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ABSTRACT 

Alrborne ~ eleetrorna.gnetic rnethods "'ere dev~loped in the 

t 
~. 

early 1950,' s, mO;'tl by canadi~n mining e~plor~tïqn eompanies, 

as a me ans 0 f eep omieally and su-ee e s s fully sear ching targe . 
,/) areas for eondy.etive massive sulfide J'ft'ii.nera,l~sation. As new 

o 

te-ehn:o 1 0 gies deve lop ed they have bec orne more and 0 more soph-

isticated. They ean ~ detect conductors at depths in excess of 

.200 m and are routine1y used for'overburden mapping .• The data 
~ . . 

is digitally reeorded and processed.o One of the most sucee~-

sful ',me'thods is the time domain }iirborne IN,PUT1 system, for 

nurnerous minerai deposits were found by this system in thOe 
~- ~ 

Canadian Shie1d. 
p 

Pre,~ent Interpretation techniques 'are based on "the u'se G,f 

, nornogr am§ (1. e. f'rn i 1 ies 0 f pre - eompu ted eharae te ris t; le 'res­

~ 
ponses) and the tmethod i5 easi1y arnenab1e to digital pro-

cessing as it is eas~ to 

accuracy Interpretation 

program and economi~o use: 

however it i5 neces5ary to 
" 

For high 

develop 

quantitative i-nterpretatiqn te1chniques that <:èan make full use' 

of ,al1 the data avai1able. Inverse theory has been used- with 

) great sueeess in aIl branches of geophysics, but to date in 

mining exploration ,it has been u-sed for the int,erpretation of 
" 

airborne E.M. data using on1y the one layer earth 

/ . 
1 Registered trademark of Barringer Res'earch Ltd. 
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~y, the 
~ 

lof lnverse t~~ory ,50r the, p~~ate !.1lodel has be'en -lfmit'ed 
• < -

h!gh, ~ost oi numeric~lly solving the forward problem. 
1 j 

- In this thesis we show how to use· invers'e 'theory to 

interpret tîme domain E'-M. data with . the' rectangular thin 
.-, 

plate model by introducing some economies=, lt ls then' possiblE! . ,. . 

tc:1 estimate parameter errors 1 tlle correlation matrix and to 

assess the validit~t~e model. ,Th'-i.s is exte~$ied to the 

joint, inversion of 0 electromagnetic and" aer~màgnetlc data,\à 

case that often arises in mlning problems, It ls f:l.nally shown, 

tha~ u~der some assumptions the late time channels can be used 
'. 
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to lnterpret t {Qle doma in E ,.K. da ta in the pre s ence 0 f conduc'·, <f' 
J 

'~i ve overburden. , 
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R~SUM~ ~I 
"~ 

ro 
d~veloppem~nt des mé thod~ sI" é lec tromagn~ tique s aé ro-

. 1\ 
~ Le 

portées 
.. .. \ . , 

f-ut ' réal i s é au début des années c inquan tes. p r inc ipa-_ v' 
1 

lement par des compagnies \ " d' explor~~ion minière canadiennes 

dont l" obj et:ttif étai t la recherche de sulfures mass ifs con-
" . 

ducteurs,' Avec le développement 
~V~':' 

devinr~nt de plus en 

de nouvelles technologies 

celles-c~ plus s~phistiquées. Elles 

~étectent maintenant des COnd\!1ct,eurs à 'de~, profondeurs de plus 

de 200m et elles sont utilisées de façon routinière 'po'ur la 

~. , 
cartographie des , 

., 
morts - te'rrains. ,Une de s mé thodes 

"t 
les plus 

fruc tueus e s es t le sys tème INPUT qui fonc tionne dans le" do­

~ maine du temps. En effet, de nombreux gi.semenf:s du Bouc/lier 
_ '1 - • G) ,-

canadien fürent découverts à l'aide de ce système. 

Les techniques d'interprétation actuelles sont basées sur 

l/utilisation d'abaques (i.e. un ensemble de courbes caracté-

ristiques précalculées) Cette méthode peut facilement être 

informatisée et est ainsi économique à utiliser. Pour une 

interprétation précise il est néanmoins nécessaire de dévelop­

per des méth'odes, d'interprétation quantitatives qui utilisent 

toutes les' données existantes. La théorie de'l'inversion a été 

utilisée avec beaucoup.de succès dans tous les domaines de la 

l géophysique, e~ exploration minière elle n'a été utilisée que 

~our l'interprétation de levés E.M .. aéroportés en utilisant le 

1 

" 
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'" mÇ)dèle d'une" terre str~tif1ée rune seule couche. L'usage du 

modèle de ... la- p.laque mince pour l'inversion a été limité par -r 
les coûts de la solution du problème dir'ect, 

~ ~ 

Dan,~ cette thèse nous montrons c-o~~~nt 1 en intro'duisant 

des économies de' calcul, utiliser la théorie de l'inversion 
r 

pour' interpréter des données E,M. aéroportées dans le dômaine 

du temps ~_, l'aide dru modèle d'une plaque mince- rectangulaire. 
• _l~'''' 4 

mé thoj: est ensui te é tendue au cas de l' inver,s {"on conj 0 in te 

donnJes E,M. et magnétiques, un cas fréquent en exploration 
1 .;l <. 

La 

de 

minière~ Nous montrons finalement que si 
~.» :; l'.on, fa'i'''t cer~,ine: 

canaux peuvent être -hypothèses., les données -des derniers 
'0 

(interprétées en présence d'un mort terraii;l conduc teur. 
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INTR.ODUCTION. 

1.1 Alrborne E1ectiomagnetie Prospecting. 

~ 
Airborne ~ectromagnetic' prospecting came into widespread 

use in the 1950s. The discovery of seven new orebodies'between 
-\ 

1954 and 1956 suffiees to exp1aln their subsequent popularity. 

E. M. metho ds we re firs t used to de tec t mas s ive sulfide' orebo-

dies. but reeent1y have been extended for structural and 

ov~rburden mapping. In the eoming years we foresee an i,nerease 
\ 

of their use in ground~ater and environmenta1 probl~ms. 

E.M. methods respond to the electrical properties of the 

earth, of whieh conductivity ls the most important since it 

varies nover Many orders of magnitude, fr~m 10 3 to 10-5 S/ m. 

This iB the Most variable of a11 the physical properties of 

rocks and minerals. The ~ther properties, namely permeabi1ity 

and' permittlvity, are general1y assumed to be those of free 

space; an hypothesis which 

prac t ice . 

is Most of the time va1id in 
\ 

Since airborne E.M. systems operate at. 10w frequencies 

«5kHz) displacement currents are negligible relative to 

., 
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• 

2 

cot\d~uction. currents" When a conduc tor 'i s 
. , 

exci,ted by a tim-e 

varying Jtlagne tic fie Id, cU,~rents are i nduceô in i t and a ~ 

secondary magnetic field i5 gen~r~ted. 

by 'an· E'.M. 
, \ 

reeelver is thu~ the sum 

The response detected 

~ 
of a primary field, 

usually fenerateç1 by a transmi ttet, and a' secondary field.. . \ \ ~ 

prod~ced by the conductor. Mos~ systems measure the ratio of 
~ 

the amplitudes o~ the sec~ndary to the primary fièld and this 

ratio 1s usually expressed in parts p~r million (ppm). 

Although some ground E.M. methods such as AFMAG and 

magnetotelluric use natural atmosRheric sources, the majority 

of them use artificial sources. AIl alrborne methods use' a 

transmitter operating either 
, 
ln the frequency or the cime 

domain. 

In the rigld boom configuration the transml tter and the-
J 

recelvet are';-,' rlgidly mounted relative to one another. This 

limits the differentiaY movement between the pair of coils and 

therefore reduces noise due to the effect of va-riable co il 

geometry. TRis is the type of configuration preferred for 

helicopter-borne E.M." systems. The "bird" containing the 

transmitter and receiver colIs is typieally 7m or Sm long and 

is towed at a height of 30m or 40m abave ground. In a 

frequency domain system the transmitter emits a s~nusoidal 

p.rimary field at three or 1 four fl1equencies in the 200 to 

5000Hz range. Different coi1 orientations are used to maximize 

the information. For fixed wing aireraft such as in the 
\ 

Scintrex Tridem system, the transmitter and the receiver are 
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then housed in special pods attached to, th.e wingtips of the 

aircraft. Alternatively the nose and the taii can also be 

us'ed. 

In the ntowed bird" configuration the transmitter is 

genérally a large current loop attached to the nose, the 

_wingtips and the tail of the aircraft. The receiver is 'towed" 

at ,about 70m below and 90m behind the aireraft. This is the 

preffered geometry for time domain systems. Differentia1 

movement between the aireraft and the bird is important and in 

the frequency domain only the quadrature eomponent of the 

secon~ field elin be used, , sinee it is mostly unaffeeted. 

Two or more frequeneies must then be used to obtain enough 

\ diîlgnostic information. This seheme wS;s used in the Hunts<ing 
~ '\r 

Canso System and the Me Phar F-400 system. 

The fi r st ai rbor_ne time domain sys tem was intro dueSld by 

Â. Barringer in 1958. The INPUT system, as it is ca1led, u\s 

a half sine pulse of I to 2ms of duration of aiternatin\ 

~ polarity as its primary field. The base frequeney is usuaIIy 
\;(;/'> 

90 or 150Hz. Â deeaying secondary voltage is measured while 
,1 

the transmitter is off. -'lt is sampled over six non overiapping 

time win'dows, eal1ed ehanne1s. Sirrce the measurements are made 

whi1e the transmitter ls off, the noise is reauced. Further 

reduction in noise level is obtained by staeking and averaging 

the measurements over several eyeles. Recent1y a helicopter 

INPUT system as been Introduced. The receiver ls then 20m 
\ 

f 

\ 
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behind and 70m be low the he 1icopter (Konings. Lazenby and 
..... 

Becker; 1984). 

The GEOTEM 2 sy,stem. f10wn by Geoterrex Ltd. consists of 

an INPUT transmitter and a state of the ~art digital receiver. 

It has twe1ve software se~ectab1e time-windows. Another system 

ca1led SWEEPEM has been developed by Shell Mineral and uses a 

pseudo - random wave form. l t ope ra tes e i the r in the time doma in 

or the frequency domain. The system has ... been moth-balled for 

economic re4sons: 

i.2 Advanèages of Time Domain Syatêm •. 

Because of their large geometry and high dipolar moment 

(lOSA/m 2 ) airborne time dom~in systems Q can detect deeply 

t 
buried con~~s. They can 

conduct~ye -over\urden such 

even 10cate conductors under thick 

as in the Abitibi clay belt. They 

have a high sensitivity but due to their relatively high 

<>-

altitude of l20m they lack the resolution of helicopter-borne 

-frequen?y domain E.M. systems. On the other hand this results 

in better lateral coverage. Between 1980 and 1986, the time 
\ 

domain INPUT system was credited for the discovery of eight; 

commercial orebodles (Northern Miner Magazine, Dec.1986) while 

none were discovered by frequency domain E.M. system'l!. It 

still remains to be seen if this is a matter of chance or 

. techno 10g'y. 

2 Registered trademark of Geoterrex Ltd. 

1 
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1:3\Thea1s Objectives and Outline.' 

The interpretation of airborne E.M. survey data is based , 
upon comparison of known free space model responses and actual 

V '_A-
data. This is uBually done by fitting, the anomaly peak 

reS-ponse to a set of nomograms to determine the conductance y 
• 1, 

and the depth 0 ft-he targe t. The 
. 

dip of a,half-plane or of a 

plate like conductor can ~lso be found with nomogram~. 

The objective of this thesis is to us~ inverse theory to 
{ 

compute the most important physical and geometrical parameters 

of plate-like ponductors and assess' the validity of these 

results. In 40ing 50, the full length of the anomalous profile 
g 

is used rathe'r than only the peak response, thereby greatly 

improving tJ'le interpretiftion. Without loss of generality!" the 

discussion will be restricted to time-domain airborne systems. 

The use of the plate model in free space,as developed by 

An na n (lB 7 4) , 
v 

is discussed in Chapter 2 and its applicatiop in 

the context of the Canadian Shield is ~lso exposed. The th~ory 

of inversion is presented in Chapter 3 and Chapter 4 gives t~e 

results of the inversion of synthetic and actual data. It is 

-sh'own in Chapter 5 that, -in some cases, there are some 

advantagès to the joint inversion of E.M. and magnetic data to 

reduce the error bounds on t~e parameters. In Chapter 6, it is 
,. 

shown how late time channels can be used to interpret 

conductive targets in the presence of conductive overburden if 

, 

\ 
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th~~ target conductance ls high enough and the- overburden not 

too cortductlve. Finally the most important conclusions will be , 
-r.e·viewed and we will give some suggestions for future work. 
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Chapter 2 

THE PLATE MODEL 

. 
2.1 Introduction. 

l 
{; 

,. 7 

It-was decided ~t the start of this work to use the PLATE 
'_~ 0 

~m "to solve the forward problem. The algorithIIJ was deve-

loped by P. A1;lnan (1974) 4nd the 1ast version of the program 

was Jwritten by A. V. Dyck (Dyck, Bloore and Vallée, 1980). The 

main advantage i"s that' the program i8 highly interactive and 

user friend1y, it 'can also simulate most commercial E.M. 

8y stems. Be fore di seuss ing the theory as soc ia ted wi th this 

\ 
mo de 1, \,t 1& jus tified \from a geo logie a t and geophy s ical po int 

of view. 

2.2 Geologic.l justification. 

A list of the mineral depos~t$ 6f northwestern Quebee has 

been published by Avramtchev (1980). This study covers the 

Quebe~ pati,~f the Abitibi greenstone bel~. Out of a total of 

'1'/\2000 deposits, 307 have an unknown shape, and 92% of the 
\ 1 v o? ~ 

remaining have a shape that can be modeled-approximately by a 

) 
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plate or a . half The deposits were classlfied as 

follows: 
, 

is a tnbular orebody more or less vertl-

caf. lt is generally associated wlth volcanic intruslves,_ The 

. Ideal geophysical model is a vertical cyl lnder. There are only 

11 such deposits in the study area. 

Strata-bound: these deposits are characterised by their 

cont i nui ty. They are usually loca ted a t a par t icular leve 1 in 

sedimentary, metamorphic or magmatic rocks. The are eas lly 
\ 

modelled by à conductlng thil\ plate. A total of 453 of these 

are found in the study area. 

Dike ~ these orebodies are associated with intru-

o 
sive diKes and depending on their extension can be modelled by 

a half-plane or a plate. They number 99. 
GJ 

Vein the mineralisation fill the cracks of a 

faul t or a shear zone. They are the mos t common, 880 in the 

study area. 

Lentlcular these orebodies h;ve the shape 0 f a lens 

and are ~odelled by a plate. They number 129 . 

. Stockwerk \this is a very dense assemblage of small 

and thin veins t in some cases 1 t could be mode lled by a 
o 

sphere. Only 59 are located ln the study area. 

Haas these deposlts' have a more or :1ess 

spherlc.a1 shape. They number 62, and a sphere would be a good 

, '\', mode 1 . 

. 
- ---- -----

• 
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Most deposits detected by airborne E.M. systems are 
J 

mass ive su 1 fides . - The i r conduc ti vi ty is usually caused' by . 
pyrrhotite and chalcopyrite, whose respec~ive average conduct-

.. _ _ 1. • 

ivities are l04 S / m and 250S/m (Telford 1976, p450). Pyrite. 

(3S/m) is more abund-ant and occurs as isolated, c10sely spaced 

grains, so that,the average response is weak. The conductivity . 

30S/m. Graphitic conduc tors 
/ 

18 genel~ in the r~nge of 5 to 

are the source of a large number 

of massive sulfide deposits 

/' 

of E. M. anomalies. They usually form long conducting bands of 
• 

tens and even hundreds of kilometers. lt is", nevertheless 

possible to -find sorne sulfides within the graphitic sedim-ents. , 

lt is .obvious that stratabound, 'lenticular, dike and vein 

like ore bodies can be modeled by a th in conductive plate or a 

half plane. For most of them the' strike length is much larger'" 

than their thickness. However this does not means that they 

can be CO~Sid~1ed as inductively thin., According to Lamontagne 

(l9 70) a conductor is inductively'thin if CT/J.wt 2 >O.67. 

Assuming a frequency of 150Hz (base frequency of the I.NPUT 
l, 

system, w -21ff) the thickness (t) has to be less_ than 53m if 

tiie conductivity <,f is O.2S/m and 'less than l~m for a 

conductivity of 2S/m. 

2.3 Numerical Development of the PLATE Hodel. 

" 

~ 

The inductive response of' a rectangular th in plate in 

.iree space was solved b/y Lamontagne and West. (1971). They used 
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t)l.e fini te elemént method lt to s61 ve Maxwe 11' s e.qua t ions. 

Annan's so~utio~ is based on the concept of equtvalent~sources 

and the mathematical fo'rmulation of ,the plate problem 15 

discussed in the app\endix. The/ secondary field of a thin plate 

eX,cited by an E.M. primary source is considered as being 

generated by a set of equivalent sources distributed on the 

surface of the p~ate. This concept has been applied td a 

number of differ~nt problems by Annan (1974). The sarne ides 
1 

1 

has been used in gravit y and magne tic interpretation where the 

equlvalent layer ls commonly used. This concept is a 

reflection of the non-uniquenes's of the inverse- problem in 

potential fiê1d data. 

By applying the equivalent source method the problem of 

an lnductively thin plate 15 reduced to a surface integra1 

equation in terms of unknown. surface currents and a known 

source field.' The equation is s01ved by a standard flnite 

element technique: the Galerkin method. This results in a set 

of linea-'I' equations 
\ 

that are solved in terms of a weighted 
'i 

eigenvalue problem. The solution 15 a set of eigenpotentials 

that are illustrated in Figure 2.1. They are equiva1ent to a 

set of non interactj.ng current loops and the eigenvalues are 

related to the time constant of each current loop. The secon,-

dary field outside the conductôr is calculated by the Biot-Sa­

vart law. The most interesting aspect of this so~ution is that 

th~ eigenpotential depends solely on the aspect ratio (depth 

extent / strike extent ) of the plate. Hence, a number of 
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solutions can be computed and stored for a full range Qf 

ratios includlng most practical cases likely to occur. 

Th~re is a s trong economlc advantage to the us e of the 

PLATE program, particularly if the forward problem has to be 

solved many times, such ,as for the case for non-linear 

inverse probfèms. Most of the computing e-ffort then goes for . 
J.1, 

the 
, 

calculation of the primary an~econdary field coupling\ 
1 

coefficients since the coupling int.grals have to be evaluated 

by numerical quadrature. Any reQucti?n of Lh~)CPU time of the 

numericaJ.. int;egration routines has a direct influence on the 

CPU time for the inverse sQlûtion. There are tJo10 direct ways 

to achieve th1S goal : a reduction of the number of eigencur-

rents and a modification of the quadrature rout;ines 'used in 

the PLAT~ program. The standard version of the program uses 15 

e'igencurrents~ a Gaussian quadrature formula with a maximum 

order of 19. The actual order_of the quadrature is determined 

by the'distance between the reference point on the plate (0 ,~ 

,0 ) and the transmitter or the~ receiver depending on which 

'coupling coefficient ls being calculated. Models generaFed by 

the standard version will now be called ref~rence mo4els. The 

response of the. airborne 

strike length of 600m 

calculated~for different 

INPUT system 

and a depth 

conductances, 

to a plate having a 

extent of 300m was 

dip, order of quadra-

ture and number of eigencurrents. The geometr~ of the plate 

is shown in Figure 2.2. System lntegrators were not simulated. 

Table 2.1 summarises the results for 15 eigencurrents. Th. 

c" 
~.~---
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Table 2.1 RMS difference b~tween the responses calculat~d - ....... 

w1th a 19 th and an 8 th. ma~mum degr •• quadra ture . 

". CdS 20' 50 
lJ Jo. P "'\ _ ~n . , ,::_3--'f;';; > 

.. - .......... - -......... - ............. - - ........ - .... ' ..... -............ ... ,..:::- ...... - ................ .. 
l ' , 

2.7 9.6 6.2, 

. .. "- ........................... - ........................................ ",'" ..................... - - ... .. .. .. .. .. .. 

0.8 3.7 1.8 

, -_ ...... _--_ ... --- ....... -------------,.-------_ ..... _---- ... ---
J, 

-
9.6 22.4 12.8 

l ' '- ... ... ... .. ... ... - .. .. .. .. .. - ... .. .. .. .. - ... .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. ... ... ... .. "" .. ... - .. .. .. .. .. .. .. 
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.. 

1; 
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maximum order of the numerical quadrature was reduced to 8 and 

the normal magne tic field at the surface of the pldte was 

evaluated on a 400 (20 x 20) point g~id rather than the usual 

900 points . 
• ... 

The maximum RMS error occurs for a dip of 135 0 ,and a 

conductance of 20S. Profiles of the differences between high 
r """---/ 

'and low precision results are shown in Figure 2.~ for 

different dips and conductances. Tp study the influence of the .. 
number of eigencur~eJts two nomograms were calculated, one 

using 15 and the other 10 eigencurrents, the-Ir difference is 

illustrated in Figure 2.4. The plate is vertical and 120111 

under the transmitter, conductances range from 1 to 100S. When 

10 eigencurrents are used, the amplitudes are more and more 

unde re 5 t Imated as conduc tance increases. The maximum is 

reached for a conductance of 50S, channel one is then 

underestlmated by almost SOOppm. The reduction of the order of 

the quadrature has a minor effect on the exactness of the 

forward model while a reduction of the number of eigencurrents 

resu1ts in unacceptab1y large errors. 

It i5 interestine to look nt the reouct'ion of the CPU 

time. The CPU time for the computation of the referenc~ model 

was normalised and Table 2.2 presents othe resu1ts. lt Is 

obvious that there is a trade-off between precision and speed. 

Inversion of theoretical 'models with different noise leveis 

have been attempted for different number of eigencurrents and 

order of quadrature and they will be presented later. 
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The Gauss ian quadrature uJed in the PLATE pr-ogram i5 

probably th~ 'type w~ t;h the hi~hes t degree cl f accuracy. This 

type' of quadrature 'formula (>converges te the 'true value of an 
" 

integra1 for' almost any c,Q,nceivab1e function (Stroud, 1971, 

p 13) , Surfacé i ntegra1s such as thos e in PLATE are usua1ly 
" , 

integrated . over one variable wit% a Gaussian formula and 

again,o ove, the next variable with the same formula, This ls 

known as a produ~t rule; direct rules al~o exist and they have 

the followlng form (Dhatt and Thouzot, 1984, p293): ____ _ J 

f~,f(X,Y) dx dy 

Wh e r eth e fun c t ion f ( x , y J i sin t e gr a t e d 0 ver the x and y 

variables and the Wi are weighting factors determined by the 

specifie direct rule used. The function ls evaluated at r 

points. 

~he~e rules need les~.function evaluations and are gener­

aUy faster tha'n product rules. The' pro.!)lem is to find a ru1e 

that has the required .iccuracy, A number of those rules have , 

been'studied by Stroud (1971) and their app1icat~on to finite 
,-

element problems is dlscussed by Dhatt ~ndl Touzot (1981). A 13 

~oint 'direct formula of degree 7 taken Jlrect1Y from Str~ud-' 
(19? 1) was tes ted for baccurac.y and speed. The responses for 

o 

t·hr same models as those used in Table 2.1 were in error by 

abbut lOt tt peak amplitude, which ls too high. 

.. . . ,. 

) 
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A Chebychev integratlon rule was a1so te!ited. Since all 
o 

the weights are equal to unit y , lt should be, faster than a 

~ 

Gaussian rule of the same order .. This rule was taken directly 

from Abramowitz and Stegun (19657 and has the following form: 

G fI fex) dx 

Where f(x) is the function to be integrated and the xis the 

abscissae where the function is evaluated. 

This is essentially the sumltlation of n functlon values at 

o 
some particular abscissae and it can be ea81ly used in a 

product rule. Using this rule. the error is about 5' at peak 

amplitude for the same reference models as previously discus-

sed. Nevertheless there was no substantial reduction of the 

CPU time whe~ compared with a Gaussian rqle of tbe sàme order. 

lt 18 apparent that most of the computing effort ia in the 

evaluation of the kernel of the integral. In fac t, the PLATE-

program evaluates this function on a 30 by 30 mesh over the 

surface of the plate when compu~ing the coupling cGefficients. 

The function values used by the numerical quadratur,e are 

interpolated fro~ this grid. Use of a 20 by 20 mesh resulta ln 

a reduction of 5% in 'CPU time while overestimating the peak 
1 

amplitude by Sppm l which is negligible 

Some minor modifications of the original FORTRAN code of 

the PLATE program were- also made to make it run faster and 
fC 

more e fficiently. Fina.l1y. only- the parts? of the prograla 



c pertinent to the inversion a1gorithm weJ;'e. kept. Need1ess to 

say the pJ;'ogram 18 no longer interactive. The inversion 

~ is between three and four tililes' faster than lt wou1d 

be if the standard version had been used to solve the forward 

prob lem. 

2.4 Half-Plane Approximation. 

A solution has been recent1y pub1ished by Weidelt (19B3) 

for the E.K. response of a dip~lng half-plane; so it ls usefu1 
o 

from a computationa1 point of view to be able to approxi.mate 

tne re~ponse of this mode1 by the PLATE program. The response 

9f the INPUT system was calculated for a number of plates of , 
varying strike lengths, /all with an aspect ratio of 0 ',5, 

conductivity thickness products of 5S, 20S and 50S and a dip 

of 90°. The plates are 10cated at a depth of 120m and 220m 

a"nd the sys tem i s assumed to be fljing perpendicular to the 

strike. System integrators were not simulate~. Results are 

shown in Figure 2.5 f~~ the six channels of the INPUt system. 

There 

nels 

is a fast increase in the peak amplitudes of all chan­

"" 
with increasing strike 1ength. A total of 15 

eigenpotentials and a maximum order of 19 for the Gaussian 

quadrature were used for these tests. Althoug~in theory, the 

'" simulation of a rea1 ha1f-pl.ane wou1d required an infini te 
<> 

number of e igenpo tentlals a fini te number is sufficie~t>for a 

good approximation. No test hav~ been made to simulate the 

response of 'the ,GEOTEM system to a half-plane since in wou'ld 

" 
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Figure 2. Sc IoNPUT s.ystem peak response for a vertical, plate 

with a conductance of sos as a funct10n of the strike length 

for depths of 120m and 220m. 
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be very sim11ar. The differences would be due to different 

time windows and would be s imilai to those observed for th~ 
.. ' 

INPUT system. 

A plate can be considered to be infini te when the maximum 

amplitude stabilis~s with increasing plate size (H~nneson and 

,T West, 1984). This criteria was also used by Palacky (1975) 

when he used analog modeling to study the INPUT system 

response to a half-plane. Hi""8 "half-p1ane" sheet corresponded 

to a plate of a strike length of l183m and -width of 592m. It 

was then found that an increase of the sheet size would not 

affect the anomaly amplitude except for éonductances less than 

5.68. For a pl~te lo-cated l20m under the transmitter, it is 

observed in Figure 2.5 that when the conductivity th"ickness 

product is 5S, the plate has to be about 1800m of strike 

length _to be cons iderèd infini te. 1 t need be only 600m when 

the conductance is 20S or 50S. The observed decreas'e of the 

amplitude with increasing strike +ength is Most likely due to 

the fact that more than 15 eigencurrents sh~uld be used to 

model a real half-plane. The conclusions are the same if the 

plate is located 220m under the transmitter. The" choice of th,e 

plate size. when modelling a half-plane should therefore be 

made a function of the 
\, 

expected conductance Gf a particular 

target. In inverse problems the plate strike length is 

measured directly on the anomaly map. It is the common 

practlce to use a 600m strike length to model a half-plane. If 



o 

o 

a l,ow conduc tance is suspected, a longer 

order of 900m should be used. 

2.5 SOme Particular Con~~derationa, 

s tt\ike 

\ 
\ 
\ , 

28 
, 
length of the 

Wben simulating the r~sponse of Any real airborne ~ystem 

it is essential to take into account some properties of the 
.. , 

electron,ics used in the receiver. Al1 airborne 'E.M. -syste1ft..s 

use some form of fi1tering or averaging to reduce the high 
\ 

frequency noise. The receiver can be mode1ed as \ a 10w pass 

filter that has two main effects on 

modifica tion of i ts shape and amp1 i tude, 
\ 

an anomalt, firat a 

\ symmetric anomalies 

become asymmetric, secondly, the position of the maximum ls 

de1ayed Along the flight line, this is the effect of the p~aae 

response of the filter. 

That prob1em has been studied Dy Jensen and Becker (1979) 

who designed digital fllters to reduce the anoma1y distortion 

and correct for the spatial phase-shift. The effect of a 1.1 ) .' 
sec. time constant is illustrated in Figure 2.6 for the' res-

ponse of the INPUT sys tem .. When s~ 1 ving the forwar,d proolem, 

it is 'easy to simulate those effects by convo1vlng the actual 

sYli!,tem response 0 f the rece ive r wi th the theore t lca1 anom~ ly 

obtalned from the PLATE pro.gram. I tises sential to inc lude 

that procedure as part of the solution of the forward problem 

in Any inversion scheme. 

r 
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-
Figure 2.6 Effect' of system integrators on channel two of a 

typ:f:cal anomaly. 
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Chapter 3 

THEORY OF INVERSION' 

3.1 General consideration, . 

lt is important to under8tand what is meant by such word. 

as inversion and ,interpretat:ion in. the eontext of geoscience. 

Interpretation is the process by which the geophysicist trans-

late physical 'observat-ions into geology, taking into account 

known geological constraints, lt is obvious r that an 

interpretation ean easily be subjective, beini often an art 

more than, a science, and is largely based on experience '. On 

the other hand inversion is a mathematical technique to 

translate the data, the geophysical observations, into a model 

and provid1! an estimate of the parameters and their 

uniqueness. This is related to the solution of the forward 

problem, that 18 the Qomputation of î:heoretical observations 

-~ 

~ssuming a known model, In principle once the forward problem 

18 solved It should be easy to solve the inverse prob1em but 

in practice this is generally not the case. A point not very 

often diseussed, is the choiee of the model itself, In gene-

raI, most inverse problems ha~e an infinite number of solu­

tions as demonstrated in potential field theorY. This lubject 

'. 
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i. d 1 s eus s e d b Y G r an t a n'd We s t ( 19 6 5 , p . 2 14 - 216 ) for <> the .,.. 

gravit y and magnetic data. For E.M. soundings, Fullagar (1984) 

demonstrates that for a one dimension conductivity profile, 

given an infini te number of arbitrary accura'te measurements, 

there i8 a unique solution. The solution is however unique 

only because a specifie model (i.'e. one dimensional variation 

of eonduetivity) has been cho~. Thus, the choiee of the 

model is a critical part' of ,~ny geophysical i~vers{ort· 

Unfortunately there is no general rule to select the right 

model. This is still largelY based on experienee and 

intuition. Inversion theory is however of great help to 

aBsess the validity of Any proposed model. 

For a long time, most geophysieal Interpretation was done 
-

with the help of nomograms, which is really a form of manual 

eurve fitting proeedure~ It was the first method used for the 

Interpretation of gravit y and magnetic data. A~good e\amp1e is 

the set of-nomograms proposed by Koulomzine and al. (1970) for 

the Interpretation of magnetie data. lt was also used.by Gosh 

(1972) and Pa1aeky 11972) for the Interpretation of E.M. 

surveys. Figure 3.1 ls an illustration of the nomogram publi-

shed by Palacky (1972) for the Interpretation of INPUT survey 

data. The mode1 is the infini,te ha1f-p1ane and the data was 

obtained from analog seale models. These curves ean easi1y be 

digitized and used with a computer program to automatise this 

type of Inversion. An example of this type of work Is given by 

DeKoully and Becker (1984) who interpreted INPUT data in terms 

< ... 

-- -----~--,-- ------------~------------
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Figure 3.1 Nomogram for the estimation of, conductance. depth 

and âep'th extent of a conductor. The peak anomaly amplitud'8s 

have to be plotted on a transparent paper usi.S the scale on 

t~e right hand side when the data ~oints have to be translated 
tl, 

to fit the respective curves. The position of the lOSppm mark 

wi 11 indicâte conductance and' depth. (after Palac~y, 1 ~J 2) 
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of·a one ~ayeJ:' earth . .. 

Very few inverse prob1ems are 
, 

amenable to 4 di:rect solu-
" 

tion. ?or magnetic field data and 8 thick dike model, such a 

solution has been' published by Rao et. al (1973). It ls based 
r • 

ow~tpe numerical evaluation of the h~izonta1 gradient of the 

lnagnet 1rP anoDlaly. The same . idea 
.,,'1' 

can be. applied to vertical 

magnetic gradient data. Recause this is a new resu1t we 

provide an outline below. 

' .. ' , '. 
3.2 Exact Inverse Solution for.M~gnetis~ft Dike. 

J , 

"" '", 
) o 

The ve.rtical magnetic "gradient of,"a' thick <like is given ' 

by: 
"-

G(x)-

~ 

2 J b c; Sin 8 [ ,S in A (-X - D - T 
1 

Z2+(X-D-T) 2-

-Cos A( 2Z 

l' 

x - D + T ) 

Z2+(X-D+T)2 b 

2 Z (3.1) 
------~~------- ------ ~J c: 

Z2+(X-D+T)2 

wh.re : J 
~ 

intensity of magnetization 

b - Sin i / Sin p. 

c - Si~ l / Sin 1 

l ambient ~eld inclination (i-I for perfect-lnduc. 

tion) 
\ 

a : ambient field declination 

a : 'Y + ~ - 8 

'Y - Arcta~ Tan l 0/ Cos A ) 

~ - Arctan ( Tan. i / Cos a ) 
./ 

l v. 

0 . 
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• . , , dlp' , /' 

T· : dlke half-'width -'. (l 

T depth .to top' of,dlke .. -'\ 
, . 

0 'location of the eentér of the dike .. <, 

Rearranging the equatlQn giv~s': 
• 1.. 

X4G +. CIX-3 G + C2X2~ + 93X G + C4G,"!: CSX2 + C6X, + C7 - 0 (3.2) 

'J' ~,.' where CI- -4 0 

C2- 2Z 2 + 60 2 - 2 T2 ,,<, 

~ 

T2 i2 02 
~ 

.. ,C3- 4B ( - - ) ... ,. 
C4- ( Z2 + 0 2" + T2 )2 40 2T2. -; 

~\ , . , 
• CS- A T ~ .;&. 

C6- 2 T ( AD· + B Z ) 

C7- - A T 0 2+ Â' T Z2+ A T3 ,,- 2 ~ T Z 0 ' 

~ The previous. equation. generat/ as many. equatlona al 

there are observâ'tions and they can be s.olved for the Cl 'by , 
, -

standard techniques. The di~e parameters are t~en given by~ 

D - - Ct / 4 , (3.3.) 
, . Tt. Z2 0 2 + 3 . C2 /' 2 (3.4) 

4 Z4 + 2Z2(60 2 .C2) + 202C2D2.C2) +' C2 2 / 4 - P4 - 0 (3.5) 
~ 

~Equ~tion 3.5 19 solv,ed f~ ~ âfter réject~ng. riegàti~e and \'[ 

comp1ex roots. lt ls the~ trivial '0 solv~'for T, lt can .1ao 

be deduced that: 

J 

/ T A - -CS 

B - ( 2 T A 

lt fo1lows t'ha t: 

'" , 
- Arctan ( 

~ 

• 

Z + C6) 1 2 

.. 
"" -

A / B ) '" 

/ 
1 
1 

T Z 

.... 

. " 

q". 

(l 

> 

(3.6') 

(3.7) 

(3.8) 
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the data, the solution becom~u 

by Rao et .~(l973) . This is an 

of such a s ,lutlon when real 

n noise are inverted. 
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matter of 

lways possible to recover 

of accuracy.' The inter-

noise 1evel is added to 

stable unlike the case shown 

examp le of the ~on-uniqueness 

measurements contaminated by 

C /"-- / 
./ Two differeqt classes of prob1ems arise in inverse 

the ory : linear and non-1inear prob1ems, depending on the type 

of describing the forward prob1em. Non-1inear 

pr'Oblems are generally, linear:$.zed through an expansion in. a 

Taylor seuries. lt follows' that Most of the discussion on 

inversion will be centered on the linearlsed inverae prob1em, , v 

after an introduction to the 1inear problem. 

3.3 Linear lnver.ion. 

A simple linear problem is the fitting of a straight 1ine \ .. 
to a set of data. If there are only two observations, the 

solution is unique ~t cases there are Many observations 

a~d a least squares fit i8 computed. lt is worthwhile to des-

cribe the standard least squares fit, since it is at the D 

origin of Most of the discussion. 
(J 

Consider' n data points Yi taken at xi tha tare to be 
, . C, fitted by a straight 11ne. An obvious 'solution, ls to minimise 

·Y~/ 
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the distance between the desire.d line and the data points. If 

the distance is measured along the y axis. and if the equation 
1\ 

of t~.t line is y - ax + b then: 

d2i - (Yi - a - bXi)2 is the square distance 

This problem is formulated as 

y - A m (3.9) 

where A ~s the system matrix and m the model (in this ca,e : 

(a, b). 

The least squares solution is 

(3.10) 

Which is unique provide AtA is non singular .. 

The problem of fitting f1 parabola to a set of data polnts' 

is then simply . , 

Yt- a + bXi + cXi 2 (3.11) 

so again we write: 

y - A m (3.12) 

where : 

m - ( a,b,c )t and m .. (A tA) -lAt Y (3.13) 

This equation is linear in the unknown coefficients, but 

not in xi' A more interesting problem ls the fitting of an 

exponentlal decay curve ~ the form : 

y _ A e - bx, 

Although this ls obvlously a very non linear problem, it is­

nevertheless possible to take thé logarlthm of both sides of 

the equation ta obtain 

ln (y lA) - -' b x 

f ' 
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This 18 the previous problem of fitting a straight line. The 

disadvantage i s that the so l.u tion will .be b ias ed, and y c Annot 
o 

be negative. Vers few non linellr problem have such an easy 

solution. 

3.4 Linearised Inversion . 

... 
A very good description of linearised inversion is given 

by J'~ckson (1972) and. an example of itï,s' applicati~n to De 
II> 

resistivity soundings interpretation is found in Inman (1972)~ 

Our use of linearised inversion closely follows that of 

Jackson and the same notation is used. su~pose a set of equaJ 

tions such that the observations Yi (i-l, ... n) are related to 

the para~eters Xj (j-1, ... m) in the fo11owing way: 

Yi- fi(xj) ( 3 . 14) 

where fi(Xj) is a non 1inear function of Xj' 

If th~Lfunction is analytic. it can be expanded inQ a Taylor 
." 

series about some initial value x! : 

are s~all and if Y'i .is defined as: 

.Yt_oft(xjO) + 6 Yj (3.16) 

then: '" 
' .• 

..J 

AY1- ~f1 A Xj (3.17) 

I? 
~Xj Xjo Il' 
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This equation can be expressed in matrix notation as: 

y - A x (3.18) 

where A is the n x m matrix with elements A is the m,.trix of 

the partial derivatives of the non linear equatlon describing 

the forward problem. lt ls also called the Jacoblan and, 

sometimes, the sensitlvity matrix. The solution is ': 

whe-re His the generalised inverse of A. (3.19) 

Non linearity is then taken into account by using an 

iterative procedure of the form: 
. 

(3.2Q) 

The starting values xo have to be guessed or chosen near the 

global minimum of the error function to ensure convergence. 

Different criteria exist to stop the iteration. The simplest 

one is to check the RKS error against some arbi trary value, 
} 

usually·the estimated noise level of the data. A chi-squared 

test can also be used, one could- also use the rate of 

conve~gence of the iteration procesa. 
o 

The computation of H is a central problem ln inverse 

theory. In general A ia non- square and there is, depending on 
o 

the minimisation criteria, an infini te number of invers.s. 

--- Jackson (1972) identifies the following propert1es of a "good" 

invers'e: 

S - A H =, In ' the n x n identity matr1x; this ia a 

measure of how well the model fits'the data; 

Il - HA;; lm ' th1. is a lIeasure of the uniquene.s of 

the solution; 

t 
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the parameter variance shou1d be smal1 

Backus and Gilbert (1968) and Wiggins (1972) give physical 

tions of the pro'duct AH a~d HA ,the resolution and 

" on dens i ty ma tr ices . Different ways exists to solve 

and Menke (1984), mentions tha t the same general 

solutions can be obtained from three different viewpoints: 

1- The classical least squares solution can be 

generalised to include the undetermined case (n<m). 

2- The geheralised inverse of Backus and Gilbert. 

3- The maximum likehood method, or the statistical 

approach. 

The first two viewpoints will be described with the solution 

of the" E.M. inversion problem in mind. The third one cannot be 

used to solve our E.M. problem, since it requi~es some 

atatistical kno~ledge ~bout the expected solution: 

3.S ~he Cle.aica1 Lee.t Square •. 
,;> 

As seen before, linear least squares is the minimisation 

of t.e distance between the observed and the predicted data. 
-

This was 111ustrated by the fit:ting of a straight line. The 

choiee of the square ~gth as the criteria of goodness of fit 

1s determined by the assumption of a Gauss1an distribution of 

errars. One might as weIl choose the absolute value of the 

distance or any other norm. A norm 1 of order k is defined as 

lk-(Yi-fi)k were Yi are the data values and fi the calcu1ated 
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values. As shown by Menke (1984, sec. 3.2) dlfferent norms 
... , 
produce different fits. Least squares have neve~theless beoome 

the standard method for so1ving that class of problems becauae 

It leads to a linear set of corrective equatlons. 
( 

--
3.6 Generallsed Inverses. 

ln the standard lesst squares approach the emphasis was 

on solution simplicity and the minimisation of the prediction' 

error. The solution had the form: 

x - H Y (3.21) 

In the generalised inverses approach the lemphasis Is now 

placed on the study of the matrlx H (or equivalent1y A ), the 

generalised Inverse. For the overdetermined least squares 

prob1em it Is equal to (AtA)-lAt and for the undetermined case 

It Is At (AI.. t) -1. l t Is evident that in general Hi. no t a 

square matrix. Assumlng that H exists, we will now study it. 

properties. If R - lm then aIl the mode 1 

unlqu~ly determlned. They are then said to 

resolved. Such ls the case for overdetermined 

are 

perfectly 

For 

the underdetermined case R ri' l and the rows of R give an 

indication of ho.w weIl each parame ter Is resolved from lts 

neighbors. 
o 

Then S - In for the underdet«rmlned problem and S '" In 
~ 

for the overdetermined case. This matrix i8 interpreted as a 

measure of the Independance or the resolution of the datl. 

Each row of the matrix is interpreted as a wlndow ave'raglng 

o 



(, 
'netghboring data- points (see Wiggins 1972 ). _ Thus, the close-

nes. of a resolution matrix to the identity matrix is a 

measure of how well the parameters or the data are resolved. 
, (--

Ideally, one woula like the resolution matric'es to 'He as 

.. close as possible to the identity matrix and the parameter 

variance to be minimal. It is then useful to define the follo-

wing measures: 

spread ( S ) 

spread ( R ) - 1 a - l 12 

Both are called the Dirichlet spread functions. 

(3.22) 

-'(3.23) 

One can a1so define a unit covariance matrlx, (co:v(x» 

which Is a function of the covariance of the da-ta. lt is 

- generally 8:s~ume d tha t- the data errors 
\ 
\ 

are: uncorrelated and 
i ... 

'the data values possess on1y the same variance s2. This 

statistica1 assumptlon Is genera11y dlfficult to establish. 

These three matrices ( a, s, cov(x) ) can be used to design a 

generalised inverse. lt is a1so usefu1 to define a measure of 

" the "size" of the covariance matrix as : 

si z e ( c ov y ) - l ( var y ) (3.24) 

One _.can use the previous criteria to find the gener,alised 

inverse for the overdetermined case. It is a1ready known that 

the parame ter re so lu t i on ma trix is the unit ma trix; in that 

case. it then remains to minimise the spread of S As shown 

by Menke • the genera1ised inverse is then ; 

(~.25) 

Il 
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a result al~eady obtained from least squares theory. An anal-
\ ' 

ogous result is obtained for the underdetermined case.'One may 

questioned the usefulness of this concept since it gives the 

same results as th~ least squares method. The answer lies in 

the generality of the approach. It ls now possible to minimise 

----a weighted sum of the spreads and the covariance size. This is 

formulated as : 

S) +1l2spread (R) +à)size (cov») 

The cr' s being the weighting factor. This leads to the follow-

ing equation (Menke p.70): 

~ l( AtA )At+H(a2A~t+a)[cov!) -.(al+u2) At (3.27) 

U~fortunately there is no known explicit solution for H. lt Is 

" nevertheless poss~ble to flnd special solutJons by selecting 

the values of the a' s. If al - 1 and a 2 - a 3 - 0, the least 

squares solution is obtained if CI 1 - cr 3 - 0 and CI 2 - 1 the 
. 

minimum length solution is now obtained. The most interesting 
~ 

cAse is whenal- 1, a2" {} anda3" e 2 an arbitrary positive 

constant. The generalised inverse is then: 

This i5 the damped least squares solution. lt 18 then inter-
\. ' 

, 

preted as the minimisation of the weighted SUIq of the data 

resolution sp~ead an~, the covayance size. This 

as the Marquardt (1970) or, ridge regression 

is als~ Known 

method. The 

eigenva1ues of(A t A+e 2I) are ~2i-+e2. Thus, the effect of the 

Intr~duction of E 2 is to augment the size of the eigenvalu8s 

and:therefore to reduce the influence of the smal1 eigenvalu8s 
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on ~he solution. T~e effect' of' s~~ elgenva1ues 15 discussed 
'-" 

in Sectio~ 3 .• and the method has beeri gene~alised by Jupp.and 

Vozoff (1975). Menke (1984, p7l) notes that res01u~ion 

, 

ma tric es can ha,ve nega t ive 0 ff - diagortal e lemen ts and, thus, 

May cause interp re ta t ion di ffieu1 t ies if the rows are 

~erpreted to be 10calized aver'ages. An analogous inter-

pretation can be given to the elements of the rows of an 

information matri~ . 

Baekus" and Gilbert (1967) define a different spread 
o 

funetion to selèct resolution'~atrices that have their largest 

elements concentrated along the main diagonal. This approach 

has been used by Fullagar and' Oldenburg .(1984) for the 
~ 

inversion of horizontal loop E.M. frequency soundings. The 

Backus and Gilbert spread function is simply: 

spread ( R ) - !. '!, w(i,j) 

spread ( S ) - ! ! w(i,j) 

" 

Rij-1ij ]2 

Sij - ~ ij ] 2 

(3.29) 

(3.30)" 

where w(i,j) is a weighting factor designed ta maximise the 

delta likeness of the resolution matrices. A convenient weigh-

ting factor is 

w(i,j) - (i_j)2 

This factor imp1ies a 1inear ordering. 

This is particu1arly helpfu1 when the data have some 

special ordering. Two aatual examples should help to clarify 

this point. Consider. first 1 an underdetermined case. Assume 

we have n DC resistivity data that we would like t-o interpret 

in terms of 1 
m layers'I where m is larger than n. The data 

1 

1 
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resoluti,on matrix ls then perfect, and lt ls only natural to 

select a param~ter resolutlon matrix ~hose rows can be inter­

preted as localised averages of neighboring earth layers. 

Consider now the overdet,ermined case d"f the interpret.ation of 

a magnetic pl:'ofile in terms of the parametel:'s of an infi.nite 

,thlck dlke. Then, the paramêter resolutiQn matrix i9 perfect 
:t 

and again it is natural to select a data resolution matrix 

whose rows can be interpreted as localised averages of neigh-

boring data points. 

3:7 The Singular Value Decomposition. 1 
The singular value decomposition of a matrix i8 a very 

powerfu1 too1 for the study of least squares prab1ems. A 

complete description is given in Lawson ~nd Hanson (1974), and 

Menke (1984) explains its use in geophysical inverse problems. 

Some very good examp1es~f its use are given by' Wigilns (1972) 

and Jupp and Vozoff (1975). Although it has be'en used mo.t1y 

in the solution of underdet~,r,mined problems it can be a180 
( l,l Q' 

app1ied to the lnve,rs'ion of overdetermined • geophy.lcal 
, , 

problems. 

Lanczos (1958) introduced the s ingular value decompo.l-
0> 

'ti()n (later noted SVD) 'of a mat'rlx. Any matrlx A can be 

decomposed in the product of three rnatriGes (Jack.on, 1972): 

A - U A Vt (3.31) 

/ 
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If A ls' m x n, then U ls an n x n orthogonal maerix and V ls 

an m X m orthogonal matrix; A is an n x m diagonal matrix, 

whose diagonal', ele~~nts are grea-ter than or equal to zero', By 
, ' 

convention the singular values are ordered in dec'reasing
C 

" .. 0 
order. Note that the singular values are the square eigenva-

lues of the matrix ( AtA ). 

If P of these values are non null, the matrix is of rank 

p. The generalised inverse is simply gfven by: 

A-l. V A -lut (3.32) 

If one or more singular values are zero, the mat~ix .\ can 

be part i tioned in a square matrix A P 'of the p non zer.o 

slngular values and three zero submatrices. 

o 

A - (3.33) 

o o 

The SVD then becomes! 

Up and Vp are the first p columns of U and V, the other por­

tions of these matrices are noted Uo and Vo. Therefore A 
1 

contains no information about the subspaces spanned br these 

matrices. A nul1 singular val~e means that a linear combina-

tlon of the unknowns is not represented in the system. In 

other words some of the equations are linearly dependent; some 
/' 

information is absent for the problem. Therefore small 

singular values are associated with wea~ly represented linear 

combina~ of the unknowns. This 15 often due to the fact 
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that real data cannot be obtalned wlth absolute accuracy but 
~ . 

18 always contamlnatad by some amount of nois~. Thls'was weIl 
\ 

illu-strated in Section· 3.1 where a d.irect solution for the 

inversion of vertical gradient total magnetl" field due to a 

thick dike was developed. The solution became unstabLe when a 

realistic noise level was. added' to tha synthetic data, This 

was directl~ caused by the presence of a small slngular value, 

The "natural" generalised inverse was lntroduced by 

.Lanczos (1961) and is defined as: 

'H - VpAp'lupt (3.35) 

The paramater resolution matrix ls then simply: 

When the matrix i$ full ran~, the model resolution matrix 18 
~-..J 

the identity matrix and the paramaters are perfectly reaolved. 

This is often the èase for overdetermined problems. 

Simllarly the data resolution matrlx, or i~formation 

matrix is: 

(3.37) 

This will be equal' ~,o the identity matrix only if Up spans the 

complete data space,' then p - n. This ls generally the case 

for overdetermined problems. 

The data resolution matrix indicates how weIl the obler~ 

ved d'ata are p,redlcted by the. inverse. Combining equation 3.19' 
1 

,and 3.20 we find that" the predicted data are re 1ated to the 

observed data by: 

1pre- A H 1obs' (3.38) 
J 

( '\ . 
\ 
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The rows of Sare th,en interpreted as kernels ~averaging the 

observed data. (.Then the data have a natural ordering the 

predicted value is then an av~rage of neighboring observed 

values. , 
'J 

A sharp ma~imum centered about the main diagonal 

indica te s tha t the da ta are well :resol ved. wh i le a broad 

m.a~~mum h' indicative of pool;'ly resolved data. 
. 

Inspection of the data resolution matrix can be diffi-

cult, especially when the matrix 1s large. Jac}tson (1972) 

suggested e use of the vector~ 

s (3.39) 

of the k th , data point. • as a of the independence 
, 

Crossl~y (1982) suggested the use of a relative information 
. 

4~ v~ctor sk'- 1/2 (l-sk)' The -limits aTe 0, no information, and 

1 for an entirely independent data point. If S is,orthonor-

mal ised. 1 ts diagonal e le,ments then gi ve the re fa ei ve infor-

mation content of each data point. They are given by: " 

(3.40) 

Menke (1986) notes that the diagonal elements of Sare often 

called the 1mportancè' of the data. The dlfference between this 

deflnition and the previous one is in the normalization of S. 

Assuming uncorrelated data with a uniform variance (~2),~ 
{) 

the covariance of the model \parameters ls given by: 

[ cov y] - s 2V A - 2V t ppp p (3.41) 

The varlanc~ s2 is est1mated as: 

s 2 - (As - y) / ( m - n) .(3.42) 

,( 

, 
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elerents of the parameter covariance matrix are 

,the parameter variances and their square root give the1r 

The diagonal 

:0 1 

1 

~stimated standèrd error.Thls 
, 1 is very 

~ 

sensitive to the 

smallest 'singuia'r values becaus'e of the terms 1/.\2 in A -2. 
~ . 

The determination of p, the ra'l\k of the matrlx t8 ln 
~ 

• principl~ very weIL defined, however in practical problems, 
~ 

the singular values are li~ely to be very small rathe,r than 

identically zero. Observing that.\-l 
t 

iSa built from t;:he rec~-

-'procal of thé singular valu,es, it 'ls clear that a very small 

value can destabilise the generalised inverse. Various ~tra-

tegies can be used ta avoid that problem. One can assume ttat 

the ma~rix ls full rank and then replace the reciprocal of the 

sin g u 1 a r val u e s b y l / < ! 2 + ~.? i)' lh i s ha saI m 0 s t no e f f e c ton the 

larger, values while reducinl influence of the small'er 

one~. Th~s is often called a damped least_ squares. 
<> 

A more general s'trategy' has been developed by -tupp ànd 

V-Ozoff (1975), they introduced a dlagonal damping matrix used 

" 
to mod~f:tfy the' generalise-d inverse as follow: 

A- 1 _' V T .\ -lut ( 3 ,43) 

" Where th~ p index has been dropped for conven~ence, The 

elements of Tare: 

( 3 ,44) 

For n - l, this is equivalent to the ~tandard damping solution 

of Section 3.3,2.·~ doing this, the variance of tJ;te ea~imated 
pa~ameters ls gre~~y rëduced, and some a priori knowledge of 

( 
the parameters' variance is therefore aS8umed, Reçall that lt 

• 
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can a180 bé interpreted as the minitnisation of the weighted 
_. il" 

sum of the data resolution spread and the covariance size. In 

praétice the chÇ)ice of t?e damping factor E 2 depends on the 

problem beingc considered (see Jupp and Vozoff; 1975). 

~. 8 Inversion and ·SVD. 

When a matri~' i.e' weJI ~onditioned or weIl behaved, it' Is 
'~ 

conv~nient to compute 'its' inverse by standard techniques, such 

as Gaussian ellmination. On thé other hand, if the matrix has . '-

'a large condition num 

si ngul.ar value), 

(ratio of the largest to the sma11esi 

nearly singular, ~ne should rathertuse 

a s ing'ular v~lue It is th en possible to C 
t 

iden tif Y the source 0 f the p.ear 8 ingul~r i ty and modify the 

inverse by. damping or' ,deleting small S~lar va~ues. 
1 

'IL 

Therefore, it ,i8 suggested to first' use a SVD when a new type 

of problem is solved for the firs-t titiie. For example, the 

pa,rtial derivativ«; matr!x needed in the in,,:,;ersion of t}.le l'NPUT 

E.M. system is weil behaved as i,ts condition number is ,about 

5, and no singular value is much 'smaller than the others. If, . \ ~ 

one now considers the joint invers 1:on of an INPUT anomaly and 

a' magnetic anomaly, a case studied in Chapter S, the condition , 

number can be as hlgh as 3'pO @-nd at le~st one of Othe singular 

values :Ls much sma11er than the others.' oNote that the SVD ls 

comput~d after scaling the partial de~iv~trix where the . . 
Euclidian len!th of each column was normalised to unity. 

ü • 
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In our opinion, the strategy should be to use a SVD to 

evaluate the difficulty of a new problemc~ The only diaadvan~ 

r- tage of the SVD is t~at it takes more time to compute than a 

Gaussian e1imination. This is insignificant in a prob1em such 

as E. M. invers ion whe re mos t of the CPU t :tme i s sperit for the 
o . 

solution of the forward prob1em. In this work we used the 

program pub1ished by Laws"on and H,arison (1974) which is based 

on the alg~rithm of Go1ub and Reinsch (1970). A faster 'program 

has been published by Chan (1985) and could be very useful 

when the number of rows of the matrix to 

greater than the number of columns. 

b. d.compO •• d~ much 

3.9 Inversion of Airborne Tim. Domain E.H. Data. 

Most of the previous wox-k in E.K. inversion has been 

c6ncerned with the layered earth model (Wax-d and al. 1974, 

~Jupp and Vozoff 1975, Fullagar 198.4). The inversion of E'.M. 

data was studied by Pate~son (1982) and his px-ogram is used by 
'" /..J 

some helicoptex--borne E.K. contractors to interpret the con-

ductivity and the thickness of the overburden. The u inversion 

" 0 

ls b,ased on a SVD of the p.arameter partial derivative matrix. 

Resul ts seem to be excellent. To d'ur knowledge only one 3D 

case. hall been solved to date, and it ia the inversion of 

transient E.M. data °from a spherical conductor (Lee 1984). He 

uses the program developed by Jupp and Vozoff {1975) whlch is 

based on SVD. A v~ry useful model i~ the context of the Cana-
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dian shleld ls the thin plate' model and by' extension the..J 

iI!finlte half-plane. As seen before. most orebodies can be 

related to lentlcular or tabular bodies. This explain~ the 

POPu1~~Of this model since the first days of sirborne E.M. 

surveys. 

One of the most used sys~ems is the airborne INPUT system 

developed by Barringer (1962). More recently a simi1ar system 

called GEOTEM was introduced by Geoterrex in 1985. Both 

systems use the same transmitter waveform : a semi-sinusoidal 

pulse of al terna ting polari ty. The sec ondary trans ient ls 

measured during the off time. The primary and secondary fields 
~~ 

are i11ustrated in Figure 3.2. The number of channe1s varies 

from six to twelve depending on the receiver 

Unfortunately the INPUT system suffe,rs from a 

levels. This is corrected by using thè calibrations 

flight and assuming a linear drift. The GEOTEM 
() 

( 
used. 

is 

almost drift free due to its digital recei~er (Thomson; 1 86). 

Thef0re the inversion of INPUT data has to include the 

zero levels as unknowns. The other parameters are the dip, the 

depth, the conductance and the location of the plate along the 

profile. The strike angle and the length of the conductor are 

usual1y 8asi1y deducèd from the anomaly map. 'f 

As se en before, Annan's solution involves a fair amount 

of numerical Integration and so numerica1 differentiation has 

to be used for the computation of the partial deivatives.' 
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Some of these aré trivial and the computational e-ffort i5 

thereby greatly reduced. The,partial derivatives involving the 

zero leve 18 are equal to' one " s Ince they are ~no t invo 1 ved in • 

the computation of the system response to a conductor. They 

can be seen as a different DC shift for each channel. The 
, 

partial derivative involving the conductivity thickness 
~ , 

product is a1so easil~ calculated, since it ls introduced into 

the computation of the response after th~numerical 

integration. The partial derlvatives involving the other 

parameters havee to be evaluated nume-rically. 'A very simple 

forward difference formula ls used and has' been. shown to give 
,~ 

excellent results. The partial derivatives are approximated as 

follows: 

~f = f(x+ AX) .. f(x) (3.45) 

~x AX 

In gene:ral Ax Is of the order of 0.1% o'f x For the dip Ax is 

fixed to P and for the reference KO to lm. This h+lps ta 

- avoid numerical problems when small values of tbose parameters 

are involved. NUmerlcal tests have shown that decreaslng x 

below 0.1' does not improve the estimation# of t'lie' partial 

derivatlves. 

\ 
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3.10 Structure of the Inversion Program. 

The structur~ of the program itself is fairly simple, the 

- forward response i8 computed with a set of routines directly , , 

taken from the" PLATE program while the part ial deriva t ~ves 

matrix is calculated by numerical differentiation as shown in 

the previous section. The SVD routine comes from Lawson and 

Hanson (1974). In the case of non cpnvergence the singular 

values are'damped as proposed by Jupp and Vozoff (1975). The 

damping factor is taken as 'the pth singular value, the 

smallest one. If the problem still' does not converge, then the 

(p-l) singular value- ls used. This procedure can be repeated 

up to the largest _singular value. If it is then impossible to 

obtain convergence. the problem should be r-estarted wi th a new 

initial model. '" 
---... 

Damping ~as not used for the inversion of the INPUT data 

teste-d in this work. However -it was used a few times' in the 

~ inversion of magnetic and INPUT data and for the 

(:nvers!on of INPUT data us!ng only the late time channel •. It 

was commonly used for the inversion of, magnetic data of the 

actual data profiles interpreted in Chapter 5. This could 

indicate that the E. K. invers ion problem ls more linear than 

the- magnetic inversion problem. 'On the other hand th1. could 

be because it Is easler to flnd a-"good" initlal model fo~ the -

E.K. problem. 
/ 
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The Iteration process is stopped when the RMS error 18 

smaller than the lassumed noise level ~f the data or when the 

maximum nÎ.1mber of iterations has been attained. Parameter 

errors are estlmated by equatlon 3.42. The correlat~on matrix, 

the singular values and the singular vectors are also 

es timated. The residuals. that is the difference between the 
\ 

observed and calculated data, are listed for each channel. 

Finally, a linear regression is calc1,llated for' each channel 

between the observed and calculated data. W'e then obtained 

the corre14tion, the error of fit and a Student/s t test fO,r 

each channel. \ 

The pro~am 1s very versatile, aIl parameters that can 

influence the. inversion results are variable. The order of the 

numerical quadrature and the dimensions of the grid _use-d to 

'interpola te the magne t ic fie Id cI-nr the pla te can be mod1 fied 

for each problem. Different plate width to length ra~ios can 

be used by ass igning different files prior to running the 

program. The pulse repetition rate, its length and the time 

gates of each channel are variable. The program flow ehart is 

illustrated in Figure 3.2. 

1 

• 
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Chapter 4 

, 

SYNTHETIC AND ACTUAL DATA INVERSION 

4\ l Synthetic Data Inversion 

4.1.1 Nolle Free Synthetlc Profl1~8 

A 
~ 

set of theore t lcal profiles was 

t 

calculated to 

investigate the quality and the limits of the -inversion 

algorithm. The plate model characteristics used to compute the 

profiles are listed in Table'4.1 and some typical profiles are 
q 

illustrated in Figure 4.1. The digital fi1ter used to simulate 

the real system integrators has a time constant of 1.lsec. The 
If 

speed of the air"c:ç-aft was assumed to be 200km/h and the 

profiles were sampled at a distance equ,ivalent to a sampling 

interva1 of 0 .l'sec. The INPUT system time specifications used 
• 

for these simulations are listed in Table 4.2. 

The first case inve~tlgated 15 a vertical plate with a 

conductivity of 5S, it simulates a weak conductor located 150m 

under the transmitter or 30m below the ground surface. 

Although the profile was generated with the highest precision 

available wi th the PLATE program, 15 eigencurrents and a 

Gaussian quadrature of, the 19th degree, the inversions were 

computed with a Gaussian quadr~ture of the 8th degree. The RKS 
" 

" 
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Table 4.1 Parameters of the plates 'used to generate the 

thedretical ~of.11es. 

Depth 

Strike length 

Dip . , . 
Strike angle 

Plunge 
\_, 

Conductance 

120m and 

600m, and 

60· • 90· 

90· 

O· 

SS. lSS 

lSOm 

900m 

and 13S· 

and 50S 

< . \ 

Table 4.2 INPUT system speeifications used to compute the 

synthetic profiles. 

Pulse width l;Omsec 

Bas'e frequency: 149Hz j Time gate limits: 

Channel 1 : 0.240 - O. 404msec 

Channel 2 : 0',.404-0.568msec 
1 

Channel 3 : 0.568 - 0 .89 6ms,e c 

Ohannel 4: 0.896-1.224m8ec 

Channel 5 : 1.224-1. 7l6msec 
-\" 

Channel 6 : 1.716 - 2. 208m8ec 

Transmitter-reëeiver horizontal distance: 93. 
_1 

vertical distance ' . 6911 . 

\ 

, 

r 

,; 

, 
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Figure 4.1 Noise free synthetic profiles calculated for plates. 

of various dips. depths and conductances (aft:~r Fer~eyhough; 

1985). 

\ 
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error of the starti~g model is 335ppm, and i, down to O. 3ppm 

" 
sfter 4 ite.rations, resulting in an almost,(r'perfect f-it. The 

evolution of the RMS error is listed in Tablè 4.3. For tha't 

case the convergence of the inversion is fast and the results 

are listed in Table 4.4. 
: 

.The same profile, filtered to simulate real system 

integrators, was inverted and the results are also listed in 

Table 4.4. The model was fully recovered and the filtering , 

process has no negative effects on the \ resul ts. Thi. 

demonstrates that in this case, a ~oise 
o 

free actual profile 

,can be interpreted without any problem if the filter ia taken 

into account in the inversion algorithm. Of particu.lar 

interest is the fact that the exact location of th~ conductor 

i8 easily found. This ts often a problem when actual data ar$ 

interpre.ted with nomograms, and of consequence "when the target' 

is likely to be drilled. 

The correlation matrix indicates that Most parameters are 

uncorre lated (see Tab le 4.5), excep t the conduc.tance and the 

dep,th. This i8 a resul t tha t coul d be expec te d 8 ince the se 

-parameters are linked together in the Palacky nomogram (1II8e 

Figure 3.1). These parameters can be "de-correlated" if the 

partial derivative matrix ia weighted by the recfprocal of the 

amplitudes of the responses. This has the effect of giving an 

equal influe~ce (~eight) to each data point, thus reducing the 

influence of the peak of the anomaly . 
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4.3 R'~ductlon of the RKS error vi.th the number of, 

Iterati.on. 

Iteration number RKS error (ppm) -. 

0 335.3 

1 74.1 -
2 25.5, 

" 
3 3.8 

4 0.3 

'" Table 4.4 Results of the inversion of a noise free synthetic 

profile in the presence (fi1tered) and absence of syscem 

integrators. 

Parameter Starting Invérslon ' ) TrT,le model 

model unfiltered model' filtered 

Cond.(S) 10 5 .. 0 S. 0 ~ 5.0 

Depth (m) 75 149.7 149.7 150.0 

Dip 7S 89-. g- 90.0 90.0 

'. Ch zero 1 100 0.1 -0.7 0.0 
p 

(ppm) 2 70 0.0 -0.8 0.0 

3 30 0.0 - O·~ 5 0:0 

4 10 0.0 - 04.2 O. O. 

5 3 0.0 0:1 0.0 

6 0 0.0 0.1 0.0 

• Reference (m) 65 48.-5 48.4 48.75 

RMS error 0.3 0.7 

1) 

v 

. " 
") 

.~ 
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Table 

free 

C9nd. 

1. 00 

l' 

r 

4.5 Correlation 

synthe'tic prC?fi1e. 

Depth Dip E.M. 

Ch.l 

O~. 86 -0.12 -0.06 
1 

1.00 0.31 0.35 . , 
1. 00 0.37 

1. 00 

'i: 
'~.; .. 

< 

',,-

-\ 
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matrlx t;:'om the inVej,On of a noia. ' 

. 
zer,~ levels Ref. 

, 
Ch.2 Ch.3 Ch~4 Ch.5 Ch.6 

0 

-0.39 -0.45 -0.11 -0.15 -O.OS" -0.15 

-0.19 -0.32 -0.25 -0.12 -0.04 :0.27 
..-- -==;;} 

0.22 0.12 ,0.06 0.02 0.01 -0.19 

0.16 0.05 0.01 '0.00 0.00 -0.21 
~ 

1. 00 0.21_ 0.14 0.06 0.Q2 _-0.04 
. 

1. 00 0.15 0.07 0.02 '0.02- . '\ 
----------- --- -- -~--

__ ____ t-... ____ 

1. 00 0.05 0.02 0.03 
" 

1. 00 0.01 0.02 

1. 00 0.01 ,/ ... 
1. 00 

.. 

" 

.s' 

", f -
... 
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By this scheme. the correlation between the conductance 

and the depth is reduced from 0.86 to 0.44: unfortunate ly the 

location of the plate and Most of the zero levers are now 

Z:
related as shown in Table 4.6. This type of weighting in­

reases the influence of the. flanks of the anomaly and Is 

J: articularly sensitive to small values, close to zero. This 
----: ~"~ 
proD~m could be overcome by adding a constant to each 
~ , 19' 

channel; 'èh.e'!~ constants ltlo\lld thert be :Lncluded in the zero 
, 

levels of each channel and should be subtr·acted from the 

inversion results to get the actual zero levels. 

Uots of the s ingular values associated with the previous, 

probljems are shown in Figure 4.2. The .mos t obvlous char',ac-
, 

terlstic 1s the presence of a step made of six almost. equal
v 

• 
singular values assoclated with the zero levels of the INPUT \ 

system. Th·ls indicates that the zero levels equally influence 

the inversion. The last four singular values are slgnificantly .. , 

reducéd if the am~lltude weightlng strategy 18 used, resultlng 

i'a a higher conditl'o'n number. Thus one should be ,very caref~l 

• 
when using that type of weighting. 

4 0 

.E.ach 

The parameter singular vectors are plotted in Figure 4.3/ 

one i8 a comb ination of the model parameters an'a, the/r 
'. 

Influence on the calculated response is proPQrtlonal to the· 

I\agnitude of the s~~r value associat:d with each one of 

them. Howeler 1 -" in V. inversion, parameter corrections are 
, l' 

.very sensitiv~ to very small singular values. Therefote 

paramater singular vect~rs associated wlth small singular 

\~ 
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Table 4. 6 6orre1a~io'n matrix from the inversion ,of • noise 

free synthetic profile when thé data are ,welghted by their 

amp1 i tude. 

;: 

Cond. Depth Dip E.M. zero leve1s 0 Ref. 

Ch.1 Ch.2 Ch.3 Ch.4 Ch.5 Ch. 6., 

1.00\;.4~ j 1 

0.01 -0.02 -0.06 -0.08 0.02 -0.01 - 0.04 0.02 

1. 00 -0.26 -0.18, -0.50 0.03 0.16 0.02 - 0.02 - 0.09, 

1.00 0.,35 0.41 0.26 0.09 0.07 0.07. 0,,27' 

1.00, 0.48 0.35 0.25 0.18 0.17 - 0.27 

1.00 0.61 0.45 0.36 0.33 -0.64 
1 

1. 00 0.50 0.34 0.29~ -0.62 
<' 

1.00 0.29 0'.25 - 0.58 
.-

1. 00 0.17 -0.40 
. 

1.00 - 0.35 

1.00 

,/. 

l, 

-

.. 



Figure 4.2 Singular value S'pee t from the inversion of 

syn~hetie anomalies wlth different' weightings. 
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Figure 4.3 Singular va~ues and parametèr slngular vect?rs from 

the inversion of a noise free synthetic anomaly. 

integrators were ~imulated. 
,,~ -

System 
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v'~lues that have little influence' on the ca1cu1ated response 

but greatly influence parame ter correc tions "during the 

inversion. These parameter combinations correspond to high1y 

corre1ated parameter~. 

The first parameter singu1ar vector is mostly influenced 

by the conductance, the depth and the dip. The,Sècond one has 

a very s trong c01!1ponent corresponding ,to .. the location of the 

p la te. 'The th i rd has components mos t ly as socia ted with the 

zero levels of the first and third channel and the location of 

the plate. The next four singular parame,t-ers and values are 

'associated with the zero levels, while the Èdght and ninth are( /(' 

also· influenced by the dip. The strongest components~of .the/' 

last s ingular vec: tor,' associated wi th the smallest s ingular' 

val~e, correspond. to the conductance ~nd the depth. Such 

parameter groupings cannot be found by inspecting the corre la-

tion matrix, one has to look at the singular vectors to gain a 

bettero ' insight into the problem of the grouping of the 

parameters. 

Inversion tests were also performed for other dips and 

conductances. They converge to the correct t'esul ts in Most 
/ 

cases i ne ludi ng the fi 1 tered profi le s. The 60 0 dip case is 
/ 

highly typlcal of' the INPUT syst~m since t~è profile is 

characterised by two peaks; the ~econd one being right ,.over 
cr 

the conductor if the profile is unfi1tered (no sy.tem 

integrators). For a dip of more than 1135 0
, however there ls .f, 

only one peak and the inversion does not always easl1y 
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converge when the profile is fi1tered to simulate the actual 

field situation. If the starting model is the same as the one 

used, eor the unfi1tered case the inversion sometimes stops ln 

a local minimum. The global minimum is reached only if the 

starting model is re1ative1y close to the theore~ical one. In , 

t~ case 'Of a "close" initial mode1 with an RMS error of 

202ppm, 
1 

down to the 4 ppm after only error is 

iterations. The inversion results from each itet'ation are 

given in Tables 4.7 and 4.8 for both cases: when system 

integrators are simulated and when they are not. 

Another filtered synthetic profile was calculated from" 

the s ame mode 1 geome try, the on1y difference be i ng tha t t'he 
. 

conductance wa~ fixed at 208. The inversion converged to a RMS 

e r r 0 r 0 f 4. 7 p pmi n fou rit e rat 1 0 n s f rom il n 1 nit i a 1 RM S e r r 0 r 

of 535.5ppm. The results are listed in Table'4.9. 

, 
4.1.2 Influence of the Str1ke An81~ and the Strlke Length. 

Some parameters such as the 1ength of the plate and the 
1 

angle between the plate and the profilo were not included in 

the 1nversion for practical considerations. They w~uld neces·' 

"-sitate the joint inversion of three or four profiles and the 

~ost could then be prohibitive. In Most cases the - strike 

length of the plate is eas11y deduced from the anomaly map and 

it Is unllkely that one could err by more than 200 m.The 

) 

\ 
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Tabla 4.7 Inversion of a noise free synthetic profile. System 

integratprs were ~9t simu1ated. 

) 

lter. Cond. Depth Dip E.H. zero 1eve1s Ref. Error 

(S) (m) (deg. ) (ppm) (m) (ppm) 

'~ 
0 10 125 90 20 10 10 10 3 0 62 ,193 

, 

1 3 137 117 183 101 43 15 9 7, 59 191 

2 5 161 139 22 7 6 6 4 1 40 55 

3 5 150 136 -4 -2 0 0 0 0 46 5 

Mode1 5 150 135 0 0 0 0 0 0 . 46.5 

Table 4.8 Inversion of a noise free synthet-ic profile. System 
Qo, 

integrators were simulated, 

lter. Cond. Depth Dip E,H. zero 1eve1s Ref. Er'ror 

,( S ) (m) (deg. ) (ppm) (m) (ppm) 
~-

0 7 125 120 0 0 0 0 0 0 62 202 
{J p 

, 
\ 

) 

1 5 140 127 20 7 1 1 '2 2 53 23 / 

2 5 149 134 9 4 2 1 0 0 47 4 

" 
3 

\ 

5 150 135 3 2 1 0 0 0 ' 47 2 

{+ \-- 5 '1 150 135 3 1 1 0 0 0 47 2 

Kociel 5 150 135 0 0 0 0 0 0 46~5 
1 t 
1 

1 
1 

c-

-
-' 
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Table 4.9 Inversion of a n.oise free synthetic profile. St. tem 

"" ~ integrat6rs were s itnu1a ted. 

Iter. Cond. Depth Dip E.M. zero 1evels Ref. Error 

(S) (m) (deg. ) (ppm) (m) ( ppm) 
. 

0 10 125 45 100 70 .JO 10 3 0 62 535 

1· 11 108 81 3 67 77 64 46 31 42 25.4 

2 18 127 101 102 47 25 13 8 6 40 96 

3 20 143 129 89 66 47 31 20 12 44 60 

4 20 150 134 10 8 6 4 3 2 46 - 5 
~ 

Mode1 20 150 135 0 O' 0 0 0 0 46.5 % ~ilI"''' ...... --~~-~ 

". 

" • 0 

l, 

\ 

• " , 

, 
, .. 
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strlke angle ls a180 ea811y read from the same map and should 

be aeeurate to +j- 10·. 

'A synthetlc pro~i1e due. to. a e?nducti~g vertical plate of 

90.0 m strike length with a 90· strike angle was inverted 

assuming erroneous , , strike ~engths and ,strike angles. The, 

resu1 ts are shown in Tables 4.10 and 4.11. , 

. l t shou1d be no ted~ tha t for the case where the s tri~e 

angle is 130°, the solution diverge~ after first 

1 te ration. One eou1d Interpret thes e re sul ts as the invers ion 

-----: ---.- .---"'----"<> "ca·--"pFo'ffles.;"c oïï:ta'ùïIïli:tëd -- by" -a b-ià-s-ed -sourc'e----af--na±-s-e '-a-l-tho"U'gh 

c 

lt is then diffieu1t to interpret the error of fit as due to 

errors in a strike length or strike angle merely from the 

inversion resu1ts. Howeve,:-,on th;e positive side, it is very 

unlikely tlhat these varia~,s cou1d be misj udged by an expe-

rlenced Interpreter. -

The singula~ - value spec t-t.a assoeiated with these 

different cases are shown in Figure 4.4. lt ean' be seen '1;hat 

the general shape of the singular value spectrum is not 

affec'ted ~y , erroneous strike 
) 

angles and lengths. They are, , , 

similar to tne speetrum of profiles contaminated by noise as 

shown in,Figure 4.2. 
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• Table 4.10 , Results of- tbe inversion of a 

various strike 1engths are used. 
f 

.. 
f 

Parame ter,· J Inversion results 
; 

, , S-600m S-900m S-1200m J~ 

~ 

Conductance (S) 8.8 5.0 17.2 

Depth (m) 163.1 149.5 , 170.4 

IHp / (degree) 94.4 90.3 96.3 

\J Ze-ro 1tve1s 

,Ch. 1 (ppm) 29.1 0.8 41.7 

2 16.~ 0.2 27.6 
, .:\ . " 

3 
'(' 

5.7 ~ - 0.1 9.8 

4 2 ... 7 0.0 -0.2 

5 1.5 .0.0 - 0:8 

6 0.6 0.0 -,0.9 
fA, 

Ref~rence (m) 64.9 , >- 4'8.8 48.4 
.. 

RMS error (PP·) 45.5 2.9 63.1 

.,. 

• 

... 

900. plate 

'" 

---.. 

" 
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Table 4.11 Results of the -inversion of a plate when ,erroneous 

• • trike angles are used. The true strike is 90·. 

Parameter 

Strike .ng1e 

Conductance (S) 

Dept-h (m) 

Dlp (deg:ree) 

Zero levels 

Ch. 1 (ppm) 

2 

3 

'4 

-5 

6 

R.eference (m) 

Error (ppm) 

Inversion results 

110· 120· 130· 

4.~ 4.6. 4.2 
Fo 

141.4 
) 

131. 2 113.3 

89".9 89.4 80.8' 

... 4.8 -14.1 -197.4 

:,,3.3 - 8.4 -74.9 

-0.7 -1.7 -51. 9 

-0.1 '-0.,3 -8;4 ~ 

0.0 0.0 -0.4 
'l , 

0.0 0.0 ' 
."4 

1.1 

48.1 47.2 68.7 

-2,3.2 52.4 106.1 

~ 

i 

- . ' 
0. \. '-! ' ,-

~ \ , 

1 

., \ ... 

, 

" 
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'igure 4.4 Effact of erronous strike angles a~d str1ke length • 

on the singular value spectra.-
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4.2 Inveraion of Synthetlc Profiles Vith Noise. 

,4.;2.1 Noiu Characteristlc8. 
1 ; 

Noise 

is why any 

free actual data does not of course exist, and this 

Inversion algorithm has to be tested with different 

noise ievels to estimate Its reliability. The current practi~e 

is to add white Gaussian noise of var'ious" levels to the syn- ',J 

tetic profiles before their inversion. A time domain E.M. 

system' ia subj ected to different sources' of no ise. Annan 

(1983) studied the'problem of bird motion. The bird containing 

the receiver has a natural period in the 1 to 20sec range 

depending on 1ts construction. The exact location of the b.ird 

Is a function of the airspeed of the airplane, and tables of 

Its location vs airspeed are available from the contractors 

us ing these systems. 

Another source of noise is E.M. noise. Sferics are caused 

by lightning discharges alld show up as impulses, in the 
1 

northern hemisphere the:r _~ar/e mostly active in summer time. 

They are easily detected because of their impulsive character. 

El~ctronic noise ia reduced to a minimum in modern receivers 

and can be minimised by applying standard 

to the digital data recorded in flight. 

fi 1 tering techniques 

-1\ 
li 

A third source is "geologic'" noise, usually defined by 

the geophysicist as everything a geologist would recognise but 

which cannot be modelled geophys.ically. It is generally the 

response of .conductive overburden (if any); graphi tic bands, 
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fau!ts or shear zones carrying groundwater w~ll .a180 conce,al 

o 
the target r~sponse. The final response will then be the 

result of a convolution involving all thèse variables. This 

convolutional noise cannot be removed by standard filtering 

techniques. ,Th~ Ideal solutio"n would be to include these new , 

'parameters in a global inversion scheme. 
. 

Aliasing or insufficient da'ta sampling is potentially a 

source of noise, but an anti-aliasing filter i8 lncluded" in 

the receivè']: InstrUJnentatiol). Dep etiding 
, 

on the type of ana log 

to digital converter used, it is possible that the quantiza~ 

tion error has so~e effect on the noise level. It i8 important 

to be aware of these sources of l'lo:f.se when inverting act~l 
n " 

da ta; some can be minimised by careful preprocessing of 
l 

the 

data. Finally let's recall that noise is additive, It doeif not 

cancel. 
• 

An actual survey line was used to study the noise cha-.., 

racter of such a type of system. Parttof Une 470 (about 8km) 

of the Waconichl area airborne INPUT survey pubUshed by Le 

Ministère de l'Énergie et des Ressources (1979) la flown over 

non conductive granit'ic rocks. The E.M. channels do not show 

" Any correlation with tpe topography indicating that they are 

diagnostic of the zero levels of the system. Thus It can be 

assumed that the data recorded on each channel ls compos(!d 

exclusively of noise c?mponents, 

The current practice ls to visually estlmate' the 'noise 

leve IL from the analog records as the peak to peak ampli tude 

) 

Î 
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of the obser\ted signal. A more objective" dete.rmlnation, i. to 
. , 

comp.u~e the. standàrd deviation of the' sign,al on each channel .. 
1 

The calculated levels of n~isetl for· the fsi'~, chan'nels aré giveri 
'C, 

in Table 4.12. Visually. the noise levels are about twice 

these flgures. The noise amplitu~e diminhhes for the late 
~ . -\ 

channels due to their longer time windows and to th-e fact 
, '-

],.ate t{m~$ more or _ less correspond ta low E.M. " freque 

which are less likely t~ be contaminated hy noise. 

shows-that many ~urveys have a,more important ,noiae lere.l •• 
~ -

noise level of SOppm i. reasonahle while a noi.e level of 100 

ppm ia quite possible. 

lt was ,therefore decided t.o test,.... .~he ,.1t\y
E
e,fsiC!n ·.1~o.th, at 

, 

the SOppm and lOOppm noise level: The eyntheti"c "white; noise" 

generator is allowed ta simulate the variation of noise level • 

• wi th channe 1. numher. ChanneL land 2 have, the a ame ho ile 

lever. it ia then divided by ,s' factor of 2 for channe'ls 3, and 

4, and by 3· for t~e last two channels. The random number gene-
) 

rator used by the white~nolse' routine was .taken from foraythe 
\. ... o. 

et al. (1977). 

lt i9 ~sef,ul to define the s~gnal to noi •• ratio SIN AI 

the ratio of the peak anoma'ly amplitude to 

level. This will permit a~ easy comparison 

noise levels on differents type of anomalie.'. 

;, 

the average noise <l' 

of' the effect of 
l, 

-' '~~.':>:' . ; 

, 

.' 
r 
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Table 4.12 Observed,nolse levels"on a section (8km.) of llne 

• 470 flown over· a hlghly 'reslstive area for t~,~ .Faconlchi INPl,JT 

survey. .-..... -::-

1':1 

q:; 

Channel Noise ln ppm Length of wlndow, (/-4sec) 

1 35 J-- 164"-

2 34 164 

. 
li' • . 3 \ 14 328 

/' 
4 1o, ~28 

... 1 ..-\ 

". ~, 

5 4 492 
'" 

6 4 - - 49-2 ' 

, 

" 
/ . 

l' 

;;';"a 

~\J': .. ', .. " .. , 
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4.2.2 The Effects of Noise. 

A 50ppm':,?~hite Gaussian noisl! was added to the modela. The 

initial values were the same as for noise free data invetsion 
Q > 

tests and it was always possib~' to recover the theoretical 

models. The' only problematic case was the one of a 135· 

dipping plate with a conductance of 5S; the starting model haA • 
to be closer than for the, other cases. This was expected • . 
s inee the s ame 'problem aros e for the no is e ~ free syn thet i ~ 

profile when system integrators were simutated. An in~eresting 

point is that an unfiitered profile is easier to Interpret; 

th~ initial model has to be closer to the global minimum .for 

the inversion of a profi le fil tere'd wl th a' t lme cons tant: 0 f 

"" 1.1 second that simulates the system integrators. Therefore 

there -i:s somè advantage: in th~ use of a, recelver that does a 

minimum of fil tering to the original data. The inversion 

ltself takes care of the noise. 

the actukl data and the caIeul~ted model is minimised in the 

least squares sense. The ef,fect of a filter is to destroy the 

high frequency content of the data and some useful information 

can then be lost, Even if those conclusions were obtained for 
, 

a ,ca~e cort'esponding to a low signal \ to ,noise ratio for the 

late channels, such cases are very ~ikely to occur in the 
/.. 

interpre tation of real survey data, For' a Il the tes ted cases 

the RMS error of fit is about the same as the noise l.vel 

after only thr.e~ or four i.,terat1o\, 
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The same 
/ 

inversion tests were performed the lOOppm 
, 

noise leve1. The resu1ts are essentially the same and confirm . 
that the inversion is robust and stable. The inversion program 

includes a statist'ica1 analysis of the fit ot! the observed and 

calcu1ated data for each channel. The residuals are a1so 

listed. They essentia11y consist of white noise and a typical 
" -case is il1ustrated in Figure 4.5. 

Wh~n the 
1 • 

data are weighted by the reciprocal of their 

variances the results are the same as without any weighting, 

this 1& most likely because the weights differ by only a 

factor of three between the first and the last channel. 

4.2.3 A~aly81. of the Information Hatrlx. 

A typical INPUT ftnomaly profile sampled at a O. 5sec. 
o 

irtterval has between 60 and 150 readings for the six channels. 

Thus, the data information matrix is at 1east 60x60 and typi-
l 

cally 100x100. The easiest way to analyze such a matrix is by 

displaying the information densi ty vec tors and the importance 

of the data as discussed in Section 3.7. The information 

vectors associated with the last iteration of the inversion of 

a synthetic profile (Figure 4.6) due to a 20S conducting plate 

,(dip: 135°; depth:150m) and contaminated by a 100ppm white 

-noise are i11ustrated in Figure 4.7; Figure 4.8 shows the 

importance of each data point. The information vectors and the 

data importance are ordered and presented in the same way as 

\ 

1 

" 
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~igure 4.6 INPUT anomaly contaminated by a noise of lOOppm. 
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Figure 4.7 Information dens i ty profile s resul'ting' from. the 

inversion of the anomaly of Figure 4.6. 
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Flgure 4.8 Data importance profile resul ting from the inver-

sion of the anomaly of Figure 4.6. 
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an anomaly profile _ Each curve in the figure c()rresponds <'_to 
, 

o 

one particul ar ch-anne l _ lt is then evident that both are 

similar 

subtle 
.. 

to the data profile_ There are nevertheless 
Cl 

() 
differences _ The data impor~~nce decays "faster '. 

.. 
sorne 

re 1 llo_ 

tive to the channel number, than' the 
1> 

information vector. This 

is because the in,formation vectors are orthonormalised and 

give the relative -i,nformation density. "On the other hand,the 

data importance is simply the diagonal of the information 

,matrix. 

, 

We remark that the infox-mation profil'es are not 
, 

ordered 

wi th i ne reas i ng channe l number as the E. M. ehanne l'~amp l i tude s . 

Çhanne l one has the· hi ghes t' i ~forma t ion c onten t and chllnne l 

six has the lowest. -l'he s'econd hi:ghest channel is three, fol-

low,ed by channels five, two and four. The same is observed f()r 

the' da ta importance vectors. Information vactors are a mensure-

~ensi t'y 
) 

of how close the information matrix is to the unit 
~) v • 

" '~ 

matrix_ Low values mean that the value of a data point is , 

predie,ted by some kind of averaging of ne ighb~r ing po Ints. ;>, A 
l, 

value close to one would mean that a data point almos t P~,-
/ 

dicts Ltself _ The p~eceding results should not be interpreted 
, 

as. 'a way to rank the impor'tance of the E. M. channe l tA, but 
c 

rather as an indication of the content of independent informa-

-
tion in èach data poit:.lt. 

, The reordering ot the info~mation density profil~s is an 

effect of the .weigl:lting of the E.M. chanllels by their nolse, 

channels~ Figure 4.9 shows the information density profiles 
.-- . 

, , 

1-
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re~u1ting' from the inversion of the sam'" ano~aly 1 but ~'out 

w'eighting. The J?r'ofi1es are then ordered Witjt inÀeaSrng 

channel number. 

The same ,unfiltered anomaly (no .systém integrators) was 

~ " interpreted; the data were weighted by their noise 1evels. The 
'" 

information and data importance prof'iles are shown in Figures 

4.10 and 4.11. Their amplitude is larger than fIOr the filtered . 
profiles indicating that the syste'm integrators reduce the 

information 'content of each 

value of neighboring data 

data point and tha,t t,he average 

is less important than \for an 

unfi1tered profile. Their ordering is the same as when system 

integrators are simulated. 

4.3 Acceleration of the InVérsion. 

s ide,ring the resul ts of a number of invers ions, one 

that the singu1ar values do not change very much from 

one, Iteration to the next one. This is usually an indication 

that the partial derivative matrix of the proble'm does not 

,vary significantly. The evolution of the singular value 

spectrum as a function of the number of iteratYons is , 

illustrated in Figure 4.12 for different inversion cases. F,jlr-

nois e free da ta °there ia almos t no varia t ion 0 f the s ingul ar 

values. This suggest the possibility of not updating this 

matrix in the iteration process. This has been previously used 

by Pilki,pgton and Crossley (1986) in a d1feerent pro.bl~m. In 

many inverse problems 1t is possiple to improve eff1ciency 

J 
.. 

.. ' 
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Figure 4.12 Evolution of var10us singular viflue spectra for 

different inversions as a function of the number of 

iterations. 
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by up'dating the partial deriv{iltive matrix only every nth 

iteration. Tests made with noise free data indicate "that the 

same precision can be obtained when the partial derivative 

matrix is updated every two Iterations rathir than every one. ~ 

The inversion is then about tW1ce as fast. Unfortunately the 

inversion does not converge when a noise level of SOppm ls 

o 
added to the syntheti'c profiles. Since higher noise levels are 

most likely for actual d,ata, this approach is now impractical. 

4.4 Inversion' of Actual Data. 
t:l 

4.4.1 The Richardson Test Site. 
~ 

, ' 
/ 

Actual daba fr~m an INPUT s~rvey flown in 1977 by Questor 

Surveys Ltd for the Quebec government (DP-749; 1979) were used 

to test the inversion prt'gram. The selected area is north of 

lake W'aconlchi in the Richardson township, 25km~ north e<ast of· 4-

Chibougamau (Que.); ,it has been used as a test site for 

different geophys lcal 'and geochemieal methods (Bazine t and 

Sabourin; 1987) in a study of regional INPUT eonduetors. This 
J 

graphltie eonduetor is a"t the eontae t of the B10ndeau (fe1s le 

tuff) and the Gilman (basaIt) formations. It has been drilled 
.., 

- at four dlfferent locations in 1984 to help interpr~t: the 

ge~physiea1 a~geoehemicai surveys done in the area. 

The results of the Interpretation of a UTEM and a 

horizontal loop (Geonies. EH-17) E. K. survey are given by 
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'0 

. 
o 

.. 

• 

l ' 

'- 1 

Bazinet and 
" '/ 

Sabourin (1987,op. cit.). The~ survey I1nes are 
r LI ~.,.. <: 

,perpendicular to the conductor axis and thelr spac;~fng la l2Sm. 

The HtEM survey was interpreted for the wldth 1 the depth. the 

~ip and the, conductance of .. 
is highly sens i ti ve' to dip 

the conductor. This type ,J1'f survey 
\ 

but cannot: resolve closely spaeed 

thin conductors. Generally the conductor is dipplng south and 
'6 

is subvertical in a few places. rts conductance ranges from 2S 
o 

, 
to 80S, and its width from lm to "l60m. ,The interpreted depth 

" is generally indlcated as smal'ier than 7ni and ls 20m at the 

most. Theo smallest depth re~6'tyed by ,this system is 7m. 

UTEM (Lamontagne. 1975) ls a tlme domain system using a 
~ 

flxed transmitter consisting of a large current lo.op. ' 

typ ically SOOm x 500m. The rec e i ver measu~es the ver t iea 1 

magnetic field and is moved along the survey lines outalde the 

transmitter loop. Only the conductance a,J)~ tt}le depth of the 
... '!.v: .... 

conductor were lnterpreted. The interpreted depths from thls 

survey are greater than those obtalned from the HLEM and INPUT 
o 

surveys. UTEM is a large geometry system and therefore Induces 

currents deeply into the grour,d. This resul'ts ln grater 

interpre ted depth than for the HLEM. Lowerlng the frequeney 

"'has -the same effect. 

Dril1ing results indicate that the ~onductor c~rre8pond. 

to a transition zone between the Gilman and the Blondeau 

Formation. The top of the Gilman inc ludes many veins of 

pyrrotine and magnetlte. Felsie tuffe containing some massive 

sulfldes lenses are found at the base of the Blond.au. Black , 
, 

<J 

v 
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• graphi tic shales are also present. This conducting zone is 

e.si1y detected by the INPUT and UTEM surveys. The HLEM survey 
\ 

accurately locates the conductor and' is diagnostic of its dip 

. and thicknes s. 
• 1 

The geology and the location of the INPUT anomalies are 
'1 (j 

shown in- Figure 4.'13. 

dr'i11 hole locations are 

- \ 4.4.2 '""Lint 4615 

The HLEM interpretation map and the 

shown in Figure 4.14. 

J. 

Anomalies A and B on f1ight 1ine 4611 are characteristics 

'of a south dipping conductor since the 1ine was flown in the 

north direction. Ano,!a1y C on line 4615 is 10cated abdut SOm 

.~ast of anomaly A and is i11ustrated 'n Figdie 4.15. The plani" 
. , 

was f1ying south and there is on1y one peak. The radar 
.-J 

a1timeter indicates a height of about 1l:-8m above ground. A 

qualitative Interpretation of the anoma1y map indicates that 

the éonductor ia eut by fau1ts. most of them already mapped on 

the geological compilation ~âp published with the survey 

~ re.u1ts. That section of the conduc~or dips south and is about 

60011 long. 

The initial mode1 was a 600m vertical -plate with a 

conductance of lOS' and 125m below the plane. The system 

integrators had a time constant of l.lsec. and the sampling 

interval was 0 :5sec .• corresponding to about 30m on the grounct-"", ' .. 
The initial RKS error was 398ppm and the final RMS residual 

u 

• 
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error was 56ppm after ~hree itera,tions. The assumed noise 

levels were lOOppm for channels 1 and 2, SOppm for channels 3 

and 4 and 33ppm for the las t two channe ls. Each channe 1 was 

weighted by its noise level for the inversion. The results of 

the inversion of aimalY "C" are listed in Table' 4.13. The 

correlation matrix shows a maximum correlation of 0.97 between 

the depth and the,?ip and no other significant correlation is 

observed. 

Inspection of the residuals shown in Figure 4.16 

fndicates that chan"nel one has the poorest fit. The presence 

of a slightly conductive overburden sometime explains this but 

in this area, it mostly consists of sa:"d, gravel and till. The 

information density profile (Figure 4.17) associated with the 

~ first channel has an amplitude that is about twice that of 

channel two. Both maxima are located at the same position 

Along 'the profile. The information vectors 

with the lat~ channels are shifted down 

maxima associated 
/''''\ 

along the \ profile 

indicating that the flanks of the anomaly are more important 

to the inversion than the peak amplitude. There is also a 

shift of the maxima of the late channel responses, but les~ 

1.Jnportant than for the information profiles. The shift of the 

response is usually indicative of the dip of the conductor. 

and is confirmed by the inversion results. 

The 'Singular values and the parameter singular vectors 

.. ,are presented in Figure 4.18. The first parame ter s ingular 
, 

vector has two strong components: the depth and the dip. This 

.. ..-' " 
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Table 4.13 Resu1ts of the inversion of anomaly C from line 

4615. 

Conductance 

Depth 

Dip 

Reference 

Zero 1evels 

Ch 1 

Ch 2 

Ch 3" 

Ch 4 

Ch 5 

Ch 6 

RKS Error 

" qh 1 

c"h 2 

~Ch 3 

Ch 4 

Ch 5 

Ch 6 

14.4S +/- 0.5S 

132.4m +/- 1.9m 
""-

" 

130.7° 1.e. 49.3- South +/~ 1.9· 

657.5m +/- lm 

94.7'ppm 

44.8ppm 

\ \ 
:\ ".61. 7ppm 

, l 
,,' 
-39.2ppm 

-
0.4ppm 

8.7ppm 

89.8ppm 
\3 

36.2ppm 

25.8ppm 

19.6ppm 

19.9ppm 

16.4ppm 

+/-

+/-

+/-

+/-

+/-

+/-

23.7ppm 

22.1ppm 

11. 3ppm 

11. 2ppm 

7.6ppm 

7.3ppm 

Average fl1ght altltude:'114m 

,"" 

J • 
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Oorrelation matrix 

, 
Oond. Depth Dip E.M. zero levels Ref. 

Ch.1 Ch.2 Ch.3 Ch.4 Ch.5 Ch.6 Of 

1. 00 -0.22 -0.27 0.24 0.06 -0.12 - 0.22 -0 .. 31 -0.24 0.51 

1.00 0.97 0.05 -0.01 -0.05 - 0.02 0.00 0.02 -0.45 

1. 00 -0.04 -0.07 -0.11 - 0.05 -0.01 0.02 -0.47 

1. 00 0.10 0.06 - O. 01 -0.04 -0.04 0.01 

1.00 0.07 0.03 0.01 0.00 0.04 

1.00 0.08 0.08 0.05 -0.03 

~1.00 0.09 0.06 -0.08 

1. 00 0.08 -0.13 

1.00 -0.11 
. . 

1. 00 

o 

, ' 
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indieates that if thé depth is i~cre~sed and the dip 

decreased, the' response will be drastically modified, yielding 

a poor fit. A decrease in depth and increase in dip would have 

the s'ame effect. The second sing,ular vector is more comJ'~ex: 

fo'ur parameters influence the response: the 
1 

C onduc tanc.e, the 

plate reference and the zero levels of channel land 5. There 

are five equal singular values (3, 4, S, 6, 7) corresponding 

to parameter combinations that equally ,influence 
"i 

tlre 

inversion. Four of the associated paraméter singular vectors 

have components that correspond to the E.M. zero levels whl1e 

the third slngular vector has its strongest c0l!'ponent 

correspond.ing to the plate reference. The smallest singular , . 
value is significantly smaller than the next to smallest (0.14 

vs 0.61). lt coriespo~d to a high correlation (0.97) of the 

depth and the dip. If both parameters are simultaneousl~ 

inçreased or decreased, there is little modification of the 

response. 

The UTEM s'urv~y indicates that the co-nductance of the ',. 
conduc tor ls 17 Sand i ts depth 2 Sm. However the HLEM survey 

gives a depth of less than 7m, a thickness of lsm and a sou'i:h 

dip. 

A drill hole ls located about 250m West of this anomaly 
~ 

and the o,verburden is 8m thlck. The conductor is explained by 

bands of sulfide rich black graphitic shales of the Blondeau 

fQrmation. Their thickness is 17~. These observations conflrm 

the inversion results . 
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4.4.3 Line 4600 

Two other anomalies (:aused by the 'Same conductor were 

a1so used to test the inversion. Anomaly E on 1ine 4600 (see 

Figur~ 4.19)"i8 about 800~ west of anomaly C on 1ine 4615. The 
~ 

initial model was a vertical plate 125m be10w the transmitter 

lwith a conduct'Bnce of lOS. A 900m s,trike· 1ength plate was used 0 

to simu1ate a half plane~ The ini~ia1 RMS er~or was 227ppm, i~ 

was down to 55ppm after seven iterations. The final model' has 

a conductance of 78 and a depth of 190m. The detailed results 

are given in Table 4.14. T9~ calcu1ated dip is 150~ and since 
" . 

the line was flown from the south tO,the north, it indièates 
"JI 1 .. 

that the conductor has a dip of 30° North. 
, 

The UTEM survey indicates a depth to the conductor~of 35m 

and a conductance of 158., whi1e the HLEM survey indicltes a 

depth 0 f le s s than 7m and a co'nduc tance 0 f 55 S . The 
l " 

l~terpreted' width of the conductor is 70rn and it is 
.1 

subvertical. Clearly, the 

these lnterpretations. The 

inversion resu1ts do not agree with 

depth would be 
J> 

overes timated ana' 

the conductance underestimated .. The dip )carculated from the 

inversion ia 30° North, while aIl the dips frDm this area, in 

the geology map, are about 60° South. If, as indicated by the 

HLEM survey, the conductor is 70m thick, ,then _ i t cannot be 

considered as inductively thln and therefore 
\' 

model could be Inadequate . 

. ' 

o' 

.1 

t;,he thin plate 
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,Figur'e 4 .19 'I~PUT anomaly E on line 4600 of tqe Waconichi 
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o Correlation matrix 

Cond. Depth Dip E. M._ zero leve ls 

Ch.1 Ch.2 Ch.3 

1.00 -0.14 -0.31 0.32 0'.05 -0.21 

1.00 0.96 -0.20 -0.19 -0.22 

1. 00 -0.35 -0.2~ -0.24 

~ 1. 00 0.19 0.12 

1. 00 0.14 

1.00 

./ ... 

/ 

:( 

. Î 

o 

Ch.4 Ch.5 Ch.6 

-0.29 -0.33 -0.19 

-0.09 -0.04 -0.01 

-0.07 0.00 0.02 

0.00 -0.05 -0.04 

0.06 o .r03 0.01' 

0.15 0.12 0.06 

1. 00 0.12 0.07 

".1.00 0.07 

1. 00 

\ 

Ref. 

0.56 

-0.59 

- 0.66 

0.28 

0,1'14 
~< 

0.02 

-0.09 

-0.'14 

-0.0_9 -

1. 00 
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The ano_aly 1. 200m east of drlll hote #2 where the 

overburden ~hlckness i8 6m. The Blondeau formation contalning 
'tr , 

, the conducto~r ls, 7m thlck. The residuals are illustrated in 

Figure 4.20. The maximum errors of fi t occur on the peak and 

leadln~ flank of the first channel. Th~ information density" 
. 

profiles are plotted in Figure 4.21. 

The singular values and the parameter singu,lar vectors 
l 

C' 
a%e illustrated in Fi$ure 4.22. The two strong components of 

the parame ter singular vectors assoclated with the smallest 

~ingular values correspond to a high correlation of the depth 

/ 
and the' dip of the conductor. The small singular value is an-

'ilNication that tl:1e estlp1ation of these parame~er ia sensitive 

to noise and that their standard errors are'conservative. 

Lina 4550 

. " 
\.~\. .. 
Ano~alies M and N on line 4550 (see Figure 4.23) are 

likely to be caused by the same conductor, the first one being . . . 
indicative of a dipplng conductor. lt is about 1.6km west of 

• 
ehe previoully interpreted ano~aly. A dip of 50· was used for 

the initial model: Conductance was assumed to be lOS and the 

<:;) 

& 

depth 125m. This initial model has a RMS error of 2l0ppm. The /~ 
r-~~..' 

final model was obtained after four 1 terations, but 'for the 

la.t two Iteration the RMS error changed by only 2ppm while 

the parameters remained almost fixed, The f~nal model -bas a 

eond'uctance of depth of l34m and a dlp of 46-, The 

) 

esercf 
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detailed re.ults are listed in Table 4.15. The residuals from 

the inve r8 ion are i llus tra ted in Figure 4. 24 and. as in the' 

.previous cases, channel one has the poorest fit. For: thls 

~hannel the error is systematica1ly positive before the second . 
peak and negative after this peak. The trailing flank of the 

. s~.c ond pe ak is ove re s tima ted by the i nver s ion for the firs t 

flve E.M. channels. 

The parameter slngu1ar vectors and the singu1-ar values 

are presented in Figure 

show complex groupings 

4.25. Most partmeter slngu1ar vectors 

of their comp nents. The first one 
"'----------

shows a combination of the conductance, the depth and the dlp 

offsetting the zero levela of the flrst five INPUT channe~s. 

The second one 18 mostly lnfluenced by the depth and the plate 

reference. The third one la dominated by the reference of the 
( 

plate ana the zero levels). The smallest aingular value Is 

associated with a parameter singular value that has three 

almost equal components: the conductance, the depth and the 

~ero level of the first channel. This indicates that an 

increase or decrease of these three parameters has 1ittle 

influence on the response. Such complex relations cannot be 

detected from the correlation matrix. 

The Interpretation of the UTEM survey indicates a 

conductance of 26S and a depth of SOm. On the other hand, the 

HLEM survey indicates a conductance of 14S and a depth of lOm. 

The interpreted dip ls south and the conductor thickness is 

lOm. 

() 

, . 
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'l'a.ble 4.15 Results 0 of the invers ion of anomalie. K and N of 

line 4550. 

Conductance 19.3S +/- 1.3S 

Depth 133.8m +/- 1.2m 

Dip 46.3· +/- 0.7· 
" , 

Reference 6329m +/-- 3m tg 

Zero levels 

Ch 1 -76.8ppm +/- 34.4ppm. 
<: :,~ ... - ..... 

Ch 2 -54.8ppm +/- 25.6ppm 
, , 

Ch 3 :-227.3ppm +/- 12.7ppm 

Ch 4 : -112. 7ppm +/- 11.0ppm 

Ch 5 -64.1ppm +/- 7.4ppm 

Ch 6 -53.3,pm +/- 7.2ppm 

RKS Error 

Ch 1 ' . 106.2ppm . 
Ch 2 . 40.8ppm , . 

-
Ch 3 *O~.lpp·m 

Ch 4 27.8ppm 

Ch 5 14.2ppm, . 
Ch 6 11.2ppm . 

AVerag~ight altitude: 112m 

" 

.. 

, \ 
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~' :~ Correlation matrix 
l, 

Cond. Depth Dip 'E.M. zero 1evels Re'f. 
0 ',. 

Ch.1 Ch,2 Ch.3 Ch.4 Ch.5 Ch.6 \. 
COO 0.26 -0 26 

~ 
0.67 0.43 0.25 -0.04 -0.04 -0.24 -0.67 

1. 00 -0.52 0.52 0.43 0.46 0.24 0.14 0.04 0.00 

1. 00 -0.14 -0.06 0.04 0.10 0.15 0.12 0.08 

1. 00 0.47 O.~O 9.12 -0.02 -0.09 -0.39 
1 

1 

LOO 0.33 0.13 0.03 -0.03 -0.24 

1.00 0.18 0.11 0.03 -0.11 ,. 

1. 00 0.12 0.07 0.06 

1. 00 0.10. 0.17 

L~ 0.17 

v 
1.00 

... 

ê -.( -. 

.. 

c • 
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Figure 4.24 Residuals from the inversion of anomalies M an4 N, 

line 4550 of the Waconichi INPUT survey. , 
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Drill hole #3 18 coincident wlth this anomaly. ,The 

overburden thlckness is 20m and this agrees with the 

calcula ted dep th of 2lm be low the sur face fo r the conduc tor. 

From the drilling results the thickness of the B10ndeau 

formation is 36m. Bazinet and Sabourin (1987, op. cit.) 

concluded that the dip o~ the conductor in 10cally vertical 

after comparing the HLEM and the drill hole resul ts. However 1 

t~e surface geology indicate dips of about 60· in this area. 

These geological observations confirm' our interpretatlon of 

the INPUT anomaly. lt could be argued that the minor peak'_ 

observed on the INPUT profile is indicative of a second 

conductor rather than of & dlp effect. This Is hlghly unll~ely 

strteenO other conductor has been detected by the HLEM or the 

oUTEM surveys. 

All three anomalIes are caused by the same eonductor 

'whlch ls known to be tnostly graphitic with some .---!lssoclated , 
sulfides. lt also-outcrops in a few places. A high c~nductan~e 

and a depth below the transmitter of about l20m sh,ould be 

expected. Obviously anomaly E on line 4600 doea not give the 

expected results, the conductance ia too low and the depth too 

gr~at. The inte rpre ta tions of the othe r two anoma 1 le s agree 

with the geology and the Interpretation of the ground 

geophysics. 
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Chapter 5 - -, 

JOIN1 INVERSION OP E.H. AND MAGNETIC DATA 
t' 

5.1 Introduction. 
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" 

It 18 the current pr~ctlce in mining geophyslcs to note 

ln the c~mpl1ation maps the presence and the amplitude of any 

magnetlc anomaly associated with an E.M. anomaly. This is ca1-, <;,t 
". \ 

1ed a magne t ic correlation. Inspection of a number of INPUT 

led to the discovery o,f commercialorebod'ies that 

that many of them are indeed located on the flanks of 

anomalies. Figure 5.1 is a taken from Questor's 

commercial publicity and illustrates this. ---

Mas,sive sulfide deposits do not have any specific magne-

tic responses. Some have a direct magnetic association while 

otters have no response at aIl. Some have f1anking magnetic 

'inomalies close to the su$J.fide body. These anomal'ies are 

usually due to the presence of pyrrhotite and magnetite in the 

volcanlc' rocks as soc la ted wi th depos i ts . 

It -was therefore belleved useful to develop an algori~hm 

for the 
~ 

anomalies. A inversion of E .M. ~agnetic joint and 

reasonable assumption is that they both have the same dip and 

the same depth. It can sometimes be assumed that the conductor 

" 
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associated magnetic anomaly. 
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18 located close to the flank of a' magnetic thick dike. The 

mode1 1s 111ustrated in Figure 5.2. Thfs joint inversion 

prob1em ls different from the qne studied by Vozoff and Jupp 

(1975) although the same theory can be used. They 

's1multaneously 1nterpreted MT and De res1st1v1ty data, 't'In 
~he geomet~y and the physica1 paramefers are the same for both 

data ·sets. tn our case only two parameters are common: the dip 

and the depth. • < 

., 
eA thick dike of infini te exteqs<1on is used to model the 

1> 
() 

magnetic anomaly; other mj>dels such as a prism côuld have been 

used but the dlke ls the most c'ommonly used model for this 

klnd of prob1em. The forward solution is easy to 'compute .and 

t 
an lnver'si,.on program lB easi1y writ~en since the parameter 

; derlvatlves can be computed,a~lytlca11y. 

~.2, The Joint Inversion Problem. 
-.,,, 

~"" '---.., 
Although the in(erSiOn algorithm ls identical to the one 

developed pre~uljly ,\ the two data ser'ave ~o be properly 

comblned and the weighting of their relative influence ls the' 

very important. lt 18 natural to use t:he reciprocal of the 

noise 1evela of each data set as welghtlng factors. In thls 

. w.,ay) the partial derlvatlve matrlx ls made "scale free ft • 

ldeally one ahould use the standard error 

each datr' lh practlce, the different' nol~e 
e.timate~ from anomaly free profiles. 

of measurement of 

1evels can on1y be 

\ 

* .. 

.\ 
,) 
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, Plates of various dips, conductances and depths were used 

D to ~e.t the joint inversi~n. The magné~ic dike had a thickness. 

of 100m and the cond~ctot: was located on its" flank, -Noise 

levels 'of 50ppm and lOOppm were added to tbe synthetic E .M . . 
data and 2nT added to the magnetic data. 

The first observation- is that0the initial model has to be. 

closer to~the true model than for the case of the E.M. inver· 
\.J 

sion only: The second is that the rate of convergence 18 

slower. This, i,s associated with a much higher condition . . 
, number, now of the order of 300 while it was about fo for the 

E.M. inversion. On the positive side, the parameter variances 
, 

are reduced for the 'parameters tnflt are common to both d.ata 
~ 

.ets: depth and dip. We also note than the thickness of the 

dike and its center location are somewhat improved. Some cases 

will be presented in detail ta illustrate this. 
~ . . . 

5.3 Invèra10n of Syntlie.tic D,ata 

e5, 3.1 Inv.ra1on of Synthetlc Data, Vi-th- Noise. 

lt wa. noted in Section 4.3 than a plate, with, a conduc-

tance of SS and a dip of l35~s a difficult case at the 50 

""and l09~pm noise level. Therefore, thi.s model was used to -test 

the 10int in~ersion at the 100ppm noise level. A magnetic dike 

100m thick wi th a· susceptibili ty of .01, S. 1. was modeled so 

'" that the condu~tor would be on its flank. The model and the 

B.M y ~and lIagnetic anomalies associated with it are illustrated 

p 

" 0 ,. 
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in Figure 5.3. The ini 1:ia1 mode 1 and the re.u1 ts "from the 

inversion are' listed in Table 5.1. , The joint inversion 

converged to the known solution in three itarations. The RMS 

residual error for the E.M. data was then 60ppm comparad ~o 

207ppm for the ~nitial model. For the magnetic dat~ the 

respective values are 0.5nT and 65nT. 

The conditi\ number (ratio of the 1argest to the smal­

lest singular val e) of the partial derivative matrix is 270. 

lt should be recal ed that the SVD 18 computed 'after Icaling 

the matrix to reduce its condition number. The inversion of 
o 

Othe E.M. an~maly alone results in a cond1tion number of about 

10, a much smaller number. The same phenomena has been . 
observed for all the cases used to 'test the joint inversion. 

lt sho~ld also be noted that at least one of the singuiar 

vaJues 1s much smaller than the others. Two spectra are 

1llustrated. in Figure 5.4, both are from the last 1teration of 

the inversions of synthet1c profiles contaminated by a 100ppm 

noise; in one case the dip of the plate ~s 90· and in the 

other 135 0
• The conductance is 58 in both cases. The two 

spectra are remarkably s1milar and the singu1ar value. 

associated with the zero levels fo.rm a characterht1c .tep in. 

the spectra. 
. ~ 

The s ingular values and the parame ter .ingular \1ec tor s 

resul ting from the joint inverlj10n of the 135· d1pp ing plàte 
'< 

are shown F{gu~e 5.5. The iast parallster .in'Sular vector "ha. 
\ 

two strong components:, the sU8ceptibi11ty and the thickne •• of 
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Table 5.1 Joint inversion of 5S plate with a dip of 135-. 'l'he 

nolse 1evel la 100ppm for the INPUT data and 1nT for the '. . 
magnetic data. ~ 

Parameter Iter.nb. 0 '1 2 3 Std. 
, 

Mode1 error 

Conductance 7.0 5.3 5.0 4".9 2.3 5~0 
'" \ 

Depth 125.0 145.6 153.0 149.4 1.0 150.0 

Dlp 120.0 132.3 135.3 134.7 0.7 135.0 

Ref. (p 1ate) 62.0 75.2 51. 8 44.1 4.3 46-.5 

Zero levels 

Ch 1 0.0 25.6 19.8 4.6 26.8 0.0 
\- -- ~ ---

Ch 2 0.0 18.4 24.0 19.,3 24.5 O. O. 
-. 

,Ch 3 0.0 7.2 15.0 14.3 13.2 0.0 

~ Ch 4 0.0 2.1 6.2 6.4 12.3 0.0 

Ch 5 0.0 0.8 1.1 1.1 7.9 0.0 

Ch 6 0.0 7-.6 6.9 6.8 7.7 0.0 

" Ref. (dlke) 107.0 97.8 96.3 96.8 0.7 96.5 
(-

Ha1f .. thlcknesa : 45.0 40.6 46.3 51.9 2.9 50.0 . ' 

Susceptlbi1ity: .0090 .0096. .0105 .0095 .0005 .01 

Base levei (mag. ) = 0.0 -5.7 :3.2 -~.5 2.2 0.0 . . 
Base slope (mag.) : 0.0 12.7 1.'4 1.4 3.1 '0.0 

RMS Error INPUT 206.9 ,158.6 76.1 60.0 

" Mag. 64.6 50.5 13.9 0.3 " 
,-,~ 
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Co~.latlon aatrlx 

~ 
1.00 0.73 -0.37 ~4 -0.17 -0.43 -0.32 -0.23 -0.08 -0.90 

1.00 0.05 0 ~ -0.02 -0.23 -0.20 -0.15 -0.05 -0.71 

1.00 -0~20 -0.03· 0.08 0.09 0.07 0.03 0.26 

1.00 0.10 0.04 -0.01 -0.02 -0.01 -0.15 

1.00 0.13 0.07 0.05 0.02 0.14 

1.00 0.15 0.10 0.03 0.38 

1.00 0.08 0.02 0.28 

r- 1.00 0.02 0~20 

" 
1.00 0.07 

"~: J.. ... 

1~00 

<' ~ "' , 

~ 

" 

0.67 0.33 -0.65 -0.67 0.34 Conductance 

0.94 -0.08 -0.92 -0~46 -0.06 Depth 

0.09 -0.97 -0.10 0.80 -0.96 Dip 

0.29 0.18 -0.28 -0.32 0.19 1 

-0.02 '0.03 0.02 -0.02 0.03 2 

-0.21 -0.07 0.21 0.18 -0.07 3 

-0.19 -0.08 0.18 0.17 -0.08 4 

-0.14 -0.06 0 .. 14 0.14 ;-0.07 5 

-0.05 -0.02 0.05 0.05 -0.02 6 

-0.66 -0.23 0.64 0.57<-0.24 'Plate reference 

1.00 -0.11 -1.00--0.34 -0.11 susceptibility 

1.00 0.11 -0.72 0.89 Dyke reference 

1.00 0.30 0.12 Thickness 

1.00 -0.82 Base ~evel 

1.00 Base slope 

"" 

o 

,... 
N ,... 

.. 

, "'<1 
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Fiaure 5.3 Exemp le of Input and magnetic anomalies used to 
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test the joint inversion. 
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Figure 5.4 Singular value spectra for 5S plates d1pping 90· 

and and- contaminated by â lOOppm 
p 

noise. Sy.tem 

integrator~ were simulated. , i 

\ 

.. 



l'laure ,5.5 Parameter singular vactors from a j oint inversion. 
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the dike. Both are highly correlated 
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(1'.00). The nex,t to 
.. 

smallest singular value (0.06) ia an order of magnitude 
\ 

smaller than the l3 th singula~value (0.16). It suggests that 

an increase of the dip and of the base level of the anomaly 
, . 

can offset a decrease of the reference of the dike and of the 

base slope of the anomaly. T.he reference and the dip have 

correlation of -0.97, the correlation of the dip and the base 
1 

s'lape is -0.96. This relation is easier to understand if the 

parameter singular vectors ,are considered rather than only the 

correlation matrix. 
, 

Other high corre lations are obse,rved 1 especially between 

the conductance and the location of the plate Along the pr~fi-

le (-0.92); the correlation m4trix was listed in Table 5.1. 

The important conclusion is that the 'errors are reduced for 

most parameters, but the errors for 'the E.M. zero level. 

r~~ain almost' unchanged. An inversion of the magnetic anomaly 

was also done and the parameter errors for the- separate 

inversion of magnetic and E.K. data are presented in Table 

5.2. 

In general the· in! t!al model has to be' closer to the true 

model than for the inversion 'of E.K. data .only. Thi. 

corresponds to the observed increase of the partial derivati-

ves condi tion number. This is not much of a problem if one 

carefully chooses the lni tlal model.' At worst, different 

in! tiai models could be tested and the results examined to 

flnd the solution that best satisfied the data and the known 

'1, 
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Tabl. 5.2 Par~meter standard errors. for magnetic inversion, 
( 

INPUT I,ix channel inversion, joint inversion and constrained 

joint inversion. 

Paramater Kag. Input Joint Constrained 

Conductance .29S .. 23S .31S 

Depth 3:Sm 3. 65t 1.9m 1.Slm 

Dip 0.9- 2.5- 0'.67· 0.6S-

Zero levels 1 '" . - 18.3 26.7 27.3 

tE.K. ) 2 " 16.4 -- 24.5 l' 24.S 

3 .. J': - 16.2 13.2 ~3, 3 

4 15.2 12.3 12:7 

5 14.5 ,7.9 S. 

6 14.3 )7.S 1.9 

Reference 2.2m 4.3m 4. Sm 

-
Thickness 7.6m r'j .. - 2.Sm 21. Sm 

Suse. .124xlO· 2 . 5SxlO - 3, .39x10- 2 

Base level 5.1 --- 2.2 16.'S 
1 

Base s,lope 5.4 c:, 3, 1 - 25.5 

.' 

" 

/ 
/ 

0 



o 

'0 

127 

or expeoted geolo~y. 

5.3.2 ,J,oint Inversion Vith lCnown Zero Levela. 

-
W'ith the advent of digital 'receivers it is now ... possible 

to .cquire data that ls virtûally drift free. This ia why sorne 

tests were done assuming known zero levels for the six 

channels of the INPUT system. The ma~n effect is moat1y to 

reduèe the condition number from 270 to about 50. Excep~ for 

this differenc~ one cannot conclude that the final reault~ are 
. 

better than previously. As an example we examine the results 

of the inversion of a synthetlc profile contaminated by a 

lOOppm noise. The model is a lOS plate l20m below ~he 

transmitter with a dip\of 60·. lt Is located on the flank of a 
-

magnetic dike lOOm thlck. of a susceptlblllty of .01 S.I .. The 

results are 11sted in Table 5.3. 
, 

The final mode1 c1os~ly matches t~é true mode1 except for 

the plate reference whlch Is off by 7m. The corie1atlon matrix 

ls glvèn in Table 5.4, there ls a hlgh correlation of -0.94 

between the plate re.ferenc'e and its conductance. The parameter 

singular vectors are presented in Figure 5.6 and some 

groupings are observed. The second slngu1ar vector has two 

strong components Along the conductance and the plate 

reference axis. For the sixth slngu1ar vector the component 

corresponding to the dip is offset by the depth and the 

reference of the dike. The last three singular vectora show 

groupings of pairs of components: the susceptibility and the 
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Table 5.3 Results of a 

levels. The INPUT data is 

and the magnetic data by 

Parameter ,. 
Initial 

Cond~ctance 15.0 

Depth 150.0 

Dlp 50.0 

Ref. plate 56.0 

Ref. dUce 111.0 

Susceptibl1ity .0011 

Half-thickness 55.0 

Baie level 0.0 

Base slope 0.0 

RMS error INPUT 538.3 

mag. ,5.6 

.---------.. 

-<;:, 
'" .. ->, 

) 

joint inversion 

contaminated by 

a 2nT 

Model 

Fina~l 

10.2 

120.8 

60.6 

40.0 

96.7 

.0009 

52.5 

-0.2 

-0.3 

93.1 

0.5 

noise. 

True 

10.0 

120.0 

60.0, 

48.7 

98.7 
'1 

.0,01 

50.0 

1 

0.0 

,0.0 

1 
1 

! 

/ 

1 
1 
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assuming known zero 

a 100ppm white noise 

Parame ter 

standard error 

0.27 

0.46 

0.48 

3.25 

1.01 
) " 

.000,09 

5.29 

0.57 

0.82 l." 

, 
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Table 5.4 Correlation matrix result~ng from a joint inver.ion° 

with known zero leve1s. 

1.00 0.53 

1.00 

.-

0.10 -0.94 

-0.24/ -0.52 

1~~ .0,12 

"'\ 

, 
v 

l. 00 

0.03 -0.02 -0.03 

,0.05 0.05 -0.04 

0.00 -0.21 -0.01 

-0.03 0.03 0.03 

1.00 0.06 -l. 00 
-

l.00.-0.07 

l. 00 

-0.01 0.00 Cond. 

-0.03 0.04 Depth 

-0.04 -0.12 Dip 

0.01 0.01 Ref. 

0.43 -0.35 Suse;. 

0.19 -0.,27 Ref. dike 

-0.49 0.40 Thick. 

1.00 -0~92 Ba.e lev. 

1. 00 Ba.e _.10. 
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-half- thickness 1 the conduetance and th-e plate raferance 1 the 

base"" level of. the magnetic profile and its basa ·slope ... AlI 
.\- ' ., 

, 
, these pairs correspond to high correlations, 
.' 

'The smallest singul~ar' value 
c 

is an order of magni tu da 

.smaller than the next to s,mallest, lt. indicates that an 

increase . or decrease of both the susceptibility and the 

thickness of the slike have litt"J influe'n~e ~n the ~re8ponse, 
• Ho'\reve r, "'i t is we 1-1 known in magne tic inte rpre ta t ion tha't'. the .., 

thic'kneS s sus cep ti b t li ty produc t. is eas ier ta de termine than 

bo th' separa tel:1 ' The 4value. of these 'parameters i. very --
sènsitive to the 'noise presènt in"'the data as ,lndicat.aJl.by the 

" 
magnitude (p.039) of the singular v~lue assoqiated with the~. 

The' spect"rum of 'the singular Flues ,ill~stratè'd in Figure 

5. ~ shows a regular decrease of the singular value amplitude 

and we remark the absence of the step that ls associated with 

the zero levels .. 

. 5.3.3 Conltralned solution. 

The model used in Section ~,4 was such that the conductor 

lies parallel to'~ne of the flanks of the dike. 
g 

The location 

~ 

of the plate, the center of the dike and tts half·widtli are 
.. 

not explicitly related in the inversion. One can nevertheles& 

force thts relation by the use of constraints. ~he conducting 

plate will be located on .the flank of the magnetic dike if at 

every iteration during the inversion the followJing equation i& 

- , 

> 

• 



,1 v-

~', .. 

\ 
( 132 

1.75 

~e CcnUItcnae lOS 
~ 

1.50 OIIpth IliOII 

~ , 

~ 

O~ 
Dlp 110' 0 NoI.IOQ:pa 

!:: 1.25 'or 

"'0 ~I.~ 
~ 
g 0.75 
L-a 

C~~ 
," 

--1 0_0 -
0 0.00 "'0 0 2 4 6 8 10 

Ordared elngular values 
d 

Pigure 5.7 Singular· value spectrum for a lOS ·plate. dipping 

60· ~lth known zero lev~ls. Syst~m integrators were simu1ated. 
, . 

, ' 

D 

(J 

• 
,Y 



o 

~ 

o 

l 

o Ç) 

133 
• respected: 

Xo ± T .. D. (The si gn depends on which s ide 0 f the dike 

the plate is located) (5.1) 

This is obvious if one looks at figure 5. t. This will be true 

if the variation of these parameters between each iteration 

obeys the sarne equation. We then have: 

A ~o ± AT - AD - O. (5.2) 

NumerJeal aspee ts ean be found in LawsoQ, and Hanson (1974 , 
\ 

Chapt. 20) and the development including the variance esti-

'mation i5 given by Cross1ey and Reid (1982) and le follow 

their development and notatfon. 

Linear eonstraints can be written as: 

B x - d (5.3) 

" where B is the matrix of constraints of dimenlion (r x m) 1 in 

our case r the number of constraints is one and' d is a null 

vec tor. They show tha t the 1east squares ·s0....1ut ion i s then given 

by: 

x - (AtA) -1[A t c - Btw] 1 (5.4) 

-where 
'-y 

w - (PBt) ~l[PAtc - d] , ' CS. 5) 

and 

P - B('AtA)-l, (5.6) 

The inversion prograrn "'as ea8i1y modified to introduce the 

constraint. The factO that d i8 zero simplifies the implemen .. , 

tation. 
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re-8pected: ' 

Xo ± T - D. (TJ:le sign depends on whieh side of the dike 
_-J-_ .• 1 

-
the p~ate ia located) (5.1) 

This is obvious if one looks ,at figure 5.1. T_hia will be true 

if the variation of these parameters between each Iteration 

obeys the same equation. We th en have: 
j 

Xo tAT -AD - O. (5.2) 

_.Numerical asopects can be found in Lawson and Han.son (19'74, 

Chapt .10) and the development -including the v;ariance esti-

~at1.on is given by Cross1ey and Reid (1982) and we fol1ow 

their d~velopment and notation. \, 

Linear constraints cau 
be [t .. ~ as: 

B x - d (5 ',3) 

where B is the matrlx of const of dimension (r x m) 1 in 

our case r the number' of constraints is one and d 18 a null 

vector.They show that the least squares solution is then given 

by: 

(5.4) 

whera 

(5.5) 

anel 

. (5.6) 

'the Invars lon program waB easlly modified to introduce the 

conatraint. The fact that 4 is zero simplifies the iaplemen-

" 
, , " , 

.. 
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Cross1ey and Rei4 (1982) also note that the addition of 

constraints increases the magnitude of the parameter vari.nce 

now given by: 

where 

var (x) .' HAHt A var (c) ; 

HA- (AtA)-l[Im - Bt(PBt)-lP1At. 
~ 

5.3.4 Constrained Inver.iop of Synthetlc Data. 

(5.7) 

(5.8) 

The constrained joint invers ion was tes ted for different 

synthetic profilf!s at the 50 and 100ppm noise leveh. :rh. 

depths were 120 and l50m, dips were 60·. 90· and 135· a,!)A:l th. 

conductances 55, lOS and 205. - The constrained Joint inversion 

converged to the correct parameter values for all the teated 

cases, provided that the initial model is not too far away 

from the true model as in Section 5.4. The convergence 11 

slight1y slower than for the joint inversion and one more 

o 
i te ration was usual1y required to at ta~n the .ame reaidùal 

error leve 1. 

On1y one examp1e will be studied in detaU. aince the, 

'conclusions are essentia1ly the sam. for aIl ca •• s. We agaln 

cons Ider the case of a pla te wi th a dlp of 135· and a conduc-

,tance of 5S located on the flank of a 100m thick dike. The 

noise level is IOOppm for the I.K. data and InT for the _agn.­

tic data. This corresponds to noise lev.1. like ly to b. 

d 
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present in actual data. The initial and final mode1s are given 

in Table 5.5, the correlation matrix is a1so given. The 

resQ,lts are not much different than for the, uneonstrained 

joint inveIs 10n and the main dlfferel'1ce is, as expected, an 

increase in the parameters errors (see Table 5.2), especia11y 

for' the magnetic parameters. 

In our opinion the use of the constrained joint inversion 
1 

shou1d -be res trie ted to the cases were one sus pee ts from' 

geologieal evidences that the conduétor Is very 1ike1y to be 

located on the flank of a magnetlc formation. 

5.4 Inver.ion of actual data. 

Actual dat-a-f-romthe W'aconichi survey were. used as, a test 

ca.e for the joint inversion a1gorithm. Anoma1y E on f1ight 

line 4600 (see Figure A~8) 18 associated with a weak magnetie 
, ,. 

anomaly that has an ~mp1itude of SOnT (Figure 5.8). The ~NPUT 

anomaly wa8 interpret;.ed previously and thé' results of the 

inversion of the magnetie anomaly are given in Table 5.6. Both 

anomalies 'w"ere used to test the inversion wi'th thè hope that 

the previous resu1 ts could be improvr: '~,. 

The detai1ed results are given in Table 5.7. The depth is 
• 

l33m, the conductance 9.7S and the dip 100·. These results are 

in better agreement with the known _ geo1ogy and the dri11ing 

results than the results obtained from the inversion of the 

INPUT qata only (see Table 4.13). As predieted by thè 

inversion of theoretical profiles, some parameter standard 
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Table 5.5 R.esu1 ts from a constrained joint inversion. 
,,/ 

Mode1 Paramater 

Parameter Initial 'Final True s tanèlar-d error 

Conductance 7.0 5.6 5.0 0.31 

Depth 125.0 149.7 150.0 1,81 
.. 

Dip 120.0 130.9 135.0 0.68 

Ref", plate 62.0 50.2 46.5 4.82 
.. 

,Ref. dike' 107.0 103~2 96.5 5,94 

Zero leve1s 

Ch.l 0.0 ' 33.2 0.0 27.29 

'Ch.2 0.0 18.5 0·9 24.8,8 

".,Ch.3 0.0 3.0 0.0 13.3-7 

Ch.4 0,.0 - 3.8 0.0 12.72 

Ch.5 0.0 -4.4 0.0 8.31 

" Ch.6 0.0 4.8 0.0 7.99 

Ha1f - thickness 45.0 52.9 50.0 21.84 
, 

Susceptibi1ity .009 .0087 .01 .0039 

Base 1eve1 O.p -16.4 0.0 16.85' 

Base slope 0.0 26.6 0,0 2S.54 

RHS error INPUT 206.9 63.1 
.. 

Mag. 64.6 4.3 

, , 

o 

'e 
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Corre~ation aatrix 

1.00 0.70 -0.32 0.10 -0.12 -0.39 -0.34 -0.29 -0.13 -0.92 0.63 0.29 -0.61 -0.62 0.31 

1.00 0.11 0.36 0.05 -0.17 -0.20 -O.lR -0.08 -0.69 0.94 -0.13 -0.91 -0.42 -0.b9 

1.00 -0.17 -0.05 0.04 0.07 0.07 ' 0.03 0.24 0.15 -0.97 -0.16 0.78 -0.96 

1.00 0.10 0.03 -0.02 -0.03 -0.02 -0.20 0.33' 0.16 -0.32 -0.33 0.17 

1.00 0.11 0.06 0.05 0.02 0.09 0.04 0.04 -0.04 -0.06 0.04 

1.00 0.16 0.13 0.-05 0.35 -0.15 -0.04 0.15 0.12 -0.04 

l 
1.00 0.10 0.04 0.31 -0.18 -0.07 0.17 0.16 -0.07 

1.00 0.04 '0.27 -0.17 -0.07 0.16 0.16 -0.07 

.;.. 0.07 0.07 -0.03 
/' 1.00 10.11 -0.07 -0.03 

~ 

; 1.00 -0.63 -0.21 0.60 0.55 -0.24 
1 

1.00 -0.16 -1.00 -0.29 -0.15 

,~ 1.00 0.17 -0.69 0.89 

• 1.00 0.25 0.16 

1.00 -0.82 

1.00 
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Figure 5.8 Magnetic anomaly associatad with anomaly E, lin. 

4600 of the Waconichi INPUT survey. 
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, Table 5.6 Resu1ts from ,the ,1n:ver.lon of the magpetic' anomaly 

of 11ne 460.0. 

Reference '6437m +t- 10.1m 

Ha1f-thickness" . ' 82m +1- 31.1m . 
-' 

D,epth 128m t/- 19.'9m 
-. 

Dip 
" 

82.6- +/'. 4: 7° 

Su.c'eptibi1ity .00077 +1- .,00035 
0 

Ba •• leve1 58367nT tI- 3.6 nT 

Base slope 95.1nT +/- 6.1nT 

RMS error of fit: 2.2nT 

Correlation Dlat;lx: 

1.00 -0.02 0.04 -0.94 0.03 

1.00 - 0.92 0.02 ~ 0 ;99 

1.00 0.04 0.96 
J} 

1.00 
( 

-0.03 

1.00 

-0.53 0.79 Reference 
'+-,.. 

~·If't"t 

0.51 .. -0.12 Ha1f-thickness 
f· 

-0.65' 0.17 - .. Depth 
\ 

0.6"1 ~O. 90 Dip 

-0.57 ~.15 Suscep~ib11i ty 

1.00 -0.79 Base 1eve1 

1.00 Base slope 

\ 

'1 

} 
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Table 5.7 Detailed resu1ts of'the joint inveraion of anomaly E 

of line 4600 .. 

Conductance 9.7S +/- 1.2S 

Depth 132.4m +/-' 4.7m 
o 

Dip ·99.7· +/- "3-.2· 

Ref~rence 6368.9m +/- 11.7m 

Zero levels 277.5ppm +/- 39. Sppm 

Ch 2 189.6ppm +/- 33.4ppm 

• Ch 3 151.'2ppm +/- '17.2ppm 

Ch 4 86.3ppm +/- 16. Sppm ;' 

Ch 5 . ' 51.3ppm +/- 11. 2ppm . 
Ch 6 95.2ppm +/- 10'.6ppm 

Suscéptibility 0.001 +/- .0006 

'Dike half-thickness 57. Sm +/- 12.7m 

Mag. base,level S8367nT 
1 

+/- 3.~nT 
, j 

Ma'g. base s10pe 94. SnT +/- 7.2 nT 1 

Mag. reference 6430.9m +/- 37. 7m, 

Mag. RMS error 5.2nT, 

INPUT 'RMS error : - 103. SPPJI 

, ' 

/ 
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Correlation aatrix 

- 1.00 0.40 0.05 0.30 

1.00 0.87 0.59 

, 1.00 0.40 

1.00 

\ 

-' 

0.02 -0.23 -0.30 -0~37 -0.27 -0.97 0.22 -0.05 -0 .• 20 -0.06 -0.03 

0.33 0.23 0.03 -0.05 -0.06 -0.48 0.58 -0.75 -0.53 0.35 -0.69 

_0.26 0.25 0.11 0.06 0.02 -0.15 O.-52 -0.86 -0.47 0.46 -0.80 

0.22 0.15 0.01 -0.05 -0.05 -0.35 0.34 -0.35 -0.31 0.13 -0.31 

1.00 0.14 0.07 0.04 0.01 -0.06 0-19 -0.23 -0.17 0.10 -0.21 

1.00 0.14 0.13 O.OB Oa8 O.ll -0.21 -0.12 0.11 -0.20 

1.00 0.14 0.09 0.27 0.02 -0.09 -0.02 0.06 -0.09 

1.00 0.11 0.35 -0.03 -0.05 0.02 0.05 -0.05 

1.00 0.25 -0.04 -0.02 O.Ol 0.03 -0.02 

1.00' -0.27 0.13 0.24 0.02 0.11 

1.00 -0.44 -1.00 0.43 -0.45 

1.00 0.40 -0.30 0.58 

1.00 -0.46 0.43 

1.00 -0.79 

1.00 
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errors have been reduced: the depth, the dip and the thickness 

of the magnetic dike. The Interpreted wldth of the magnetic 

formation ls ll5m. 

The sfngular values and the parameter singular vector are 

111ustrated ln Figure 5.9. The last parameter slngular vector 

has two strong -<::omponents: the susceptibllity and the 

thickness o.f the dike, that are high~correlated (-1.00). The 
..--/'1 

plate 
~-",---' 

conductance and the re!jÏlce have a correlatlon of -

0.97, they are the two strongest components of the next tel 

latest parameter singu1ar vector. 

Bands of magnetite have been observed over a ~istan~e of 

abo~t 50m~in drill ho1e #2 which ls 200m west of the anom~ly. 

The INPUT anomaly coincides with Line ,2E of the ground survey 

grid. The HLEM anomaly has been interpreted as subvertica1, 

its conductance as 55S and its width as 70m.A refraction 

seismic profile was a1so do ne along this 1ine. The interpr~ed 
results are shown in Figure 5.10. Overburden thlckness vari~S 
from 2m to 7m and i t mos t1y cons Is ts 0 f dry grave land sand 

(Bazinet and Sabourin, op. clt.). The conductor is embedded in 

a 90m thick high ve10city zone. Our Interpretation Is that the 

conductor Is subvertica1 and that the magnetic anoma1y ls 

caused by thin bands of magnetite. The total wldth of the 

màgnetlc formation is about lOOm. The different dips 

interpreted a10ng the c onduc tor sugges t the poss lb 111 ty tb.s,t 

the fault observed north east of Lake Sirols extends south and 
} 

passes between drill ho1e #2 and the INPUT anomaly. 
, . 

\ 

'" 

,. 

\, 
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F1aure 5.9 Singul~r values and parameter singular vectors 'for 

the joint inversion of anomaly E of line 4600. 
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complicated by the presence of con-auètive' overburden. In -the ~ 
~ . 

Ci~e domain the effect is ea6i1y observed as a strong response 

of the early chanllels. The Interpretation of INPUT data in the 

pr85ence 

aluminum 

den in a 

. , 
of overburden \las studied by Palacky (1975). Thin 

sheets wè;~m'ulate t\in sheet~ and overbur-

series of analog s cale measurements. For vertical, 

plates the présence of a conductive overburden raised the 

channel background levels and di~torted the anomaly shape 1 

partic!.1larly for channel one. This distortIon is most severe 

for a dipping half-plane as it increas'es with the c,?nductance 

both of the overburden and .the conductor. These effect·s are 

lIoltly on the early time channels for the illustrated 

exaaples. The current Interpretation practlce 'ls to subtract , , 

" the background levels and then interpret the resldua~ anomaly 

using nOllogralls and the late t~me channels only." 

The problell vas recently studied 'by Ferneyhougn (198~' 
. . 

who uaed a quantitative approach. The conductive overburden ls 

",' 
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approximated by a 10w pass fil ter as sugge.ted by Lowrie and 

West (1965). The overburden Is assumed to have infinite 

lateral exten~nd it ls assume~ that the t-'ltal response ~,an '\"r'" 

linearly be deeomposed into an overburden responle. and a 
~ 

o 
bedroek eonductor response in the presence of overburden. The 

\ 

primary field is filtered (phase~shlfted and attenuated) by 

~he overburden ~nd the secondary field ls a1so filtered by the 

overburden. In the time domain the effect is to delay and 

smooth the free spaee response.' As no ted by Ferneyhough i t il' 

important to realise that the assumption lB that the total 

r~sponse i8 the linear sum of the overburden response and the 

filtered target response. In practiee the overburden and .the 

target mutually iI)teract and this effeet is 19nored by the 

filtering approach. Should the overburden and the t~rget be in 

eontaeAt this interaction cou1d be Qsubstantia11y enhaneed. Hil 

suggestion for the interpretation of INPUT response is to 

subtract the overburden response to ob~aln the target response 
,01-1 

and then interpret the late t-ime channels. Our inverlion 
/) 

program was modifled to use only the lait three ehanne 11 of 

the INPUT system. 

Rather than subtract the overburden re.pon.e it i~ 

assulled It will then sho'w up as zero 1eve1 shifts of th. E.M. 

anomaly. 
o 

This problem fws ea.y to solve for the zero level. 

~re eonsidered ~s unknowns in the inversion program. A. usual, 

the overburden is assumed ta be flat and of infini te extent. 

lt is n.everthe1ess possible to, invert time dOllain airlforne 

Q 
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... 

E .K. data for a one layer earth (Keating and Vallée, 1985), 

but thi. has to be done away from subvertical conductor anoaa­

lie. to be ~alid, complicating the who1e proce~s .. 
,r~ 

6.2 Inver.ion of Synthetic Data. 

Noise free synthetic pto-files' were ~se4 to test the 

.algori thm: and study the charac teris tics of the resu1 ts. As 

expected, it is always possible to recover the original mode1 

.'1 
for noise free- data; reca11,that the signal to' noise ratio is 

then infini te. All these tests were performed wi th the ~am.e 

.tarting mode1s as those used for the inversion of six channel ,-
'data in Chapter 4. Some singular value spectra resulting from 

the inversion of six and three channels are i11ustrated i,n ." 
. -

Figure 6 .1. The late time iftversion has three 1ess unknowns 

(the zero levels of the first three channels), this resu1ts in 
Il 

seven s ingular values rather than ten. The general shape of 

the spectrum remains unchanged, except for the second singular 

_ value that has a high~r amplitude. 

For noise free data, the rate of 
/ 

/ convergence Jof the 
r 

inver.ion is the same when six or t'tnee channel~ye used. 

This is illustrated in Figure 6.2. For these parti~ar inver-

sions the same initial model was used in both cases and the 

RNS residual error was normalised by the RMS error of the / 

initial modal. 

1 
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Figure 6.1 Singular value J spectra from the inversion of lix . 
and th~ee three channels INPUT anomalies. System integrat'orl 

.were not simulated. ~ 
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Figure 6.2 Convergence of the inversion for thr.. and 
c 

channpls inversion. 
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s~ctra is 

l' 

-
illustrated in Figure 6.3. The effect of noise is 'mostly to 

alter the amplitude of the second and sixth singular value, 

the condition number remaining almost unchanged. 

The late time inversion was tested for different dips, 

conductances and noise levels. The depth of the plate below 

the transmitter was kept constant at l50m. Consider first the 
J 

inversion of a synthetlc profile contaminated with a 100ppm 

noise 1evel. This model has a dip of 135 0 and a conductance of 

20S. The signal to noise ratios at peak amplitude, for the 

last three channels are respectively 12, lO and 6. The anoma1y 

was i1lustrated in Figure 4.6. The inversion was first te~ted 

without weighting and the in!_tial model was the same as the 

one used to test the six channel inversion (see Table 4.3) . 
) , 

> 
The inversion was stopped after six iterations and the results 

are given in Table 6.1. 
~ 

The rate of convergence was slow for the last four 

Iterations without mu ch improvement of the es timated 

parameters. For a second test the data were weighted by the 

inverse variaqces of each channel and using the 8ame initial 

model the invers ion dlverged after the first iteration. T~e 
(il 

. 
. effect of the weightlng ls that each channel influences the 

inver sion s 0 a low s Ignal to no is e ratio channe 1 has le s s 
/' 

influence than one[\with a high signal to noise ratio. 

second ex~mple is the inversion of a 20S plate with The 

a dlp of 60 0 and contaminated by a lOOppm noise. Although the 
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Tabl. '.1 R.esults of the' inversion of '8. synthetic profile 

eontaminated with noise (Dip: 135·, Cond.: 208) 

Iter. Cond. Depth Dip Zero 1evels Refer. RK8 error 
1 

(S) (m) (deg. ) (ppm) (m) 
~ 

(ppm), 
. 

0 -10.0 125 90 10 -3 0 65.0 116.0 

1 24.6 171 136 24 2 5 18.7 91. 9 

2 9.8 170 149 1 -·3 5 49.2 80.,1 

3 15.1 155 135 10 1 9 32.2, 53.7 

4 19.1 155 139 -2 -4 4 45.3 43.4 

5 18.6 152 138 -3 ·3 ) 5 45.3 43.1 

6 19.5 154 139 -3 -5 4 44.4 43:1 

4.3 8.6 6.4 13 13 12 6.3 <-- parameter 

std. error 

Model 20 . 150 135 0 0 0 49.25 

;' 

l ' , 
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signal to noise ratios for the last three channe la are re.-

pectively 3.1, 2.6 and 1.5, impressive results were neverthe-

less obtained. The anomaly is illustrated in Figure 6.4 and it 

is obvious that it cannot be interpreted with nomograms. The 

final results from the inversion are listed in Table 6.2. The 

calculated . anomaly that would results from the interpreted 

'model is shown in Figure 6.5. The information density profiles 

are illus trated in Figure 6.6. The ir shape is s iml1ar to the' 

calculated anomaly, the maxima corresponding to those ob.erved 

on the E.M. anomaly. The informati~n denaity of the la.t 

channel is l.ess than the minimum information dens i ty of the 

other two channels indicating a weak contribution of th1a 

channel to the 'inversion. This is ea8y to underatand since the 

signal to noise ratio of this channel at peak amplitude i8 1.5 

and less thsn one on the average. 

/ 

6.3 Inversion of Aetual Data. 

-­Although there is not much conductive overburden pre.ent 

in the Waconichi test site area, in order to bave an excellent 

geologieal control, the same three anomalies interpreted in 

Section 4.4 were used to test the late time inversion. 

Detailed results are listed in Table 6.3. The average depth i8 

about l50m below the transmitter or 30m below the ground 

surface. Conductances range from moderate (13S) to hlgh (345). , 
The dlp,of the conductor at 11ne 4600 18 106- a re.u1t that 1. 

~, 
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Tabl. 6.2 Ilesult. of the inve1;'sion of a 60· dipping plate. ' 

Parameter Initial value Final value Std. error Model 

Conéluctance 15.0 20.6 '2.6 ·20,.0, 

Depth 125.0 145.2 4.7 150,.0' 

Dip 45.0· 60.7· l.4· 60.0 
'\' 

Zero leve1 4: 0.0 ' -17.5 11.9 0.0 
. 

5 : 3.0 0.6 5.8 0.0 
~ . 

6 : 0.0 -16.2 4.8 0.0 

Ileference 62.,0 56.1 6.23 46:5 

IlNS-> error 99.2 36.2 

\ 
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Ftgure 6.4 Three last channals of an INPUT anomaly cau.ed by • . 
60· d1pp1ng'plate. The conductance 18 20S and the noia. level 
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Table 6.2 J 



--------~-""""":'"----::-- ,,, 

, 

D 

i ' 
0.5~------------~----------~--~------~ 

0.4 

~ -J 0.:1 

6 

~ 0.2 
.E 
c .. 

0.1 

1.., Ot.D 
",,"""", ,l, ""-', 

" 
I~ ••••• 

, 
... --- ~' ',~,' '---- ..... • __ : ........ ,....,"" ',If ... _______ _ 

o.o~~~~~~--~~--~~--~~--~~--~~ 

-:3150 -300 -250 -200 -ISO - taO-50 a "50 100 150 200 250 300 :l5O 
Horizontal dleter.ca 

155 

-
6. ,lformation densl.ty proflle from the lnve"rs·lon of 

the anomaly presented ln Figure ~.4. 

, . 
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Table 6. ~ Resu1ts of the inversion of alltua1 anomalies when 

the late channe1s are used. 

A- The data were weighted by their nois,e 1eve1. 
f 

" . 

F~ight 1ine 4550 4600 4615 

Conductance (S) 521501) 14.8 (1. 6) 21. 8 (0.8) 

Depth (m) 154 1 (6.2)' 159.0 (8.3) 143.6 (1. 8) 
0 

D.ip (S ou th) 50.3°(2.4)' 106.2 e (5.1) ~134.2e(1.3) 

Reference 6299.5 (9.4) 6340.6 (4.2) 665.8 (0.9) 
,-

Zero 1eve1s (ppm) 

Channel 4 -31.8 (10.1) 90.6 (7.7) -35.1 (3.0) 

Channel 5 -29.8 (5.7) 45.3 (4.8) -11. 4 (2.0) 

Channel 6 -42.4 (4.4) 87.9- (4.5) -6.0 (2.0) 

RNS error (ppm) 28.6 28.6 13.9 ~ ~--" 

---- - --~-- - --- - - - - - -~- ~ - --~-- - -- - ---

R- The data are not weighted with their_ noise 1eve1 

Conductance 33.5 (6.9) 13.6 (4.3) 21. 9 (2.0) 

Depth (m) 143.1 (2.9) 156.1 (1. 9) 142.3 (4.1) 

Dip (South) 49.8 (1. 8) 105.8 (1. 2) 133.0 (3.4) 

Reference (m) 6314.5 (7 .6) 6344.9 (9.8) 665.4 (2.1) 

Zero 1eve1s (ppm) 

Channel 4 --5-6 ~ (7.6) 88.4 (16.2) -36.2 (6.0) 

Channel 5 -39.5 (7.4) 42.1 (13.9) -11. 7 (5.8) 

Channel 6 -44.9 (6.1) 90.5 (13.2) -6.0 (5~9) ," 

--

0 RNS error (ppm) 15.7 28.8 13.7 

l' 
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in agreement with ~ the dip of 103 0 obtained from the joint 

inversion. 

Because weighting can ·inf1uence the solutio~ the three 

anomalies were first interpreted after weighti~~ the E.M. 

channels by their assumed noise levels. They, were interpreted 

again wi thout any we ighting. The resul ts of these invers ions 

are listed in Tables 6.3. 

Some of these results have been obtained after damping 

the singular values to reduce the effect of noise sensitive 

small singular values. For the INPUT anomaly of line 4550, 

best results were obtained withou,t weighting the data in the 

inversion. Channel six of that particular anomaly has a .loW 

signal to noise ratio compare,d to the last channel of the 

other two interpreted anomalies. The anomaly peak amplitude of 

the last channel isabout 60ppm, while it is more than ISOppm 

in the other two cases. 

The interpreted depths are greater than those obtained 

when the six channels are used in the inversion. Physically' 

the response of the last channels is mostly due to deeply 

circulating currents. This also resul ts in an increase of the 

apparent conductance. The dips interpreted with six or three 
c 

channels are essentiàlly the same. The interpreted dip (106°) 

of anomaly E of line 4600 is close to the dip (100°1 

interpreted from the joint inversion of magnetic and INPUT 

data. 

u 

," 
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In that case the erroneous dip of 3 7,~orth obtain~d from 

the inversion of six channel data was probably caused by the 

early channels, Two hypothesis could explain this: ,first, , , as 

interpreted from the HLEM survey the conductQr i5 inductive1y 

thick (70m) at early times; second, the overburden is 

conductive. The last hypothesis is unlikely ISince, as noted 

previously, a nearby seismic survey line indicates a 

r~atively thin and dry overburden. 

According to these in terpre tations, 'the -cond~è'tor i. a t a 

depth of about 30m below the surface,and its conductance 

ranges from 15S to 30S. The interpreted dips are virtua11y the 
, 

same a$ when using the six channe1s in the inversion. 

6.4 Concl.usion. 

As anticipated, as the slgna1 to noise ratio is deereased -.' 
o 

a point .is reached where the invers ion breaks down. A low 

signal td noise ratio renders the inversion unstable. For 

example the signal to noise ratio of a 5S plate qipping 60· 

and located 150m below the transmitter has signal to noise 

ratios sma11er than 1 for the 1as~ three channels if the noise 

1eve1 is 100ppm. The same plate with a dip of 90· has ~lgnal 

to noise of l, 0.5 and 0.12, and the inversion .then 

converges to a" local minimum. When' the dip ls 135 0 ,and the 

noise 1evel 50ppm the signal,to noise ratios are then 6.6, 3.0 
, J 

and 0.6.'The true model can then be recovered. Resul~s improve 

, 
____ 1. ___ _ 
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with hlgher conduc.t_4;nces ... since it implies bet:ter signal to 

noise ratios. Other' ftActors !nfluenclng the signal ~o no~s.e 

ratio are the dip and the depth of the plate. For a given 

plate of 

amplitude 

tha t the 

fixed depth ;nd conductance the minimum anomaly 

is for a n~éir vertical plate. lt can ·be expected 
{,' 

laté~ time ~inversion will give good results for 
. "-

moderate and, high cond~tanëe targ~~s. If the inversion' . ~ \ 

results indicate a low conduc~ce, then tpey should only be 

accepted with caution. 
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, CH~PTlnl 7 

~SCUSSIOR OP RESULTS 

~ 

7.1 Summary. , 

The objective of this work was the develop~ent of a quan-

titative Interpretation method. based on 1nv,rae theory. of 

airborne time-domain anomalies caused by plate 11ke con-

ductors. The method has been successfully used to interpret 
I~ 

synthetic and actual data. To obtain reasonable computing time 

:it was necessary to mo~ify th~'order of the quadrature of the 

numerical 

solution. 
<;) 

modifie 

airborne 

Tlle 

and 

Integration routines used in the forward problem 

'in.t-loéluced by th •• e The numerical errors 
1 

. 
less than the noise level of the different. 

E.M. now in commercial use. 

~xtended to the joint inv"ersion of E.M. 

anomalies. It has been observed that ~he 

parameter variances' "are then reduced, "thereby improvlng the 

inversion results. lt has been found that the introduction of .-.,. 

~"constraints 1s nd't-of great help, s1nce it tends to incre.se 
( 

the ·parame ter viriance at each i teration. 

In Chapter 6, 1t was shown that plate 11ke conductors ean 

be lnterpreted ln the presence of i,conductive o:erburde: if 

lt is not too conductive. In t 18 case, the late ti .. a 

.' 
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channe1s, which are 1ess' affected by the overburden, are used 

for the inversion. gxce11ent results were obtained when the 

signal to noise ratio is sufficient (>2); lOW~~!:10S «2) 

conductances~ «lOS) 

although th. dip and th. depth aff.ct the anomaly amp~tUd •. 

general1y low correspond to targe t 

7.2 Numerical Advantage. Derived From Thi. Study. 

, 
This ls the first t1me that inverse theory has been used 

to interpret _a1rborne 'E. M. anomal ies caused by plate llke con­

dUC~OYS. Th'. ~ cast assoc1ated wi th the solution of the 

forwfrd problem was probab 1y the fac tor tha t prevented 0 th.ers 

~from solving the problem before. This is why much effort was 

spent to reduce the c~mputing t 

During the flrst stages 

location was-- found by using 
) 

deconvo1ution i()f the spatial 

deve1opment. the plate .. 
the anomaly after 

introduced, by the 

syRtem integrators. Perfect results for noise free anomalies 

could only be obtained by the inclusion of this" parameter as 

an unknown in the inversion. The problem was that the maximum 

could not be 
.l 

located wlth enough precisionr< because of a data 

sampllng interval of about 30m at ground scale. The inclusion 

of the zero levels as unknowns was necessary since \ actual data 

are not drift free (the system calibrations are sometlJ!les 

unavaila;le) . 

\ 
" ....... 

.J 
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-~ 
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The joint inversion of magnetic and E.K. anomalies and 
(r 

the inversion of E. M. anomalies in the presence of overburden 
o ' 

are natural extensions of the inversion algorithm that we have 

developed. 

The inversion program ia easy Jo use and now runs in leaa 

than 15 minutes on a micro -computer equipped with a 32 bit 

coproces~or ca~. The first deve10pment runs. on a Univac 80 
~; ~ 

miJli - computer. lasted for two or three hours ... Al though lt 

would not be practica1 to interpret a11 the anomalhs of a 

sur'vey, it is now feasib1e ta select and process the mOlt 

interesting targets in a relative1y short time at a rea.onable 

cost ..... 

7.3 Recommendation. for luture'Work. 

. ; 
The next logica1 step aft.er this work would be t\'f~.inver-

sion of frequency doma!n E.K. data. Because of a d{fferent and 

smaller" system geometry it wou1d be necessary to check the 

effect of the reduction of the order of quadrature of the 

integration routines. Sma11er plate sizes would probab1y be 

necessary to approximate a half plane. Overburden effects in 
1 

the frequency domain are more complex than in- the time domain. 

The phase and the amplitude are modified as a function of 

frequency and the solution may not be ~s easy as in the ti •• -

doma in. 

) 
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, 

Other forward mode1s shou1d a1so be used. The sphere has 

been u8ed by Dyck (1981) for the' interpretation of borehoie 

E.K. data. Another usefu1 model would be a conductive thick 
----

plate. The most usefu1 improvements wou1d undoub~ab1y be a 

more rea1istic treatment of overburden and host rock effectf' 

These are essential1y forward prob1ems and they 
~ 

~appropriate attention. 
1 

, 
'. , ' 
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APP!NDIX 

Mathemat1cal formulation of the plate problem. 

170 

Annan (1974) uses the equivalent source method to compute 

the secondary field of a thin rectangular plate excited by a 

t1me varying E.M. field. Other descriptions of the method have 

been given by Walker (1981) and Ferneyhough (1985). Here we 

follow Ferneyhough notation and description. 

The total electric field 1n the anomalous conductiv1ty 

zone 1s: 

(Al) 

where Ei Is the incident. or pr1mary field. It i. the field 
1 

that w~uld normaly exist if there were no anomalous zone., E" 

is the field due to the scatered currents (Ja). it is also 

called thé secondary field. For the case of an induct1vely 

thin rectan..sular sheet. the equation of 

lt s ( r ) j w. ".. J lt s (r') g ( r • r') d 2 r ' 
s 

th~ susface cur~ent i.: 

(A2' -

Where: lt s - J SI the surface current den.1ty, 

~ the angular\frequency of the source, 

JI. magnetic permeabi.llty of the plate, a •• um.d to b. 

that of free space, 
/ 

g (r , r') - 1/ 4 11 (r - r' ) , 

·' 
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fT tl ls the conductivity thickness product, , 

E (~)(/iS the e l~c tric fiè ld a t r caus ed by a uni t dipo le 

at J, . 
,slnee the current i8 confined, to the surface of the 

plate, it ls represented in term of a scalar purrent 

PQtentlal. 

(A3) 

where e3 ls the uni t vec tor normal to the plate. By taking the' 

curl and us ing Faraday' s law ('7 ~ E - -iWfJ.H), equation A2 o 

becomes: 

,,2 Uer) r iw"'"f \7'g(r.'r') \j"U(r') d2r' - iw #LoH3(r). 

uts 

H3 is the magnetie field normal to the plate. 
4 

'l, 

(A"4) 

Annan (1974) uses the Galerkin method to solve this 

lntegral equation. lt is assumed that the potential U can be 

represented by a set of basis functions cP such that: 

The function choosen by Annan a.r,e: 1 
L-~ 

tPm,n- [l,,(xl/al)2] [l-(X2/ a 2)2] Tn(xl/al) Tm(x2/a2), 

where the Ti are Chebychev polynomial of the fir~t kind. Their 

order la such that: n+m < N, where-N ls the maximum polynomial 

degree. 

In the Ga'lerkin method the lnner product of the bas is 

function and equation A4 ls set to zero. The resulting set of 

lln.ar equationa lB expressed in matrix form as: 

+,lwl'.L ) C - -1"' .... Il (A7) 

! " ~. ,.. . j , :.' ~, 
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Where: 

~1/I1(X.l,K2)'b<bj(Xl,X2) +, 
, 

~Xl 0 xl 

Od»Ix.l ,K2")OI/l(Xl/ x2) , dX1dx2 

.. 
g(Xl',X2 'K'l,"::~)~ àq>j (xl,x2)~'Pi(X'l,X"2) + 

~Xl ~x'l 

~ tbj (xl' x2) ~cDi4(,K' 1 ' x' 2) dx' 1 dx' 2 dXl dX2 

c, 

This can be réwriten as: 

z c - '- i w ~oH , 

, .... " 

(AB) 

where Z - (l/O'ts) F + i W ILoL 1s ~the general impedance mat"rix, 

F, the internaI res ls tance ma tr ix --and L, 
t­, 

the general 

indue tance ma trix. Eqùa t ion AS ' could be sol ved by s tandarë 

inversion techniques; Annan (1974) choose the 

weighted eigenvalue mathod. The, geometry and the 'electrical 
< 

parameters are then decoupled. The eigencurrents coefficients 
1 

C depends only on the geometry of the plate, i. e. the ratio of 

its strike length to 1 ts width. The e1genvector~ and . , 
eigenvalues are computed for a whole range of aspect ratios 

and stored for future use. 

In the time domain, the impulse re.pon •• il: 

I(t)-I:an(x,y,z) bn(x,y,z) [ cS(t)-(l/"n) exp(t/1'n}) (Ag) 

for t~O. 
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are 
r, 

ealled t;,he - exitj.at,ion coefficients and represent 
• 

t)he ~~ù"pling b.etween the primary magl\ltiC:, fhld and. the nth 

eigencurrent. :rhe bns. {he secondary field coeffic18n~s. 
o 

represent the couplin~ between tne secondary field, at the 

receiver and the n th eigencurrent. the t.1m~ "{onseants '"n Ire 
'-~> 

inverse ly proportional to the e igen~alues. 
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