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~ {internal category) in E , in such a wgy that when E'is the

"and triples and sﬁmplicial objects induced Ey category ob-

vy 3 3 « ‘

ABSTRACT - , o

\ ‘
.w\ N “ Q 0

In this thésis , we internalize certain well known

notions in category theory , i.e. j.gizen a\éategory E with

.
S O . o e e

finite limits , we define®, for example , a cétegory object

F

~ vb

céfegory of sets , this definition reduces to the ordinary

v 1

one of a small category . y

%

*Chapter I gpnsists of basic definitions ,,cer%ain :

formulae involving functors and natural transformations ,
3

~ g -

jects . In chabter IT , . we define and give characterisatiqns

of interndl functors , while in chapter III , we define

», i

limits and colimits , and prove‘ﬁ well known result inter-
nally , namely that limit (colimit) is the ;ight (1eft) aéjoint
of the "constanﬁ“ functor A . / Q
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*. Dans cette thése on définit dans un contexte interne

certaines notions bien connues dans la théorie des catégories,

-

par example, un objet de catégorie (catégordi€ interne) .
. v é
) Le premier chapitre consiste en définitions.fondamen—
&

tales, en certaines formules et en des tfiples et des objets
simpliciaux induits par des objets de catégorie. Dans le deux-—
iéme chapitre on definit et on donne’ des caractérisations des
foncteurs internes; ensuite dans le troisiéme chapitre on

définit des limites et colimites et on prouve,dans un contexte

b

interne, un résultat qui est bien connu, notamment que la limite

(colimite) est 1l'adjoint a droite (gauche) a A, le foncteur

"constant". ;

.
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! Throughout this thesis , E will be assumed to be a sheletal

N
.

-
-

‘Internal category theory has its applications in the

T

study of toposes (Diaconescu [l]) and profinite groups (Gil-

L

denhuys and Ribes [3]) , and it is believed that several in-
‘texesting abplications may arise through the study of cate-

gory objects , internal functors , etc:\x in an arbitrary

category with finite limits .

vl e

.
N

category with finite limits . Additional conditions , for

o

example cartesian closedness and the existence of coequali- N
zers , are imposed upon E in certain parts of chapter III ,

and are specified in the relevent sections .” The words "map"

and "morﬁhism" will be useqd interchangeabl?ﬁf throughout .
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1. Category Objects

o

Definition. A category object C in E consists of
— - - ..

v §

§

B - _ objects and morphisms
: d, )
. L
Y d,
X2 > Xl - > XO
- ¢ U v
\ 4
? , \ 3
in E , such that . ] ‘ /
(1) dgu = dyu = X, ' - . ]

satisfying* the following additional conditions :

(2) The square
'y )

v / x____g_?x ;
2 1 |
' ‘ \ |
i T el do \
. ;.d * *
X___l.—+x a
1 0
) e } i ! R
<
is a pullback , with . -

(i) doY = doel 14 ) /

A

ﬁ{ | (1i) dly =,die0 . .
(3) Defining ¢0,¢lexl+xé by the diagrams

'




(2)

l\\¢0 Xl 1\\ ‘1)1 pdl -
Ny P03y \\x __ o
ud 7 % 2 Xy
dg X,
) ey ’ i?10 e dg
et 4
Yoo LT o x ., X 5 X ,
1 0 1 0
/ -~

we require that"?¢6 = ¥é; = X

(4) Def;ping wo,wlzx3——————4» X, by the pullbackqsquafé ’

’

a3

and!ao,al:x3———————> X2 by the diagrams °
° ! *

—_———s Xl . )
L d

d) : ds

Xl———-——-—> XO r l————+ X

!

we require that Ya0°= Yoy -

. L <<.
If E is the category of setsg, then C satisfies the
axioms of a small category : XO and Xl are the sets of objects

7
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and morphisms (respectively)_ag ¢ ; dO and dl are the' domain

xyeX, the ié@ntity map id, €X; . Condition (1) states the
requirement that do(iqx ) = dl(iiﬁ“) = X ; for all erXO .
Condition (2) stipulates that X, = {(f,g)gxlfxlldo(f) = dl(g)}
(which is the set of all composable maps in C) , and that for
all (£,9)eX, , (i) d,(fg) = d5(9) and (ii) d;(fg) = d; (f) .

Condition (3) amounts to f'lddo(f) f 1ddiff)'f = £, for all

b feXl

Condition (4) states the associative law of composition , i.e.
that for all (f,d,q') satisfying (f,g)ex2 and (g,g")eX2 , (fg)g"

= f(gg') should hold.

>

~ -

-~

k’

ject‘

0

0 0

(where "+" and juxtaposition both, mean composition in C).

4

|

-

2. Functors’

F:(+C' consists of morphisms FO=XO+X6~’ Fl:Xl+Xi in E , subject

to the conditions

(1)
i?)
(3)

(4)

ghere F

and considering the diagram

Definition. Given:.category objects C!C’ in E , a functor

1 - .
dO 1 Fodo P ,
' —_ '
diFy = Fody 7 l
] — \ -~

2 is defined by notin& that i o

! — = = '
dF180 = Fodg® ~ Fod1®1 ~ 4F1e

I




(4)

We note that all primed symbols above reﬁgr,to the category

- e g ox

4 object C' . _—
If E is the category of sets , then F is an ordinary '
' functor between two (small) categories , because for all~xO€XO '
_ ' . - v, ;
, ngo) Fb(xo?exo ; i.e. an ob?ecﬁ of C' : for al% Xlsxl ’ i
F(xl):= Fl(xl)exi , i.e. a map in C' ; and conditions (1) to |
(4) are interpreted as follows : N i
1y F(d,(£)) = dy(F(£)) ,
for al'lw faXlr; _ LTy
—_ ' ,
(2) F(dl(f)) ' dl(F(f)) '
et for 'all fex, i . |
. i
(3) F(id_ ) = id_, , ' -
S TTXg F(xo) ?
for alldxoe:xo ;
(4) F(fg) = F(£)F(g) , j

for all (f,g)ex2

GivenAcategory objects and functors

I




Tae ows x - . -
X ; &g . ce ' L

1] .

wé may défine the composite E'F:(+C" by the 'pe_lir-?.f mé[ps ,
] — ] . "y ' — 1 . " L4 . 3 tad epd
(F'F) g = FoFg:Xg>Xg'r (F'F)y = J F X K] ..Iﬁ;}swg?en.trLVLal

(but tedious) to veyify that conditions (i)f' to"”-(4) are satisfied

[ fa .
;, so that F'F is‘./a functor between two category dbjeécts.
- r L J

4
-

+
° <
f . N

- 3. Natural Transformatidns

' &

Definition. Given catégory objects'and functors

F,F':C>C' in E , - h .
o | 4.
—
\ Y = d'l ( . 7
X, > %, > X,
8 - . -
[} 1 ]
S Fz[Fz F1F1 ay |Fol%o
! ¥ —_— 3
Xyt xi—4—£¥f~—» X .
s i (_—-'H'!—_—

a natural transformation t:F+F' consists of a map T,:X,¥X; in

E, satigfying

Y . YT T'Fp
¢ ! = ' -
(2) 170 = Fp 7 ) , -
| - ’ \ 0
W v ’

Db et 4 T
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pee e e

d o ! ‘ ‘1"=!'_ . > . . . N
3) . YTl YTZI N )

N
“here 1,,1,:X,>X) are defined through the diagrams

N .
. ¥ S
e X o '\
. . noting that djt,d, — Fyd; — d}F; and d]tgdy — Fidy = dIF] .
\' : - If E is the category of sets , then T becomes an

e

ordin‘étry natural transformation between functors : for all :

= R g

i ’ . . . - ‘ q .
xoe)go , l.e. for' any ob]ectfo in C , TXO To(xo)ex , l.e.
Ty is a map in C' ; condivt'ioks (1) and (2) state , respectively
0 .
™1 ] = ' = ' . s i
, thdt do (‘Tx ) F‘(XO) and dl(TX ) F (xo) ; (3) is the |

« -0 0 ’ .
‘naturality condition , i.e. that given a map f:do (f)+dl(f) in

-

C , the square ) ”

4.

Lad (£)

F(dy (£))——"0-=> F'('do(f))

8
»,q
-
, .
.
e e 2RI ST b
]

F(£f) . F' (£f)

T
F(d, (£)—3Eh prqa, (£0).

should be commutative . —

We'now;wish to define & composition for such natural




i v ' & '
\ ' (7) F . < . . ¢

¢
-

transformations , but first , & word on notdtion :. Given an

-

object Y in E and maps £,9:Y>%, satisfying djf = d,9

% .
Y\ £
& >
N 0
) X, > Xy

g .
€1 dy "

d;

X, ——=—> X

.

we shall denote the induced map { by <f;g>
facilitate the following discussions’, and is not really ahn

abuse of notation , sin¢e the above pullback is a product’ in

the comma category (_E_,XO) , whose objects consist of all maps

in E with codomain io . onbxt we shall require the following

Lemma. Given an object Y in E and maps f,g,h‘:'Y-ﬂ»Xl .

satisfying dof = dlg and dog = dlh , we hav7:

o y<y<fig>yh> = Y<£,y<g,h>> . |

Proof: Condition (4) in the definition of the category

object C in E states that yo, = Yall, i.e. that y<epy,v¥;> =
T<Vg 80> - Define t:Y+X, through the diagram

o

> hY
Y  <f g>-
\\\t\
\\ wo .
S ——. )
<g,h>
vy e :
' ' eo , /,
X, —— X

is will greatly

o

1
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transformations T:F+F' , 1':F'->PF"

B

we, then have

4

which completes Ehe proof,

9

=

Y<eowotlelt‘> =

1Y

Y<on,elwl?t ,

= Y<eo<f.g>,v<g.h>>=‘Y<Y<f,g>,e1<g,h>>

=

Now given functors F,F',F":(C+(' , and natural

y<f,§<g(h>>

1, = ' ' . '
(T T)O Y'<Thr Ty 1 XX

= Y<Y<fl%>lh> 1

§

+ we define T'*1:F+F" Ey

. It is noW required to verify

conditions (1) to (3) in .the definition of a natural

transformation :

(1)

S

(2)

A

db(T"T)O =

aj(t'e1) g =

dSY'<T6'To>
dpe1<197 Tp>

d6T0

FO ; ' ‘
&y’ <1y, Ty

e5<T57 T

= y"<(1'-r)0dl,Fl>

i

' ,
y'<Y'<r0,T0>dl,Fl>

fevicnt - s
YUY STy Ty > e Ey

] N J
Y'(’[‘O l"-Y <’F0d1’Fl>>,

~

1 ] ] 1
VI<Tody Y <FprTpdy>>

' (by definition)

(by the. Lemma)

(by the natura-

lity of 1)

\

3
i
1
|
i
| %
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~

hence t!-1:F+F" is

YT Tl

d.>

070

= ¥y <Fy, Tpdg> T

= Y'<F]/Y'<T0d, oF 0dp>>
= Y'<*EK'Y'<T6'TO°>dO>
= ' " T,

=v' (T"T)2 ;

well defined\

1

. 1‘|‘~': 4

§. 50 &
-‘,1 . v"' .

W Byt )

. o
(by the ie@ma)
fby“éﬁe-natura-
lify of ')

(by the Lemma)

Remark. It is now possible toﬁdefine a 2-category

éat(g) » with O-cells all category objects in E , l-cells

all functors between such category objects , and 2-cells all

. < . .
-natural transformations between such functors .

-

4. Composition Formulae*

Given category objects C,C',M,M’ in E ; functors

best .described by

i

the diagram

~
a

F,G:C+C' , V:M+C 'and U:C'>M' ; a natural transfprmatién 8:F+G-;

* Godement , Roger : Topologie Algébrique et .Théorie des

’

Faiscealix (p. 269) gives rules of gomposition and interchange .

of functors and natural transformations , which we éhall '

treat here in our

own internal context .

- s et e

¥
£

—rom Bedam o




(10)
- /‘\
/ /
» ‘ 60
c N
- M > M., - -1 3> M
2 1 m 0 —
’ V'2 Vl do VO gt
) —a.
X, ——V X 1 X

Hy
[V
—N
[}
no
<
\'__,hj
-
(]
i <4
O =
o
o 1
o
e
0
=]

—_—

, X3 Y > X d; > X
—ut

le Uy 5 JUO

1 — * .
] c. . v 65; o MY,
.M My M,

e

we define a natural transformation Us8%V:UFV-UGV , by.

' (U*e*v)o = Ule Ven : M ->M'l . We must now show that UxfxV°'satisfies

07070
the definition of a natural transformation , i.e. conditions

.(l) to (3) : _ : ' \

(1) ,56‘(U*e*V)O = §MU.6.V ‘ “ .

(2) 81 (Ux6*V) o = 81U BV

~ = (UGV)

(3) It is required to show that

K]

e et < B

c! (Uxe*V) | =

where (U{G*V)l and ,(U*G*V)Z’are defined through the pullback

A S S bbb, Mo AR

. -
A R0 s s B30 R o bl el P B AT et R o o rtiing v AR A

c' (UxB*V)

2

’

o

?

B e




I « " A
. . (11 N
?
sguare
' ] ®
' M2~——~———+ Ml )
s1 )
- ’ M'-_.__];~_;. M! ’ .
by (U*B*V)l = <U,0,V.¢

. First , we consider the diagram-

y R

which shows that U2<lel,6 V.8 >

070%” T “UpG1V1/U;184Vp8,>

r We have U_.<98.V.§

1969 l,UlFlVl>‘and (U*G*V)2 =

<U1G1V1,U190V060{

. Similarly

. Next , the o

. 20°070%1 TV T <0y 80Ve8, .Uy Fy v >
naturality of 6:F+G states that
' i — !
| . o YT8pdyiFy> = Y6y L6pd0>
] — 1 '
RARARLTS Rt A <Gy 480d >V,
' e !
YO VT V> = YI<G VL, 00d0Vy >
vl — .
T OVt FyVy = YI<G V)0,V 8 >
therefore ’ :

ERE i Rty e SRR

e g,

- e




-4 . ;
‘/ . . "(1"2{? d } -
. , ’ 'd/ ‘, 3.
-~ i ;
« . R
' ] =/l ’
, c (U*G*V)l c,<U1QOV061’U1FlV1> - -
- . =c'U,<8,V.6,,F. V. >

2°0°'01'""11

= U, Y'$8 V8, , F V> - ¥

. , L = UYISG VL8V 8,> |

: = C'UL<G,V, 8,V 6> ‘

: ' , | = C'<UGV,,U 0,V 6, :

'=~c'(U*6*V)2 .

. av > o
We have of course , as special cases , .U*8:UF-UG

and 6*V:FV+GV‘,.def}ned by (U}9)0‘= Uleo and'_(e_*V)0 = GOVO .
We now state five rules of:composition-, keeping in i

mind'that c,c' M, M w;ll denote category oBﬁects in E ,,

£y
St s

F,G,H,U,V functors , and 6,6',¢,) natural transformations :
(R1) Let F!G:C>C' ; 6:F>G ; V:C!>M and U:M>M' ; then .

(UV) %6 = Ux (Vx0)

(R2) Let F,G:C»C' ; 0:F+G ; V:iM+M' and U:M'>C ; ®hen 3
T ek (UV) = (84D) %V . \ |
(R3) Let F,G:C+C' ; 8:F+G ; V:M+C and U:C'~M' ; then
(U%6) 4V = Us (64V) = U%04Y . - | .

(Rﬂ) Let F,G,H:C+C' ; 0:GH ; 6':F>G ; U:C'+M' and Vv:M+C ; then

" Rt S o, AP ST AR AN

Uk (98')#V = (Ux84V)~ (U0 *V)

(R5) Let F,G:C»C' ; U,V:C'»M ; ¢:F+G and y:U+V ; then

N s

(U*G) * (Ux¢) = (V*4)+ (Y*F) .

Progf:




(R2)

(R3) .

P

(R4)

e

[(BV)*8]

s

= (U8

1o (UV) 1

.= (G*U)bvo

(U*e*v)o

(U*G*V) 0

4 )

[U*(G-B')*V]O

= ! . ‘A ’
= c'<U eQVO’UlSOVO>

= Uy V80

=4U1(V*e)d

e T

13)

~

NSRS,

o

= (UV)leo"'

= [?*(V*G)lo

- 6OXUV)O

=‘80(U0V0)

= (BOUO)V0 .

\

= [(8*U)*V],
= U8V

= (U;84)V, o )

»
i
[,

= (U%B) 4V,
= [(U*8)*V]g

= U;84Y,

= Uigeovo) |
= Ul(e*V)O - ’ R ‘
= [Ux(exV) g -

=Ul¢(e-e')ovo . -

= Up7'<0q.85>Vo ;

1 1
c U2<60,60>V0 ' i

—_ 1 ]
c <U160,Uleo>vo‘

1
= c'<(U*9*V)0,(U*8'*V)0>

™y

Y




: ( y
/
. o = [(U*G*Y)'(U*e'*V)]O .
(R5) Naturality of YUV fﬁp}ies— ‘ .-
C¥odisUy” = e<Viibgdg> - |
> o<hga] Uy >0g = S<Vy L ¥odh>d, ‘
¥ by grUy8g7= C<Vydg,¥gdpeey
= UGy U by = eV 8 VT |
thereforé,ﬁ
| [(w*G)'(U*¢{]0 = ?f(¢*G)d7KU*¢)O>
' ="C<V¥CGyr Uy 00> | - S
= C<Vybyr ¥y |
= < (Vx¢) o/ (YxF) 5>
= [(Vx$) = (p+E) 1 . o
%

5. Induced Triples

.Given a category object C ,

d
————+0 s
N XKt x.—% x SR
. T2 1 U 0

N

in E , we wish to define a triple (monad) (T,n,u) in (E,X;) ;
the context in which the symbol u is used will élﬁéys make its
meaning clear , as it is used to denote two different things.

We define a (covariant) functor T:(E,XQ)+(§,X0) as the

composite . / '
. v ,
dy ' “a,

13 7

e R ST AR S e

-

|
i
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K n (15)

P

! . ©

where d% and I, are defined as follows : for any object
' o .

a:E*X, in{(g,xo) , the pullback square
, Ty - . .
El——f————+ Eo ) (::
*
dl(a) a .
dl B
Xl-—-—-——————> XO s

defines di(a) ;1 and for any map B:a+a' in (Q,XO) , l.e. that

~the diagram

commutes , we let dI(B) =<Bnl,di(a)> . For any o'bjectJnS:Y-*Xl

4
in (E,Xl) ’ Zd (8§) = dod . Given a map e:8+8"' in,(g,xl) , we
0 )
b — n n
have Zdo(e) e "over XO .
We also require natural transformations n:I-»T , u§T2+T

~—

, such that the conditions

(a) O u(Tw) = uQum
and ‘ ‘ ‘
(B) u(Tn) = u(nT) =T 4

are satisfied , where T:T»>T denotes the identity natural .

. transformation

o
R

oo

e et

o




To define n:I-T , giveh an opject a:E0+X0 in (E,XO)(,

+ ' .

we form the pullback square

1. |

By > By ¥ {

* i

. dl(a) o B ‘ 3

dl L
Xl———————j—é- XO ’ N

and let N = <E0,ua> . It is then immediate that na:a+T1a) is

a map in (g,xo) . To verify the naéurality of n , we let B:a»a’ .
A |
be a map in (E,XOY , So that the outside of the diagram

Nt Tt o arn =

D

0
) . - ' i
commutes , then the equations . I
dj(a')ny .8 = ua's | .
) = ua , ‘
’ . ] — 1
1T1na'8 EOB
=B ; -




(17)

v i—

dI(a')T‘(B)na = d¥(a)n, (bﬂy definition of T(B))

RV
HE& . l‘. -9»*";“

w1

mT(8) N, = Bwlna’ (by définitr:;ionf of T(B))

\ - .o = BE, 4
=B ; , !
show (by uniqueness) that the square ‘f’

) b
n, , a 5

g——————> T (o) o

- b

R B v T(B)

v I Mot ’
L. g'———— T(a')

!
is commutative , which is precisely the naturality of n

To define P:TIST given an obje;:t a:E +X. in (E,XO) ,

0 "0
we form ghe pullbacks .
Y
’ e
B2 g L | E// -
2 e -0 |
. f
pz di(a) o
Y e \ d )
0 . 1
X2 g g |
T?“ o - i
®1 o : »
- .
Xl———————+ XO 7

e . and let u(; = <7 ﬂzlYp2> . We then have that

1
== *
T(a)ua dodl(“)“q _
i (&‘ B

'
e

. s
g




i
,/ ‘ |
(18) 3
t
. -
+ r 1
] 1
v ] / = doelpz - M N {\ ’ |
] = dya3 (T (a)) | ;.
2 = T2 (a) |, « : i

so that uO‘:T2 (a)+T(a) is a map in (_Fi,xo) . To show naturality ,

we require that the diagram

L

|

e bt

H ) ¢
T2 () ——2 > T(a)

e

T2 (B) T (B) ‘ '

-

T
T2 (0" )—2 5 m(a')

1

l w

T trana aimabzhn

be commutative , where B:a~+a' is a map in (E,X,) . First ,

we consider the diagram\

t

i~

R TS

and note th“at .
— * .
€gPy = djfa)m, ;
and

€T (B) = df (a') )72 ()

- L3




T
g‘?

¢

' c
= af(a")T(B)m, (by defiéition of TZ(B){\

) = di(a)’n2 - (by definition of T(B)) ,

¥
elpéTz(B)/= e,p, (by defig}tion_of T2 (B)) ;
so that uniqueness implies péTz(B) = Py - Next , we consider -
N

»

Y tm2 - :
Ej mimoT (8)
/ \ N0 (B)u ~
2
U, T (B) E
b
1m2 (n
YPZT (8) |
o I« ' : |
3
- . i
) :
where. 1
12 —_ rtm2
d,vp5T* (B) d,e,p T (B) ‘
— * ! tm2
d,da3 (a')myT" (8)
o ’ = vootm?2 v
o a'mym,yT (8) . . ]
'so that the outside of the diagram commutes ; then the equations i
* ! 2 _:“ 1m2 !
‘dl(a )ua-T_(B) YPZT (B) ’ , h/ y
4y .m2 — 1 m2 . © -
“1“aLT (8) ﬂiﬁzT (8) ; ' .
- and
* [y ! N = 4% ! ‘ i
af (") ™B)p, = dfledn, |
== )‘sz |
- L \
1\f> ' Yp,T (8)
L . ! = ¢
e TT(BIu, TVBmH,
.= My




~

3

T
.

1

niT%é?wz

™

1

mAT2(B) ¢

show (by uniqueness) that T(B)u, =‘ua.T2(B) .

-

It remains to verify the triple identities

(A) We keep in mind. the definition of theléategory object C

in E , and note that Hy =

< Ma,d% (dyvp,) > , and (uT) =

3

T
E ————§~—+
_ o 3
- ’ wo
x - 0]

<“l7r21Yp2>"r (TU)& = T(U

$
uT(a)

First , we show that the squares:

e

[

(uT)a

3
- Jp/3 (1)
- H
d
X3 :

|

i

are commutative . For (l) , we consider the diagram

~

= <7 ﬂ3,Y¢1p3> ;, Where 3

[

2

and py are defined through the pullback'square

[0 ]

)

C o

S ik bt
S

[

T S LI

[

¢
1
t
¢
i

W\




d1Y¥1P3 = d181Polg ()
‘ = 4480P2¥ 1 (o)

. *
. : dgdf %) THUq ()

l

= *
dodl(u)n2v3

‘ - ‘ = 958Py3 ‘

‘ : ‘ = dgeg¥gP3 . |
' 1 N . l H

so that the outside of the diagram commutes ; hence the

1
i3

- equations

. eluqu3 = Y¥;P5 r ’
| So¥a P35 T So¥oP3 \ B
- | and : . : .
€1P2MT (o) T TV1P3 - |
‘ _ eopzi"r(a) — A @ Ty e
’ ' = dI(a)n2h3
| | SqV¥oP3

imply (by uniéueness) that Mg P3 = P2“T(a) . The commu%ativity
. . 0 ’
( “of (2) may be proved similarly , by the uniqueness propegty

r

L
’Z - L . . . . N §$ -

b Wi Tt w3

A st bt P

e o




( ’ -
.

» of'<yw0p3,e1wlp3>:E3+X2 . Next , the outside of the diagram -

.

E Ty

3
u
a
) ua(Tu)ﬂ

. | Ey Eg
YT(y)p3 di(a) , 'a

d
o X I ,x

1

commutes , as

J an1n2n3

L]
so that the equations

ﬂlua(uT)a - Wlmz(uT)a i
g I L
? * 3 = o
‘ dl(a)ua(uT)a sz(uT)a iw
2 ' = '
- Yuddp3,

s u =

dg

“and

T

(uT)a

—_—

Q

e

dldi(a)ﬂ2w3

.

= 4180PpTy

=d;e¥oP;

S RALI
dlyT(X)p3 '

= yT(Y)p3 (by I.l.,condition (4),as’

and T(y) = Gy )

%0

°

=

= b Sy

-




[ovRRT———

TyH, @TH) o= mymy (Tu)

THaT3

4

. = MMMy , .

di(a)ua(Tu)a = sz(Tp)a
= yI{y)p, : ’ »

.imply (by uniqueness) the required result : ‘

(BY %s in (A) , it may-be shown ., by the universal propérty ;

of the pullback équare | o, ‘

!
3.

PR
¢« M | X1
jo7]

i
PG S 14
Sl

T

(Tn), (nT)
E,— E, E;——— E, | i
* . *
a3 (@) P, ldl(a) ’pz
N T(U) 4 nd , vyt
’Xl————-r X2 ’ ag‘ld Xl-—————G—-»kX2 ‘
%
i | ’ ‘ ‘
are commutative , so that condition (3) in the definition of ;

the category object C in E , together with the-fact that
T(u) =?¢i and Ng = QO , implies (by uniqueness) the required

: 0
© 7
result *,upon considering the diagram ~ o po
¥ . , S

“




.
. . | j g
(24) 1
1
( | x
t) L}
” ¥ .
& —
}/
L
[
, !
- 6. Simplicial Objects -
. . . , . i
Given a category object c ,
y) :‘- do
\ —“‘—
Y o 4,
X2 > X1 TR X0 '
. I SN i
é
in E , we wish to extend it to a simplicial object in E . o
The limit of the diagram (functor)
. ’]‘ ‘ . / ) ’ o N

CXo 4 ' o k . i
: l':/;\i_ol>‘-’xo ‘ ?
. ~N Xl d P -
T4, |
Xl% . . ?
- . . r ’
] X a




— ‘ ‘ f
where X, occurs n times., (n>2) , consists of objects and *
maps ,

.[ 1
P X
n 1
P .
»
n_r X1 ” i
&~
////Bg/* ’ .
x = —+P3 ,x 3
- n n .1
Ppn-1 . i
' n~_ . ,
i xl 7’ .
. i 1
X
' . 1 .
in E , satisfying .
- n__. n . "
dipy = 4Py ¢ (a0 "
with the universal property that for any other objects an?
) ) l
maps in E , '
» , /
”»
i

|

R e e
i

s i S

o i




vgr L

3 q26). .
) -
. , ) {
satisfying
. n _ n e ' E - ;
c, 49 T 49y, o (giznnd) . . ;
there exists a unique map wn:Yn+Xn in E , such that
' PRy —q) , (lgizn) .

Such a map w will henceforth be denoted by <ql,q2,...,q > .
We noxh§that the above definition of the objects X agrees ,

for n = 2 , ,with that ‘of X2 whlqh appears in the-'definition .
of C , Since pullback is a special case of finite limit .

Li
1

. . n .
- We define maps di:Xn-»Xn___l , n21 , 0<iz<n , byv

o

[=7]

joR fe N [=1) o7
N HENON O
1
(]

H

and for n>3 , o

| n'— . -
4' = <plrp21'-~lpl 17Y< p 'pl+l Ipl+2l"'lp s ’

(1<i<n-1) ) : : ' . .
d'rol = <P21p3l--- rpn> r ' ‘
, . ' ' B X

n ; . .
1 4~ <Pl'pz""'p 2P P “ |
1
i

and maps s?:xn+x +1 ¢ B20 . 0<iz<n , by’
L 0 , | .
0o " H &
1 i
9 & (b‘l ;
1 :
" 17 %00

and for n>2,,




e

&
(27) a

/ % u
X | ,
" i ’:
n n _n N no.n ) |

si —_ <pl’p2".. ,pi,Uleilpi_},_lr-.-:pg? '

(1gign)

_ n _n _n n ,
SO <Pd0Perl'lP21---rPn> LA : N

&
This yields an infinite sequence S of objects and maps in E ,

and it remains to prove -that the simplicial identities hold ,

t

i.e. that ,
+1 n .n+1s - .
(1) d?alTs = ahd’ i<j<n ; ,
i%941 T 4% 0 25 : ;
*
(2) sg+ls?-l = s?s?-l ’ iéj;qu :
n-2._n-1 .
Aost osds T o i<)
v . 3-171 \ . i
(3) dgs’j"1= 1. Vi=i, 54l y, geanl . .
_We first note that if E is the.category of sets , then §

xn is the set of sequences fof lengthsn)ﬂof‘composable aArrows {
(of the category C) . Given a typical such éequence a = |
{ersreeseere} in Xn , its image under d? , for 1l<ixn-1 ,-is
the sequence JErived'from o by replacing thé i—th and (i+l)—st' ;
arrows in o by their composite , hence yie%ding a sequence of ‘ §~
length n-1 ;.dn and‘dﬁ delete the first ané last arrows ;

0
(respectively) in o ; s? . for 1<i<n , inserts an identity

arrow between the i-th and (i+l)-st arrows in o ; sg inserts

¥
an ident}ty arrow before the first arrow in o . With this T

concrete description , it is now easy to see that the

simplicial identities are satisfied (in Set) . Next , for any o

1

o e il [T Ea b I e IR E R A IR ok EBE 0t vl ef ashe Al S IS
" .




@

s
‘ . , - .
( o ’ ‘e . . ;
0 H
. . )

\Q, , object’ X in E , the hom-functor (X,-):E-SetCassociates to any

(28) . - ;

U

dbject Y in E the set (X,¥Y) of morphisms (in §:_) from X to Y .

It associates }to any morphism f:’Y+2 in E the morphism (in Set) '

. (X,£):(X,¥)>(X,2) , such that (X,f)(g) = fg for any ge(X,Y) .

2 e ST

It is well known that this hom-functor preserves limits , SO A A\

' ‘ its appllcatlon to the objects and maps which comprlse S (its

constructlon belng exclus:.vely through limits) results in a !
" sequence (X,S8) of objects and maps in Set , which is precisely

the extension (via the above method) of the category object

- '
o ‘ X,d;) %
. ' (X,v) ’ 7———«*
' . L 1 (x, X, 'S (%,%)) !
4 I

. D E— i

in Set . It is now immediate that the simplicial identities .

hbld for (X,8) . This being true for any object X in E , the

X ’ Yoneda Lemma impiies that S is a simplicial object in E .
J . Remark. Given a category object C in E and a (eovariant)

JVIRCEN

} functor A:E+Ab , where Ab denotes the category of Abelian
groups , let S be the extension of C to'a simplicial object

~in E . Pren A(S) (with the obvious meaning) is a simplicial

‘object in Ab , hence we may define maps dn:A(Xn)-rA(X'n_l) '
T ' x;;l ,‘ by '

- “ n i ’ ' |
L \ d =L (-11"a@) ,

LS

and :Lt follows easﬂ.y by (1) of the 51mpllc1a1 1dent1t1es

that. dndn+1 0 . (n21) , " so that {A(X )} and {4 }n>l




h’ T N ,
: ~ ;
. r
(29) ;
. (.
. ‘ . N .
, define a chain complex in Ab . Finally , we define the n-th
 homology object (group) B (C,2) in A__b_ by ‘ [
Hn(C,A) = ker(dn)/i_m(dn+1) . ) i:
The above definition , of course , is possible when Ab is .
. , . ST ,
replaced by any Abelian category . -
. N :
' «/ . © H
a Q
) - /
\ ; ’ ! ;
\ : ' ' ;
N, | |
3 ) o , « / / _ {
. \ .
' : « i
3 ?
~ A2 I3
- , i
. /




vt Coetter, oy

(30)

' o .
« . f

'II. INTERNAL FUNCTORS - : : .

1. Internal Eunctors and Natural Transformations

¥

Definition. Given a category object C,, ,

in E , an internal functor F:(-»E consists of maps 7m,:E;¥X,

l

énd SL:E1+EO in E , where - ) ' .
-~ ., (1) The sqguare . i ‘ ‘
60 ‘ »
¥ T .
e TTl 'ITO
dg . '
» Xl“_—-_—% X0
- :)‘
‘is a pullback and. . : ‘ ,
(2) The sguare ‘
? / -
.8
5 » By
1 "o -
dl .
X\—% “
( /

et it A S 4 A

R




(31)

is commutative , satisfying the following additional
conditions : . /

>:E.+E. be defined through the pullback

0 0 1
square in (1) , then we require that Glm == E0 ;

(3) Let m = <uﬂ0LE

(4) Let sl:E2+El be defined by the pullback sguare

1
Ey—m—""5
T2 ka1 .
e, i
Xy GRS T _
and c = <Yn2,6oel> r €9 = <e0w2,alel> , then we require that
610 = 61 .

¢

€0 )
If E is the category of sets (and so C 1g.an ordinary
category) , then F is a (covariant) set-valued functor :

E, =U ngl({x,}) (disjoint union) ; by condition (1) , E, =

xoexo
{(f,x)eX%XEoldo(f) ==W0(X)% = {(f,x)eXlXEolxenal({do(f)})} ;

for (f,x)eEl . F(f)(x)EGi(f,x)\, so condition, (2) states that
T [F(E) (x)] = d,(£) , i.e. that F(f) (x)ery” ({4, (£)}) , so
that F(fi:F(dO(f))+F(dl(f)) : condition (3) requires that: for
any object x, in ’ f(id ) = id.,,:

o Inf X, Fxy) '
the preservation of composition. , because E, = {((£,9), (h,x))

: condition (4) states

\

eXZXElIg = h} = {(f,g,x)exlxXIXEOI(f,g)exz,(g,x)eEl} , so for
(f,9,x)eE, , we have F(fg) (x) = 6l(fg,x) = Glc(f,g,x) =

860 (£,9,%) = 8;(£,8,(g,x)) = F(£)[F(g) (0] =

~

“

e A i 5 bl

i, S tmat

T A bt s

VPR

3
!




| ¥
A coptravariant internal functor may be similarly.

, £ and

defined , by ti‘nterchanging 60 and 61 ’ do and d 0

1

!

[

€1 v and e, and él in the above definition . o

"

Definition. Given two internal functors ¥,F':C~E ,

beést described by the diagrams

So
) c 5, '
o E, > E,—3—> E,
Y e
L) ™ d, o
T ’ —a.
X2 Y > X1 - XO
i -
. - 4 -
and _ )
S? -
‘El C' 81' o

o 1 ] -
\ 2 = B Eg
) ) ' ' 1 ) "o
7 A‘ \ TT2 '”l do jm‘O [
—_——— R
SO X,—1—A dy . x '
“ # o 2 u 0
. } , ]

respectively , an internal Watural transformation T:F+F"'

N )
0 rconsists of a map TO:EO-*EC') in E , with, s
e 4 ' e
(1) "ot T "o 7.
' such that if we let T, = <1r1,10<50> , the condition
] 1 —_
(2) GlTl TOfSl “
is satisfied . o

Whenever there is no dange\r of ambiguity , we shall

omit the word "internal” . \

a
'

)

e e T e e i At 2 -




2

it

If E is the category of sets (and so F and F' are
ordinary functors (C-Set ) , then due to condition (1) ,

TO=()W61({X6L)*(J(ﬂé)—l({xo}) has the, property that the image
xoex0 ,xOEXO ' .

of its restriction to ﬂal({xo}) is contained in (ﬂé)_l({xo]) ’

so that 1 associates to each object x, in' C a map TO[F(XO): ]

0

‘ : |
F(x,)»F'(x,) in Set ; condition (2) 'states naturality , for

given a map £:dy(£)~d, (£) in C and xeFiao(f)) (so that

(f.x)eEl) ' F'(f)To(x) = 6i(f,ro(x)) = Sirl(f,X),f Toél(f,xx

= TOF(f)(x) . which is precisely the commutativity of the

»

diagram -~ ' ;

- |
Fa, (£)-2e s p(a (£)) : i
F (f) F' (f) *

- .

\ F(dl(f)?-g:}:-(—f—)—-—> P! (d, (£))

+

(where T, (f)ET0|F(di(f)) ,1=0,1),, i.e. the naturality
‘i 3

i «
of v .+ | N _

~

It is-immediate from the definition that two natural

transformations t,1':F+F' are equal iff Ty ~ r6 .
If F,F':C~E are contravariant , then the above
‘definitisn is valid~with 60 and 61 interchanged . - :
Given (covariant) inte;nal functors F,F',F":(+E ,
and natural transformations t:F-F' r T':F'>F" , we define the

Vo,

composite 1'T:F+” bj (T'T)B = r610 . It can'tﬂén easily be




e v g v < ¢ » - N
.

e m e e v

(34)

i

S AR TRl M A s

b

shown that (1't), ='r}7, , and that conditions (1) and (2)

in the definition are satisfied .

’ We denote by EC the category which has as objects

o L] 4

(covariant) interhal functors F:C~E , and as morphisms

:
i

natural transformations of such functers . *

2. Characterisation as Discrete Cofibrations

Let (Cat (:E_),CL denote the comma category whose objects

\\/’/,»WM, N

are maps (functors) .with codomain C , of "category objects in
E . The,morphi.kms of this category are , of course , maps

(functors) of category objects (in E) “"over C" . Let DCF(E,C)
LN

14

N A Rl A

denote the full subcategory of (Cat(E),C) with objecté those "

functors F:C'+C .

d
R | —_—> -
xl Y N Xl d1 N xll
2 TN Y 0
Fy Fy 4, Fy ;
Y \ a, -
. by IS
x2 P Xl+ u.l. K XO 7 i
R o
for which the square
df
- ' ' )
HN—%
. , [F 1 lF 0
4
0 -
X )




4 J e ot e °
[, U gttt AR TI A 0t Y i st g €.

[ R

)

is a pullback . When E is the category of sets , this reduces
to the ordinary notion of a discrete cofibration : F:C'+C

becomes an ordinary functor between categories , and the

I3 i

requirement t'hat the square above be a pullback is precisely J~
. : ! | , ' '
the condition that for any object C' in C' and a map ¢:F(C')-D

in ¢ , there should exist a unique map Y:C'+D' in C' , such

—

that F(y) = ¢ .

¢

We shal%,pow prove that the categories _E_:c and DCF (E,C)

are eguivalent . )
Given an internal functor F:(-E , : ’
c . 60 N
3 E[\ _— 6"'l
ARG Y f
" 3 rd < ]
' m T ‘ T
‘2 Y 1 d0 . 0 . ?
' en - d‘l — v
X2 e;l it XlJ u..|. 7 XO ’ i
) ' - l < i

we must firsf show that the objects and maps

o =4
c ... %
3 . S .
E §—> E +—> E .
27 e, 1T m %0 )
i . - ) 'in

define a category object in E , i.e. that conditions (1) to i
(4) in the'definition are satisfied (see I.l1. , definition
of category object) .

(1) 8§ m= &m= E, is immediate from condition- (3) in the

0
definition of F:(-E .

H




m. - R

; " ;

) L S o e g K i ot S S T e (i gt s an i sone e ,
. )

(36)

4 , .
i !

(2) The square . /

commutes by definition of €y - To show it is a pullback , let

f,g:Y+El have the property that 60f = 6lg , then
n060f = 'rroélg '
> doxrlf = dlﬂlg PR

so that we have <m, f,m g>:¥X, ; but now <<1rlff,1rylg>~,g>':Y->E2

satisfies ‘ o | ' /'
(a) , o €l<<ﬂlf’;ﬂ-lg>"g> =gq,

and ” |

(by - 'eo<<1rlf,1rlg>,g> = f :

for (a) follows by definition of <<1{lf,ﬂlg>,g? , and (b) is
dle to the fact tha;t both f -and so<<1rlf,1rlg>,g> are equal to

<

lf'61g>:Y+El , the sguare

’

being a pullback

. To show that <<nlf,nlg>,g> is unique with -

*o




C - - 1
o mag, e n e R R A R T R RS M e TR PRI i WY ¢ e s e

| ” | : (37) .
: %

. a » '
respect to the properties (a) and (b) , suppose E:Y+E2

satisfies elf; = g and eog' = f ; then it is easily seen that
myE = <'1r1f,1rlg> , which shows that £ =._, <<1r1f,'1rlg>,g>’ . "4 T !
(1) Goc; = 84€,4 follows frdm the definition of ¢ ;

(ii) dlc'/= 6150 is condition (4) in the definition of F:C+E .
(3) It is required to prove that C$O' = c&a’l = E; , where

-~

(bo = ‘<‘E1,m60> and ¢i = <m61,El> are defined through the_ #

pullback square

e

- Sy

'

First , *the puau‘quenes‘s property of'<7r1,ﬂlm§0>:‘E/l->X2 , together

’

with the equations \ * M
’ / , ! . \
0% T 1 1 ‘
- &8gmy =Ry
' v : 5 : - . i ‘ ,
~ #0% | ' ;
A,’J ' \,/ . = “lméo i . - v ' - i
< ’ : . .
“ and V! y '
) ' T = 3 : P g o
;o | ®0"2%0 T M1%0% . : o
L= Trl ’
“ . 1% T Tafabo , SR
= nlméo :
( , shows f:hat DTy = Tadg o Slmlla;ly r we h'ave 9171 < Tobg




‘ ' (38)

!
Next ', the diagram

Sy S

~

together with the equations

ry Y i

890 = 8p€1%
= Gomé‘o

: | | % - | | é

T MShg T Y%

7.

= Y¢0vl

MC T Yoty
o ; v .
Y¢l“l . ' -/

\ ! T,

shows (by. uniqueness) that c,Tfo = bEl = E; .
. a ’

o

(4) Defining Eo = <s'0$0,c'1171> and El = <c$0,elﬁl> , whdre

(- 'ﬁo;and '\Fl are given by the pullback square
<

%2




it is required to show that cEO = cal . First , we let B
Ty = <1r2w0,,1r2w1>:E3+X13 ;, SO that the square

4

commutes by the uniqueness 'property of <Y1r2$0,ein2'1171>§E3+X2 .
' s ! * B ‘
Next , the diagram " -

together with the equations

Gocal = Goelal

*

’ . ' M adsw : ! ‘ 1
, : : 071"1
(- ' ;° | | ]




© (40) ‘

and
T ca, = Yn2al ‘ )
=Yo7

~ %073

= Y%
= mc0, ‘

shows (by unigqueness) that.c b = c&l . This completes the

proof that
R %o
€ 6.
A VI S

i

defines a category object E'in E’, and it follows immediately
o L " - :
from the definitlon of F:(-+E that (mgr7mysm,) defines a map

(functor) of category objects E-C .

Given two internal functors F,?‘:C+§ and a map T:F~»>F'

in gc s i.e. a natural transformation , we show that v defines

a map in DCF(E,C) , i.e. a map.in (Cat(E),C) . T consists of
maps TO:EO+E6 and T1:E1+Ei (where all primed symbols will

. ] . 3 . = . 1 ’

refer to F') ; and lettln? 12 , <n2,11§1>.E2+E2 , we must
ve}ify conditions (1) to (4) (as given in I.2.) , so that
(To,rl,rz) will define a map (functor) of categBry objects

E+E' .

-
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(1) &° 1,8, follows by definition of Ty

0t 00
(2) 61 1 /1061 is conditioﬁ (2) in the definition of t:F+F' .
t3) mt T = Tlm follows by the uniqueness property -of ‘
' PR
UTHTo Ty EE] - ' . é
(4) c' T, = T;¢ follows by the uniqueness property of s
!
<vlc TO5OC> E2+El . 1
That (Torrl,Tz);E+E' is "over C" is immediate from condition /////
(1) in the definition of T:F+F' , and the definitions of 1, /!
and 12 . |
Conversely , given an object (no, 1’"2):C'+C P v
r N - 4
~ 1
do o ////
xp s x1di
l“—'—)d"——-‘- q
sz R TTl do 7T0
—————
X Y > X d1 > X A ;j
2 1, p~ o ' i

in DCF(E,C) , we show that (di,no)‘defines an internal functor
F:(+E : conditions (1} and (2) (in the definition of an

internal functor) are trivially satisfied . We Have u' =

. kg

<x6,

To verify (4) , we shall need the following result* :

uw0> and diu' = X6 , So that condition (3) is satisfied

Consider the commutative diagram

~

* Saunders Mac Lane : Categoriesﬂfor the Working Mathematician

, exercise 8(b) on page 72 .
TN

-




~e

if the outside rectangle and the right hand square are

L

pullbacks , so is the left hand square .

[SS————

It is first required to show that the square ,

H

?

ei '
[] !
) ARG S P .
T2 L5]
. el
Xy——=—> X, f

is a pullback , and this follows by the above ., noeting-:that

-

the diagrams

S %
] ]
Xz-—-———-—> Xl
1 t
e, ' ‘dl
' él : 3 d(‘) y
] [
X2 = X X > Xy
o 1
€0 4 1™ o ,
do , ‘do | l .
xl——————> x0 and xl—--~————>,x0 ’
= ' - _—~:~““ :“- - i
are pullbacks , and that e,m, T80 and dl"l dl . IF 1s(

.

1
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(43)

! . | - [} | - t ot g
then easily seen that vy <d0el,yw2>'and 2 <d1el,eon2> ’

so that di&' = dieb (since C' is a category object) , i.e.

- that condition (4) is satisfied .

Given a map in DCF(E,C) , it is easy to show that

it gives rise to an internal natural transformatidn .

3. Characterisation as Algebras of a Triple

Given.a contravariant internal functor (CIF) F:C-E ,

5 ~

c 60 .

E, > Bt K
. - i
L) L dq ™o

Y d ’

X2 > Xl u-Jf ; XO 1 1
e

we claim that (wo,do) defines an algebra of the triple (T,n,u)
in (E,X,) induced by C, (see I.5.) . Conditions (1) and"(2) in

the definition of a CIF assure us that Sb:T(no)+w0 is a

o

morphism in (E'Xo) . The algebra identities

(1) , §.,n_ = id T -
| _ 0. "o ,
2y 8T (8g) = 60“w0 PR
‘must now be verified . ' ‘ - . _ '

(1) It is immediate from the definitions of N and m thatr
' 0

Ny = m , hence condition (3) in the definition of a E€IF
0 ‘ f

shows that donﬂo = 1dﬂ0 . ’ » ~

e T U DU U —

T R i BRI e e
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.
. .
, .
| ; ‘

(2) Again. , the definitions of c , él roM and T(6O) show
' 0 Y -

that B, = ¢ and T(éo) =€, , sO the required'result‘follows

1
by condgtion (4) in,the definition of a CIF . .
Now given two CIF's_F,F;:C+§fand a naturﬁl transfor;
mation T:E&F'“, we claiﬁ that IO:EO+E6 defines\a morphism
(n0,60)+(n6,66) oflthe'algebrgs ofv(T,n,u) corresponding to

F and F' . Indeed , the commutativity of the‘square

) 4 g Y
T (1) _ ,

T(WO)———————> T(ﬂb)

|.’ Iy}
So So |

o

T, — e
/ N &1,

follows by condition (2) in the definition of a.natural

transformation (of CIF's) aﬂd‘the’fact that T(Tb) =1 (clear
— ’ 5 - ‘ -

from their definitions) .

Conversely , given,qn algebra‘(ﬂo,qo) of (T,n,u) .,

there exist objects EO r Eq in E such that the diagram

s s
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A

where the square

'
N 0

is a pullback , witﬁ Ty < di(no) . It is now very easy

‘ . verify that Ty Eg™¥y and 60:E13E0

details will be omitted . - -

Giwven two algebras (HO,GO) and (nb,éb) of ﬂT,n,
and a’'morphism Toz(w0,60)+(v6,66) of these algebras , i

that the diagrams.

PRI

C T m(ry)
T(ﬂo)—~———————+ T(ué)

'
: 0 o .
- T ' ]
- - ﬂo Juﬂ\\\\) 60 60
- ‘ X

‘are commutative , it is again very easy to verify that

defines a natural transférmation T;F+F' r where F and F

®

the CIF's o
The above discussion amounts to an equivalence

. c°P T coP

the categories E and (E’XO)- » where E

category of CiF's‘C¥§ ;, and (E,XO)T the category of,alg

to

define a CIF C+E , so the

7

u)

..

T
0
' are

corresponding to (wd,&o) and (w} 66) respectively .

of

denoteé the

ebras
]

)

s e st s

e a—— D
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e -

of tHe triple T = (T,n,u) in#:a{f:E_,Ko) .

Remark. A category objgct C in E also - induces the
triple T' ='“('I",ri',u') in (E,XO) + where T' = I. d* . In

le,

this case , we get an equivalence of the categdries‘ gc and -

~ '

' L ' .
(_E_'.,XO)T . The preference shown for discussing the contra-’
variant case is due to the frequency of" occurr'ence") of CIF's

' B t
(also called (contr®variant) internal presheaves) in the |

i

aboyve context . ‘ ’ : .

’ 4 *
i .
]
I ° t -
’
if N
v L
'
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f - . f
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Y N .
A '
3 ~
! l
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«Z IIX. LIMITS AND COLIMITS

7

i b

1. The "Constant" Functor : ’ L g
T : .

Given categories J and C (J small) , one has the

notion of a "constant" functor A:gfgg : for any object C

PO

in C., A(C)(J) = C (for any object J in J) , and if £:3+J'

is a map in J , then A(C) (f) = idC . If x:C+C' is a map in «“
v, -

C , then A(x):A(g)+A(b') is a natural transformation (morphism

g =

in gg-) which associates to any object J in J the map

s x:A(.c))x{hA('c") 3 . | ;

We shall now treat the internal ‘version of the dbove .

. ‘-Let C (described as in previous chapters) be a cate-
- gory objett in E , and E an object in E . We claim that the »
diagram . ;
: T T . ' ’ 3
- . 'YXE — d “E ’ )
“ szE“"Oiﬁ““* X1XE——§%1§—+ X ¥E
. eyxB ol BB '
) ) . ) 1 q, o #
" b ) d xz e Xl \ XO 14
. u

N ' —_—t—,

1

and p, are the first projections of the products

I

where bo ¢ Py

, defines an internal fﬁnctor A(E):t+§ .

4




T T P RO I, 1 v it ¢

R g S T TR L O SR U

4
(48)

1
]
)
i
!
!

Proof: Conditions (1) to (4) in the definition of

-

internal functor must, be verified.

(1) The square

do*E
) XIXE—'.—'—~——>‘ XOXE ‘ .
) Py Po
dg
L— X,

s3 J

is commutative (by definition of dOXE‘) . To,show that it is

’ 4

a pullback , let f:¥+X XE and g:Y»X; satisfy pof = dyg » and

consider the product diagram

i
. ' X-i’—-——-—XXE———————é-E

{
<g,P £>
; Pof - ‘

) . B ‘
from which it is easily seen that <g,
Y

|
]
l
Y

Pof>:Y+XlXE satisfies

(dOXE)<g,POf> = £ and pl<g,P0f> = g , and that it is unique |, \ L

e . LR TN

with respect to this property . (We note that P0 and Pl are
0 ’ + ﬁ t -

the second projections of the products , and that the symbol.

-
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' u , J
' s (49) S ‘ . ?
j

{

<-,-> used above has, its genuine meaning ) .

(2) The square

X
o]
o

N dl
X XxE— s X XE-
1 0 |
51 Po
N . dl
S > X
commutes by definition of leE . * e 4
(3) The definition of uxE and the fact that dou.= XO show '
that uxE =,<up0,xOxE> , so that we have (leE)<ua0,X6XE> = i
N . ) ‘v‘
(dle)(uxE) = dluxE = X,xE .
(4) The square T
i
eLXE
XZxE———————+ xle ,
P2 1 , ,
. elﬂ' -
Xz——————+ Xl 3

\ ; . .
~ 4 -
s

is commutative by definition of e xE . fo show that it is &
! ' . ¢

i . pullback , let f:Y+X,
{ ¢

XE and g:Y+X2 satisfy plf = e,9 . then |
as in (1) , we have that <g,Plf> is unique with respect toz -

the properties p.,<g,P.f> = g and (e XE)<g,P f> = f , where
2 1l 1 1

the symbol <-,-> again denotes an induced map into a product .

A S
To complete the requirements of condition (4) , we notice '
. T

{ , i .
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that the definitions of yxE and eOXE + together with the
‘equationS'dOY doel and doe0 = dlel ;. Show that'YXE =

<yp2,d0elXE> and’eOXE = <fopz,dlele> ; and that the equation

dly dle0 shows that (d xBE) (YXE) = (leE)(eOXE)'. g

Now glven a magﬁa E-E' in E ,we define a map . ’

(A(a)) :XXE+X XE". in E by letting (A(a)j, = Xgxa . It then o
fqllows easily that A(a):A(E)+A(E') is a natural transfor-

) g

mation of internal functors , with (A(a)), = Xlxa .

We now see that A-, as defined above , is a functor
E?E? , for if E:E-E is an identity map in E , then (AkE))0 =
XOXE , hehce A(Ei is an idLnEity map A(E)>A(E) in g? , and
if a:E+E' , a':E'+E" is a bair of (composable) maps in E ,,
then (A(a')ﬁ(&))o = (A(a'))OEA(q))O = iXOXa'?ﬁXOXa5= Xoxa'a
= (A(a'a)) ' so~that A(a')A(a) = Afa'a) .

If E is the category of sets , then for any object “

X0

and identifying elements which are isomorphic images of each 1

in the category C , (A(E))(x ) = po ({x }) = {x }XE = E ;

other , we see .that (A(E))(f) = idﬁ for any map £ in C . Given
a map a:E+E'“iﬁ‘§ = S%t » A(a):A(E)>A(E') agsociates to any »

ih C the map (A(a))le):{xo}xE+{x0}XE' , which is .
') O N “ 1’.‘\ °

[

object X

essentially o:E+E' itself .
| ) . .

. - ) d

2. Colimits

' Definition. Let C be a category object in.E 5, and

s

F:C+E ,

P
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(51)
- f
4 ‘ 60 -
- -——6————)'
E,———> E,——d—> E;
-~ L, m
T2 ™ d, T
Y a,
- X > X 3> X
2 1 uk 0 !

a (covariant) internal functor . Then the colimit of P is

the coequalizer of §, and §, : ) -

-0 1
5 , .
?1 33 E ——~—97—+ colimF .

b )
|

If E is the category of sets , then colimFQ'=‘fE:0/,~ is

, } | X

the set of -~ equivalence classes of elements of E0 , ~ being
' !

the smallest equivalence relation on E, containing R , whére

0
R is a relation satisfying xRy iff there exists zeEl such fhat
! . i \ h
X = Go(z) and y = Bl(z) . #

- We now assume (only for this and the next sections)

that E hag coequalizers of all pairs of morphisms (with common

.domain aﬁd Eodomain) ;, so that colimF exists for any object F’

in §c . ‘

1

Given a natural transformation T:F+F' , i.e. a map in
. ’d
C

E” , we define a map colimT:colimF+colimF' in E as follows :

o

let E:Eo*colimF' be given by £ = (coeﬁ')To (where all primed

symbols refer to the functor F') , then we have gGl =




3

(coeq’)roé‘l = (coeq')dltl = (coeq')Gbxl = (coeq')TOGO = EGO ,

so that the universal property of coequalizer shows that P

s there exists a unique map (which we shall denote by colimrt) :

e

’ colimF+colimF' ,'satisfying (colimT)(coed) =

~ We claim that the above definitions give rise to a

functor colim:§C+§ .

Proof: Given an identity maf t:F-F in EF , l.e. that 3
TO:EO+§Q,IS the identity map,on E, , we have § = (coeq)T0 =

coeq , so that colimt is the identity map on colimF (by the
A
uniqueness property of colimt) . Given composable maps T:F+F' ,

T':F'>P" in EC , we have €f= (coeq')Tb AR (coeq")rb , and

OIS

g = (coeq")'rb'r0 , so in order to prove that colimt't =
(éolimt')(colimt) , it suffices to show (by uniqueness) that
(colimt') (colimt) (coeqg) = &" , which holds since ~

(colimt')(colimr)kcoeq)'= (cdlimT')g = (colimr')(coeq')po ==

¢
i A

EITO = (COEq")T(')TO — gu

Remark. The internal coproduct of the map nO:Eo+Xd

is th§ domain of m, , namely E, . We see that this i$§ a special

0 0
H , .
case o e notion of (internal) colimit , for taking the
discrete categofy'object ?t, ‘
3 ' xo
: : 2w L TX
: X0 > KXo x0 > %y v
“——— i
/-d—-\ .
in E ,/ w, defines an internal functor F:D-E ,
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.Y
Ey
! L B TE—
Eg——> E;—30—>
s .+_____g____ r.d
I,
X 0
0 X t
Xy X% %X,
- -
\ {

+ and colimF is precisely E0

3. Colim as a Left Adjoint
| We shall prove in this section that colim 4igs the left
adjoint of A‘. It suffices to show the existence of a natural
transformation (in the ordinary sense) n:Iﬁé+Acolim (where IEC
denotes the identity functor on gc) such tgét each HF:F+AéolzﬁFu
is universal among (interngl) napural.traﬁsformaﬁions ¢:f;A(E) ’
E an object of E ; i.e. for every (internal) natural transfor-
mation ¢:F+AkE) + there exists a unique map Y:colimF+E in E ,
such thatr¢ = (Aw)nF . | |
Denote by li{XiXColimF+X; the first projgctipnsidf the

prbducts , arising from the internal functor AcolimF (as dis~

cussed in section 1l)., and define ng:E0+XOXColimF by the pro-

4

duct diagram"

s g .

PR
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/
f
{
. *
XOXCollmF &
1 4 \LO\
¥ ¥ )
X colimF
_ 0 0
T l /
0 EO ~ coeq ,

where L. is the second\projection map . To show that

0

nT :F+AcolinF is a map in §C » conditions (1) and (2) in the.

definition of internal nathral‘;ransformation must be verified .

(1) 1 m

0" O 0

(2) Lettlng,ng =

, . F
(dl><collm.F)nl

[

is immediate from the definition of ng

<TyrtigSy
F

= no 1 but this follows by the universal

property of products ',

noting that,

. , . F -
lo(leCollmF)nl d d,1

and

r

X xcollmF‘ 1,

i{//// 0 0
ln0 oeq '

collmF

0
:;15\\\\\ %////ZZZQ)G

.

171"

-

. ' F
LO(dIXCollmF)nl =1L

t = Lgngdy

6 > , it is required to show that

F »
1M . W

e

R DR T S v

P SO

P TR ORP R

o e
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= (coeq)éO '

:X, XcolimF~+colimF

1 is the §econd projectign map of

¢l'= <wl,¢060> . We séek a unique pap y:colimF+E in E satisfy-
ing ¢ = (Atp)nF . We first.let ¢'
Poogly = Pp(@)xEh oy = P ¢)

versal property of coequalizers shows that there exists a

= ! i —
P0¢060 ¢'8, , sO that,t?e uni

unique map Y:colimF+E , satisfying ¢' = y(coeq) . Now the-

diagram

Pe
P,$y + and note that ¢'8,

e s e e,
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#

F

shows , by the univéfsal property of products , that (Xoxw)no
.o )

= ¢, + since py¢y = 7, and Pyé, = ¢' = Y(coeq) ; therefore
(A¥) NG = ¢, , and hence (Ap)n’ = ¢ . The uniqueness of ¥

with respect to this property follows by its uniqueness in

™ -

making the diagram

) : |
0
__.__..-...—.—) coeq - .
E1 63 EO———————> colimF

commute , for if Y':colimF-+E satisfies (Aw')nF = ¢ , then\

' F — 1 = ] F — ’ —_ '
(Xgx¥')ny = ¢, + so that y'(coeq) = P, (X xyp")n, = Pyé, A
and hence ' = ¢ .

It remains to prove the natp;ality of n:IEC+Acolim .

. . c s . '
Given a map tT:F+F' in EC , it is required: to show that the

square @

Y 4 .
F ) . !
P—I 5 AcolimF
T (1) Acolimt
-.F' ! !

F'e—T_ , 'AcolimF’

is commutative . Let the internal functor F' be described

as usual (with “i:Ei+xi , 0<i<2 , etc.) , and denote by

-

B

!
) P N
RO R S s A R N AT i ST o Tar R g gt - T

A A e
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e * :
.li:xixcolimF'+Xi the first projection maps of the produqfs ’
arising from the internal functor AcolimF' , with correspon-

ding second projections Li:XiXColimF'+colimF' . T#?n squ?re
’ 1 ¥
- {l) is commutative iff (Acolimr)ong = ng 0’ i.e.
- | 0
(x XcollmT)ng = ng Ty and the latter follows by the unlker—q

i

sal progerty of products , upon con31der1ng the diagram

-

L! .
X XoxcolimF'——~—~——+ colimf!
J
xoxcolimr colimt
L

ollmF ————9——+ colimF

x;b__
)
\ng
. coeq
. : —

0 ’

" and noting that

Fl
" V==
LoMoTe = ™o

and

F! : .
“O 0 = (coeq )To

= (colimt) (coeq) (by def. of colimt) ;

hence n‘is a naturalltransformation , and this completes the

§

proéf that colim is the left adjoint of A .,
Remark. The colimit of a functor F:C+E may , of course

be defined as an objéct colimF , together with a natural

- .

s B B
+

- o«
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°

’trapsforﬁation n:F+AcolimF which is universal*among natural
transformations F»A(E) (E an object in E)y, and this defini-
stion is easily seen to be equivalent to the given one ,-due
to the above discussion . |
ﬂ4. Limits

Definition. Let C be a category objeot igvg » and
F:(+E a (covariant) internal functer (described as usual{%—_\
Then tNé limit of F is an object limF in E , together with
a natural transformation 7:AlimF-F which i?/universal+§mong

natural transformations A(E)-F "

. We assume , from here on , that E is cartesian

closed , and‘construct limF , moting that the following nota-

tion and terminology will be used : given a map f£:AxXB-+C in

E , its image under the map T, C:_E_(AXB,C)—*E(B,CA) (where 1
] r

is the natural isomorphism which defines a product exponential

adjointness in E) will be called the transpose of £ , and

A A | ) -1
,in E under TB,C

will)ﬁiso be called the transpose of g , but will be aenoted

written (£V:B+C" ; the image of a map g:B+C

by g:AxB~C ; the transpose of the iﬁiﬁtity nap AB+AB will be

called the evaluation map , and denotied by ev:BXAB+A ; given

a map h:A+C ,'hB:AB»CB will denote the transpose of the com-

0 posite h(ev):BXAB+A+C .

We define objects R, and Ry in E by the pullbacksqﬁare

*An initial object in the comma éﬁtegory (F, E_c).

Ta terminal object in the comma category (_JE_)G, F).

T A i e P e e e

EOTUUIY
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K
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¢ l0 . ll
Ry———> 1 Ry ———> 1
() r4)
a'_o xo s al . dl N
. X X }
x. o0 X x. "ot X
EOO—-————)- xoo and Eol—————+ xol P

where 1 is‘:a terminal object in E , and define maps
* ' )

O'Cl RO—>Rl as follows : the qonuoputativity of the first

pullback square Jabove implies the commu&ativity of its

"transpose diagram" , namely

X ko ' )
00 XO ev E

XOXRO-—-————‘——-% XOXEO

r

¢
which shows that - . N .
d. xR LN X xa ¢
~ 1l 0 0 0 X. ev
XIXRO-——->- XOXRO———+ XOXEOO——-—-> EO
xlxl0 | ‘ 'rro
’ proj dl '
X1 X, . - X,

- -

commutes , so letting ¢:XIXR0+E6 be the composite

*R,) R TS SRS

a
1 00— E

: ?{lxRo—————-ﬁ——» XOXRO—————b- XOXEO

»

0

-

P
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. RO\\ 1 ° Lo

5 DG P )

(¢\ Rl—r—,——')‘ 1

: fa) '
AN

[+] x - Trol» x \‘ 3

Eol'—u-—f Xol - -
~

f:ommutes , hence J.nduc1ng c05R0+Rl So ¢y = < 615 ,10> is

defined through the same pullback sguare ., where £: Xl><R +E.

B -

is given by
- ' ' —
X XR ;9:_1_2_0__;.)( xR _ngi.q_; XQXE.}{O
1 Q- 00 0,70 i

ev,h_ f
6(’) b
. \ —~——> B ’
— f .
{ ‘"0

N
’“‘%o

u.‘

o -

> f ' -
. . R
|

Finally , we h&\‘/e S 3

- -

-

i

-
i !
S an--—q——» Ry__c, ‘%1
$
|

_IThat .this construct;on agrees with the deflnlt:l.on

o

|
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" of the limit of F:C~+E will be clear by the discussions in

the next ssection .

1

We give an interpretation of the above construction

in the category of sets : R ={feEx0|n f = id }~— {x })
. Osxo 0 ¢

R, ={£eEQl|m £ = 4} = Ex L{d OB forhall feR_ , for

o

all geX, , we have ¢, (f) (g) - f(dl(g)) and ¢, (£) (g) =

) 1
F(qg) (f(do(g))) ; SO

limf = {feRolF(g) (£(d,(g)))=£(d,(g)),for all geX,} .

Now given a map ¢:F+F' in EC , i.e. an internal natu-

—

ral transformation , we define a map 1imt:limF-limF' in E as

b

follows : let s:limF+(E6)X0 denote the composite

limF—S4 5 R 0 \E)SO (E('))XO
(where all primed mbols will refer .to the functor F'), , and

define t:limF*Ré . o

R(')—-——-—-—->0 1 i
‘ ' 0 ™
] r ) H
%9 X X
\ (TT ) 0 ! h
(£}) ¥o—2 xxo .
3 .
. . .
/ } oo

it then follows (althoughthe Qroof is vefzf?édibus , and will

. ‘
Yy
/

e

I e T
.

Ko s R e e
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(62)

\
@
b

be omitted) that c(')t »c:'Lt “ %‘;o that the univ’ers\al property
of equalizers shows tIrdt there exists a unique map (which we

* shall.denote by limt) limF->limF' making the diag}am

- . | - ‘\
(g

. eq' —_—
- ] I ) 1
) llinF —&9 R0 ca Rl
i
limr{ . t .
]
R c
llInF * ;
commute . 0

We are now in a position to prove that lim:gc-r_E_ is a
functor , for given an identity map T:F-F in gc y i.e. that

T .:E +E_ is the identity , we have s = ao(eq) , so that t = eqg

00 0
, hence the uniqueness property of limt shows that limr = id,. _°
. - - , limF
; given (composable;) maps T:F*F' ", 1':F'>F" in EC , we have
’ X %
o . 1,0 -
0 . L4 eq .0 X 0" 1y X
1 s:limF Ry E,0 (EO) 0 '
. . - .8
. X :
. . ' ol - (t})70
s':limp'—8L s g0 (g1)%0—C 5 (&1 %0 /
X .
a (trt.)70
", ] eq . 0' . x 0 04 n x £
S -llInF L RO Cal EOG L (Eo) 0 r
t = <s,(limF+lE)> ! C
. . t', = <s',(1limF'+1)> ,
" = <g", (limF=+1l)> ,

S A TR S R R B T e
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“and ' ‘

s limt = (Tb)anb(eq' )limt

g

X ;
1 1
(1) ,Oq.‘ot
, = (T('))XOS 7/

W XA X
0) OTOOam(eq) . .

\ | ‘ = (TéTO)XOaO(eq)

=(T

= s" 14 - _
so that t'limt = t" (by the uniqueness propérty of £")", hence °
(eq") (limt') (1imt) = t'limt = t" , and the uniqueness property

of 1lim(t'T) now shows that lim(t't) = (limt') (limg) . .

Remark. The internal product of the map nO:E0+X0 along

X,*1 (1.e.xg+l(1r0) ) is by definition the object Ry in E . It
is easily seen that this is a special case of the notion of

(internal) limit , for taking the discrete category object 7

-

in E (as in fexction 2) . om, defines an internal functor F:D»E , .

and limF is précisély Ry -

5, Lim as a Right Adjoint
We prove 'in this section that 1im is the right adjoint

of A . It suffices to show the existence of a natural trans-
formation e:Alim~I.C such that each ef i ALinP+F is universal
—-— d

-

from A to F .

Let F:C+E be described as usual , and denote by

'li\:xiXIimF-rxi (0<i<2) the first projections. of, the:products ,
arising from the internal functor AlimF ‘pefir}e eg:x ><limF+E0'

~~ - e

4 ‘
i . ’
‘

%Ww* -
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To show that eF:AlimF*F ig an internal natural transfo

conditions (1) and (2) in the definition must be verified

o
o
N Gt R P SRR S G eseeg v sy TR . .
. £
)

° b
(64) | .
) ﬂ b
~ . \ ¥ 174'
- . \ '
2
! 8
by the composite r S '\ -
} .Y
¢ KA ) “" s
9
: de(eq) | XOXOLO X .0 ev ’ }
X g*imF————> X XRj———> X XEj0"—— E; . i

&

/b 03
rmation ,

5 }
(1) Troeg = 1, iff the outside’'of the diagram d ;
X.x(eq) X xon ) Y ' 1
¥ x1limF 0 X . xR ..__9___0__).. X xEXo___EV__.;. E. i
0 0,70 070 0
. g
l0 proj.? ) |
X ’ s °
0 o 7 §
Xo > Xy H

commutes , and this is so , since the right hand triangle

£

1~
commutes (as shown in section 4 , when defining CO)\ .

(2) Defining ei by the ciiagram ' 3

F .
ep (dgxlimF)

1

it is required to show that 61‘5]]5.‘ =g We recall

4 3

(d{{g.xliml“)@ .
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( | "”
the construction of limF ; in particular the definition of
E:XlXRO+Elz , and cons’ide;: the diagfam .
; | X, XhimF d,x(eq)
U Xlx(eq)
~ 0 X0*% X
p s | X XRy————> X XRy———— X XE(0
Fa
¢ ev
b
! 0 ®
‘Q 9
R ] TT0
Qﬂ’.:{ ! ’ g
. % ! 0 ’
h 3 o ¢
R
' “~ after which it follows (by the uniqueness property of ei)
P | ' P . o , .
\ | thaf; e = §(XIX(eq)) ; hence 61el —ﬁalg(xlx(eq)? . Now by &
' “ product exponential adjointnpss An E , the diagram
g ) ' ) X
: E(xlxRO'EO)T——ﬁ E(RO:EOI).
~ - ’ x r - ]
g ¥ .
{ ; E (X, X1imF , E ) > g(lime’o‘l)
‘%: AN
v ‘
i . commutes , so that
'y v \
a;.‘ 1 y '
g | f8,6(x,x(eq))! = 16,8 (eq)
) i =~alcl(eq) (see section 4 , cons-
( , ' , o , truction of limF)

h - .
'~ . ;o Y e ""*’q'"'*"w’tyﬂ"ﬁ‘ﬁgg\ ;éinéi‘§5;g5§ i@!“’! wrmw_!EE"W"ﬂﬁx’l'ﬁ““fvﬁ‘iHc.‘wm‘t'r*-xw,. el Vet e aeesn
.
v
1 13 .
f
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A
‘ = a;EO(eq) (by def. of eq)
= 1) (eq) (by def. of cy)
- =-To(xx(eq)) ., ,
. r - y
hence ' . .

6,8(Xyx(eq)) = ¢(Xyx(eq))
But it follows immedfétely by the definitions of eg and ¢

' F Coay F_ F .
that ¢ (X;x(eq)) = ep(d,xlinF) -, hence 6 €% = b (d,x1inF) .

mation , then 6 consists of-a map BO:XOXE+E0 in E , satisfy-g
1

and pi:xixE+xi (0<i<2) denote’ the first projecéions of the

products , arising frqﬁ the internal functﬁf A(E) . We then

require a unigue map y:E+limF in E such that eF-Aw = 0 , and

fo; this , we expl?it the univé\ifl ﬁroperty of equalizers .

Y

We define a mép W'5E+RO by the diagram

0
’

"and to show that ébw' = clw' , it .suffices to éhow , by con-

A

sidering the diagram

“~. o
. ‘ "} i

6:A(E)»F be a map in EC . 1.e. an internal natuwral transfor-

To verify the Tuniversal property ofreisﬁlimF+F ; let B

*

ing n060== Po and § 61 = BO(GIXE) , vhere el = <pl’90(d0x3)>"

|



|

(67)

(e — (s EVy' (si - () - s p
that "¢'y 515 7 ~(51n<‘:e @S ¢' and %,Cq 615 )

Now .

aOIp' =

«”

I
[e>]

=3 (ev) (Xoxao) (XOX\p') 0 v (by transposition)

o

> (ev) (Xgxag) (Xgxb') (Ag%E) = 6 (dgXE)

=+ (ev) (Xoxdo) (dy*Ry) (X xy') = 8, (dy*E)

5

so that the diagram

80 (deE) -

X ,
’ dOXRO Xoxao
K| XR(——rr2 > Xy xR~ X ¥E

X
OO

T

Fa—

ke R i
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O

{
shows (by'the uniqueness property of el) that ql = E(xle') .

Therefore
61‘6 (XLXU}' ) = 6161
1 -
) eo(leE)

= (ev) (Xyx fe};) (a, xE)
= (ev) (Xyxay') (4,xE)
= (ev) (dyxaq¥') o
, = (ev) (Xyxag) (dy xRy) (Xyx¥")
= (X ')

hence by transposition , we get (¢(X1xw')‘ = ’GlE(Xlxw")1 '

which shows that (¢‘w' = félg‘w§ . So there exiéts a unique

map Y :E+1limF makibg the diagram Ve

&

~
- (§) '

- — 0 ‘ ‘”:
themXoxw;) =R?o , which. shows, that eFeap =0 . To
i l - R _

¢

eg (Xg¥) = (eV).(Xgxag) (Xgxeq) (Xox¥)
’ | = (ev) (Xpxag) (Xgxy')
hence % ‘
,_ JrF(l}’(X)\naw'

~ € (X 0 \

i

|

\

T e it
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—

show that ¥ is unique wit@ respect to this property , assume
Y":E+1imF satisfies EF-Aw" = 0 , then we have
—_— F [1]
, 80 = EO(XOXw )‘
= g ’ ]
(ev) (X;xdg) (X,xeq) (Xg>y")
B = (ev)(Xoxco)(XOX(eq)w )
which implies that . o
(9} — "
'90 GO(GQ)W .
! s => . (eq)y" = y' (by the uniqueness property of y¢')
i' , > P =y (by the uniqueness property of { )

It remains to verify the naturality of e:Alim+IEC ’

|
f
{ i.e. the commutativity of the diagram ;

" EF "
Alimf————— F

‘. . Alimt T

\

—

* where T:F+F' is a map in gc‘. Noting that all primed symbols

refer to the internal functor F' , add recalling that s

: ’ ' by the equation

N wzae

(ev') (X(;XS) =3 = TO(eV) (Xoxao) (Xoxeq)'

that the outside of the diagram

- e B,

’

1
3

4 \ > - . »
(T%O)GO(EQ) (as stated when”defining lim on maps) , it follows ,




w > ) ™~
, - a . -
. -
. - s, ¢ .
'

D A e Euam u,,»,‘ w‘“; AFERE (RS »g’r\»{. KRN R .,u,.w.,n,.,m«f.--wvm.
(70) ' -
| : :
Xox (eq) B XOXaO ,
XOXlJ.mF—-——————> XOXRO————-————-> XOXEOO-———————~—-> E
X x1limT X Xgxs
& XOX(eq') - XOXOL(')
XOXlJ.mF —— XOXR(')—-———-——+ XOX(E ) O—u-———->- E
?
commutes , and this, is precisely equiva\l'ent to the commuta-
’ ]
~tivity of the ]required‘diagré.m above . This completes the '
' proof that lim is the rj:ght adjoint of A . ~ , !
R )
‘ A
- 4
\
\

. X 5 !
) ] . s
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