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SUMMARY: 

This paper examines the mechanics of vrhiclt-no9 1 
interaction in off-road mbiliry probloma vlth a view 
to evaluation of their relevance and rationality of 
the physical behaviour characteristics dernanded by she 
analysea and theories, both for predictive and 
evaluat ion  purpoaea. 

. . . .  . . . . .  
. . . . . . .  .:, . . . . . . . . .  

. . 
. . . . .  : 

:<,:: ":: 
: , ,  : < 

. . 
. .  - .:: :';i . ','I 

American Society of Agcicu bd bgmem ,, 
< ', , '. 

. . . . . .  . . 
. . 

, .. 
. . . <' 

Paper< psaenlaa before ASAE moet~ngs are ConsiPerW to be the propwty el the 
% l ~ : y  In per.erml. [he Sociary i n e m s  the riqhl 01 l int publication o l  such papera, 
in camploto b m  Hawever, It has no djeethon lo Wblication, in CondensM lorm, 
r im creOil 1(1 lna G o c w  and the aulMr. PermbslOn 10 publlsb n paper in lul) may 
be rquesied from AS=. P O .  B o x  229. St. Joseph, Michigan 41WB6. the Soclely k 
eel rospona&la lor slatemsrtd or opmlon advarctd In papers o t  diacuosions at ils 
nct!lnga. 



MALITICAL PREDICTIVE WQUI-TS FOR 
PHYSICAL PEWODWYCE OF WBILITY 

INTRODUCTION 

Th4 study of  vahiele-soil interartion from the v iwpoint  o f  ground- 
bearing and forward motion capabil ity has traditionallf f o l l d  dong the 
linmm of pressure-sinluge ralationmhips for s ta t i c  or pusmi-aratical conditione. 
I t  i o  not aurprie ing thtrefore to arrive 4 t  relationehipa fet rmtstance t o  
fomrd mtim of whtcla in terms of bearing capacity parameters not unlike 
tho#* i n  gwttchnical engineering r tabi l i ty  analyrw. Similarly, conaidcre- 
t ioar  in troumet s t u d i u  y i e l d  analytical expraseion8 w i t h  almost identically 
corraoponding paraPcterm. 

Since the intent of vehicle-soil  inttrmclion mtudiea is to provide a 
bani. for undsretanding and analyr ia  of relevant parmatric influences and 
control, i t  bccwata obvious t h a t  tha physical b a s  for formulation of wrking 
rclationohip# m e t  cloecly  rertmbl. the appropriate "Cidd" situation. It 
i a  apparent that uhilet e t a t i c  pressure-pcnctration t s s t e  [as performed 
prwiouslyl i o a e a a  bearing stability, their ab i l i ty  to raveel l i b  pettarns 
of mobility can be c r i t i c ~ l l y  queationcd, 

T b i m  paper examinas srrms o f  the fundamantal physical interaction 
characteriet i c 8  established between vehicle contsc t unit. [e.g. wheal. 
groueer, a t e . ]  and soil - with a view to eotablirhing tho necusary cmponcnts 
for the analytical model. Compatibility a d  aimilatity bctveen physical and 
analytical w d c l a  ere men to ba the requiremanta Ior intormad analysts md 
succlsrtul p r d i c t  ions.  

GENERAL ANALYTICAL REQUIRFHENTS 

In arriving at a method for analysiu of a typical wheel-soil inter- 
action problem, th4  primary aoaumptions can include the fac t  that t i r e  
doformability can b4 suitably mccounted tor by 8 a . o f i 4 t d  change. in contact 
etas and presmure, The tnterection problem can thur be analyzed by conmider- 
ing the s tab i l i t y  of an elcment o f  the supporting material, The essential 
requireolents rcduea t o :  

11 Conatnration of  l inear m e n t w  - i.e. the rata o f  change 
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oE momentm of  a body i s  equa l  to the force acting on the 
body. The resultant forPI1aticna provide the tqrutionm 
o f  motion. [differential  qrutionm of a q u i l i b r i w ,  etc.1.  

21 Conatitutlv~ re lat ionehip  - i . e .  Pbhr-Coulomb o r  a l t e r n a t e  
appropr ia te  f a i lu re  c r i t e r h n .  

31 Boundary cond i t i ons .  

41 Continuity. 

Some o r  a l l  of  t h e  e a a e n t i a l  requirements my be used t o  seek a 
solution to rho in te rac t ion  problca - dependent  on the r e q u i r m e n t a  Eor 
wphiat icat ion,  f l t l r i b i l i t y  end accuracy conslatent l a t h  the d a d s  OF the 
problm. The complexity of tho intaraction problem i s  due in part t o  the 
m b a r  of factor. and parametera imolvd, r d  a l w  in part to tha inter-  
dependent r e l a t i o n s h i p s  established between many of the factors,  e.g, - 

11 Physicel conditions - Wheel l o a d ,  wheel surface, rheeI 
s u r f a c e ,  wheel d iame te r ,  t i r e  shape 
and stiffacne, tread*, e tc .  

21 Soil parameters - Strength, density, t ype ,  c o n s t i t u t i v e  
behaviour, mois tu r e  c o n t e n t ,  e tc .  

3  I inrermction p a s m e t e r r .  - T t ~ n e l a t l o n a l  velocity, s l i p ,  dynamic 
r inkge .  driving charactcristicrr, e t c .  

Dependent on assumptions made, a n a l y s e s  can be simple or rigorous. 
by neglucting soi l  def~rrn8tion and i n e r t i a  terms, and cons ide r ing  o n l y  r i g id  
body forces, claaaical theories of s o i l  mechanics may be used. Resu l t an t  
f o d a t i o n s  a re  thus  obtained by s tudying  t h e  s t a t i c  e q u i l i b r i u m  of some 
a8smed gametr ic .1  c o n f i g u r a t i o n  which satief ies the Hohr-Coulomb c o n d i t i o n .  
hxtension of tho  mtatic analysis i n t o  bear ing  stability considerations 
provides for a higher order of accur8cy - albeit still  not necesmrily 
p r ~ i s e  or rigoroum. 

With assumptions 01 plastic behaviour of soil, llmit u q u i l i b r 4 m  
and bounded analysou nay be used. By and large, a l l  of  the maocntial 
requfrementa listed prev icudy  in terms of field mechanic8 and const i tut ive  
r e l a t i o n s h i p s  a r e  needed i n  a r r i v i n g  st a t r a c t a b l e  a o l u t i o a .  The 
s p t c i f  l c a t i o n  of boundary and Initial c o n d i t i o n s  becoees the crucial e l e W n t  
i n  the solution of the problem. The v a r i o u s  constraints attendant to the 
utated c o n s t i t u t i v e  performance of the s o u  cannot  be w o r l o o k d  i n  the 
c h o i c e  of t h i s  method of analysis. 

Departure  from r i g i d  requi rements  i n  c l a s s i c a l  p l a s t i c i t y  solutions 
begin  w i t h  s p e c i f i c a t i o n  of non- l inear  work hardening theories for  t h e  
c o n s t i t u t i v e  performsnce cf s o i l .  This  approach t o  r e a l i t y  i s  p a r t i c u l a r l y  
d e s i r a b l e  i f  n U r i c . 1  tcchniquem [ f i n i t e  element or f i n i t e  difference] are 
t o  be used in seek ing  a s o l u t i o n  to the intaraction problm. T h m  rrquirment 
fo r  l i m i t  equ i l i b r i um iu thus obviated w i t h  a  known and s p e c i f i a b l e  c o n s t i t u t i v e  
relationship. 



I t  i m  obv iou~  that  regardless of wthod of analgais choaen, a .  - 
Static equ i l ibr iu  - relylng on almple tonsetvation of energy. 

L l n i t  equilibria - prith scrlution methods in terms o f  upper 
and lower bud. .  

Exact m e t W a  - chatacteristic solution. 

General field mechanics formulation - with ~o lu t imm w g h t  
in terns of i p p r o d n s t a  numerical tech- 
niques ( f t n i t e  di f fezenctj ,  or through 
vatiat-1 t h r e a a  m d  oolutieor 
obtained wtth finite element techniques. 

accuracy oC analysis and prediction can be obtained through 
cuopatibility and c o n s i s t e n c y  of f i e l d  perfomance with ana ly t i ca l  model. 

CaaLPATLBILIn MID CONSISTENCY 

Yheef-Soil Energy Lasses 

Consider t h e  wheel-soil i n t e r a c t i o n  phenmeeon shown i n  Figure I. 

WERGY QISSIPATIOW IN SUBSTRATE f IGURE 1 - 
DUE TO INTERACTION 



I t  i s  avtdcnt from Figure 1 that abvP the mclf propelled point. 
total  energy loss k e m 4  aensitiva to s l i p  con8id~r4tionm. Tbe tw 
d a t n t s  A and B i n  Figure 1 show t b r  two Beparate nechani*ae of shear 
dirtortion are operative - i n  the c a m  of d i p  perfermanca. For element A ,  
high shear di~tortion existe i f  s l i p  bet-n wheel and 6011 occura. L i m i t  
h r  deponda either on eoil/vhcel dhcsioa at m moil-mil sh-r - vhichsver 
i. lesser. The end reml t i r  amlogous to  a viscoub ahear re8ietancs. 

Elmant B on the other h&d i a  subject t o  phear distortion aris ing 
frm applied d e v h t o r i c  streases. The governing c r i t e r i o n  i a  e i t h e r  a limit 
8.r coodicion or an operative ahear below the failure value. A vork 
hardening conrtitutlve &el appears to be most a p p l i c a b l e .  

In casem uhmra d i p  i r  uot particularly large. the performance of 
el..ant A is mt unlike that of B. The transition of elemencd perfomances 
dimtlnguimhing h Crw B in neither abrupt nor dLet inc t .  Slip energy h a s  
diem very rapidly a t  diatancsm not far r m v e d  from the wheel surface. 

la 8pefulating on tha kid of analytical model that might be used 
t o  dm8crlbP the interaction mhom in Figure 1, i t  would be i n s t r u c t i v e  to 
recall soma direct performance characterica. Confirmation of the  physical 
d 8 l  ahom i n  FIguro I l a  dollonatrated i n  F i p r c  2 .  



Yong and Webb [I9691 have ahom from controlled *oi l  bin testa on 
soft c lay t h a t  paras i t ic  energy c m p n e n t e  a8 e h m  in  Figura 2 csn be 
evduatcd d i rec t ly  f r o m  meaaurenwts of subetrata deformation and dis tor t ion.  
This mnfirmm both the mechanistic formulations shown i n  the  ~chematic diagram 
sf Figure 1, and the fact  that  d i r e c t  interdependence relat iomhip6 between 
abvcgr~und and in-ground parameterm do exis t  to  contra1 f i n a l  Output perform- 
ance. The relevance and importance o f  interact ion and intcrdependencita are 
best d w n a t r a r a d  i n  terms of: [a] contact preeeure, [b] dynamic sinkage 
[rrbound]. and [c ]  substrata  perfornance. 

Uhcel-!bil Interface Performance 

Ia physical measurements of contact pressures and st reeses ,  tuo 
apterne are  used. 

11  Pressure gauges enbedded i n  the 6oi l .  

21 Preseure gauges fixed t o  the  wheel contact surface. 

Since the first syatan is not r e l i ab le  i n  v i w  of the physical dis-  
placement o f  the PrnbeddPd gaugea. the sewnd method im mra comwnly used. 
By 8nd largo, the pressure gauge8 w i l l  only senna preesuren act ing directly 
on them Lime. d i rec t  n o d  cowrcsaivc pressures]. Figure 3 s h m  a compari- 
son betwemi meaaured and theoret ical ly  cbputed normal pressure a t  the inrer-  
fecc - using measurements of subsoil performance [Yong a d  Windisch, 19701. 

frm unload act ion of wheel 

calculated results 
measured results 

FIGURE 3 - MEASURED AND CALCULATED INTERFACE PRESSURES 



Except for c1-r and dist inct  repnratim oE a o l l  f rom th4 contact 
m r h c r  in region A a# #hOW in Zigurt 3, the ptemsurca on thr whcol suri#cc 
aheuld tlther be p o r i t i v t  [cwpres$ival or a t y t i v 8  [rcnriml. Ebvevrr, 
siacc the preaaure g 4 u g ~  can only reore cmprrmivt performance, dua .ither 
to - 

l a ]  ecmprrsaiva whoel action into m i l  - s o i l  is i n  pamoivc mtrta, 

[b]  active r o i l  mction on to contact murface in rebound action so 
vheel begiau t o  unload in i t n  fomard motion, 

i t  58 cvidmt tkat tmaion valuer are wt recorded. The tmsion valuem can 
occur due to adhrrurca of .oil tc vhrml r u r f ~ c o  h ~ u r e  of and i n  a d d i t i o n  t o  
thr slow rebound ebrbeteriertics of  # o i l  - i.e. wheel unload i a  faatrr than 
rtbund behaviour . 

From mmsuremente of in#tsntantwus soil dcforaration [ccnprcsaion 
and rmbwnd] in wil bin tcotm, i t  ham been o h m  [Yong and Uindisch, 19701 
C h m t  computed intatfmcm pTC@BUT*I tompre well with appl i ed  prcsmurea. The 
particular 8olution technique c h 8 m  relied on evaluation of limit equilibrium 
C C d i t i m 6  with 4 tr#.ca type failura condition. Tcnaioa valuea ar8 thuo 
mt a~tcludsd in ra@n A - i f  ruth valutn arc indeed ropraaaafa~ivc of thm 
bohaviour ef t h o s u b r t r i l d u r i ~ w h a ~ l u n l o a d i n g .  It in clear therefore that 
the likmllltmd of  such kinds of performance, not neceesar i ly  senred by 
prralurt mceautcamtm, aumt be b u i l t  into the analytical  model d e v i s e d  to 
provide an a n d y s i ~  of the interaction problem. 

Del inut ion  of paradtic oacrgy ccmponwtm and interfacial bthavloral 
a#peCts i n  g r o u r e r - m i l  i n t t r a ~ t i b n  l o  not w i l y  rccomplirhd. Resulta 

distort ion 

[compression J [ i f  any] 

FIWRE 4 - GROUSER-SOIL INTERACTION 



trgortcd by Yong and Sylvcstre-Williams (1969) indicate t h t  comprmaion of 
wil =Cur8 In t h t ' h ~ d ' a o n e  prior to  ahlar d i ~ t o r t i o n a l  l a i l u r a  [Fi~urm 41. 

Unlika thm uhsml-moil interaction problem. there appears to be 
vary l i t t l e  d i p  energy loas vie-a-vie groumcr-soil in te r fac in l  patformance. 
[slip loam i n  the track myrtem houever still ex i s t s ] .  The leading {vert icel ]  
dam 01 the  grOU8tr rervrs to  provide the l a t e r a l  t h r u s t  i n  the so i l .  r h u e  
O w t i -  d i p  108. ditopt ly  i n  the grower -mi l  zone. Whatever minimal 
d i p  energy 108. ulrtm, w i l l  i n  a l l  p r o b a b i l i t y  occur in  the s l i p  surface 
=one under high rates of grouser traverse. 

Thus, i n  tarme of analyt ic  modelling, t h e  prime requirement f a  in 
regard t o  a proptr dtmcription of  the perfrrrpence of t h c  "dead" zone. For 
aimpliciry ~srumpt ioa*  of zara anrrgy lose la tho " d d "  zone era made and 
liait theorana a p p l i e d  to seek a tractable solution. Thum, zone AECD i s  
conoldmred t o  be r ig id  and zone CDE constitutes the region of analytic in tc ree t .  
In actual practice. th ree  9rmcdiate problens u i a t  - 

11 Location of point C ( i n  Figure 4 1 .  

21 Compreseim behaviour of s o i l  i n  tone AECD. 

31 Determination and specif icat ion of the  physical boundary 
condi t ion  - at t h e  grouaer soil in terface and a t  DC. 

By and la rge ,  because oE the  relative s implis t ic  block behavioral 
pattern o h m  in Figura 4 i o t  prwrcr-mil  interaction. the at t ract ivenese 
for static atp i l ibr im anafy#im using riaid M y  analokies is obvhua. 
I t r ~ l t m  o h w  howvcr tha t  uodarpredlct ion of  thrust accurs becauw enerky 
loss in distortion or soil i n  zone8 ABCD *$d CDE, and shear energy loss a t  
intmrfsce CD arc not aecouated for.  

In s indat ing  tranavaree mtion o f  the grouser, it i8 conmon 
practice i n  leboratory oxparimsntaticn to control - 

[a ]  depth of grouser t r a w l  - 1.e. variabla vertical force 
resul ring therefrom, 

[b] e p p l i d  w r t i c a l  force - i . e .  variable d e p t h  of grouser motion. 

Tha raaultant thrust  developed f o r  aituation [a] is obviously d i f f e r en t  from 
that of [b] - due to tho difrmrsnt boundary conditions developed. Yong 
end Sllvcatrc-Willhe (1969) shw from mxporimntation and theory that 
mituation [a] producan a gr-tar thruet  - 60 long am both grousers (1.e. for 
(11 and [b]) #tart off at  the same equi l ibrium elevation. I t  is however. 
mt d i f f i c u l t  to produce higher thrusts  f o r  s i tua t ion  [b] as compared t o  [ a ]  
fl i n i t i a l  conditione are succeasiully manipulated. 

The actual f i e l d  problem however involvaa - 
11 Multiple grousers on a l ink  or belt system. 

21  Neither s i t ua t ion  [a ]  nor situation [b] as t o t a l  e x c l u 8 i e n  
performance character is t ice  - i.e. neither vertical loads 
nor elevations are  controlled. 



Thus p r e d i c t i o n  of m b i l i t g  Zsr track aymtema based a n  sing14 
grouser ana1y.i~ must s u i t a b l y  account for m u l t i p l i c i t y  of grouser ac t ion  
together v i t h  inadequacien of  track morphology. Track analye ie  hwewr 
cmst i tutc*  a aepa ra t e  problem and is not  covered within t h e  scope of  thie  
0tdy .  

b l - S o i l  and Grouser-Soil 
P red ic t ive  Requireaente 

It i s  apparent  t h a t  for a n a l y t i c a l  ond prtdictiv& purpma,  tha 
buic  r q u i r e o e n t s  f o r  t h e  proper t ies  of thm maalptical model relate t o  - 

1.1 4 r e a l i e t i c  s p e c i f i c a t i o n  of the load and unload c o n r t i t u t i v e  
perfo-nce of soil - not necessa r i ly  confined t o  y i e l d  or 
limit e q u i l i b r i m ,  

[bl a proper  apprec ia t ion  of t h e  phys i ca l  boundary cond i t ions  - 
1. e. interface characteristice and i n t e r a c t i o n ,  

[cl an informed knowledge o f  t h e  p h y s i c a l l y  a c t i v e  and passive 
c o n a t r e i n t s .  

ANALYSIS AND FREDICTIOM 

The d i s t i n c t  ion between analyt ical  and p r e d i c t i v e  requirements can 
af t h a  be ve ry  sub t l e .  However, i n  general,  r i go rous  a n a l y s e s  are de~snded 
i f  aucceasful  p red ic t ions  ibased on the a n a l y t i c a l  model] are t o  be made. In 
the i n t e r a c t i o n  study, i t  i s  assumed [and reasoned] t h a t  the  fo rc ing  func t ion  
[La. wheal or grower load pattern] and the  rrsponse functioa 1i.a. r o i l  
rmoponsa bchmvimr] ara r u i t a b l y  related id ucdified th rough  5-4 c o r r e l a t i n g  
function. Thus, i f  o m  can describe or avsluate the rerpnme Iuncti8n 
~haracterioticn, and i f  thm c o r r e l a t i o n  functions are irmnm, it batmen obvious 
that tha s u r f i c i e l  10.d paramtrrs w i l l  be identified a d  accounted for.  

The simple analogy of rn loaded plate [for simulation of wheel loading]  
of Ilk. contac t  area produces pressure-sinkage r e l a t i o n s h i p s  not u n l i k e  those  
used i n  conventional bearing s t a b i l i t y  analyses. Pigure 5 shows t h e  r equ i r ed  
raeponaa from t h e a p p l i c a t i o n  o f  t h e  p l a t emode l .  Th i s  i acampared  t o d i r e c t  
obamrvations [Yong and Windinch. 19701 on actual  sub80i l  performance f o r  towed 
~h8.l~. 

The one c l e a r  r o p u i r ~ c n t  i n  tha p l a t e  d o 1  is t h a t  compression 
beh~viout  occurs  throughout. the remltmf foruulatiwn in terms of a semi- 
emp i r i c a l  p l a s t i c i t y  solution y i e l d s  the pressure  r e l a t i o n s h i p  - 
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soil  i s  in compression 

r WHEEL LMO PROBLEM 7 / 

FIGURE 5 - LOADED PLATE ANRLOGY AND WHEEL LOAD 



q - praoaurm on plate 

c - cohteiw 

b breadth of loaded p la te  

TI - depth of loading plane - 0 for ourfact loading 

Xc, Hy a d  H - baaring capacity wefficiente dependent direct ly  
on internal friction b of coil. 

For e murface loaded plate ,  ainca D - 0 ,  

q - 1.312 U c +  0.6 y B $ 

Th4 4MlogOum rr&lyair for thm wheel givea [Reece, 19651 

t n P - IK;C + K;Y bl ci) 

p = pressure 

z = sinkage 

K K and n = so i l  peramctua 

The s i m i l a r i t y  between K; and K' ro  My and im obvioua. 
c 

B e m i t q  in m i n d  that aoltly comprembion bshaviwr - i a  a=pected, the rebound 
pcrfommnce of the a d 1  during w h t d  unloading i# thul wt toneidered as part 
of tho prediction requlrmeat. Deviation b8twcan pt8diction and performance 
cqn be  due ir. part to  this aspec t ,  For g o d  p r d i c t a b i l i t y  of wheel 
performance using the l p ~ d e d  p b t .  80dd,  i t  i m  ersantial that  - 

11 Slip i a  kept t o  an insignificant quantitp, 

21  Soil properties are ouch thot rebound psr fomnce  Fs 
minimal or i n s i g n i f i c a n t .  

41: Wheel surface and load distributions are uniform. 



Prom t h e  above, i t  can be deduced t ha t  i f  d i p  pe r fomnce  can be 
ewaluntd,perhape m e  degree of OUCCtU6 can be achieved in  f o m l a t i n g  A 

combined &el  which would i n c a t p r a t e  thim lose. In addition, it wuld  
appear that both load and unload ptrformnncee m e t  a lso be included i n  the 
analyriP. It i m  c lear  t ha t  t h e  requlrmente of the p l a t e  modal do not 
ruder empa t ib i l i t y  between physical and analyt ical  models - except for  a 
+try M r r O W  range of wheel performance. Both forcing and reaponse functions 
m e  so severely conetrained tha t  generalization i e  not poeeible. 

L l m i t  Equilibrium Mel-Grouaer  

By and large the analyt ical  d e l a  used fo r  l i m i t  equilibrium 
wlutione generally aserne the admieaibility of t h e  Mhr-Coulomb o r  Treaca 
criteria. Soi l  behauiour - L e .  rtsvnae  function characteristic, i e  t h e  
defincd and analyzed i n  regard to the forcing function in  the framework 
d o f i n d  by the boundary conditione. 

In the  grouser-soil interact ion problem [ae e h m  i n  Figure 41,  the  
lhit equilibrium approach has been eucceasfullf ueed by Kong and Sylveatre- 
Williaam - with assumptions of - 

I] Rigidity of block ABCD. 

Z J  Ful l  f a i l u r e  development i n  the en t i r e  mass defined i n  zone CDE. 

31 Insignificant volume change i n  A X E D .  

The analyt ical  model by Yong and Sylvestre-Uilliama (1969) is ehown 

FIGURE 6 - ANALYTICAL MOOEL FOR GROUSER-SOIL PROBLEM 



h f i n i n g  S(0)  an the B t r E 8 0  function i n  relation to the mean stress o: 

eubscripts 1 and 3 - major and minor components 

P = density 

g - gravitational acce larat ion  

r = radial di s tance  

Y' and 0 = as s h  in Figure 6 

The equations of equi?ibrium, i n  polar coordinate form [ w i t h  o r i g i n  et  
p i n t  Dl are written as: 

T a o i n  s i n  2 rB 

W i n i n g  Equation ( 4 )  with tha Mohr Caul-b condition and regroupiag, 
one obtaina4 

a s  I s ain 2 a' - s i n  (2 + 0) 
;IB cos 2 dl - sin 9 

Solution of Equations (5) vill dlov for computation of S(8) a d  
f ina l ly  . Thm boudmry conditions aacrlkabla t o  tha Pankina Zone 
a t  poine F are:  



COP 0 
S = 1 - s i n  $ 

and ;rr ; is 

1 s i n  6 
. = 0.5[n - 6 -arc s i n -  
c s i n  & I 

4 = friction angle between soil and grouser wall 

The value of S a t  c can only be obtained through an iterative 
tuchnique. 

'The theore t i ca l  s l i p  l i n e  f i e ld  can also be evaluated and compared 
with actual  s l i p  surfaces from experimentation. In mpplying t h e  model shown 
la Fiauro 6 ,  us ing  the method OC charac ter i s t i c s  an the e x a c t  solution tech- 
ripua, integrat ion  OF 0 [ f r w  S(0)]  over the length of CD will provide the 
thrust on the $rouser. CQnfitaet5on bbtvekn analytical  nodel  p r e d i c t i o n  
and physical prrfumnca  of a s ing le  grouser can h e  obtained by: 

I] Matching physical f a i l u r e  surface in soil due to grouser 
a c t  ion w i t h  theoretically computed f a i l u r e  ch~racterfstic 
[Yong and Sylvestre-Williams (1969) 1. 

Z] Match computed integrated  value of 3 with physical values. 

Thus for uarpl. .  the results shown i n  Figure 7 show i n d i v i d u a l  
srouatr tes ts  in  nand a t  controlled depth and v e r t i c a l  stram. Comgariaon 
batwon l i m i t  equilibrium wdol  predictions WCill] v i th  predict ions  From 
prmvlws c lmasi ta l  extumion of loaded p l a t e  analopiea [Beklur (1960)l show 
that t h e  mimulared inclined bearing p l a t e  roletioasbips do m e  adequately 
predict actual porfamance. The standard t e l a t i o ~ # h i p m  uetd are [Bekker 
(1960) 1 : 



t = grouser length 

8 - gmuser width 

z = s inkagt  

W - vert ical  load 

H - horizontal  thrust  

c - cohesion 

"c' nq* "Y = dimensionless  s o i  1 parameters dependent on s o i l  
f r i c t i o n a n g l e  @, Band L/h 

h = grouser depth  

6 s h u l e t d  inc l ined  Eooting angle  dependent on sinkage 

h o r i z o n t a l  v e l o c i t y ,  ins /sec 
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The dinenaionleas soil parameters shown i n  Equation (8) arc in 
aocnc+  a i n i l a r  i n  Iormnr and p h i l a ~ o p h y  to thono generated for foundation 
s tab i l i ty  and pressure sinkage re lr t ionahipa  for uhoels - as di~cuseed 
prmiouoly. I t  in thue not sutpririing that the l i m i t  equi l ibr iumanalyt ica l  
d.1 lhould plt form bet ter  s ince i t  haa I claaer appreciation of tkr  actual 
pby~icm of thm g r o u ~ e r - i n t e r a c t i o n  problem. ?hi* k e v c r  doe. not deny t h e  
uaa of tho i n c l i n e d  p l a t e  mdel  [Equation ( 8 ) ) .  On the contrary, Equation 
8 i* uutfu l  innofar a* oimpllcity and expedient usagt are concerned. 

U.lt Equilibrium Model - W h 1 1 ,  

Much in corwnon [ i n  t e r m s  of philosophical formulation] with t h e  
f l f O ~ S k P ~ 0 i l  interaction problem, the l i m i t  equilibrium mdel ana ly t i ca l  
approach t o  t h e  wheal - so i l  fnteraction phenmnon t r e a t s  the mtatus o f  t h e  
b r i n g  moil within the contex t  d e f i n e d  by t h c  boundary c o n d i t i o n s .  The 
s p e c i f i c  constra ints  of t h i n  approach [ X i n d i s c h  and Yonp, (19691,  Yonp, and 
Uindisch (1970)J using the method of c h a r a c t e r i s t i c s  .IS the soLut lon  technique 
relate d i r e c t l y  t o :  

11 Total limit equi l ibrium. 

Z] I n s i g n i f i c a n t  volumachange, 

31 Definable  boundary conditiona. 

The casting of a n a l y t i c a l  f o m l a t i o n s  is mc unlit. t h o a t  deve loped  
tor tha &rouser problem, - ueing the s t r e s s  characterist ic  approach, 
assuming a direct r e l a t i o n s h i p  between stress and strain rate. By p h y s i c a l l y  
mmauring s u b s o i l  deformation wi th  tlme [as is poselble i n  c o n t r o l l e d  soil b i n  
teats)  i t  i a  apparent that w i t h  appropriate c o n s t i t u t i v e  relationship8 and 
a s s o c h t e d  f low laus, the instantaneous stress field beneath a mv lng  wheel 
csn be mapped. The forcing function a t  the boundary - i . e .  uheel-soil intet-  
face can thus be obtained. Figure 3 shouc the c a l c u l a t e d  preesurt d i a t r i -  
bution obtained d i r e c t l y  by atraln-rate p e l l B U r e ~ ~ n E S  i n  the moil [ i . e .  
renponse funct ion determination]  and calculscing the impulse f u n c t i o n  produc- 
ing the obaerved atrs in-rakes .  Tho seernlndy abrupt mtresa contour at the  
hrp ends i s  n d e f i c i e n c y  a f  the a n d y t l c a l  d e l  - vhich treats the atrcen 
situation i m p l i c i t l y  i n  terms of a d i s c o n t i n u i t y  across the l i m i t  failure 
charsctcri8tic.A less abrupt contour appears to be  a wrc realistic 
epprtc ia t ion  of streas or pressure at the interface. 

Figure 3 demonstrates the p o s s i b i l i t y  of tension values i n  s o i l  
being developed fn view of unloading of  t h e  soil during passage o f  the wheel. 
Pu pointed out e a r l i e r .  t h i n  phemenon might nor be dfrectly dctectcd by 
premurr g ~ u g t s  embedded i n  tha whtel. The limitations and c o n s t r a i n t s  of 
the s n a l p t i c a l  m d e l  a c e  thus t raceable d f r e c t l y  to the requirements of limit 
c q u i l i b r i m  theory and t h e  constrminrs associated with specification of the 
conat i tut  ivn r d a t  ionshfp for the subsoil .  



Energy Model 

Energy m d e l s  for a n a l y s i s  and p r e d i c t i o n  of v e h i c l e - s o i l  i n t e r -  
ac t ion  performance w i l l  r e l y  on one ' s  a b i l i t y  t o  measure [or  de te rmine]  
response Eunctton p e r f o m m c e .  As in the  c a s e  of l i m i t  equ i l i b r i um models, 
tho energy method u t i l l z c s  forc ing and response f u n c t i o n s ,  In  t h i s  
h ~ t s ~ e ,  however, the two f u n c t i o n s  a r t  f i t t e d  [ m u l t i p l i e d ]  t o g e t h e r  t o  
prduce t he  work o r  energy func t i on .  

Unlike t h e  limit equ i l i b r i um approach, t h e  energy model does  n o t  
requ i re  t h a t  limit o r  y i e l d  be n e c e s s a r i l y  reached i n  t h e  s t r e s s e d  s u b s o i l .  
This hovever demands t h a t  a proper and admis s ib l e  c o n s t i t u t i v e  r e l a t i o n s h i p  
be def ined.  t h i s  requirement can be m o t  demanding, Using a y i e l d  
function L~rmuLat ion,  Tong and Webb (1969) have appl ied  t h e  energy approach 
and have ob ta ined  t y p i c a l  r e s u l t s  of p a r a s i t i c  energy a3 shown i n  F i g u r e  2. 

Finite Element Model 

I n  recogniz ing  t h e  a t t r a c t i v e n e s s  of more r e a l i s t i c  a n a l y t i c a l  
d e l l i n g  of the v e h i c l e - s o i l  i n t e r a c t i o n  problem, t ed ious  s o l u t i o n  
procedures have h e r e t o f o r e  r e s t r i c t e d  implementation o f  what is e s s e n t i a l l y  
a complex b o u n d ~ r y  v a l u e  problem. With t h e  development o f  machine com- 
p u t a t i o n a l  a ids ,  grotrch i n  numerical so1u t ion  techniques  have a l l o u e d  f o r  
development of nmre  r e a l i s t i c  modelling t o o l s .  Xn t h e  f i n i t e  element 
amlysFa OF t h e  u h e e l - s o i l  problem f o r  example, Yong et a l .  (1972) have 
treated t h e  s u b s o i l  as a non-linear e l a s t i c  s t r a i n  hardening m t e r f a l  
sub j ec t  to boundary c o n d i t i o n s  of a n  incrementa l  r e t u r n ,  t hus  p e r m i t t i n g  
c a l c u l a t i o n s  t o  be made for  d e s c r i p t i o n  o f  t h e  growth o f  stresses w i t h i n  t h e  
loaded s o i l  from i n i t i a l  t o  f i n a l  s t a t e s  - s imu la t i ng  p r e c i s e l y  t h e  l oad  and 
unload c h a r a c t e r i s t i c s  o f  a moving wheel. Thus the t r a n s i e n t  l o a d i n g  
prdblem of a wheel i s  now t r e a t e d  where machine computat ional  t e chn iques  can 
be used w i t h  g r e a t  advantage. The r e s u l t a n t  t r a n s i e n t  s t r e s s  Cfeld i n  t h e  
s u b s o i l  is solved a6 a s e r i e s  of equ i l i b r i um s t r e s n  and d i sp lacement  f i e l d s  
w i t h i n  the  time span of i n t e r e s t .  

It must be  noted t h a t  whf l s t  f i n i t e  element a n a l y s e s  u s ing  t h e  
simple loaded p l a t e  a n a l y s i s  may be u s d ,  [e.g. Perumpral et al. (1971)l t h e  
inheren t  r e s t r i c t i v e  l l r s i t a t i o n s  a s soc i a t ed  w i th  t h e  p l a t e  analogy w l l l  pre- 
v a i l .  T rans i en t  l oad ing  w i t h  s l i p  develdpment i s  the proper and neces sa ry  
r e q u i r e r e n t .  I n  app ly ing  t h e  finite element solution t e chn ique ,  u se  o f  t h e  
pr incLples  of v a r i a c  i o n a l  calcuLus ensu re s  t h a t  n in imiea t fon  of t h e  i n t e g r a l  
Eerm of the governing p r i n c i p l e s  uuuld prov ide  for t h e  c l o s e s t  a v a i l a b l e  
s o l u t i o n  t o  t h e  problem a t  hand. The b g r a n g i a n  Eormulation € o r  f o r c e s  
ac t i ng  on t h e  nodes of the desc r ibed  t r i a n g u l a r  e lements  [F igure  81 t o  
obtain the requi red  displacement  tor  n d d  e q u i l l b r i u n  uuuld be  g iven  as :  



column vector 

matrix form 

tranapoaed luetrix 

d e n a i t  y 

area 

deformed s ta te  

body forces 

shape function d e f i n i n ~  displacement at any point 
within element with r e q e c t  t o  displacement a t  
nodal points, 

strain dieplecamsnt relation 

stress 

FIGURE 3 - FINITE-ELEMENT MESH FOR WHEEL-SOIL PROBLEM 



Obviaumly. one of the key elemntm in Equation (9) i s  t h e  s t r a i n  
dirpkc*mt  rclation [el. This is intepral t o  the ovaluetioa O E  the 
eonatitutLvm p c t f o m n c t  o f  the mi l  and its p a r t i c i p t i o o  i n  the v e h i c l e -  
roil ine*racrtan problem. Apply ing  the appropr ia te  var in t ion# l  t echnique ,  
tb. fin1 relation#hip iu thuu given an: 

m b ~ c r i p e s  o, L end 0 emall displacement ,  large displacerent 
and stress level d e p e n d e n c i e ~  respectively. 

= dieplacement 

The boundary conditions applied t o  t h e  B y t t t e m  must r e d l s t  i t a l l y  
a & n t  far the antiro load-unload requenct t y p i f i e d  by the tranaiant wheal 
probla.  Problem of typifyins i n t t r f a c t  performance characrerimtics can 
ba rppreacked in view of ideal charactarigation 8s w l u t i o n  techniques. The 
wlutioa w the problem i s  presently bting undertaken and wlll be reporttd 
at a later wage. 

CONCLUSIOHS 

The need f o r  a  c l o s e  s i m f l a r i t y  between phye.ica1 and analytical 
d e l o  fs appa ren t .  I n  app ly ing  a n a l y t  Lcsl  model l ing  rechniques, it is 
essential that proper  a p p r e c i a t i o n  of t h e  c o n s t i t u t i v r  performance o l  the 
marcrial and boundary c o n d i t i o n s  be  ob ta ined  and subgtquently app l i ed .  The 
appropriqfe framework de f ined  by u s i c g  r e a I i s t i c  siri larit ies betueen phys icaI  
and mathematical  boundary c o n d i t i o n s  w i l l  ensure a h ighe r  o r d e r  of  p r e d l c t a -  
bility wi th  t h e  developed a n a l y t i c a l  model. 

The m a t e r i a l  i npu t  into this paper has been de r ived  th rough  r e sea r*  
contract  s tudy under p r o j e c t  i n i t i a t i o n  wi th  t h e  Defence Research E s t a b l i s h -  
ment, Ottawa [DREO] and funded through the  Department of Supply  and S e r v i c e s .  
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