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Abstract 

Anterior cervical discectomy with fusion is a common surgical treatment that can relieve patients 
suffering from cervical spondylosis. This surgery is most commonly performed with the use of a 
cervical cage. One serious complication of the fusion cages commercially available in the market 
is subsidence of the cage with loss of the normal alignment of the spine and recurrent pain. This 
work presents the proof-of-concept of a fusion cage made of a graded porous titanium with 
microarchitecture minimizing the risk of subsidence associated with fully-solid implants. The 
optimized properties of the porous implant are obtained through a scheme combining multiscale 
mechanics and density-based topology optimization. Asymptotic homogenization is used to 
capture the effective properties of the porous material, which uses a tetrahedron based cell as 
building block. The stress levels and normal strains obtained under various loading conditions on 
the C7 superior surface of the vertebrae are used as indicators of subsidence. The results suggest 
a reduced risk of subsidence for the optimized implant versus the fully-solid implant. Under the 
most severe condition of combined loading, a collective improvement of the average von Mises 
stress up to 14% can be observed on the posterior, left, and right lateral regions of the C7 
superior surface. Similarly, for the average normal strain, the optimized cage exhibits a more 
favourable distribution with a top gain of 21.7% at given locations. 

Keywords: subsidence, fusion cage, homogenization, topology optimization, porous materials, 
lattice architecture, mechanical metamaterials. 
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1. Introduction 

Age-related degeneration of the cervical spine is the most common cause of neural disorder and 
has been reported that disc degeneration is common in over 50% of middle-aged individuals [1, 
2]. Although most patients are asymptomatic, disc herniation, osteophyte formation and 
hypertrophied ligaments can compress the cervical spinal cord and nerve roots resulting in 
cervical pain, radiculopathy, or myelopathy [3]. If the physiotherapy or medications fail to 
relieve these symptoms, surgery is usually recommended. Among several surgical treatments, an 
anterior cervical discectomy with fusion (ACDF) is widely used to remove the herniated or 
degenerated disc in the neck [4]. ACDF has been shown clinically successful in more than 90% 
of patients, by alleviating their pain and allowing them to return to work [5]. Historically, ACDF 
was accomplished by removing the compressing structures [6] and wedging a bone block, 
harvested from the iliac crest of the patient (autograft), between the vertebral bodies. Although 
autologous bone graft is considered to be the gold standard in achieving fusion, the associated 
morbidity in harvesting the graft has motivated the search for alternative implants and materials. 
Since the fusion cage technology was proposed by Bagby in 1988, stand-alone cage designs, 
with or without additional fixation, have become the standard of ACDF. Cages avoid the 
morbidity associated with harvesting autogenous bone graft, and have been demonstrated success 
in achieving primary stability and long-term fusion [1, 7]. Although excellent results have been 
reported with cages, subsidence of the cage has been reported as a complication in 3% to 10%, of 
the cases [8]. Subsidence occurs when the implant protrudes through the adjacent vertebral body. 
Many reasons can lead to subsidence, such as inadequate determination of preoperative bone 
quality, and improper prosthesis design, which affects end plate preparation and load distribution 
[9]. 

Ideally, interbody cage implants should have materials with improved biomechanical properties, 
be biocompatible and promote osseointegration [10]. Different materials have been used to 
manufacture cervical cages, including three main materials: 1) Titanium (Ti) and its alloys, 2) 
Polyetheretherketone (PEEK), and 3) Carbon fiber-PEEK. Ti and PEEK are preferred in current 
designs, since synovitis and lymphatic spread of fiber debris has been associated with radiolucent 
carbon fiber–PEEK cages, although all three materials have their advantages and disadvantages 
[11-14]. Titanium and its alloys are biocompatible materials with high stiffness, corrosion 
resistance, and low density [15]. Ti cages have demonstrated their ability to support 
osseointegration [16]. However, the mismatch in elastic modulus of the Ti material with the 
adjacent bone results in stress shielding [17]. The PEEK cages can provide the advantages of 
radiolucency and lower subsidence rates than Ti cages [18]. Their elastic modulus is close to that 
of the bone, hence avoiding the stress shielding associated with Ti cages [17, 19-22]. However, 
PEEK cages without additional instrumentation or bone grafting, have been found to have a 
prolonged time to fusion and the fusion is usually incomplete [22, 23].  
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A number of studies using in vitro and numerical approaches have investigated the various 
reasons for cervical cage subsidence, with the modulus mismatch being one of the most 
prominent. Among the former group, Wilke et al. [24, 25] and Kettler et al. [26] have examined 
the role of neck movements on the subsidence of a set of commercially available cages, i.e. the 
WING cage (Medinorm AG, Quierschied, Germany), the BAK/C cage (Sulzer SpineTech, 
USA), and the AcroMed cervical I/F cage (DePuy AcroMed International, UK). Their results 
show the significant role of postoperative neck movements, with the WING and the AcroMed 
cages having lower subsidence than the BAK/C cage. Another in vitro study by Furderer et al. 
[27] on bovine vertebrae has compared subsidence caused by a selected number of cage designs 
under prescribed loading conditions. Abrasion of the vertebral endplates has been recognized as 
one cause for increased subsidence. Among the second group of investigations using numerical 
techniques, Lin et al. [28] have used a commercial software package to generate a lumbar 
interbody fusion cage with a porous architecture optimized for structural stability, reduced stress 
shielding, and biofactor delivery. Compared with conventional threaded cages, their design 
claims reduced stress shielding and lower stress at the cage-vertebra interface, thereby resulting 
in low subsidence. Another numerical study has compared the performance of selected cervical 
cages in the market, each with its own geometry and materials: Bryan (Medtronic Sofamor 
Danek, Minneapolis, MN), Prestige LP (Medtronic Sofamor Danek), and ProDisc-C (Synthes, 
Inc., West Chester, PA) [29]. The results contribute to better understand the underlying 
mechanisms causing cage subsidence, which is evaluated numerically through stress predictions 
at the vertebrae-prosthesis interface. Among the designs, the Bryan disc featuring a very 
complaint core with no cage fixators shows the lowest stresses superior to C6, which results in a 
reduced risk of subsidence. Chiang et al. [30] have also used finite element analysis to 
understand the role of loading, cage geometry and material, along with bone mineral density on 
the mechanism of subsidence of two prostheses: the SOLIS (Stryker Instruments, Kalamazoo, 
USA) and the BAK/C (Sulzer SpineTech, USA). The results show substantial subsidence under 
extension load, and suggest the cause for this problem to the mismatch of material properties 
between the cage and the adjacent cervical vertebrae. 

This paper presents a proof-of-concept fusion cage that reduces the mismatch of elastic 
properties with the native bone, thereby reducing the risk of subsidence associated with fully-
solid implants currently available in the market. Density-based topology optimization is used to 
tune the elastic properties of a porous microarchitected cage featuring tetrahedron based cell, 
here chosen for both its load bearing and bone ingrowth characteristics [31]. Asymptotic 
homogenization [32, 33] is used to capture the mechanical properties of the representative 
volume element (RVE), as a function of its relative density. The topology optimization problem 
is formulated for maximum implant compliance (strain energy) under a set of constraints, which 
include the overall porosity range of the cellular implant, bone ingrowth, stability, and additive 
manufacturing requirements. Five loading modes are considered as a combination of 
compression with either flexion, extension, right lateral bending, flexion combined with right 
lateral bending, or extension combined with right lateral bending moments, and the pertinent 
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stress levels, as well as normal strains, are assessed on the C7 superior surface with values 
indicating the potential for subsidence reduction of the optimized porous cage versus its fully-
solid counterpart. In section 2, the article first presents the methodology to generate the 
computation model from the CT-scan data and the material properties assignment, and then 
describes the problem formulation for constrained topology optimization. In section 3, the 
results, i.e. von Mises stress and normal strains distribution, are presented and a comparison of 
the optimized versus the fully-solid implant is given for the five load cases. A discussion follows 
in section 3 framing the results within the broad clinical context and highlighting current 
limitations and future work. 

2. Methodology 

One of the main cause of subsidence is the mismatch of elastic properties between the implant 
and surrounding native bone [34, 35]. This work proposes to tune the elasticity gradients of the 
former to achieve mechanical biocompatibility with the latter while guaranteeing the satisfaction 
of strength requirements. Topology optimization is used for the purpose and applied to a three-
dimensional domain replicating the implant macrogeometry (11×14×5 mm, 7ᵒ Lordotic angle) of 
a commercially available cage (Trabecular Metal TM-S Cervical Fusion Device, Zimmer Spine, 
Minneapolis, MN, USA). Figure 1 briefly depicts the scheme here presented, where the key steps 
rely on combining concepts of multiscale mechanics and density-based topology optimization, as 
briefly summarized below: 

• Acquisition of patient vertebral geometry and elastic tissue properties. CT-scan data of a 
59-year-old female are obtained from the database “visible human project” (VHP) 
provided by the US national library of medicine (NLM, Bethesda, Maryland, USA). 

• Reconstruction of functional spinal unit and assignment of material properties. After 
segmentation of the CT slices at the C6-C7 levels, the three-dimensional geometry of the 
C6-C7 vertebrae is reconstructed and assembled along with the implant and bone graft. 
This operation allows to create a complete functional spinal unit (FSU), where bone 
material properties are assigned based on the Hounsfield Unit values (HU) of the voxels 
of the CT data (see Appendix B). 

• Unit cell geometry and mechanical properties of porous Titanium. An open cell with 
tetrahedron based topology is chosen as building block of the cage porous architecture. 
The choice is motivated by the proven capabilities of this cell to provide both load 
bearing capability and bone ingrowth [31]. Asymptotic homogenization [32, 33, 36, 37] 
is used to calculate the homogenized stiffness tensor and yield properties (section 2.2. 
and Appendix D) of the unit cell, with characteristic length much smaller than the 
implant. The implant material properties are assigned to each tetrahedron unit cell as a 
function of its relative density. A uniform distribution of relative density is initially 
assigned. 
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• Finite element model. A 3D finite element analysis (FEA) is used for the FSU under 
prescribed loads and boundary conditions that replicate the normal physiological range of 
the cervical vertebrae. Five loading cases are considered as shown in Figure 1(a), and for 
each of them the distribution of stress, strain, displacement, as well as strain energy is 
obtained over the whole spinal unit. 

• Elastic properties tuning. To minimize implant subsidence into the vertebral endplate, the 
implant compliance, i.e. strain energy, is maximized (Figure 1(b)) via topology 
optimization. The design variable is the relative density, ρ, of each element of the cage, 
which is updated using the standard optimality criteria (OC) method [38]. A set of 
constraints is imposed on the overall porosity range of the cellular implant to account for 
bone ingrowth requirements and manufacturing constraints. The displacements at each 
node of a mesh element along with the homogenized properties of the unit cell are then 
retrieved to build the global stiffness tensor. The gradient of the objective function is then 
obtained through partially taking the gradient of the stiffness tensor with respect to its 
relative density (see Appendix A). The optimization process continues until convergence 
is reached, i.e. the attainment of the optimized relative density distribution that achieves 
the objective and satisfies the constraints (Appendix C). Failure analysis is also 
performed to satisfy strength requirements along with the calculation of the relevant 
safety factors (Appendix D). 

We remark that the scheme here presented is fully automatic and integrated, with in-
house routines (MATLAB, MathWorks®, Natick, Massachusetts, United States) 
developed to calculate the material properties of the vertebrae and the other components 
of the spinal unit, as well as to optimize and generate the fusion cage architectures. 
Computation time varies with the selected loading case. For example, for the fully-solid 
case, 40 minutes to 60 minutes are needed to obtain the solution, whereas for the 
optimized cages, the solution converges after 3 to 4 hours of iterations. 
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Figure 1: (a) FE model creation for a complete functional spinal unit after implant and bone graft insertion, 
with applied loads (compressive force FZ, flexion/extension moments ±MX, and right lateral bending moment 
MY) and boundary conditions (fixed degrees of freedom of C7 inferior endplate); (b) Flow chart illustrating 
the analysis and design scheme used to develop the graded cellular fusion cage minimizing subsidence via 
topology optimization. 

2.1. Finite element model 

The geometry of the C6 and C7 vertebrae is reconstructed from the CT dataset of a 59-year-old 
female (NLM, Bethesda, Maryland, USA). The spacing and pixel size of the slices of interest 
(labeled from 1214 to 1257) are 1 mm and 0.8594 mm respectively. Imported into ITK-SNAP 
[39], the stack of CT images are used via a semi-automated segmentation process to create the 
vertebral geometry including the facet joints. Further, smoothing is performed on the volume 
mesh to reduce noise and sharp edges. A mesh file with STereoLithography (STL) format, a 
standard file format for solid freeform fabrication, is exported to MeshLab [40] to create a point 
cloud file for the vertebral model. The 3D geometry is then created from the point clouds by 
using the software package SolidWorks® (Dassault Systèmes SolidWorks Corporation). Three-
dimensional models of implant and bone graft are also created independently, and later carefully 
positioned to replicate the conditions of implant insertion during surgery (Figure 1(a)). The 
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process of implant and bone graft location relies on firstly removing each vertebral endplate. 
Then, the implant and bone graft endplates are placed inferior to C6 and superior to C7, so that 
the cancellous bone is exposed and in contact with both the implant and bone graft endplates. 
Through Boolean operations between components, which have geometric overlap, a complete 
model is generated with geometry that mimics the way a surgeon deburrs the bone before 
implant insertion. The complete functional spinal unit (FSU) consisting of the C6-C7 vertebral 
bone, facet joints, implant, and bone graft, is then exported to Altair HyperWorks® software 
package (Troy, Michigan, United States) to create the volume mesh, with prescribed node sets at 
the locations of the applied loads and the domain boundary. The mesh consists of ten-node 
quadratic tetrahedron elements that can easily fill complex geometries, such as the spinal unit, 
without sacrificing the element quality [41]. The final model compromises 153054 elements and 
239743 nodes is analyzed with the software package ANSYS® (Canonsburg, Pennsylvania, 
U.S.A). 

Table 1 shows the material properties of the C6-C7 vertebrae, as well as the other spinal unit 
components. The material properties of the cervical vertebrae are calculated under the 
assumption that the bone is transverse isotropic [34, 42, 43]; EX, EY, and EZ are the Young’s 
moduli in the X, Y, and Z directions, while υXY, υYZ, and υXZ are the Poisson’s ratios in the XY, YZ, 
and XZ planes respectively. The axial elastic modulus EZ of each element is calculated through 
the relation between the elastic modulus and the bone mineral density (BMD) [34, 44]. The 
Hounsfield values (HU) are measured from the CT images and a linear interpolation between HU 
and BMD is assumed to determine BMD (Appendix B). Bone graft and facet joints are assumed 
to have isotropic material properties, while Titanium alloy [28] (Ti6Al4V) is the base material 
that is used to build the fusion cage. The bone graft is assumed load bearing, and a perfectly 
bonded contact between implant, bone graft, and C6-C7 vertebrae is modelled to represent the 
complete fusion of the cage with the vertebrae. 

Table 1: Material properties of the functional spinal unit components 

Material property/ 
Component 

Bone properties of C6-C7 vertebrae 
[34, 42-44] 

Bone graft 
cancellous bone 
properties [28] 

Tissue 
properties of 

facet joints [29] 

Implant 
Titanium alloy 
(Ti6Al4V) [28] 

Young’s Modulus, 
E (MPa) 

Z QCT

X Y Z

E 34.7 3230BMD
E E 0.333E

= − +

= =
 100 5 120000 

Poisson’s Ratio, υ 
XY YZ XZυ 0.381;  υ υ 0.104= = =  0.2 0.45 0.3 

Shear modulus, G 
(MPa) 

( )XY X XY Z

YZ XZ Z

G E / 2 1 υ 0.121E
G G 0.157E

= + =

= =
 

The value of shear modulus is calculated from the 
assumption that the material is isotropic. 
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Five systems of loads representing the normal physiological range (Sagittal flexion/extension 
moments, MX= ±1.8 Nm; right lateral bending moment, MY=1.8 Nm, flexion combined with right 
lateral bending, and extension combined with right lateral bending moments,  each with an axial 
compression, FZ= 73.6 N) are imposed on the superior of the C6 vertebra (Figure 1(a)) [45]. The 
compressive load denotes the equivalent weight of the head and neck. All the degrees of freedom 
at the inferior endplate of C7 are fixed. A master node is created to distribute the axial 
compressive force and moments across the nodes of the C6 superior endplate. 

2.2.  Effective mechanical properties of the prosthesis 

A fully-detailed simulation of a porous domain, such as the cage here examined, requires the 
explicit modeling of all its microstructural features, a process that can be expensive and time-
consuming [37]. Here instead, we opt to treat the porous cage as a homogenized medium, whose 
effective properties are obtained from the unit cell, i.e. the Representative Volume Element 
(RVE). Asymptotic Homogenization (AH) [32, 33] is used for this purpose as described below. 

2.2.1. RVE mechanical properties  

The basic assumption of AH theory is that each field quantity depends on two different scales: 
one is the macroscopic (global) level x , and the other is the microscopic (local) level, /y x= η . η  
is a magnification factor that scales the dimensions of the unit cell to the dimensions of the 
material at the macroscale. It also assumes that field quantities, such as displacement, stress, and 
strain, vary smoothly at the macroscopic level, and are periodic at the microscale [32, 33]. Based 
on AH, each physical field, such as the displacement field, iuη , in a porous elastic body, can be 
expanded into a power series with respect to η : 

( ) ( ) ( ) ( )2
0 1 2, , , , ...         ; i

i i i i i i i i i i i i i
xu x y u x y u x y u x y yη η η
η

= + + + =  (1) 

where iuη is the exact value of the field variable and 0iu is the macroscopic (average) value of the 
field variable. 1 2,i iu u are perturbations in the field variables due to the periodic arrangement of 
the microstructure unit cells, ix  are the global level coordinates, and iy  are the micro level 
coordinates. AH is here used to calculate the elastic stiffness tensor as well as the strength 
properties for failure analysis. The former is explained below and the latter in Appendix D. The 
effective stress tensor ijσ  of the unit cell as a function of the average strain tensor klε  can be 

expressed through the effective elastic tensor H
ijklE  as: 

,H
ij ijkl klE=σ ε  (2) 

Considering only the first order terms in equation (1), the effective stiffness tensor of the 
building block H

ijklE  can be obtained by solving a local problem formulated on the RVE and 
results in: 
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1
s

H
ijkl ijpm pmklY

E E M dY
Y

= ∫  (3) 

where Y  is the total volume of the unit cell (including voids), sY  is the solid part of the cell, and 

ijpmE  is the local elasticity tensor, which equals the elasticity tensor of the material in the solid 
domain of the cell and equals to zero for the void domain. In addition, the local structure tensor

ijklM  relates the macroscopic average strain klε to the microscopic strain ijε as: 

ij ijkl klMε ε= ,  1 ( )
2

kl
ijkl ik jl il jk ijM δ δ δ δ ε ∗= + −  (4) 

where ijδ is the Kronecker delta, and  kl
ij
∗ε is the microscopic strain corresponding to the component 

kl of the macroscopic stain tensor klε . Under the assumption of small deformation and  linear 

elasticity, the microstructural strain  kl
ij
∗ε  is obtained by solving a local problem defined on the 

RVE [33, 46]: 

1  1( ) ( ) ( )  
s s

kl
ijpm ij pm ijkl ij klY Y

E v u dY E v dY∗ =∫ ∫ε ε ε ε  (5) 

where 1 ( )ij vε  is the virtual strain. In three-dimensions, six arbitrary unit strains are required to 
construct the local structure tensor ijklM . Knowing that the periodicity of the strain field 
quantities at the microscale is ensured by applying periodic boundary conditions on the edges of 
the RVE, the nodal displacements on the opposite edges are equal [33, 47]. Once the local 
structure tensor, ijklM , is obtained, the homogenized stiffness tensor, H

ijklE , of the lattice unite cell 
is calculated by substituting the structure tensor into (3) [33, 48, 49]. 

The procedure described above is applied to obtain the effective elastic properties of the 
tetrahedron based cell topology [49]. Figure 2 shows its effective elastic moduli normalized with 
the bulk properties of the solid, i.e. E= 120 GPa and υ= 0.3, and expressed as a function of 
relative density ρ. Because of cubic symmetry, the elastic tensor of the tetrahedron based unit 
cell has three independent elastic constants [50]: Young’s modulus ( xxE ), shear modulus ( xyG ), 

and Poisson’s ratio ( )xyν . Appendix D provides details on the calculation of its effective yield 

properties along with the failure analysis. 
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Figure 2: Normalized effective properties of the tetrahedron based unit cell as a function of relative density. 

2.3.  Topology optimization 

A density-based topology optimization is used to find the optimized material distribution within 
the fusion cage subjected to the boundary conditions and external forces illustrated in Figure 1(a) 
[51]. The implant domain is cellular with unit cells having effective properties that can vary with 
relative density (Figure 2). Section 2.3.1 reports the problem formulation and the sensitivity 
analysis, while section 2.3.2 describes the design constraints that account for bone ingrowth and 
ensure manufacturability. 

2.3.1. Problem formulation and sensitivity analysis 

To avoid implant perforation in the cervical vertebra, we need to reduce subsidence to the 
minimum. This clinical goal can translate into the objective of minimizing the implant 
subsidence, which is generally caused by the mismatch in elastic properties between the native 
trabecular bone [34, 35] and the implant. Gradient tuning of implant elasticity, therefore, is one 
of the most effective means to eradicate the root of the problem; it contributes to lower the stress 
level at the bone-implant interface and reduce subsidence. In fact, if the implant elasticity is 
tailored to better match that of the native bone, lower levels of stress and strain would appear at 
the contact regions between the implant and the cancellous bone of the vertebrae. With a lower 
contact stress, as well as contact strain, at the bone-implant interface comes a reduced propensity 
of subsidence. In addition, the higher the compliance, or the strain energy, the lower the stiffness 
of the structure, a strategy equivalent to minimizing the mismatch of elastic moduli between the 
implant and the adjacent vertebrae. As such, to minimize subsidence, we aim at minimizing the 
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implant stiffness, which is equivalent to maximize compliance, here expressed in terms of the 
applied loads and the state variables as: 

( ) ( )T1C F U
2

=ρ ρ  (6) 

where F is the global force vector applied to the superior endplate of the C6 vertebra, and U(ρ) is 
the global vector of nodal displacements, which represents the state variables. The global force 
vector can be expressed by the following state equation: 

( ) ( )F K U= ρ ρ  (7) 
where K is the global stiffness matrix of the implant, which is the assembly of the elemental 
stiffness matrix of the implant microstructures, as described in Appendix A. The mathematical 
formulation of the problem is expressed as: 

( ) ( ) ( )

( )

( )

N
T T

e e e
e 1

N
*

e e
e 1

min max

1 1 Max : C F U u K u  
2 2

V v V                 

Subject  to : 0 1
K U F  

=

=

= =

 = ≤
 < ≤ ≤ ≤
 =


∑

∑

ρ
ρ ρ ρ

ρ ρ

ρ ρ ρ
ρ

 
(8) 

wherein, ρ is the relative density vector, ρe is the relative density of each element, *V is the 
prescribed volume fraction of solid material, and ev  is the volume of each element e, while N is 
the total number of elements. The optimization problem in the standard minimization form is 
expressed as: 

( ) ( ) ( )

( )

( )

N
T T

e e e
e 1

N
*

e e
e 1

min max

1 1Min : C F U u K u
2 2

V v V                 

Subject  to : 0 1
K U F  

=

=

= − = −

 = ≤
 < ≤ ≤ ≤
 =


∑

∑

ρ
ρ ρ ρ

ρ ρ

ρ ρ ρ
ρ

 
(9) 

The standard optimality criteria (OC) method is used to solve the problem [38], after performing 
a sensitivity analysis that guides the search direction to the optimized solution. At the 
macroscopic level, the mean compliance depends on the material properties of each element, 
which are a function of the relative density of each element, ρe. Thus, the derivatives of the mean 
compliance with respect to the variation of ρe in the element e can be expressed using (6) and (7) 
as: 
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( ) ( ) ( ) ( ) ( )T T

e e e

C U U1 1F U K
2 2

∂ ∂ ∂
= − = −

∂ ∂ ∂
ρ ρ ρ

ρ ρ
ρ ρ ρ

 (10) 

Taking the derivatives of the state equation (7) with respect to the element densities ρe, knowing 
that F has a constant value, yields: 

( ) ( ) ( ) ( )
e e

K U
U K 0

∂ ∂
+ =

∂ ∂
ρ ρ

ρ ρ
ρ ρ

 (11) 

where, ( ) eU /∂ ∂ρ ρ can be expressed as: 

( ) ( ) ( ) ( )1

e e

U K
K U−∂ ∂

= −
∂ ∂

ρ ρ
ρ ρ

ρ ρ
 (12) 

Substituting (12) into (10) yields to the final form of the sensitivity of the objective function with 
respect to the relative density ρe: 

( ) ( ) ( ) ( )T

e e

C K1U U
2

∂ ∂
=

∂ ∂
ρ ρ

ρ ρ
ρ ρ

 (13) 

The derivatives of the stiffness matrix of the implant microstructure, described here by the 
tetrahedron unit cell, with respect to the design variables can be obtained by the scheme given in 
Appendix A. Once the stiffness matrix derivatives are calculated for each element, the global 
stiffness derivatives can be assembled and used to calculate the sensitivity vector of the objective 
function through equation (13). The sensitivity of the material volume V with respect to the 
element density ρe is expressed as: 

s
e

V v
ρ
∂

=
∂

 (14) 

where sv is the volume of the solid element. 

To avoid numerical instabilities, such as checkerboard patterns and mesh dependency [52], we 
resort to a filtering method which can also serve to ensure manufacturability. Among several 
filtering techniques [53], in this paper we implement a mesh-independent sensitivity filtering [52, 
54, 55]. To implement such a filter, the finite element problem is solved in the standard way. 
After calculating the sensitivities consistently, these are heuristically modified as weighted 
averages of the sensitivities in mesh-independent neighborhoods. Generally, the neighborhood of 
element e (Ne) is specified by the elements that have centers within a given filter radius R of the 
center of element e: 

{ }e i eN i | x x R= − ≤  (15) 
where, ix and ex  are the central coordinates of elements i and e respectively. The sensitivity filter 
modifies the sensitivities ( ) eC /∂ ∂ρ ρ  as follows: 
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( )

( ) ( )

( )
e

e

i i
i N i

e e i
i N

C
w x

C
w x

∈

∈

∂
∂ ∂

=
∂

∑
∑

ρ
ρ

ρ ρ
ρ ρ

 (16) 

wherein, eρ  and iρ  are the density of element e and its neighbouring element i respectively; 

and ( )iw x  is a weighting function that is given by the linearly decaying function: 

( )i i e w x R x x= − −  (17) 
Once the sensitivity of the objective function is obtained and filtering is applied, the design 
variables are updated using the optimality criteria (OC) method until convergence is achieved. 
Failure analysis then follows in the process as per the details given in Appendix D. 

2.3.2. Definition of bone ingrowth and manufacturing constraints 

Bone ingrowth requirements and manufacturing restrictions should be satisfied to guarantee the 
clinical functionality and manufacturability of the fusion cage via additive manufacturing. These 
can be set as constraints on the design variable, the relative density ρ. As recommended 
clinically, the relative density of the top and bottom surfaces of the porous implant (Figure 3(b) 
is set to 30%, a value that promotes bone ingrowth, which should initiate after surgery at the 
upper and lower surfaces of the cages in contact with the inferior and superior sides of C6 and 
C7, respectively [31, 49]. Furthermore, the relative density of the interior surface of the implant, 
surrounding the bone graft, is set above 50% so as to ensure proper stability and, concurrently, 
favor osteogenesis and osteoconduction around the graft. 

As per the manufacturing constraints, recent studies on additive manufacturing of porous bone 
replacement implants [31, 49], have identified the interplay between manufacturability and bone 
ingrowth, a relation that can be specified by constraints on the unit cell geometry. In particular 
for the tetrahedron based unit cell, the minimum strut thickness should be above 200 μm and the 
maximum pore size less than 800 μm. Figure 3(c) shows that for a constant cell size, a, of 1.2 
mm, a value of relative density between 0.25 to 0.8 can be obtained with a uniform strut 
thickness and pore size. The strut thickness and pore size variations are between 200-441 μm and 
267- 503 μm respectively, ranges that satisfy manufacturing and bone ingrowth constraints as 
demonstrated in previous studies [31, 56, 57]. Figure 3(d) shows the relevant effective properties 
(section 2.2.1) that correspond to the constrained range of relative density. These constraints 
along with prescribed volume fraction *V of 50% for the solid material and a filter radius of 1.5 
times the element size, are factored in to solve the problem until convergence is reached under 
the five loading modes that combine compression with either flexion, extension, right lateral 
bending, flexion combined with right lateral bending, or extension combined with right lateral 
bending moments (Appendix C). As described in the following section, an optimized distribution 
of relative density is obtained for the load cases, each achieving the objective, satisfying the 
constraints and ensuring the necessary strength requirements. 
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Figure 3: Identification of bone ingrowth and additive manufacturing constraints of the porous cage. (a) 
Tetrahedron based unit cell; (b) Bone ingrowth and stability requirements; (c) Additive manufacturing 
constraints for the selected cell size, a, of 1.2 mm; (d) Effective elastic moduli corresponding to the 
constrained range of relative density. 
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3. Results and discussion 

Figure 4 ((a-e) top) shows the optimized relative density distribution obtained under the 1.8 Nm 
flexion, extension, right lateral bending, flexion combined with right lateral bending, and 
extension combined with right lateral bending moments, each accompanied by a compressive 
force of 73.6 N. The bottom rows illustrate their respective porous cage that results by mapping 
the optimized relative density into a lattice microarchitecture built from a tetrahedron based unit. 
The implants are obtained through in-house python scripts developed for the purpose 
(Rhinoceros, McNeel North America, Seattle, WA). 

 

            

Figure 4: Optimized relative density distribution (top) and its corresponding lattice architecture (bottom) for 
(a) Flexion, (b) Extension, (c) Right lateral bending, (d) Flexion combined with right lateral bending, and (e) 
Extension combined with right lateral bending modes. 
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To assess implant subsidence, in this work we use the von Mises stress and normal strains on the 
C7 superior surface. While there is no direct measure of subsidence, von Mises stress has been 
proved to correlate with the onset of subsidence [29, 30]. Based on the assumption that a high 
stress concentration results in a higher propensity of subsidence in the long-term [29], the von 
Mises stress levels are used as a proxy for subsidence. In particular, the fully-solid fusion cage is 
here taken as baseline, and its von Mises stress is compared to that of the optimized cage on the 
C7 superior surface. The strains, in the normal direction of the C7 superior surface, are also 
considered as another metric that contributes to evaluate any propensity. 

Overall, the von Mises stress level over the C7 superior surface is shown much higher in the 
model with the fully-solid implant than the optimized porous implant. Figure 5 shows the von 
Mises stress distributions on the superior surface of the C7 vertebra under flexion, extension, 
right lateral bending, flexion combined with right lateral bending, and extension combined with 
right lateral bending load cases, with a compressive force of 73.6 N representing the weight of 
the head and the neck. A symmetric distribution of von Mises stress is observed for the first three 
load cases, whereas an asymmetric pattern emerges for the combined loadings. Noticeably, the 
location of the maximum von Mises stress is dependent on the loading case. Following the 
standard anatomical terms of location, the maximum von Mises stress is located in the anterior 
region of the case of flexion (yellow) and flexion combined with right lateral bending (red); 
while in case of extension, the maximum von Mises stress is in the posterior region (red). In the 
case of right lateral bending and extension combined with right lateral bending modes, the 
maximum value is located in the right lateral region (red areas). 

Qualitative measures of the stress distribution on the C7 superior surface show that in the 
posterior region the porous cage can produce lower stress concentration than the solid one, for 
both flexion, extension, and flexion combined with right lateral bending load cases, and in the 
left lateral region in the case of lateral bending. In the case of extension combined with right 
lateral bending load case, it appears in the right lateral region. On the other hand, no significant 
difference appears for the von Mises stress distributions in the other regions. In terms of 
difference in the average von Mises stress distribution over the posterior, left, and right lateral 
regions, outlined by dashed boxes in Figure 5, the optimized implant shows 11%, 11.8%, 13.7%, 
12.6%, and 14% lower stress than the fully-solid implant, in flexion, extension, right lateral 
bending, flexion combined with right lateral bending, and extension combined with right lateral 
bending respectively. Moreover, numerical results of the optimized implant show that the 
effective Young’s modulus of the elements that are in contact with the C7 superior surface are 
reduced from 120 GPa, the Young’s modulus of the bulk material, to about 14 GPa. This can be 
easily observed in Figure 2 and Figure 3(d) at relative density ρ=30%. The reduced mismatch of 
elastic properties between the porous implant microstructure and the native bone [34, 35] results 
in low stress concentration compared to the fully-solid implant. Hence, the tendency of the 
porous implant to subside into the C7 superior surface becomes lower. 
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A study by Goel et al. [58] thoroughly described the loads transmitted through the facet joints 
and intervertebral disc in the case of flexion, extension, and lateral bending modes, with 
compressive force. The predicted stress distributions from the work undertaken here agree with 
their conclusions: for a flexion moment of 1.8 Nm in conjunction with a compressive force of 
73.6 N, 113% of the load is carried by the disc, while the facet joints are unloaded. On the other 
hand, each of the facets carries 51 % of the loading, whereas the disc receives only 14%, in the 
case of extension with compression load. This explains the reason for the lower values of von 
Mises stress found over the C7 superior surface for extension compared to the flexion load case. 
For the right lateral bending mode, the right facet withstands 41 % of the loading, whereas the 
left facet is unloaded, and the disc receives only 68%. This corroborates the findings that the 
maximum von Mises stress levels are located in the right lateral region of the C7 superior surface 
of the vertebral bone. To conclude, the predicted von Mises stress is higher in the combination of 
flexion and axial compression, compared to the extension and right lateral bending load cases. 
Overall, the highest predicted von Mises stress occurs in the case of flexion combined with right 
lateral bending accompanied by axial compression. 
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Figure 5: Comparison of von Mises stresses (MPa) on cancellous bone of the C7 superior surface, using fully-
solid and optimized prostheses in flexion, extension, right lateral bending, flexion combined with right lateral 
bending, and extension combined with right lateral bending modes. 

To further evaluate the tendency of subsidence, the normal strain on the superior surface of the 
C7 vertebra is used here as another metric. Figure 6 shows the strain distributions for the fully-
solid and optimized prostheses, under the load cases examined. Similarly, the distribution of 
normal strain is symmetric for the first three load cases, as opposed to the combined load cases. 
In the five loading modes, similar to Figure 5, a lower strain is observed, overall, using the 
optimized porous implant compared to the fully-solid. By comparing the three separate load 
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cases of flexion, extension and right lateral bending, the highest predicted strains on the superior 
surface of the C7 vertebra appear when the spinal unit is placed under axial compression and 
flexion. By comparing all five loading modes, the highest predicted strains on the superior 
surface of the C7 vertebra appear when the spinal unit is placed under axial compression and 
flexion combined with right lateral bending moment. In a previous study [58], the maximum 
intradisc pressure was found in the flexion (1.8 Nm) with axial compression (73.6 N) load case, 
which agrees with the findings of this work for identical conditions of loading. This might be 
clinically explained by looking at the behavior of the intact vertebral model of the human being. 
In the case of flexion moment and compressive force, the intervertebral disc is compressed, 
while the posterior ligaments, such as interspinous and capsular ligaments, are under tension. On 
the other hand, ligaments are slackened in the extension load case. This means that, for the 
flexion moment with axial compression, the highest strains are in the interspinous ligament [58]. 
In terms of difference in the average normal strain distribution over the posterior, left, and right 
lateral regions, outlined by the dashed boxes in Figure 6, the optimized implant shows 18.5%, 
20%, 11%, 19.4%, and 21.7% lower strain than the fully-solid implant in Z-direction, in flexion, 
extension, right lateral bending, flexion combined with right lateral bending, and extension 
combined with right lateral bending respectively. This agrees with the conclusion gained from 
evaluating the risk of subsidence using the von Mises stress as a metric: a higher stress, or strain, 
concentration on the bone surface results in higher tendency of the implant to subside into the 
adjacent surface of the vertebral bone. 

The five concepts introduced in this work for a porous cage with minimized levels of stress and 
strain at the vertebrae surfaces are obtained through implant elasticity tuning that guarantees the 
strength sufficient to carry the physiological set of loads the cage is subjected to. To avoid 
implant failure, the Tsai–Wu failure criterion is used to calculate the safety factor, and among the 
optimized concepts, the weakest is 3.25, a value that corresponds to the load case of flexion 
combined with right lateral bending moment (Appendix D). 
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Figure 6: Comparison of the normal strain on cancellous bone of the C7 superior surface, using fully-solid 
and optimized prostheses in flexion, extension, right lateral bending, flexion combined with right lateral 
bending, and extension combined with right lateral bending modes. 

The numeric study here undertaken bears some limitations that need to be addressed in future 
work. Since the porous cage is treated as a homogenized medium, the approach here presented to 
calculate the effective properties does not account for the localized stress and strain induced by 
the interaction between cage struts adjacent vertebrae. In addition, the assumptions dealing with 
an unbounded domain is not reflected by the finite size of the implant, a factor not captured by 
asymptotic homogenization theory which assumes an infinitely periodic domain with no 
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boundary effects.  To address this issue, a multiscale finite element method is proposed to more 
accurately capture the mechanical properties of the porous implant [59]. A fully-detailed FEA of 
the porous implant could also be used to assess the accuracy of the homogenized models here 
presented. Moreover, the results presented in this numeric study should be validated by 
experiments on additively manufactured implants.  

Another point pertains to uncertainties, which can arise from a number of sources including 
unknown origin of the patient bone, variation of trabeculae properties, patient gender and age, 
location in the body, mineral content, disease, e.g. osteoporosis, as well as imperfections from 
manufacturing. In this work, we consider variability in the material properties of the cervical 
vertebrae. From a real CT-scan data of a 59-year-old female, the material properties are 
calculated as a function of the bone mineral density (BMD) [34, 44], under the assumption of 
transverse isotropy for bone tissue [34, 42, 43]. Appendix B provides the pertinent details. 
Imperfections emerging from additive manufacturing play also an important role as recently 
demonstrated [31, 56, 57] but are not here considered. On the front of fabrication, cellular 
implants with tailored gradients of porosity and pore morphology that enhance bone ingrowth 
and tune performance have been recently demonstrated [31, 49, 60-65]. For example, a fully 
porous hip implant featuring a lattice microstructure similar to the one presented in this paper has 
been recently manufactured through SLM and successfully tested in vitro [31, 49]. Its graded 
microarchitecture features a minimum strut thickness of 200 μm and a maximum pore size of 
800 μm, characteristics that are built through AM, which are similar to the constraints assigned 
to the fusion cage implant presented in section 2.3.2 [31, 49]. These previous works, therefore, 
suggests the feasibility of additively manufacturing the cage implant reported in this study. 
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4. Conclusions 

This paper has presented a numeric investigation aiming at improving the performance of 
commercially available fusion cages made of solid materials. It proposes to reduce their risk of 
subsidence by adopting a porous material architecture with properties tuned to smooth out the 
mismatch in elastic properties between the implant and the adjacent vertebrae. For the purpose, 
topology optimization has been formulated to achieve maximum implant compliance. The 
numerical results suggest a decrease of interface stresses and strains. The location of both 
maximum von Mises stress and normal strain has been observed to be dependent on the loading 
case, in accordance with the intact model of the human. The highest von Mises stress and normal 
strain, on the superior surface of the C7 vertebra, is predicted to occur when the spinal unit is 
subjected to compression and flexion combined with right lateral bending moment, compared to 
the other load cases. The average von Mises stress distribution over the posterior, left, and right 
lateral regions on the C7 superior surface is about 11%, 11.8%, 13.7%, 12.6%, and 14% lower 
for the optimized implant versus the fully-solid implant, under compressive force of 73.6 N, in 
conjunction with 1.8 Nm flexion, extension, right lateral bending, flexion combined with right 
lateral bending, and extension combined with right lateral bending moments respectively. 
Similarly, the average normal strain distribution over the posterior, left, and right lateral regions 
on the C7 superior surface is approximately 18.5%, 20%, 11%, 19.4%, and 21.7% lower for the 
optimized implant versus the fully-solid implant, under the same loading conditions. The 
numeric results here presented suggest optimal porosity tuning can be effective in reducing the 
probability of subsidence into the superior surface of the C7 vertebral bone in comparison to the 
fully-solid implant. The numeric results presented in this paper warrants further experimental 
and clinical validation, work currently undertaken. 
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Appendix A: Calculation of stiffness tensor sensitivity of the implant 
microstructure 

To compute the sensitivity of the implant compliance (Section 2.3.1), the derivatives of the 
stiffness tensor need to be computed for the entire implant microstructure. This appendix 
presents a detailed derivation of the sensitivity of the stiffness tensor of the implant 
microstructure with respect to the design variables, the relative density of each element ρ. A ten-
node isoparametric quadratic tetrahedral element [66] (Table A.1) is used to discretize the finite 
domain of the implant described in Figure 1, as it can be easily adapted to complex geometries 
such as the vertebral bone. 
 
Table A.1: Ten-node isoparametric quadratic tetrahedral element with node numbering 
conventions and Gauss points, in the rst natural coordinate system, wk is the weight of the Gauss 
point k (k=1…,5). 

Node r s t Gauss point  
(k) 

Weight  
(wk) 

rk sk tk 

 

1 0 1 0 1 -2/15 1/4 1/4 1/4 2 0 0 1 
3 1 0 0 2 3/40 1/6 1/6 1/6 4 0 0 0 
5 0 0.5 0.5 3 3/40 1/6 1/6 1/2 6 0.5 0 0.5 
7 0.5 0.5 0 4 3/40 1/6 1/2 1/6 8 0 0.5 0 
9 0 0 0.5 5 3/40 1/2 1/6 1/6 10 0.5 0 0 

 

The shape functions of each node can be represented by the general quadratic polynomial of 
nodal displacements as: 

( ) 2 2 2
iu r ,s,t ar bs ct drs est frt gr hs it J= + + + + + + + + +  (A.1) 

 where a,b,c,...J are the constants of the polynomial, which can be determined by solving 
equation A.1 at each node i (i=1…,10) of the tetrahedron. Then, the shape functions of the 
tetrahedron element with respect to the natural coordinate system given by r, s, and t can be 
obtained as: 
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(A.2) 

The direct stiffness approach is used to find the global stiffness tensor K, where the implant is 
discretized into small elements and the elemental stiffness matrix eK of each element is 

calculated before the global stiffness matrix, K, assembly, where eK is expressed as: 

( ) ( ) ( )
e

T H e T H
e

xyzΩ

K ρ B E ρ BdΩ B E ρ B dxdydz= =∫ ∫∫∫  (A.3) 

where B is the strain-displacement matrix and HE is the homogenized elastic tensor of each 
element e (see section 2.2.1), and Ωe is the volume of the element in the global coordinates. 
Since the strain-displacement matrix is independent of the design variables, the derivatives of the 
elemental stiffness matrix with respect to the design variables (relative density of each element 
ρe) can be expressed as follows: 

( ) ( ) ( )
e

H H
e T e T

e e exyzΩ

K ρ E ρ E ρ
B BdΩ B B dxdydz

ρ ρ ρ
∂ ∂ ∂

= =
∂ ∂ ∂∫ ∫∫∫

 
(A.4) 

Generally, each mesh element corresponds to a tetrahedron-based cell that has three planes of 
symmetry; therefore 9 elastic constants are needed in the constitutive equations: 3 Young’s 
moduli xxE , yyE , zzE , 3 Poisson’s  ratios yzυ , zxυ , xyυ and 3 shear moduli yzG , zxG , xyG . The elastic 

stiffness tensor of the unit cell can thus be expressed as: 
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Since asymptotic homogenization method is used to calculate the elastic constants of the unit cell 
across a range of relative densities (Figure 3(d)), we can represent the elastic tensor of each 
element as a function of the element relative density and then use it to evaluate the derivative of 
the elastic tensor with respect to the design variables. The strain-displacement matrix B is also 
derived by using the shape function partials with respect to displacements in the global 
coordinate system. The strain-displacement matrix can be written as: 

[ ]I 2 3 4 5 6 7 8 9 10B B  B  B  B  B  B  B  B  B  B=  (A.6) 

with: 

i ,x

i ,y

i ,z
i

i ,y i ,x

i ,z i ,y

i ,z i ,x

N   0    0
0      N 0
0      0    N

B , i 1,...,10
N N 0
0     N N
N 0     N

 
 
 
 
 = =
 
 
 
 
 

 (A.7) 

where i ,xN , i ,yN  and i ,zN  are the derivative of the shape functions with respect to the global 

coordinate system. To construct the strain-displacement matrix, the derivative of the shape 
functions with respect to natural coordinate system, given by r, s, and t, is computed via the 
chain rule as: 

i i i i

i i i i

i i i i

N N N Nx y z
r x r y r z r

N N N Nx y z
s x s y s z s

N N N Nx y z
t x t y t z t

∂ ∂ ∂ ∂∂ ∂ ∂
= + +

∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂∂ ∂ ∂

= + +
∂ ∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂∂ ∂ ∂

= + +
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(A.8a) 
 

(A.8b) 
 

(A.8c) 
 

Then, arranging equations A.8 in matrix form results in the derivative of the shape functions with 
respect to the global coordinate system: 

[ ] [ ]

i i

1i i

ii

N N x y z
x r r r r

N N x y zJ ,       J
y s s s s

N x y zN
t t ttz

−

 ∂ ∂ ∂ ∂ ∂   
     ∂ ∂ ∂ ∂ ∂     
∂ ∂ ∂ ∂ ∂     = =     ∂ ∂ ∂ ∂ ∂
     ∂ ∂ ∂ ∂∂     
     ∂ ∂ ∂∂   ∂ 

 (A.9) 

where [ ]J is the Jacobian matrix. From (A.9), the Jacobian matrix of a ten-node Tetrahedron 

element may be expressed as: 
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where ( ) ( ){ }i i ix , y ,z | i 1,2,...,10∈ are the global coordinates of the element nodes. By substituting 

(A.9) into (A.7), we obtain the strain-displacement matrix for each element, from which the 
gradient of the stiffness matrix for the corresponding element is computed. For a ten-node 
tetrahedral element with five Gauss points (Table 1), and using the Gauss quadrature rule for 
volume integration, the elemental stiffness tensor equation A.3 and its derivatives A.4 can be 
rewritten as follows: 
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where k is the number of Gauss integration points in the parent tetrahedron. Once the stiffness 
matrix derivatives are calculated for each element using A.12, the global stiffness derivatives 

( )( )eK /∂ ∂ρ ρ  can be assembled and used to calculate the compliance sensitivity vector 

( )( )eC /∂ ∂ρ ρ
 
for the whole microarchitecture of the implant (see equation 13). The sensitivity 

analysis is then implemented under the optimization scheme described in section 2.3.1 and 
shown in Figure 1(b), to seek the optimum relative density distribution of the cage. 
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Appendix B: Material property assignment from CT data 

After semi-automatic segmentation of the CT slices of the C6-C7 levels, the geometrical model 
is three-dimensionally reconstructed and assembled with the implant and bone graft. Figure B.1 
shows the steps followed, starting from segmentation to a complete functional spinal unit (FSU) 
assembly. The finite element model of the cervical vertebral bone does not only rely on the 
accurate geometry, but also on the proper assignment of the bone material properties. From the 
high contrast between bone and soft tissue in the CT-data, we can obtain the relevant information 
[67-70]. The elastic properties of bone are calculated from the relationship between CT numbers, 
i.e. Hounsfield Unit (HU) value of each voxel, and bone mineral density (BMD) [35, 67]. It has 
been noted that the mineral density of bone tissues has an approximate linear relationship with 
the HU [34, 35]. In this work, the BMD does not account for both hydration and the organic 
phase of the bone. 

 
Figure B.1: Model creation and implant insertion. (a) Segmentation of C6-C7 vertebrae from axial CT-scan 
data; (b) 3D reconstructed vertebral model assembly with implant and bone graft; (c) Complete FSU after 
surgical insertion. 
The approach of computing the HU value of each element in the C6-C7 vertebral mesh was 
performed by arithmetically averaging the HU of all nodes of the element. The HU of each node 
is calculated by finding the nearest CT sampling point to the coordinates of each node, and 
assigning the value of the CT number (HU) to the node. By manually investigating the current 
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female CT dataset of the C6-C7 cervical vertebrae (Figure B.2), the distribution of HU can be 
assumed as [67]: 

1500,     cortical bone
HU

1500,    cancellous bone
≥

= <
 

 
Figure B.2: Anatomical structure of C6-C7 vertebrae 
from the VHP of the US national library of medicine 
(NLM, Bethesda, Maryland, USA) 

Each voxel in the CT-data has a grey/Hounsfield value that corresponds to BMD and accounts 
for its anatomical location [35]. Hounsfield unit values were converted to the corresponding bone 
mineral density using a linear regression between HU and BMD [34]. The BMD of 0.499 g/cm3 
[71], for the female dataset, was assumed and assigned to the maximum HU of 2448.  BMD from 
quantitative computed tomography (QCT) in the HU range (HU 852 to HU 2448) could be 
determined through the linear relationship (B.1) (Figure B.3): 

( )3
QCT

HUBMD 0.499,  g / cm
2448

= ×  (B.1) 

Once the QCT mineral density values were calculated for all bone voxels, the following relation 
was used to obtain the axial elastic modulus (EZ, MPa) [34, 44]: 

Z QCTE 34.7 3230BMD= − +  (B.2) 
Assuming transverse isotropy for bone, the other 4 elastic constants were calculated as [34, 42, 
43]: 

X Y ZE E 0.333E= =  (B.3) 

XYυ 0.381=  (B.4) 

YZ XZυ υ 0.104= =  (B.5) 

( )XY X XYG E / 2 1 υ= +  (B.6) 

YZ XZ ZG G 0.157E  = =  (B.7) 
The materials of the facet joints was assumed isotropic with Young’s modulus E 5MPa= and 
Poisson’s ration υ 0.45= [29]. Figure B.4 shows the material properties assigned to each element 
based on its HU value, while the distribution of the mechanical properties over the vertebral bone 
is depicted in Figure B.5. 
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Figure B.3: (a) Linear interpolation between the Hounsfield unit (HU) values and BMD (g/cm3); (b) HU and 
BMD distributions over the C6-C7 vertebrae. 

                                                  

Figure B.4: Assigned material properties for each element of the cervical vertebrae 
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Figure B.5: Mechanical properties of the C6-C7 vertebrae. 

Appendix C: Objective function convergence 

The iteration history that shows the objective (compliance maximization) and its sensitivity 
along the optimization process is here reported for flexion, extension, right lateral bending, 
flexion combined with right lateral bending, and extension combined with right lateral bending 
load cases under the assigned compressive force (Figure C.1). The optimization loop is 
terminated if the change in the design variables ρe (e=1…, N) is less than 1%. Otherwise, the 
optimization steps are repeated. 
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Figure C.1: Iteration history for the objective (compliance maximization) and sensitivity, for flexion, 
extension, right lateral bending, flexion with right lateral bending, and extension with right lateral bending 
modes. 
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Appendix D: Effective yield properties and failure analysis of implant 
microstructure 

I. Effective yield properties  

Similarly to the analysis of the elastic properties provided in section 2.2, the microscopic stress 
tensor can be obtained via AH and written as: 

ij ijkl klmn mnσ E M ε=  (D.1) 

Using the above, and replacing klε  with the effective stress tensor ijσ and the homogenized 

elastic tensor, H
ijklE , in (3) yields the following simplified relationship between the microscopic 

stress distribution and the macroscopic stress tensor: 

1( )H
ij ijkl klmn rsmn rsσ E M E σ−=  (D.2) 

wherein the rsσ  is the macroscopic stress distribution through the unit cell of the lattice domain. 

If ysσ  is the yield strength of the cell walls, the yield surface of the unit cell can be written from 

(D.2) as: 

{ }vMmax ( )
ysy

ij ij
ij

σ
σ σ

σ σ
=  (D.3) 

where the vM ( )ijσ σ  is the von-Mises stress distribution within the unit cell corresponding to the 

macroscopic stress ijσ . Figure D.1 illustrates the predicted yield strength of the tetrahedron based 

cell topology used in this work [57], all normalized with the yield strength, σys, of the solid 

material, and expressed as a function of relative density ρ . 
y y y
xx yy zzσ ,σ ,σ  are the yield strengths in 

the x, y, z direction, 
y y y
xy yz xzσ ,σ ,σ  are the shear strengths in the three planes of symmetry, which 

have identical magnitude, and 
y y y
bxy byz bxzσ ,σ ,σ  are the shear strengths in the bi-axial directions. 
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Figure D.1: Normalized effective yield strength of the tetrahedron based unit cell as a function of relative 
density. 

II. Tsai-Wu Failure criterion 

The yield strength of a tetrahedron lattice under multiaxial loading conditions can be obtained by 

solving the local problem defined in Equation 5. Given the time required to solve this problem 

for each loading direction, in this work we resort to the Tsai-Wu failure criterion, a metric of 

failure widely used for anisotropic materials and here applied to the tetrahedron lattice under 

multiaxial conditions [57]. Because the tetrahedron based cell of the lattice cage has three planes 

of symmetry, the general form of the Tsai-Wu failure criterion reduces to [72]: 

i i ji ijF σ F σ σ 1 / SF+ ≤   (D.4) 

where i, j = 1 …6 are repeated indices to indicate summation, and i ijF ,F  are experimentally 

determined material strength parameters. The stresses iσ  are expressed in Voigt notation. For 

orthotropic materials with three planes of symmetry, if we assume that ij jiF F=  and no coupling 

exists between the normal and shear stress terms, the Tsai–Wu failure criterion can be written as: 

1 2 3 4 5 61 2 3 4 5 6
2 2 2 2 2 2
1 2 3 4 5 611 22 33 44 55 66

1 2 1 3 2 312 13 23

F σ F σ F σ F σ F σ F σ

F σ F σ F σ F σ F σ F σ

2F σ σ 2F σ σ 2F σ σ 1 / SF

+ + + + + +

+ + + + + +

+ + ≤

  (D.5) 
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We assume the yield strengths of the unit cell in tension and compression are equal, and the yield 

strength in the x, y, z directions can be noted as 
y y y
xx yy zzσ ,σ ,σ . We also assume the shear strengths 

in the three planes of symmetry have identical magnitude even if the signs are different and are 

noted as 
y y y
xy yz xzσ ,σ ,σ . The coefficients of the Tsai-Wu failure criterion are then given by: 

1 2 3 4 5 6F F F F F F 0= = = = = =   

( ) ( ) ( )

( ) ( ) ( )

11 22 332 2 2y y y
xx yy zz

44 55 662 2 2y y y
xy yz xz

1 1 1F ,F ,F
σ σ σ

1 1 1F ,F ,F
σ σ σ

= = =

= = =
  

(D.6) 

The coefficients 12 23 13F ,F ,F   can be determined via equibiaxial tests. If the failure strengths in 

equibiaxial tension are 
y y y

1 2 bxy 1 3 bxz 2 3 byzσ σ σ , σ σ σ , σ σ σ= = = = = =  then: 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2y
bxy12 11 222y

bxy

2y
byz23 22 332y

byz

2y
bxz13 11 332y

bxz

1F 1 σ F F
2 σ

1F 1 σ F F
2 σ

1F 1 σ F F
2 σ

 = − +  

 = − +  

 = − +  

  (D.7) 

The above procedure enables the verification of the safety facture for the fusion cage concepts 
here examined under the various loading conditions. The minimum safety factor is found to be 
3.25 in the case of flexion combined with the right lateral bending moment load case.  
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