating the eavity 

just beyond the electron gun anode,measurements of noise smoothing wre 

made at 1,400 Me/s, 4,250 Me/s, and 9,520 Mc/s. 

'rwo eavity arrangements have been used. The tubes for measure

ments at 1.,400 Me/s. am 4,250 Mc/s. employed a dise seal structure in 

which the cavity interaction gap was interior to the glass envelope. 

The remaining cavity structure was elamped to two copper dises passing 

through the envelope and by varying th!l size of the e:xternal structure, 

the different resonant frequencies were obtained. The noise power was 

coupled from the cavity with a small loop. At 9,520 Mc/s. the snall 

cavity size required that it be placed entirely within the vacuum en

velope. A coaxial line through the envelope was œed to couple the 

cavity to the receiver by means of an E field probe in 3 cm. waveguide. 
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One wall of the 9,520 Mcjs. cavity acted as the electron gun anode. 

The tubes are shown in Figs. 4 ... 2 and 4-3 and their electrical and 

mechanical properties are summarized in Table 4-1. 

The increase of interception as the ~ode aperture size was de-

creased is apparent. It is also noted th at the tubes w.i. th the highest 

perveance values had the lo~st values of interception. The resulta 

are interpreted to mean that the cathodes of tubes D-1 and I-2 were 

positioned farther behind the beam forming electrode than for optimum 

operation. This not only resulted in an electron bearn of smaller 

diameter, but this bearn was less well focused due to the inaccuracies 

of potantial matching at the beam edge. 

All tubes employed long cylindrical electron collectors, biased 

at 45 volts above the anode potential. This was done to prevent 

secondary electrons produced upon impact of the primar,y beam from con

tributing additional noise at the measurement cavity. As the result 

of beam spreading, due to space-charge, after drifting beyond the cavity, 

the effect of elastically reflected primary electrons \>!aS also minimized. 

Sealed to ali of the tubesvas an ionization gauge which served two 

functions. The gauge provided a continuous indication of the pressure 

~thin the vacuum envelope. It also acted as a pump to remove from the 

tube volume any small quantities of gas evolved from metal parts. During 

operation pressures of 5 x lo-9 mm of Hg were typical. 
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Fig. 4-2 The Dise Seal Tubes and 4,250 Mc/s. Cavity. 
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TABLE 4-1 

Electrical and Mechanical Properties of the Tubes Studied 

Tube Number 

D-l D-2 I-l I-2 

Cavity Type External External Intemal- Internal 

Anode and 
Cavity Aperture .062" .06211 .031" .03111 

Frequeney 4,030 Me/s. 4,250 Mc/s. 9,520 Mc/s. 9,520 Mc/s. 
1,395 Mc/s. 1,455 Mc/s. 

Average Pjrveance 
Amp/Volts 72 2.46xlo-8 3.S2xl.0-8 3.90.x10-s 2.43xl0-8 

Interception 3.8%-1.5% 0.2%-0.02% 2.8% 7% 
200-500volts 20û-500volts 



-60-

5. MEAStJR»>ENTS OF ANODE NOISE CURRENT FLUCTUATIONS 

The electron gun which was studied. produced a parallel beam of 

electrons. No axial magnetic field was used to confine the beam. 

Deviees employing cylindrical electron beams usual.ly require such a 

field to prevent beam-spreading due to space-charge repulsion. In 

the present work, noise measurements were made on the beam as it left 

the anode aperture, and at the resonant cavity gap, no significant in

crease in the beam diameter was expected. 

The experiment consisted of raising the cathode temperature and 

observing the magnitude of the noise power coupled to the resonant cavity 

at the gun anode, as the beam current increased to its space-eharge• 

limited value. The form of the variation of noise wi. th d.e. beam our

rent is shown in Fig. 5-l. Two distinct regions of the curve are 

apparent. At low beam currents the diode gun was temperature-limited, 

and the initial shot noise fluctuations present on the beam were unmodi

fied at the electron gun anode. As the cathode temperature was raised, 

the beam current inereased to its space-eharge-limited value, and the 

greater charge density within the gun resulted in a decrease of the anode 

noise current fl.uctuations. Extrapolation of the linear portion of 

the curve serves to determine the full shot noise content of the beam 

for any current value. This line is called the Shot Noise Asymptote. 

The noise smoo.thing is defined from the ratio of measured noise power 

at space-charge limitation, to that value of shot noise indicated by 

the Shot Noise Asymptote for the space-charge-limited current. This 

fo:nn of nonnalization is particularly convenient. It obviates the 

neeessity of absolute noise power measurements, which although possible, 
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require considerably greater experimental complexity. 

The quadratic content of shot noise is directly proportional 

to the d.c. beam current, and it woo.ld be expected that when plotted 

as in Fig. 5-l the Shot Noise Asympto.te would have a unity slope. This 

was observed at 1,400 Mc/s. and 9,520 Mcjs. At 4,250 Mc/s.however the 

slope was found to be lees than unity. The slope varied regularly 

from o.SS with 200 volts applied. to the gun to essentially unity at 

1000 volts and was consistent to 1% for both dise seal tubes. The 

SlOOothing values quoted are relative to this Shot Noise Asymptote. A 

similar effect has been observed by Mcintosh (195S) working with mag-

neticalzy- confined beams at 3,000 Mcjs. It is possible that radial 

variations in beam current densi ty, or changes in beam diameter as the 

current increased, resulted in changes in coupling to the resonant cavity. 

It is convenient to first summarize the noise smoothing values 

observed and compare results wi th theoretical values when these calcula

tions are presented. The experimental resulta are tabulated in 

Table ( 5-l) • 
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TABŒ 5-l 

Observed Values of Anode Noise Smoothing, db below Shot Noise 

Tube n:-1 Tube D.~2 

Gun Anode Noise Smoothing, db Anode Noise Sm.oothing, db 

Anode 1,.395 Mc/s. 4,0.30 Mc/s. 1,455 Mc/s. 4,250 Mc/s. 
Voltage 

lOO 6.5 - 6.7 -
150 - - - 7.5 

200 9.7 - 9.6 8.6 

.300 u.o 9.S 11.0 10.2 

400 - - 12 • .3 11.~ 

500 12.9 11.2 1.3.1 11.4 

600 - 11.4 - -
700 - 12.0 - 12.2 

1,000 - 1.3.0 - -
Tube r:-1 Tube 1:..2 

Gun 

Anode Anode Noise Smoothing, db Anode Noise Sm.oothing, db 

Voltage 9,520 Mc/s. 9,520 Mcjs. 

300 1·3 8.5 

400 s.o 9.1. 

500 9.1 9.8 

600 9.2 10.6 

700 10.0 10.1 

1,000 - 10 ... 2 
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6. CALCULATION OF ANODE NOISE QUANTITIES 

Three methods of calculating the smothing of the noise current 

fluctuations at the gun anode have been used: 

a) The Ll.ewellyn Peterson Equations. 

b) A computer solution of the modified El.ectronic Equation wi th 

the input plane at the potential minimum. Full abot noise and 

Rack velocity fluctuations were assumed as input conditions. 

c) A computer solution of the modified El.ectronic Equation with 

the input plane beyond the potential minimum. The required noise 

input conditions were dete:mdned from the resulta of densi ty fu.nc-

tion calculations {Siegman et al 1957). 

In the computer solutions, values for the current density J0 , and 

the beam diameter 2b, were required. The current density in a space-

charge-limited planar diode is given by the well know.n three-halTes 

power of voltage relation: 

-6 Voa 3/2 
J

0 
~ 2.33 x 10 ---

d2 

(6-1) 

where d is the anode-cathode spacing. In the present work it was as-

sumed that the d.c. relations for a Llewell1n gap were applicable. 

1 eJo 2 
uoa = 2 mE:o 't' + Uom (6-2) 

d .. 1 eJo 3 
6 me

0 
t + uom 't (6-3) 

Under the assum.ption u ~). u , equation { 6-1) foll.ows from { 6-2) ani oa om 

(6-3). The input plane for the IJ.ewellyn gap was taken at the poten-

tial ~~ and no initial acceleration has been included. 
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The perveance measurements at different. anode voltages made on 

tubes I}.-2 and I ~1 showed a maximum derlation from the mean of less than 

ten percent. These tubes bad the lower value: of interception, each 

tor its own type, and sho-wed superior gun performance. The mean per -

veance of the tw tubes was tound to be .3.86 x 10-8 1Jnp/Volt3/ 2 and 

this was considered representative of a properly operating gun. 

An effective beam diameter was deter.mined by comparing the mea-

sured perveance with the theoretical current density. The result was 

a value of 0.0226", which is 7.3% of the aperture in the beam forming 

electrode. As a result of retracting the cathode to provide thermal 

isolation, the beam area was reduced in the region between the cathode 

ani beam fonning electrode. 

a) 'l'he Llewell3n Paterson Equations 

In a Llewel.lyn diode, two unoorrelated inputs were assum.ed: full 

shot noise current. fluctuations and Rack velocity fluctuations. The 

mean square output current for each input was evaluated. The input 

plane was taken at the potential minimum and an input d. c. velocity 

equal to the R.M.S. thermal velocity was assumed. Using the coef

ficients quoted by Pierce (1950) and normalizing the total mean square 

anode current fluctuations to shot noise, the smootbing is given by, 

B 2 • Voi + .2. w2d2 (4-n) k'l'c 
a V 8 v 2 m oa oa 

(6-4) 

where V
0

i is the voltage equivalent of the R.M.S. thermal velocity and 

kTc 
is given by e . 

V
0

a is the gun anode voltage. 

d is the cathode-anode spacing. 

Tc is the cathode temperature. 

k is Boltzmann•s constant. 
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m is the mass of the electron. 

w is the frequency of interest. 

W1th a cathode temperature of 1160°K and the present gun constants, 

equation (6-4) becames, 

(6-4a) 

Calculations were made at 1,400 Mcjs, 4,250 Mejs, and 9,520 Mcjs. The 

first term in (6-4a) is usually very small and becomes negligible at 

..-ery high frequencies. 

b) Computer Solution I . 

The solution _ of the modified El.ectronic Equation was carried 

out between the potential minimum ani the electron gun anode. The 

input conditions were identical to those used for the Llewellyn Peterson 

caleulation. The value of smoothing at the gun anode was determined 

from equation (3-43a). 

c) Computer Solution II 

The evaluation of the anode noise quantities required the speci-

tication of the plane at which the calcula ti on was to start, ot· the 

four fluctuation terms (3-28 a, b, c, d) at this p-lane, and of the 

transit time from the potential minimum to the input plane. As noted 

earlier the choise of an input plane is a compromise. For the present 

work a plane at ~ • 5 was convenient for computer operation. The 

potential at this plane is 0.359 volts above the minimum of potential 

in the gun and at this plane the parameters S and II have reached their 

final values. 

The input noise quantities depend upon the frequeney parameter 
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a a w/2wpm for which a value was required at each gun voltage and fre

quency. The plasma frequency at the potential minimum was determined 

from e.quatimlS (3-35) and (6-1). As in the case of the other theor-

atical calculations, the frequencies studied were 1,400 Mc/s., 4,250 Kc/&, 

and 9,520 Mo/s. Tabl~ (6-1) shows the frequenoy parameter at differ-

ent gun voltages for these frequenoies. 

TABlE 6-l 

The Frequency Parameter as a Function of Frequency and 
Gun Voltage 

Gun Voltage Frequency Parameter "a" 

1,400 Mc/s. 4,250 Mc/s. 

100 0.845 2.53: 

200 0.502 1.50 

300 0.371 1.ll 

400 0.299 0.894 

500 0.253 0.756 

6oo 0.220 0.660 

700 0.196 0.588 

1,000 0.150 0.450 

9,250 Mc/s. 

5.67 

3.37 

2.49 

2.00 

1.69 

1.48 

1.32 

LOl 

Siegman et al have published values for the noise quantities as 

a tunction of ~ , Eor frequency parameters a • 1/4, 1/2, and 1. A new 

definition of kinetic voltage was used for the a • 1/4 computation, 

which reduces to the conventional definition (3-16) for large d.c. velo-

cities. 

In terms of the density function for the electron bema, 

(3-26) 
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(6-5) 

where (6-6) 

(6-7) 

"') = the charge to ma.ss ratio for the electron. 

The variable W is related to the excess energy of the electron over 

its d.c. energy due to acceleration. ~nation of equation (6-5) 

shows that the new definition of kinetic voltage is similar to but not 

identical with a summation over the individual a.c. velocities of the 

electrons in the beam. The definition of the ld.netic voltage in terms 

of the density function is such that the kinetic voltage is continuous 

across a velocity jum.p in which the beam is rapidly accelerated; the 

density function definition on the multivelocity side of the jump agree-

ing with the single velocity t.heory on the high voltage side. The 

discrepancy between the two defini ti ons at the ~ • 5 plane was not 

known am with one exception the published noise quantities were used. 

To determine the noise input terms for frequency parameters other 

than tll:>se calculated by Siegman, the input plane was tixed at t - 5, 

ani the val.ues of ô2, ~-t2 , -tf and A. were plotted as a function of a. 

These curves permitted interpolation at the required frequency parameters. 

For the lOO volt 4,250 Mc/s case, and the 300 volt 9,520 Mc/s. case, 

an extrapolation to a value of a '"' 2.5 was made. There is considerable 

doubt as to the accuracy of the noise input parameters obtained, al-

though ali calcula ted quanti ties based on this extrapola ti on are reason

able. The exception to the published data was the value for ô2 at 

a = 1/4. Siegman quotes a value of fl • 0.133. This did not fall 
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on the straight line plot of ô2 vs a,Which was round for ô2 values 

at. a = O, a • 1/2 and a • 1. In addition the 0.133 value was not 

consistent wi th the published value of: S . For the present wrk 

ô2 
at a = 1/4 was taken to be 0.165 as this value minimized the above 

discrepancies. 

The noise input quantities at ~ • 5 as published by Siegman 

et al (1957) are presented in Table (6-2). 

ô2 

,i 

TABLE 6-2 

Noise Parameters at the plane ~ • 5 as 
calculated by Siegman, Watkiœ and Hsieh (~957)• 

Frequency Parameter 

a - 1/4 1/2 1 

0.165(0.133) 0.265 0.466 

S. 55 2.91 1.35 

-H- 0.315 0.275 0.198 

:A. l.ll 0.585 0.394 

The detennination of the transit time 't s depen:is upon the initial 

d.c. velocity assumed to characterize the beam at the potential minimum. 

The value used !or u
0
m can only approximate conditions !or the multi-

velocity beam. 

transit time: 'C 8 

The: larger the value selected for u , the smaller the 
om 

and its associated constant À, defined in equatiœ 

(3.40). Ail other parameters remaining unchanged, the smaller value 

or À would result in a decrease of ô 2• 
a 

Siegman shows that the use of the value ' of u 
2 

defined in equation om 

(3-34), for the calculation of ô2 
using the Llewellyn Peterson equations, 

gives good agreement at a = 0 and a = 1/4, but predicts values for B2 
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greater than that found from the statistical computations for frequency 

parameters of 1/2 and 1. The present calculations were based on a 

2 value of u equal to tld.ce that given by equatiœn (3-34). This re-om 

sulted in a smaller value of À and it is be1ieved that more accurate 

determinations of B 2 were obtained at larger values of the frequency 
a 

parame ter. 

A method exi.sts for determining À which is based on the Fry-Langmuir 

solution and does not require the assumption of a d.c. velocity at the 

potential minimum. This method bad not been developed at the time the 

computer solution was carried out, and is presented here only to provide 

a basis on Wbich to criticize the assumptions actually made. 

Nbting the definition of À, 

(6-S) 
u . 

Ol. 

B.r changing to the Fr.r-Langmuir dimensionless variables and carrying 

out the differention of u it is foun:l, 
0 

where the functions of the dimensionless variables are to be evaluated 

at the input plane. For the present case '? ( t) = 3.59 am d~ /dt• 1.2 

(Kleynen 1.946). Calculations reveal that À is independant of the as-

sumed gun voltage. The value of À used in the computer solution was 

0.736 while that determined by equatian (6-9) is 0.795. Both of these 

lie between the values for À obtained using equations (3-30) am (3-34). 

Two restrictions exist on the !our noise quantities calculated 

at the electron gun anode. The transformation of the noise along the 

accelerated stream must preserve the invariance of S and ïT . The 
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values of tS-a ani =tF-a depend not only on the four input noise quantities, 

but also on an undetermined correlation coefficient K2• In the present 

work the value; of ~ was determined fran equation (.3-41c) by imposing 

the necessary invariaœe of"ff. The real kinetic power term was selee

ted as it is much more strongly dependent on K2 than is-B-a. For all 

of the cases studied K2 was less than its maximum permissible value of 

unity. The corresponding values of yS_ were also less than unity, w.i.th 

three exceptions. The 200 volt 1400 Mc/s. calculation ani the l,OOOvolt 

4,250 Mc/s. calculation indieated a value of K1 equal to 1.011 and the 

500 volt 1,400 Mc/s. calculation resulted in a value of JS. equal to 1.0.35. 

The discrepancies were not considered serious in view ar the inaceuracies 

in the assumed input noise quantities. However, they were interpreted 

as indieating that the validity of the method of calculation is open to 

question for values of the: frequency parameter a • ~ less than 0.25. 

The discrepancy is diminished for lower values ar À; which provides at 

least an empirical justification for the value a;sswned. The diffieulty 

can be removed for the lower frequencies by advancing the input plane 

toward the: anode. This appears to imply the necessi~y of a minim\Dll 

transit angle between the potential minimum and the plane at which the 

computation is started. 

The computer constants a
0

, a1 , c
0

, à1 were determined as described 

in Appendix I and the solution was complete. The resulta are sununarized 

in Table (6-.3). Both input and anode noise quantities are presented. 



ô2 ,i -Tf- ft-
Frequency Gun 

Voltage Input Anode Input Anode Input Anode Input Anode 

1,400 Mc/s. 100 0.412 1. 0.3 6xl.O -l 1.59 151 • .3 0.220 0.220 0.428 .3.894 

200 0.265 5.15 xlo-2 2.91 .364.1 0.275 0.275 0.585 4.277 

.300 0.204 3 • .34 xl0-2 4 • .30 - 0.297 - 0.701 -
500 0.166 2.00 xl0-2 8.55 857 .]. 0 • .315 0 • .315 1.00 4.075 

4,2~ Mc/s. 100 0.800 1. 59.3xlo-1 0.65 84.0 0.1.35 0.1.35 0.282 .3.581 

.300 0.502 5.77 xl0-2 1.24 .461:.1 0.182 0.182 0 • .374 5.099 

500 0 • .377 3.4.3 xl0-2 1.81 858.4 0.233 0.2.33 o.4(i) 5 • .382 

1,000 0.242 1. 55 xlo""2 .3 • .3.3 166o.4 0.28.3 0.28.3 0.624 5.015 

9,520 Mc/s. 300 0.800 8.81 xl0-2 0.65 .314.4 0.1.35 0.135 0.282 5.203 

1,000 0.466 2.6.3 xl.0-2 1.35 1944.2 0.198 0.198 0 • .394 7.114 

TABLE 6-3 

summa;r of Theoretical Input and Anode Noise Quantities 

6-

Input 

0.686 

0.655 

0.622 

0.648 

o. 66.3 

0.695 

0.685 

0.645 

0.663 

0.688 

Anode 

0.718 

0.690 

-
0.717 

0.751 

0.771 

0.714 

0.710 

0.784 

0.701 

1 
~ 
1\) 
1 
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7. COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS 

The experimental values of noise SDI)othing observed at the gun 

anode are compared with the results of the three theoretical determina-

tions in Figs. 7-1, 7-2, and 7-3. In Fig. 7-1 the 1,400 Mcjs.measure-

ments on tubes n~l and n-...2 agreed to well w.i.thin experimental error and 

they have been shown as one measurament. At 4,250 Mc/s. only slight 

differences between the tubes were observed, lilile at 9,520 Mc/s. two 

distinct sets of measurements appeared. 

The predictions of the Llewellyn Peterson equations and the first 

canputer solution are strong functions of frequency, and as w:mld. be 

anticipated, the agreement between them improves as the frequenc.y is 

increased. Both indicate a more rapid change of smoothing with gun 

voltage than is observed experimentally. 

The second ccmputer solution predicts a variation of smoothing 

with gun voltage which is in good agreement with that observed. At 

all frequencies the theoretical snoothi.ng is consistentl;r greater than 

that observed; the discrepancy being somewhat larger at higher gun 

voltages. An interesting consistency is observed between the three 

sets of calculated smoothing curves. They are parallel; the higher 

frequency curves bai.ng displaeed toward lower values of smoothing. A 

better indication of the theoretical dependence of smoothing on frequency 

and gun voltage can be seen from examination of the quantity 5 2 V lw112 
a of/1 • 

The calculated values for this quanti ty are tabulated in Table (7-1) 

for all of the frequencies and voltages examined. The experimental 

values ldll be presented later. 

The quantity 5 2 V /w1/ 2 appears to be independant of frequency 
a oa 
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Fig. 7-3 Smoothing as a Function of Gun Voltage 
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TABLE 7-1 

Frequency Gun Voltage Theoretical ô 2 
V /w1/ 2 

a oa 

1,400 Mc/s 100 1.1049 x lo-4 

200 1.0991 x lo-4 

300 1.0669 x lo-4 

500 1.0650 x lo-4 

4,250 Mc/s 100 0.9750 x lo-4 

300 1.0590 x lo-4 

500 1.0508 x lo-4 

1,000 0.9457 x lo-4 

9,520 Mc/s 300 1.0804 x lo-4 

1,000 1.0745 x lo-4 

and to decrease very slightly ~th increasing voltage. The depend-

ence on gun voltage is somewha.t uncertain in view of inaccuracies of 
-· 

the input data, but with the exception of the lOO volt 4,250 Mc/s case, the 

behaviour is remarkably consistent ani is believed to be real. 

To examine the experimental measurements for this form of varia-

tion of smoothing wi th frequency ani gun voltage, the data of Table(5-l) 

has been used to evaluate ô 2 V /w112, and the results are presented a oa 

in Table (7-2). The measurements have been made over a !requency range 

of 6.8:1 and the variation of sroothing wi th the square root of freq-

ency is apparent. A. dependance of the measured smoothing on the square 

of the !requency, whieh is predicted b,y the ~ewellyn Peterson equations, 

would not result in the consistency of values for ô 2 V /w112 which is 
a oa 

indicated in Table (7-2). 

The experimental results of Vessot (1957) and Mcintosh (1958) for 

a higher perveance electron gun of similar design, have been analyzed 
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TABLE 7-2 

~ 2 J. 1/2 Observed Values of u V ,w 
a oa 

Tuba D-l Tube D;..2 

Gun 
52 V /Wl/2 5 2 v ;WJ./2 

Anode a oa a oa 
Voltage 1,395 Mc/s. 4,030 Mcjs. 1,455 Mc/s. 4,250 Mcjs. 

100 2.41- x lo-4 - 2;26 x lo-4 -
150 - - - 1.65 x 10-4 

200 2.29 x lo-4 - 2.28 x lo-4 1.70 x 10-4 

300 2.54 x 10-4 2.03 x w-4 2.48 x 10-4 1.76 x 10 .. 4 

400 - - 2.49 x 10-4 1.90 x 10-4 

500 2.73 x 10-4 2.36 x 10-4 2.58 x 10-4 2.21 x 10-4 

600 - 2.74 x lo-4 - -
700 - 2.76 x 10-4 - 2.60 x 10 .. 4 

1,000 - 3.14 x 10-4 - -

Tube I-l Tube I'-2 
Gun 

5 2 V /w1/2 Ô 2 V /Wl/2 
Anode a oa a o 
Voltage 9,520 Mcjs. 9,520 Mcjs. 

300 2.28 x 10-4 1.73 x w-4 

400 2.62 x lo-4 2.01 x 1o""4 

5.00 2.52 x lo-4 2.14 x 10-4 

6oo 2.94 x 10-4 2.14 x 10-4 

700 2.86 x lo-4 2.80 x 10-4 

1,000 - 3.90 x 10-4 
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to discover if a similar behaviour of the noise was present. The 

datais presented in Table (7-3). 

TABLE 7-3 

Values of B 2 V ;w112 measured by Vessot and Mcintosh a oa 

B 2 V /wl/2 
Gun Anode a oa 

Voltage 230 Mc/s. 1010 Mc/s. 3055 Mc/s. 3050 Mc/s. 

lOO 2.34 x 10-4 1.70 x 10-4 1.55 x lo-4 -
200 1.74 x lo-4 1.41 x 10-4 2.09 x lo-4 -
300 1.85 x 10~4 1.40 x lo-4 2.07 x lo-4 1.72 x lo-4 

400 1.67 x w-4 1.42 x lo-4 1.91 x lo-4 -
500 1.77 x lo-4 1.38 x lo-4 - 1.94 x lo-4 

600 1.69 x lo-4 1.17 x lo-4 2.07 x 10-4 -
700 - - 1.97 x 10-4 1.92 x lo-4 

900 2.04 x lo-4 1.38 x lo-4 -4 2.39 x _lo -

The i'irst three columns are from Vessotts measurements on his 

Tube No.2, and the final column is based on Mc!ntosh•s oxide cathode 

measurements. No theoretical calculation of B 2 V ;w112 has been a oa 
made i'or this gun, although the measurements show a variation with 

i're~ency in reasonable agreement with the for.œ predicted i'or the pres-

ent electron gun. 
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8. DISCUSSION OF RESULTS 

a) Reliability of Measuraments 

The noise power coupled from the electron stream was considerably 

greater for the dise seal tubes than that available from the tubes using 

internal cavities. The rneasurements made at the t\110 lower frequeneies 

are therefore more accurate than those at 9,520 Mc/s. At 1,400 Mc/s. 

and 4,250 Mc/s.the Shot Noise Assymptote was determined by a least-squares 

fit of the low current data to a straight line. A R.M.S. error of fit 

of .05 db was typical and the major errors in the determination of a 

s.moothing value were therefore associated with the measurement of the 

space-charge-limited noise power and beam current. The reproducibility 

of the space-charge-limited noise power measurement was about 0.1 db. 

Current measurements were made with an estimated accuracy of 2%. Con

sidering receiver or recorder non-linearity of about 0.1 db, the overall 

accuracy of the normalized noise power measurements at 1,400 Mc/s.and 

4,250 Mcfs.is estimated to be± O.) db. 

The low noise powers observed at 9, 520 Mc/s. required integration 

periode as long as 20 minutes for the measurement of the noise on beams 

of very low currents. A complete smoothing detezmination extended over 

several hours, during which time the local oscillator in the receiver 

was required to remain constant in frequency. The oscillator frequency 

was not stabllized and any drift during the measurement period contri

buted additional errors. n.c. drift in the Lock-In Amplifier and changes 

in modulation frequency could result in additional inaccuracies. At 

9,520 Mcjs.the nonnalized noise power measurements are estimated to have 

an accuracy of ± 0.6 db. 
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b) Measured Smoothing Values 

The determination of accurate smoothing values requires not 

onl.y measuring instrument accuracy, rut also the reduction below a 

signi.ficant level, of the noise contributions o.f sources wi thin the 

tube in addition to that being studied. The interception of part of 

a smoothed beam can result in an increase o.f the noise content of the 

remaining beam. It has been observed (Mcintosh 1958) that the magni-

tude of this increase for small amounts of aperture interception, is 

considerably less than the full shot noise associated with the inter~ 

cepted beam. No accurate indication of the ratio of the additional 

noise to the shot noise value is available in the absence of a con-

fining magnetic field. If this ratio is 20%, which is believed to 

be too high for the present work, errors of less than 0.2 db are intro-

duced for the dise seal tube measurements and less than o. 5 db for the 

9,520 Mcjs.measurements. 

The observed values for S 2 V jw112 showed a definite increase 
a oa 

as the gun voltage was raised. This is attributed to the progressi vely 

higher cathode temperature required to space-charge -limit the gun. As 

the cathode temperature was increased the quadratic velocity input was 

proportionately increased, resulting in a higher value for the anode 

current fluctuations. The effect ~uld be expected to be more pro-

nounced at higher frequencies. The 1,000 volt measurements at 

4,250 Mcjs. an:l 9, 520 Mc/s., as shown in Table (7-2), gave very large 

values for S 2 V /w112 • 
a oa 

The measurements of Vessot at 230 Mc/s. and 1010 Mcjs. as shown 

in Table (7-3) indicated a decrease of S 2 V ;w112 as the gun voltage 
a oa 
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was raised. There is some indication of the effect of increased 

cathode temperature on the 900 volt measurements. 

e) The Computer Solution II 

The computed values of 5 at the electron gun anode exceed the 

assumed input value by about 10%. This fact, with the conservation 

of the real kinetic power, gives some confidence in the accuracy o:r 

the method of calculation. It was observed that for all of the cal-

cula ti ons the quanti ty 

a...c ... a c = ab - a..b = 1 
L 0 0 1 0 1 L 0 

within the error of the determination of the constants. It is be-

lieved that this is a furrlamental property of the solution. Examina-

tion of equation (3-43e) might have caused this equality to be anti-

cipated. 

The present method does not predict the observed (Kornelsen 1957) 

deviation of B 2 from the one-hal! power dependance on frequency. This 
a 

occurs at frequencies lower than those at ~ch calculations were made. 

In the finite beam equation (Parzen 1952) the restriction was made 

(3-12) 

This would appear to imp]Jr a minimum frequency parameter below whieh 

the description present ad is no longer valid. The dependance of the 

associated critical frequency on anode voltage and cathode temperature 

can be demonstrated. If a . is the lower limi t for the frequency 
Dll.n 

parameter, the critical f'requency is 
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w = 2w a . c pm nu.n 

J 1/2 
0 ... const. r-:L/4 c 

3/4 Vo 
= const. Tc 114 

from equation (3-35) 

(S-1) 

for the case of a space-charge-limited diode gun. The deviation occurs 

over a range of frequencies and seme cri terion for specifying wc from 

measurements would need to be established before equation (S-1) could 

be experimentally examined. 

The second computer solution incorporates two improvements over 

the earlier theoretical treatments. The analysis is restricted to a 

regi.on in the electron gun, over which the sma.ll signal, single valued 

velocity assumptions made in the derivation of the Electronic Equation 

are not violated. The beam noise parameters at the input plane are 

specified ~th some certainty that they aecurately characterize the 

beam conditions. The improved agreement between measured and theor-

etical snoothing values over a wide range of frequancy and gun anode 

voltage, and the serious inaccuracies of the earlier theories, parti-

cularly at the higber frequencies with low anode voltages, are indica-

tive of the importance of the multivelocity region beyond the potential 

minimum in determining the anode noise quantities. 

The experimental values for the quantity S 2 V ;w112 are larger a oa 

than those predicted from the present theor,r. This could be attributed 

to the existence of higher order space-charge modes within the gun 

(Rowe 1952), which have not been considered in the calculation. 
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9. CONCUJSIONS· 

1) A measuring ~stem has been designed and evaluated for studies of 

noise in electron streams at microwave frequencies. The measured 

system performance is in excellent agreement with that calculated, and 

adequate sensi tivity is available for noise measurements on electron 

beam.s as low as 1 J.ta• 

2) Four sealed off vacuum tubes have been built and used to study the 

smoothing of shot noise within an electron gun. Data have been taken 

at 1,400 Mc/s., 4,250 Mc/s. and 9,520 Mcjs. No noise information at the 

highest of the three frequencies measured has heretofore been published. 

3) Various theories for the transport of noise through a.ccelera.ted 

electron streams have been studied. Using an electronic computer to 

solve a. differentia! equation Which describes the propagation of signala 

on electron beam.s, a method of calcula ting the .four anode noise quanti

ties has been developed lilich preserves the invariance of s and rr . 
A formulation of the output quantities has been deter.mined from Which 

ea.rlier resulta are derivable as a special case. 

4) From the theory an essential dependance of anode ourrent noise 

on the one-half power of the frequency was discovered. This is oom-

pletely at variance with existing theories not ta.king account of the 

multi velo city nature of the electron be am. The expeeted dependance 

was .found in the measurements reported here, and in tho se of earlier 

workers. Sorne speculation has been made on experimentally examining 

the inadequa.cy of the theory at low .frequencies. Further theoretical 

investigation o.f the e.f.fects of higher order space-cha.rge modes is recom

mended, using a solution of the fonn presented in this lit>rk. 



APPENDIX I 

.Analog Computer Solution · of the El.ectronic Equation 

a) Establishment of the Basic Relations 

The equation to be solved on the computer is tœ .fi.nite beam 

El.ectronic Equation 

(3-15) 

In the gun region both u and p are functions of the transit ti me: t' , 
0 

and a function f (t) can be defined 

f (-r) - (Al-1) 

A formal integration of equatio n (3-15), using the definition Al-1, 

gives 

(Al-2) 

The computer, set up as in Fig. A-1, solves the equation 

d2,1 [ Rd J 1 
-2 - R + R · ~c ~c .r (t) vl - 0 • 
dt a x 1 2 

(Al.-3) 

For the second integrator there is the relation 

(Al-4) 

Equation Al-3 may be written in the integral form: 

Rd 1 JI 2 dVl 
R + R R..C lLC • f(t) v1 dt + dt t + v1 (A1-5) 
a x --~ 1-~ 2 t=O t•O 



Rx 
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Recorder Recorder 
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1 
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The fwnctian t(t) is obtained b,y means of a tapped potentiometer, and 

it is arranged that it have a maximum value of unity. 

For oonvenience in the comparison of equations (Al-2) and (Al-5), 

the independant variable in each is normalized to have a range of zero 

to one. Let 

T • at = p'r (Al-6) 

such that the time corresponding to the gun anode 

T = a.t = p'r = 1 a a a (Al-7) 

and this equation serves to define a and. p. 

It is also convenient to normalize the function f('t) of equation 

(Al-1). Define 

F(T) • c5 f ('t') (Al-8) 

where· 0 ~ F(T) "- 1 

and it is apparent that 

1 
f( 't') max 

The nor.malized forma of equations (Al-2) and (Al-5) can then be written: 

Y = - F(T) Y dT + - 'l" + Y , KJJ 2 dY 1 
6' p2 dT '1'=0 T•O 

v ... 
1 

(Al-9) 

(Al-10) 

These have the same form provided the function f""(T) set on the 

computer is made identical to F(T). The equations bec~me identical 
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when the coefficients of the first terms are equated and this serves 

to determine the required value of R • x 

(Al-11) 

Under the above conditions, Y and v1 correspond exactly and can be re

lated by a proportionately constant ~; 

(Al-12) 

The above developnent is due to Komelsen (1957) who proceeds to 

discuss the method of calculation of the normalized (l - P
2

) function, 
Uo 

F(T). The question of assuming an initial velocity again arises. 

Komelsen used the R.M.S. themal v~ùocity, as wa.s done for the first 

canputer solution reported in the present wol'k. The lengthy calcula

tion of F(T) was not repeated for the second computer solution, which 

employed a value of u lower than the R.M.S. thermal velocity. The om 

resulting error should be snall, as the computation was started at a 

plane beyond the potential minimum. 

b) Calculation of Anode Noise QuaDtities 

The general case is exam.ined, lè'lere the three independant noise 

inputs of equations (3-36) are specified at any plane, and the solution 

is carried out to determine the noise values at tœ anode. The algebra 

is very long, tbough straightfarward, and only the procedure and inter-

mediate resulta are indicated. 

Cmitting the phase term of equation (3-4) the input velocity modula-

t i on is 
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1 [~y y d\lo] 
vwi .. - jwJo è}'t - uoi o1:' , (Al-13) 

• _ _IL_ [dY _ J . liTs l 
jwJ

0 
àT wi p j • (Al-l4) 

From. (Al-4) 

(Al-15) 

Where v2i representa the initial value of the computer voltage v2• 

Final values are indicated with a subscript a. 

Solving for f3, 

p.R2 C2 [- jwJ o 
f3 • - v2i P · 

(Al-16) 

If Jwi representa the input current, a second relation tor f3 exists; 

(Al-17) 

from ltlich the ratio of the two input voltages is .:round to be, 

• (Al-18) 

With equation (Al-18) to detine input conditions, the anode noise quanti-

ties can be detennined for each of the three inputs. 

1) Current Input Only 

Equation (3-36b) specifies the input value of current and velocity: 

(3-36b) 
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The problem is sol ved fo nnall.y by using the square roots of 

quanti ties representing quadratio content. As it is quadratic cont-

ent that is detennined at the gun anode the resulta are physically 

meaningfull. Unit ban:hddth is assumed. 

Noting the definition (3-28a), the input current becomes 

2 1/2 1/2 
JII • (1- K2 ) S (2eJ

0
) 

vu -~-
uoi 

The ourrent at the amd.e is therefore 

v 
Jwaii • ~ u

1
a 

oa 

2 1/2 1/2 /'!_ i\112 v la 
.. (1-~ ) S(2eJo) \V:J Vil • 

The velooi ty modulation at the anode is found as 

Using (Al-4) and noting that at the gw1 anode 

1 0\lo . 2 ~ 2 
~ .. -. - p u

0 
o ~,- . t' T 

v • jwJ ~ C [ v2a + 2a R...C2 Vla J f3 wa o 2 2 -""2 

Converting to Kinetio Voltage and defining 

d -

(Al-19) 

(Al-20) 

(Al-21) 

(Al-22) 

(Al-23) 



-91-

the Kinetic Voltage at the anode is 

vwa (Al-24) 

which for a as de:fined. in equation (Al-19) gives the value 

V • - UoaUoi S(2eJ )1/2 (1-K-2)1/2 [v2a + d Vla J (Al-25) 
waii j~Jogx o -~ vli vli 

From equation (Al-18) the required input ratio is 

(Al-26) 

2) Kinetic Voltage Input Qnly 

V 2 • (1 - K 2) V 2 
I 1 i - 0 (3-J6a) 

In an exactly similar manner as for the current input, it is found that 

Jwai • - j g* Jo #(l - Kl2)1/2 kTc 
(V V )1/2 

oa oi 

+ d vla] 
v2i 

(Al-28) 

where equation (A.J.-18) shows the input computer condition to be Vli ,.. O. 

J) Correl.ated Input 

Using equations (J-28a,b) and (J-J6c, d), and converting to kinetic 

voltage in equation (Al-18), the computer input for the correlated tenn 

becom.es, 

v21 K1 jQ 
- - -j g - 1! e- - "\ • 
v1i - ~ c ..... (Al-29) 
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The calculation of anode noise requires the determination of real and 

imaginary components. The related. input conditions are: 

Real 
Part 

Imaginary V 2ii JS. /:! 
Part Vur ... - g cos 9 Ç . o 

(Al-.30) 

(ll-.31) 

Noting that VlaR ani V 2aR are the computer output voltages for the real 

part of the input, and vlai ani v2ai are the output voltages for the 

imaginary part of the input, the output current am kinetic wltage 

be come: 

(Al-.3.3) 

All of the ~antities have been determined Which are required for 

the evaluation of the total mean square current and kinetic voltage, 

am kinetic power at the gun anode. 

A linear relation which is observed between the computer voltage~, 

resulta in considerable simplification. 

(.3-.39a) 

(.3-.39b) 

Using the appropriate computer input terms for each of the three inde-
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pendent noise inputs, evaluating the required computer outputs by 

equations (.3-.39a and 3-.39b) and noting the relations of equations 

(.3-.38a and .3-.38b) and the definitions (3-28), equations (3-41) follow 

after further algebra. 

The solution requires the specification of the input quanti.ties 

and the determination of the four computer constants a0 , al, b0 , b1 • 

These constants must be determined with considerable accuracy. This 

was done for the present woik as follows. Various ratios of v2i/Vli 

were set on the computer and the computation carried out to determine 

the corresponding ratios of v1a/Vli and v2a/Vli• A least squares fit 

of a straight line was made to each set of data, and the slope and 

intercept provi.ded the required constants. 
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