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ABSTRACT 

" 

~ Q 
In this thJsis , we interrtalize certain well known 

l ' . '.~ notions in catego~y theory , 1.e. , glven a category E with 

finite lirriits , we define", for exarnple , a category obj,ect 

Î (internal category) in ~ , in s~ch ~ way that when E' is the 
. 

category of sets , this definition reduces to the ordinary 

one of a srnal1 category 

'Chapter l consists of basic definitions , ,ce~ain , 

formu1ae involving functors and natural transformations , 
,6 

'and triples and slmplicial object:s induced by category' ob-

jects • In chapter II' ,. we define and give characterisatiQns 

of internâl funètor~s , while in chapter III , we define 
... 

lim~ts and co1imits , and r~ove a well known resu1t inter-

nally , namely that limit (co1imit) is the right (left) adjoint 

of the "constant" functor !J. • 

l wish to(thank D. Gi~denhuys my thesis supervisor , 
, 

for his help and encouragement • l also wish to thank R. Paré , 

for many interesting discussions , . 
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ABSTRAIT 

Dans cette thèse on définit dans un c~ntexte interne , 
. ~ 

certaines notions bien connues dans la théorie des catégories, 

par e~ample, un objet ~e c-atégorie (,catégo:Z;-d..ê inteFne) . 

Le premier chapitre corisiste en ~éfinitions fond~men-, , . 
tales, en certaines formules et en des triples et d'es objets 

sim~liciaux induits par des ob3ets de catégorie. Dans le déux­

ième chapitre on definit et on donne' des caractérisations des 

;r foncte~rs internes; ensuite dans le troisième chapitre on 

définit des limjtes et colimites et on prouve,dans un contexte 

interne, 4n résultat 'qui est bien connu, notamment que la limite 

(colimite) est l'adjoint à droite (gauche) àA, le foncteur 

"constan t " . 

~ J'aimerais remercier môn directeur de thèse, D. Gilden-
j' 

huys, pour son aide et son enc~uragement. Je voudrais également 

remer~ier R.' Paré, pour de nombreuses discussions intèressantes 
, , 

que nous avons éues ensern0le. 
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• (i) 

!J 
\ il 

Internal category theo~y has its applications in the 

study of toposes (Diacones~u (1]) and profinite groups (Gil-
• 0 1 

denhuys and Ribes [3]) , and it is believed that several in-

Ate~esting applications rnay arise through the study of cate­

gory objects ; internaI functors , e~c~ in an arbitrary , 

category with finite lirnits • 

Throughout this thesis , ~ will be assurned to be a skelàal 
, 

category with finite lirnits . Additional conditions , for 

example cartesian closedness and the existence of coequali-

zers , are imposed upon ! in certain parts of chapter III , 

and are specified in the relevent sections • ~ The words "map " 

and "morphism" will be useq interchangeably~ throughout 

, 

1 r 

, . ' 
1 

1 ,. -

.i 
f 



( 

\ 

-

, '" 

,; 

( 

/ "1';', . 

(1 ) ;' 

I. CATEGORY OBJECTS 
1 • 

1. Category Objects 

Definition. A category object C in E con~ists of . . \ ~ 

'objects anfl morphisms 

y 

in E such that 

(1) db~ = d1~ =, Xo ' 

satisfying~the fo11owing additiona1 conditions 
p 

( 2 ) The square 
'~ 

'. 1:1;_ dl ~ 1:0 

X
1
---=::"'-+) Xo 

1 

is a pullback , with 
t' 

(il dOY = dOe1 

(ii) d1y = ,dieo . 

(3) Defining ~O'~1:X1~X2 qy the ~iagrams 

• 

1 

\, . 

\' 

1 
l , 

.' 

1 

1 
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i 
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\ 
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,! '" r,'", ""'. \' 

r. 

" 
(2) 

( j 

j' 

: 
~e require that '"Y<P ' Y<P l = X . f 0 l 

("- ; .,.. 
(4) De-fining tjJO,tjJl:X3 

)0- X2 by the pullback. square , 

,. 1/1 0 

1:1 

h_ '1:1 
eO X2 ) Xl 

'1 , 

, , 
j 

.1 
1 
i 
J. 
i 
! 

and a O,al :x;3 )0- X2 by the diagrams • 
! Il 

1 ~ l 
1 

--
\ 

i' 
j 
j 
! 

f 
l-
i 

, 
\ 

" 

require that • we ya
o 

= ya i 

If E is the category èf sets. ' thEm C 
~ 

satisfl.es the 

axioms of a small category : Xo an~ Xl are the sets of objects 
/ , 

Co, 
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.. 

) 
, (3 ) 

r 

and morphisros (respecti vely) of C .; dO and dl are the' domain 

and codomain maps , respecti vely ~ 11 ass' , ............ ~,J..Jject • ... ... ' 
xOe:XO the id,enti ty map .tdxo EXl . Candit on, s'tates the 

requirement that dO(i~xo) = dl(idf~) =,xO ' for aIl XOEXO 

Condition (2) stipulates that X2~ {(f,g}~Xl~Xlldo(f) =d1(g)} 

(which is the'set of aIl cbmposable maps in C) , and that for 

aIl (f,g)e:X2 , (i) do(fg) =dO'(g) and (ii~ d1(fg) =dl(f) • 

Condition (3)~amounts ta f'idd c'f) = idd-(:f)·f = f', for âll 
o - l _ 

fEX l (where "." and juxtaposition bath, mean composition in C). 

Condition (~) states the associative law of composition, i.e. 

thq.t for aIl (f'f~g') sat:i.sfying (f,g):,X2 and (g,g")EX2 (fg)g' 

= f(gg~) should hold. 

2. Functors~ 

Definition. Given1category abjects C!C' in E , a functor 

F:C+C' consists of morphisms FO:XO+XO. 1 FI:X1+Xi in ~ 1 subject 
, 

to the conditions : 

(1) 
" 
(2) 

(,3) 

(4) 

where F2 Q 
is 

dàFl'= Fado 

diFl = Fadl 

).l'F =F 11 o 1 

y'F~=Fy 
2 l 

• defined by noting that 

dàFleO = FOdOe O = FOdlel = diFlel ' 

and considering the diagram 

, ; 

~ .. 
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Il 

/1 

( 

; , ~ ~ ",,,,,kt " il ~ tos t lit t 'J ll&4 J; 

(4) 

"\, ,e' 
\ l , X' 0 X' , ~_.----- -+1~11' --

_--- Fil 

_e O '--- :~ el do 
Xi- ,) Xl 'd 1 1 

l . 1, Fl~Xi . l ~ Xc 
el ~ ____ 

x~d1--; X F , f 

l 0 

We note that aIl primed symbals above re~r, ta the category 

object C' . 
If E is the category of sets , 

functor between two (srnall ) categories 

F~XO) 

F(X
l

) 

Fa (x
O

) EXÜ Le. an object of 

F l (xl) EXi Le. a map in 

(4) are interpreted as follows 

(1) 

for aIl, fe:X
I 

r ; 

(2) 

for 'aIl fe:f{l 

(3) 

(4) 

F (dO (f) ) 

F(dl(f» 

, . 

dO,(F (f) ) 

/' 

d' (Fef» 1 

F(fg} = F(f)F(g) 1 
! ' ,1 

for aIl (f,g)EX
2 

. 

C' 

~( 

. , 

then F is an ordinary . 
, because for aIl, XOEX

O 

C' for al~ .x1~XI , 

and conditions (1) to 

...... 

. , 
., . 

Given category objects and functors 

F F' C----+> C '----+) C" l' 
\ 

in E , best descr ibed by the diagrarn 

t ' 
" ' , 

• b 

1 

l' • 

1 

! , ~., 
1 
1 

~~ 
, , 
J 

l ' 
1 , 
1 , 

1 
1 
1 
f 

1 1 

1 

1 
1 

f· , . 
1 

" 1 
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(5) 
;( 

'" 

:.. .. t , 
•• ""A« ' , 1 , . . . 

" . dO 

,1:2 

y 

'T' 
<h 
ll. 

, »F 
- 1- d' 

y' " ' d Q 
X' ' 

>r-
I 

l:i 
}:l' 

F' d" , l 0 
y" X" d" XII", ~ l 2 1( 11" 

f .fl. 

, 
~ , ~ l' . 

~ " 
~ 

> 

1:0 

. , .' , .'-. ... 
': 

". 
~ .' ... .-

'C~'1.!, 
.. r 

-.; " 
" 

) .;.. '~ 

'T 
. '" .... 

.FO· . , .-
) • 

X" 
" . 

) r 0 . , .' 

we may dêfi~ the ~omposit"e ~'F:C+C",?y. ~hé Ï?~i:c .. ~f maps_, 

(F'F) = F'F 'X +X'" (F'F) =J'F·X +X" • It'.is 'th~n trivial o 0 o· 0 0' } '/ l 1· 1 l ' .. ,~ '~, .. " . 

• (but tedieus) t~, ve~y tha t conditiol)s (i).: te. ".( 4) ;are sa Hs n.d 
, so that F' F isl a funci;.or between two category 'ôbjè'cts. 

" 

.. 3. Natura1 Transformations 

Defini tion. Given category objects and func'tors 

F,F' :C+C' in E 

\ 

, 
, , 

a natural trans,formation 
, sa.0'Y:ing E 

( 1) . dbto ='F 0 

(2) 

" . 

; 

1.-
1 

" 

\. 

\- " 
Q 

. ... 

, : 

, , . 

" 
l " 

1 
" 

J 

! ~ 
1 

1 
J 

" . 
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(6 ) / 
" 

~3) 1 , J' , . 
y' Tl = y' T2 f 

, , 
i\' • 

" 
... . \' 

, . 

, 

,. 
.where Tl' T2: XI-rX2 are defined through the diagrams 

~ 

F'd = d'F' o 0 0 l 

If ~ is the category of sets , then l' becomes an 
~ 

ordin'àry natural transformatîon between functors : for aIl 

XOE~O ' Le. for any obj'ect Xo in C ,LX 1'a (Xa) EXî ' Le. 

T is a map in C' i cond~t'~~ (1) and ~2) state ~ respectively Xo 
'. th1t db CT

X 
) = F,(XO) and d«T

XO
) = ~I ,(xa) ; (3) is the 

" ' 0 
; naturality condit,ion , Le. that given a map f:dO (f)+d

1 
(f) in 

C , the square 
\. 

F(da(f» 

jF (fl 
F(dl~f» 

should be commutative 

We' now )wish to define ~ composition for such natural 

1 

\. 

1· 
l 
( 

, 

c 
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... 

( 
(7 ) 

.. 
trans forma tions but :first , ~ word on notation • Gi ven an 

object y in E ànd rnaps f,g:y-+:x.l satisfying dOf - dlg " 

" 

we shall denote the induced. map ~ by <f, g> ~ will greatly 

facili tate the following discussions', and is not really ah 

abuse of notatîon , sinèe the above pu~lback is a product' in 

the comma category (~, XO) , whose objects consist of aIl maps 

in E with codornaiI} Xo '. Ntxt , we shail require the following.: 

Lenuna.' Given an object Y in ~ and rnap's f,g,h~Y-+Xl . 

satisfying ... dOf = d1g and dOg .. d1h , we haVr 
y<y<f,'g>ith> = y<f,y<g,h» • 

Proof: Condition (4) in the definition of the category 

object C in E states thatyCl.o = y CI. l ; Le'. that y<eOWO,y1/l1> = 

Y<YWO'~l1/l1> . Define t:Y+X3 throùgh the diagram 

, 

, . 

. ! 

1 

\ 
1 
i , 

\ 
1 , 

i 
J 

.) 
1 
1 
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( 

( 

" 

. , 

\ 

) 

l 
~ 

" , ~"."Ir- fL .... _ 

Si; ,O)d '41 #ti1 ii 4$$MQQ#OUa4J4'l4$'f4;$A~~",-o:w~~ -- .... , ~ ~~ 

(8 ) 

we, then ma ve 
, 

y< e o1Ji o, y1jJl>t 

y<e o1Ji ot, YlJ.!l t,? 

, 

y<y~o,e1t/11?t , 

y<y1)J ot,e1t/ll t> 

'* y<eo<f,g>,y<g,h::»= y<y~f,g>,el <g,h» 

Gl 
=> y<f,y<g',h» y<y<f,g>,h> 

which completes ~~ proof. 

New gi, ven functors FI F ' , F" ': C-+C ' , and, na tural 
, 

transformations T:F+F' , t' :F'-+F" , we define TI 't:F+F" by 
, ., 

(-r'OT}o = y'~to,TO>:Xb-+Xi • It is nov! required to ~erify 

conditions (1) te (3) in .the definition of a natural 

trans forma tion 

U) dl (-r,.t) o 0 dbY'<to,T O> 

~ 
db~i <:0' T 0> 

dOT 0 

FO 

(2) di (T' 0 T) 0 = di y' < T 0' T·o> 

d,i e Ô < Ir 0 ' T 0 > 

d' T' 1. 0 

= F" 
0 

1 ,-
j 

1 

i 
"-

(3) y' (T'oT) 'if 1-< (T ' • T ) 0 dl' F 1> . l 
(by defini tion) , 1 

f 

, ~ 1'<Y'<tb,tO>d1 ,F1> 1 

, 
= yf<yi<TOdl,TOdl>~El> 

= ;'<Tblliyl<~odl,Fl»_ (by the· Lenuna) 

== yI <'t' bdl' y ',<Fi' T 040» (by the na tura-

lit y of T) , 

1 
,1 

-<... 

'II1j._~ •.• ~~,~.",.~",~ ._."' __ ~".,. .. ·'.l, .... ......-, .......... __ . _ ..... H..-......... ~ __ ......... ~~_._.~~.l.~.,_' _,., 



, 1 

( 

1 -

( 

(9 ) 

" . 

,. 

Y'<yl<tüdl,Fi>,TOdO> . ' 

y;<yl<Ft'~bdci>'YOdO> 

y'<j" Y'<t'd ~ d » l' 0 O. Q 0 

Y'<F" y'<t' T ~>d > 
" ·1' 0' a 0 

y' <F.i, (-: ' - f) OdO =­
y'(TI-y) 

2 

hence T!oy:F+F" is weIl defined. 

. 4 .• ;~ .. ; J' " 

'\, i' ',. 

'W~' i 
(by ~h~ Lerifna) 

(!?y -tfue· natura­

lit y of T') 

(.by the Lemma) 

• 1 

Rernark. It is now possiBle to define a 2-category 
l' 

èat(~) , with O-cells aIl category objects in E , l-cells 

aIl functors between such category objects , and 2-cells all 

. 1 f <, • ..natura trans or;natl.ons betwee'n such f,\,lnctors 

4. Composition Forrnulae* 

Given category objects C,C',M,M' in E functors 
. 

F,G:C+C' , v:M+C 'and u:C'+M' ; a natural transrormatiàn 6:F+G,; 

best.descri~ed by the diagrarn 
~ 

* Godernen t " Roger Toporog~ Algébrique et ,Théorie des 

Faisceaûx (p. 269) gives ~ules of .omp,osition and interchange 
-

of functors and natural transformations , which we ~hall 

treat here in our own internaI context _ 

.. 

1 1 

i 
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(10) 

• 
1 

J 
J 

/, 

we define a na~ural transformation U*6*V:UFV+UGV , by, 

, (U*9 *V) 0 = Ul e 0 V'O:MO+Mi • We must no~- show that U*S-*V' satisfies 

the definition of a na~~ral transformation 1 i.e. conditions 

(1) to (3) : 

(1) ,ô 0 '(U*6 *V) 0 ôbuleOvO 

= Uo
d66 oVo 

= UOFOVO 

(UFV) 0 
'=-"7 ~ 

(2) ôi(U*6*V)O cSiUl<~OVO . 
Uodieovo 

UOGOVO 

(UGV) 0 

( 3') It i5 required to show that 

c,' (u*e*V) l ~ c' (u*e*V) 2 

where (U~9*V) 1 and ,(U*6*V) 2· ar~ defined through the pullback 

-t 
i 
l 
l 
( 



( 

( 

• 

t 

'f',' -;. , .~ , , ,Î\ .. ,.1 

square 

'-r } M' 

ô' 
1 :0 

'" M' l ) M' l 0 

First , we consider the diagram' 
, . 

... 

which shows that U2<GIVI,eOvOoO> = <UIGIV1'UleOvOôO> 

, we have U2~90YOol,Flvl> = <UlSOVOol'UIFIV1> • Next 
)' , 

naturality of 6:F+G states that 

y l <6
0

d l ,F
1

> 

Y'<9 0d1 ,PJ.>V1 

* yl<8odlVl,FlVl> 

*,y'<eOvOol,FIVl> 

therefore 

Y'<G1,ebdO> 

Y'<GI,eod~>vI 

y' <GI VI' SodO VI> 

Y'<~lvl,eOvOoo> 

1 -

'Jo. ,< 

Similarly 

the 



-. 

• 

" 

( 

• 

. , 

) _! t 6 6 c' (U*8*V l - c, <U1 ',OVO l,UIFlVl > 

c'U2<60VOol,FIVl> 

~ uIY'<80VOol,FlVl>­

= UIY'<GlVl,80V060~ 

c'U2<GIVl,80V060~ 

c'<UIGIVl,U180VOÔO> 

, = oc' (U*8 .. V) 2 
, ," . 

We have of course '. as special cases , .U*8 :.UF+UG 

and 8*V:FV+GV ," def~ned by (U.*8)0 = U1 80 and _(H*V)O = 60~O • 
, . 

We naw state five rules of,~am~osition', keeping in 

mind that ç, C' ,M, M' wi,ll denote category abjects in E " 

F,G,H,U,y funct6rs , and 8,S' ,~,~ naturai trènsfarmations 

(R~4 Let F!G:C-+C' ; 6:F+G,; 'V:C,~-+M and u:M-+M' ; then 

(UV) *8 = Q* (V*8) • 

(R2) Let F,G:C-+C' i 6:F+G ; V:M-+M' and u:M'-+C ëhen 

6* (UV) = (e*U)*v . 

(R3) Let F,G:C-+C' ; 8:F+Ç ; v:M-+C and U:C'-+M' ; then 

(U*8)*V = U*(8*V) = U*8*V • 

(R~) Let F,G,H:C+C' ; 8:G-+H ; e' :F-+(5 ; u:C'-+M' and V:M-+C 

U*(~·8')*V = (U*6*V)· (U*6'*V) • 

(RS) Let F,G:C-+C' ; u,y:_C'-+M ; ~:F+G and W:U-+V then 

ProQf: 

then 

;1 

.. 

o 1 
l 

l , 
1 
< ~ 



....r 

le 
1 

(RI) 

, 

(R2) 

(R3) . 

'" 

. , 

-
(R4) 

( 

, 
'!. 1 , ..... '~ • 

_1- ,'\ " 

-/ 

(13) 

/ 

[(uV)*el o = tUV)lEl O " -
(~lVl)eO 

,= QI (V1 6 0 ) 

=, U1 (v*8) o' 

rV*(V*6)]o 

. ré*(uv»)o = 60 {UV)o 
. ~ 

=.8 0 (UoVo) 

(B oUo}V9 
= (9*U}'0 Vo 

[ (6*tJ) *V] 0 

(U*8*V) 0 
Ul 80 Va 

= ,{U
1

8
0

)VO 
,,' 

(U*El)OVo 
[(U*6>*V]O 
' ' , 

(u*s*V) 6 U
1

6oVO 

Ui)6 0VO) 

U
1

(6*V}O 
"\ 

[u* (El.*V) ~o .-

[U*(BoS')*V]O =,ul~B'Bt)OVO 

, ' 

U
1
yt <6 ct,eb>vo 

c'U
2

<B O,Elb>vo 

c'<U
1 

60 ,U1 eb>vo 
c' <u16riVo,ulBbvo> 

ct < (U*6*V) 0' (u*6 ''leV) 0> 

t 

\ 
• j 
1 
! 

1 J' 

J 
1 

1 
1 

. ! 

~ 

.~ 
~ 

j, , 

!' 1 
f , 

1 
! 
: 

< • 

.. 
/ 

~ 



r 

( 

t Q 

. , 

" ~ 

.. ' 

(14) 

, 1 

,[ (u*e*:r> • (U*8' *V) ] 0 

(RS) Natrurality'of ~:U+V ïmplies-
f , 

1 

~ C<~odi'~l>~à ~ C<Vl'~OdO>~O 

~ C<~6~i~o,Ul~O>= C<Vl~O'~Odb~o? 

~ b<~oGo,Ui~o> =,c1V1.0'~OFd> 

therefore .. 

(l/J*G)· (U*~~] 0 = c.< (t/!*G) O-'.(U*~) 0> 

=" c<~OGO' Ul 4>O> 

c<Vl·O,l/JOFO> 

c< (V*cp> 0' (~*F) 0> 
, 

= [(V*~)· (~*F)]O 

5. Induc~d Triples 

,Given a category object C 1 

\ X2--Y-'---~) Xl--~':;;;'l±--+) Xo ' 
~ 

. ' 

/ 

in ~ , we wish to define a triple (rnonad) (T,n/~) in (~/~O) ; 

the context in ~hich the symbol ~ ~ used will always make its 

meaning,clear , as it is ~sed to denote two different things. 

. ' 

, . 
\ 

" 

, 
,1 
'1 

J 
1 
j 
{ 
; 
j 



r 
1 

1 

1 

( 

,,1 

1 1 

r 

. ( 

--1 ___ 0. """-

" 1 

(15) 1 

, 
\ 

where di and EdO are defined as follows 

~:EO+XO in~(~,Xo) , the pullback square 

defines di~~) 

-the dia~ram' 

El 1 

,IT l 

'1: Id!(al 
dl 

Xl ) Xo 

and for any 

'E' S El 

o~:., 
o 

rnap S:a+~' 

1 " ; 

for any object 

c 

• 
in (E,XO) Le. that 

in (~,Xl) , Ld (o) = dOo . Given a rnap s:ô+o' in(~'Xl) 1 we 
o 

have ~d (E) = S nover Xo" • 
o 

We aiso require naturai transforrnqtions ~:I+T , ~;T2+T 

l 'such that· the c'ondi tions 

(A) 

and 
'. 1 

(B) )J(Tn) = \.l(nT) == T q 

are satisfied , where T:T+T denotes the identity naturai 

1 transformation . 

, 

\ 

. " 



'. 

( 

( .. 

• 

and let T\::t 

7f
l 

El 

> r: ... 

l di (a) --
dl 

Xl ,. Xo ~ 

<EO,j.la> • It is then immediate that Tla·:a-+T.(a) is 

• To verify the naturality of n 1 we let S:ü-+a' 
. \ 

be a map in (!, xo)' 1 so that the outside qf the- diagram 

1 'l. 

E~a)na 
7f' 

Tl a , S. Ei l > E' 

F lIa 1 di (a') 

. dl 
Xl ) Xo 

commutes, then t~e'equations 

d*(a')n 8 ~ 11a'S l a' ..... 

llct , 

, Q E' Q 7f l na ,p oP 

and 

1 , 
1 \ \\q 
~ 
< , 
~ 

~ 

, 
!' 
1 



( 

,-.} .. 

( 

• 

(17) 

di (et ' ) T' ( S) n 
'a di(a)net 

(by 
, 

l1Cl. '. 
TIiT(S)net =,STI1n a 

(by 

SEO 

(3 ; 

show (by, uniqueness) that the sq~a~e 

v . . 

na 
a--~~) T(a) 

]

13 jT(f3) 
n , 0 

a' ,a > 'T(a') 
1 

" 1 

definition, of T (S) ) 
~ 

~\,.~'o#.('" 
'~} ~ .i .. , - .. 

dèfini tion of T (S) ) 

is commutative , which is precisely the naturality or n 

we form ~e pullbacks 

TIl ,~ ~ 

) El 

1" 
jd!<Cl) 

dl 

r 
) Xo 

do 

) Xô 

-
() <rrl7T2'Y~2> . We then have that 

T(a)l1a = d Odi(et)l1a 

d O'YP2 

( 

, , 
~ , 
" ., 

,. 

" 

1 
j 



r 
( 

( 

(. 

1 - , 

(18) 

d Oe1P2 

dOdi(T(a)l) 

T 2 (a) 

so that ~ :T 2 (a)+T(a) is a map in a .. 
we require that the 'diagram 

\ 
1 

1 

" 

(~,Xo) • To show natural!ty , 

" 

- , 

be conunutative '.' where 13: a+a' is a map in (~,XO) 

we cQnsider the diagram\ 

First , 

E\~d.(a)n2 
"~ , 

p'T 2 (8) 2 e O 

> .r~ 
2 _\ X2 

"1 " e e 1P 2 ~ l o 0 

~l , 
) xo Xl 

, 
-and note that • 

e OP2 di(a)1f 2 

and 
\ 

e p'T 2 (S) d * (a' ) 'If " T 2 (13) o 2 1 2 

.. 

i 

/. 
~ 
1 , 
1 . 
1 



, , 

@ . 

\,-

, 
1 

; ! J 

.( 

/ , 

r ," 

, , (19) 

di(a')T(8)n 2 Cby definition of T2(13)~ 

di(a)TI 2 (by definition of T(S)) , 

(by defi~'li tion of T 2 «(3» : 

" 

sa that unigueness' implies p' T 2 (13) = p . Next , we consider ~ 
2· 2 

where, 

d yp' T 2 (13) 1 2 

~ 

dleOP2T2 «(3) 

d d* (a' )TI'T 2 (13) 112 

a' 1T i TI 2T2 (B) , 

so that the outside of the diagrarn commutes 

d* (a' ) ~ 1 T 2 (S) ,1 0.-

'Ir'].! ,T 2 (S) .1 a , 

. , 
yp 2 T 2 . ( (3) , 

TIi1T2T2 (13) i 

then the equations 

/ 

.. - and 

d* (a' )T'(S)].! 
1 a 

7f 1'TU3)J.l . a 

di (a) Ila 

YP2 . ) 
= yp' T 2 (13) 

2 

~:'S7f ll-la 

S7f 11T 2 

/ 

.. 

1 

. , 
ç 

, 
; 

1 
i 
l 



1 

J 

( 

(2'0 ) 

n'TI'(!3)n l 2 
\. 

ni ïT2T2 (!3) 

show (by uniqueness) that T(S)JJa =' JJa ,T 2 (S) 

It remains tô verify'the tTiple identities 

" (A) We keep in mind, the definition of the category abject C 
• 

in ~ , and note t~at IJ a = <TI 1 ïT 2 , YP 2>" (TjJ)~ = T(IJa ) = 

<]Ja TI 3,di (doYp2.) >, ,'and (UTia == JJ'l'ta) = <TI 2TI 3 ,Y.I/JIP3> 1 where 

if3 and P3 are defined thraugh the pullback square 

(1 

, First , we show that tpe "squares\ 

-" . 

are commutative • For (1) 1 we consider ,the diagrarn 

.. 
• 

• 

, 

î 

1 
J 
1. 
; , 
, 

J' 

'li 
J 

:1 



( 

/'" 

., 

( 

(21 ) 

E3~::7 "-

eO dO X 

1:0 

noting that 

. ~ 

\ 

1~1 
dl 

Xl ) }Ço 

dl e l P2).lT(a) 

doe OP2).lT(aJ 

= 'dOdi~)7T211T(ct) 

dO di {ct)7T 2 7T 3 

=; d oe
O

p
2

7T
3 

doe o1jJOP3 . 
so that ~ttre outside of the diagram commutes 

equa:tiops 

\' 
e1lld P3 YtP I P 3 1. 

Q r 

eOlld Pj 
0 

e 01jJOP3 

and 

elP211T(0:) ''(1/\ P 3 

e Op 2 11T (0:) di(a)7T 2 J1 T (a) • (1' 1 

", 
di (a) 7T 21r 3 

eOtPOP3' i 

. 
hence tlte 

• 

imply (by uniqueness) :that lld
o

P3 = P 2 fl T {a.1. • The commu'tativity 

. of (2) may be proved ~imilarly 1 by'the uniqueness prope;ty 

, 

\ 

, ' 

, : 

o 

, 
1 
! 

! 





( 

( 

(23) 

TT 1).1 a (1T l,1) a = TT lTT 2 (Tll) ci . 
TT l ).1a. 1f 3 

TT lTT 2 TT 3 ., 

YP2(Tl;l)a 

Y.T(Y)P3 ; 

,irnply (b,y uniqueness) the reqùired result 

(Br As in (A) , it may- be shown " by the univer:sal; property 
1 

of the pullba9k ~quare Q • 

" e O 
<t 

r~' 1:: el 
.. . dl 

~l ~' X o , 

that the squares 

(Tn) (nT) 

El al 

1:2 

El 
a. 

j:2 

) , 

l dt (al. 1 dt (a) 
T(ll) • n /Ij' 

'X ~ X2 and, X' - de , 'X;2 1 l 

are commutative ,/ 50 that condition (3) in the definition of 
l 

t:q.e category ?bject C in E , together with the-fact that-
~ . , 

T(ll) =, CPI and nd = ,<PO' implie's (by uniqueness) the required 
'" u 0 
result',upon considering the diagram 
~ 

1 

1 

"J ·1 
î 
J 

\ 
î' 

l 

l 
~ 

" J 

" 

1 - , 



r 

l, 

( 

,t 

6. 

l' 

in 

. , 

" 

'.( 

, , y'", -" ".:'~~~' " 1-1,\ 4~~ 

(24 ) 

\~:~n\ 
11 (nT) E l 

1: ~r ' , d*(a) 
d* (a') 1 
l' 0 dl 

Xl • Xc, 

Simelicial Objects 

E 

Given a categary object 

dO 

d3; 
~ 

X2 
y 

1 Xl 7 
11 

"" 

we wish ta extend it ta a 

The , limit of the diagram 

. 
XI~ , 

~Xo 
Xl !.) 

• 1 

~ . 
• ! , 

• 
l, 

1 
1 , 

C 
\ , 

1 Xo 
1 

si~plicial object in E 

(f~nctor) 

, \ , . 

, . 



( 

, \ 

( 

-".J , .... , 

1 

(25 ) 

where ~1 OGcurs n ~times ., '(n~2) 

mapS 

in E 

, 1 

satisfying 

d n 'd n 
I Pi = ÔPi+l 

" 

consists of objects and 

{jf' 

" 
(l<i<n-l) = = 

with th~ universal property that for any other 6bjects and 

map~ in E 

.' 

• 

" 
, ' 

\ 



J, 

f 
( 

'l .. 

1 

'( 

,~ . 

" 

.Ji 

\26). 

satisfying 

(l<i<n-l) , 
= = l ' , 

there exists a unique map ~n:Yn+Xn in ~ 

P~1Pn = q~ , (l,;;,i <n) . 

sueh théit 

< 

n n n 
~ueh a ~ap 1/Jn will, henceforth be" denoted by <ql' q2' .•• ,qn~ 

We no~that the above definition of the objeets X agrees , 
n 

for n = 2 ,.with thàt of X2 ~hiSh appears in the'defihition 

of C , sinee pu'llback is a 'specia'l case of fini te limi t . 

'We 4efipe maps d~:Xn +Xn~l ' n~l , O,;;,i~n , by 

. ' d~ dO 

di dl 

d~ el 

d 2 y, 1 

, 'd2 e' 2. O' , 

and for'n>3 = '. 

and map5 

, 
(l<i<n-l)· , 

== == 

cf1 o 
n n n 

<P2'P3,···rPn> , 

dn = 
n 

n n n n 
<Pl,P2,···,Pn-2,Pn-l> ; 

n . 
5.:X +X +1 ' n>O 

1. ,n n =j 
O' ' 

50 11, 

1 
50 

sI 
1 

O<i<n 
=,= 

, by' 

and for n>2) , = 

".! 1 

" 1 

'. 
Î 
1 
1 



( 

r 

• 

" 

(27) , 

n n n ',n° n n n 
si <Pl,P2"" ,Pi,lldlPi'Pi +l "" 'Pn> 

(l~i<n) , 

n n n n n 
50 = <lldoPl' Pl-' P2 f ••• f Pn> 

Cl 
This yields an infinite sequence S of objects and maps in E 

and it remains to prove ,that the simplicial identities hold 

Le. that 

(1) 

(2) 

(3) 

dndn+1 = d n dn+1.6 

i j+l j i 

n n-l n n-l 
Sj+lSi 9 SiSj ,i~j~n-l 

n n-l d. S. 
1. J 

, 

n-2 n-l .. 
s. Id. ,\l.<J J- l. 

, 
1 .. ' ~=j,j+l ,j<n-I. 

n-2 n-l' 
S. d. 1 ' j+l<i __ <n . 

] l.-

" 

. We first note that if E is the "ca.tegory of sets , then 

X is the set of sequences fof length n) of' composable arrows 
n " 

(of' the category' C) Given a typical such sequence a ~ 

{o-t-'-H" 0 o-+-o} in Xn ' its image under d~ , for l~i~n-l " is 

the sequence ~rived from a. by replacing the i-'th and (i+l) ~st 

arrows in a by their composite , hence yielding a sequ~nce of , 
~ 

length n-,1 i, d~ and. ~~ delete the' first and last arrows 

(respe.cti vely) i.n a i, s'~ , for l~i~n , inserts' an identi ty 

arrow between the i-th and (i+l)-st arrows in a s~ inserts 

an identity arrow before the first arrQw in a. • With this 
, J' 

concrete description , it.i~ now easy to see that the 

si~plicial identities are satisfied (in Set) • Next 1 for any 

! 
1 

1 
'. 



( 

\Ji 

( 

• '1 

(28 ) 

, 1 

'. 
object' X in E 1 the' horn-ftmctor Ô<ç) :!+Set0associates to any 

, 
object- Y in, E. the set {X, Y) of morphisms (in ~) from X to Y . 

It associates to any 'morphism f:Y+Z in Ethe morphism (in Set) 
,1 ,'. ' 

(X,f): (X,Y)+(X',"Z) 1 such that (X,f) (g') = fg for any g,€: (X,Y) . 
, .. 

It is weIl known that this hom-functor preservés limits , 50 ~ 
\ 

its application to the objects and maps which comprise S (its 

cortst,ruction being exclusivèly through limits) results in a 

sequence (X,S) of objects and maps in Set 1 which is precisely 
. 

the extension (via the above ~e~hod) of the ca~egory object 

(X,y) 
, /lX,dO) 

~(X,d ) ~ 
(X,Xl ) . (X 1)~ (X,XO) , ( , ~ 

1,/, 

in Set • It is now immediate that the simpl'icial identi ties ' 
~ , 

holp for (X,S) • This being true for any object X in ~ , the 

Yoneda Lernrna implies that S is a simplicial object ,in ~ . 
. 

Remark. Given a category object C in,E and a (covariant) 

functpr A:E+Ab , where Ab denotes the category of Abelian 

groups , let S be the eXb;msion of C to \ a' simp.licial object 

ih E • lIaen A (S) (wi th the obvious meaning) is .a simplicial 

'object in Ab , hence we rnay def,ine rnaps d :A(X )+A(X 1) n n n-

n . 
d '='~O(-l)~A(d~) n ~- , - - 1. '" 

ànd it follows ea.sily by (1) 'of the s~mplicial iden~ities 

that, dndn +1 = 0 1 (n>l) " so that {A(Xn)}n>O and {dn}n>l 
= = 

,; 

<, 

\ 

\ 1 

\ 
" 1 . 
1 

1 
~ , 

, , 
1 
'\ i . 

I-
I , , 
i 



. ' ( 

( 

o ' 

, t 

-' ." 

i 

" 
• 

(29 ) 

. 1 

1 défine a chain complex in Ab . Finally 1 we define the n-th 

, hornology abject (group) H (C/A) in' Ab by 
n . -

H (C/A) = ker(d )~im(d'+l) n n - n 

The above definition 1 of course , is possible when Ab is '. repiaced by any Abelian category 

. / 

, 0 

, . 

1 
i 

• 1 

1 
/ 



( 

!. - ',-

(30) 

'. ' 

II. INTE~AL FUNCTORS 

1. Internal Eunctors and Natural Transformations 

Definition. Given a category 'object C , 

dO 
~ 

) xl di ~ X 
l-l 0 

, 
4 

in E , an internaI functor F:C~E consists of maps nO:EO+XO _ 

and ôl:El~EO in E 

(1) The square, 

where 

! 
1 

Ir" 
j 
1 

,1 
r 



( 

", 

l ' 

,C 

1 

(31) 

is commutative , satisfying the fol10wing additional 

condi tions : 

(3) Let rh = <lJ1T O,EO>:EO+El be defined thro~ the pullback 

square in (1) , then we r~quire tha t <5 lm = E O. ; 

(4) Let E
I

:E
2

+E
I 

be defined by the pullback square 

ÔIc = ô 1 EO 
~ 1 .. 

• 

If E is the category of sets (and 50 C i~ an ordinary .. 

category) , then F is a (covariant) set-valued functor : 

EO =u 7T~l({xO}), (disjoint union) ; by COI;ldition (1) , El 
XOEXO 

{(f,x)SXlxEOldO(f) = 1TO{X)~ ~ {(f,X)SXIXEOlxE1T61({do(f) })} ; 

for (f,x)EE
l 

' F(f) (x)::o'l (f,x)-', 50 condition, (2) states th.at 

" -1 
7T

O
[F(f) (x)] = dl(f) , Le. that F(f) (X)E1T

O 
({dl(f)}) , 50 

that F(f1:F(d
o

(f»+F(d
1

(f» : condition (3) requires that· for 
, 

any object Xo in F ' F(id
xo

) = idF,(X
O

) ; ;condition ~4') states 

the preservation of composi t~on, , because E
2 

-= { ( (f, g) , (h ,,~) ) 

sX2xEIIg = h} "" {(f,g,x)EXIXXlxEOI (f,g)E:-X2 , (g,x)EE1 } , 50 for 

(f,g,x) sE
2 

' we have F(fg) (x) = ~l (fg,x) = ô1c(f,g,x) " 

ô 1 E 0 (f ,-g , x) = ô 1 (f 1 Ô 1 (g, x).) = F (f) [F (g) (x) f .. 

. ., 

'" 

1 , 
\ 

1 
'J' 
j 

\ 
1 

1 
i 
~ 
i 

\ 
1 
ï 

. . 

1 
, 1 
, 

l' 
1 

,1 



.... 

• 

,\ 
\ , 
\ 
\ 

-

, .-

( 

( 

, 
A coptravGiriant internaI functor may bé similar.ly. 

defined , py ti,nterchanging 00 an,d °1 ' dO and dl ' EO ~~nd . 
El 1 and e O and el in the above definition • 

Definition. Given two internaI functors -P,F' :C+E 

bé9 t described by the d,.iagrams 

~ 

and 

\ 

c' 

') 

r 'If 1 

) Xl 

" 

°0 
)-

°l ~ 

ro 

m 

do 

dl 
~ 

) Xo l.l 

1 • r 'If' 
• 2 

" 
X2 

, 

respecti vely , an 
, 

'consists of a map T 0 :EO+EÛ in E 1 wi th .. 

~r( 1) , , 

such that if we let Tl = 

(2) 0iTl TOÔ1 

is satisfied 
, 

Whenever there is no danger of ambiguity 1 we shall 

omi t the word "internal" . 

1 

- 1 

, 1 

\ 

1 
1 • 

1 
, . 
l , 

l' 

1 , 



o 
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( 

( 

1 

1 

. -

o 
". 

~ (33) 

If E is the cat~gory of sets (and 50 F and F' are 

ordinary functors C~Set) " then due' to condition (1) , . 
. -1 . U· -1 

TO:U1T O ({x6}')~ (TT·O) ({xo}) has the, property that the image 
xOe:xO . XOEXO . , 

of its restriction to 1T~l({xO}) is contaOined in (TTÔ)-lUxO}) , 

" 

50 that 't associates to each object Xo in-' C a map Toi F (xo) ~ 
. i 

F (XO)~F' (x
O

) .in. Set_ ; condition (?) 'states naturality , for 

gi v~n. a map f: dO tf) ~dl (f) in C and xe:F (dO (f» (so that 

(~,X)EEl) 1 F' (f)'fo(x) = 0i(f,TO(X» = ÔiTl.(f,x)= T Oo1 (f,xL 

= 'r OF (f) (x) , 

diagram ~ 

of T .' , 

which is precisely the commutativity of the 
\ 

i 

(,) 

) F' (dO (f) ) 

iF' (f) 

F' (dl (f» 

0,1 ) " i.e. th~ natura1ity 

It is' immeàiate from the definitio,D that two natural 

transformations T,T':F+F' are equa~ iff TO = TO . 
If F,F' :C~E are contravariant, then th.e above 

defini tion is valid' with 0 0 and ô). interchal1ged • 

piven (covariant) internaI functors F"F', Fil: C~E 
, 

and natural trans'formations T:F+F' , T' :F'+F" , we define, the 
pif ~~ 

con:posi te, '(' T : F~'.' by (T' T) 0 = TOTO. It can ,thèn easily be 

" 

1 

} 
• ! 

. , 



( 

D 

...... 
( 

, / 

(34 ) 

shown t;:hat ('r'T)l =-\'T , and that conditions (1) and (2') 
l l 

in the defini tion are satisfied • 

We denote by ~C the category which has as objects 

(covariant) interhal functors F: C-+E , and as morphisms - ' 

natural transformations of such funct0rs 

2. Characterisation as Discrete Co fibrations 

Let (cat(~),C, denote the comma category whose abjects 

are maps (functorsl -with codomain C , of 'category objects in 

E . The morphiJ,ms of this ca tegory are , of course , maps 

(functors) of category objects (in~) "over Cil. Let DCF(E,C) 

denote the full subcategory of (Cat(~) ,e) with objects those 

functors F:C'+C , 

d' 
0 

~ , 'Y ' d' x' ïi
, 

1 > X" 

1:2 

JolI 

1:0 FI do 
\ -+ 

'Y dl ~ X2 ~ Xl 
li 

Xo , 
* 

~ 

for which the s9uare 

d' 
" 

r 
0 

'j!o Fl 
d o " .. 

Xl ,. Xo 
.. l' 

\ 

'. 

, 
j 
f , 

\ 

~ 
". J 

1 

Cl 

l , 
1 
1 , 
1 



( 

( 

, , 

(35 ) 

is a pul1back . When E is the category of sets , this reduces 

ta the ordinary notion of a discret~ co fibration : F:C'+C 

becomes an ordinary functor between categories , and the 

requ,irement that the square above be a pullback i5 precisely J"' 
1 l 

the condition that for any object C' in C' and a map <p:F (C' ) +D 

in C , there should exi s t a unique rnqp l/J: C ' +D' in C', such 

tha t F (~) = ~ • 

We $hal~OW prove that the categories EC a,nd DCF(E,C) ---- -
are e,Ç;Iuivalent . ,. 

Gi ve.n an internaI functor F: C+E , 

~ust first show that the objects and ... 
"ie rnaps 

~ 

c ô,O , , 
6;1: 

) 

E
2 

ES ~ E llo Eo E: 1 )0 ) l ( rn 
,fi • 

define a'category obje<:_~ in E , Le. -that conditions (1) to 
JI, 

(4) i~ the/definiti:on are satisfied (se~ LI. , definition 

of category Ç)bject) • 
1 

/ 
(1) ôOm,= clm"" Ea is immediate from condition-- (3) in the 

defini tion of:! F: C-+~ • 

" 

1 

o 

, 

1 , 
f , 

~ 

J 
f 



) 

F '. 

( , 
, ... ' 

-; 

, , 
~..... ~ r tr.,. .... -i;< .... ' ·~t~;:~ ;' .. 'I\'-~'I-"'" f~r>1' ~ 1 -: "t"'1'~~." 11\~.;c' _I,"!, J. 10"~''''' ..... "" 

(36 ) 

( 2 ) The square 

1:1 

8 0 

'r ' ô 
1 

El' > EO 

commutes by de.finition of to . To show it is a pullback , let 

f, g:Y-+E l have the property that ôOf = \\ g , then 

1T
O

ô
O

f = 1T
O
o

1
g 

satisfies 

(a) 

and 

(b)' • e:
O
«ïT

l
f,1T

1
g>,g> '= f 

for (~) fol1o~s by ,definitio~< of «-n:lf,1Tlg>,g~ , and (b) is 
"1 • 1 , 

dUe to the fact that both f -and 8
0
«1t1f,1T

1
g>,g> are equal to 

<1T
1
f,ô

1
g>:Y+E

1 
' the square 

1:1 

Ôo 

) ra 
dO 

Xl ). Xo ' 

being a pullback • To show that «rr
1

f,1T
1
g>,g> is Unique with 

1 
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(37) " 
\ 

respect to the properti~s (a) and (b) • suppose ç;: Y+E2 

satis,fies E:ll; = g and EOÇ; = f ; th~n it is easily seeIt that 

'lT2s = <,'lT1f,'TT 1
g > , which shows that E; -. «'TT1f,''rr1g>,g>,,· "l 

(i) ôoC = ôOEl follows ~f~m the definit~Qn of c ; 

(ii), ô1G!:',= 0l.e:
O 

is conditi~n (4) in the. definitlon of F:C+E 0-

..; 

(3) It i~ required to prove that c~O' = c~l = El ' where ,., 

~o = ~El,môO> and ~l = <mo1,E l > are defined through the -1 

pullback square 
o -'1e 

J /t) V," .. r" 

1 .{. t, 

,1 
, 

First , 'the '!lIliquenes,s property of <TIl,1Tlm~0>:!h+X2 ' together 

with the equations 
1 

eO<POTT l = 'lTi 

el <P'O TT 1 = ~dO 'TT 1 
~~ 

llTTOÔ O 
~ = 'lTimôo 

and ~ 

e 01T 24>o 1rlE04iO 
~ 

= 1T 1 ' 

el 1T 2 CP'O TIIEl4io 

..... 'IT Imô O ; 

shows that ,cp 0 1T 1 = 7T 24iO • Similarly , we have' ~lTI 1 = 1T 2~1 p.' 

\ 

1 
! 

1 
i 

, : 

l 
1 
j 
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q 

1 

Next ;1 the diagram 

El~o 
C$l ~ Co 

' E 

1T 1 1:1 
, dOl 

Xl 

together with the equations 

and 

} 

ÔoC4>o, = ooe:14>o 

°omôo 

°0 ' 
,1T l c4>o = 'Y1T 2 <Pe 

= Y<P 01!l 

= 1T ; , 1 

0oC4>1 == 00e: 14>1 

= °0 ' 
1Tlc~l = Y1T 2 <k l 

'1:0 

) Xo l ' 

, -

shows (by, uniquèness) thÇlt ~ c~O 'c~1 = El ,. 

(4) D~fining !;lo = <e:'OWO,cl/Jl> and al ' <c~O,e:l~l'> , 

l/Jov ~nd 'ij)l are given by the pullback square 

r . 

r • 1 
~ 

~î 

, 
1 1 ., 
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, , 
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( 
t 

,l/J 0 

1;1 · 1:1 
1 

·1 
j 

-,. EO 
E2 > El 

i t is required ta show that CŒO cal First , we let 

1f = < 1f 2lj! 0' TI 2lj! 1 > : E 3-+ X3 
, 50 that the square 

3 1 

1 

1 

r:3 

a.1 

1:2 

,( ,. 
" . 

~ Cl
I X3 

1 ) X2 

commutes by the uniqueness property of ,<'YTI2lj!O,e~1f2lj!1>:E3-+X2 • 
, ., 

Next , the diagrarn 

- ) 

.~ 

'. .. 
60 

l:~ j' 

dO 
> Xo . ' 

" 
together with the equat:ions 

- = ô~e:1al ÔOC<l1 

( >= ôOe: 1 ~l 
) . ,-, 

". , , 

.... "-i, 



r 

.., 

, " 

( 

, 1 ... , 

and 
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= 60c~1 

ÔOE1aO 

1T I CCl l = Y1T 2C/.
1 

= YClI 1T 3 

= YCl OiT 3 

= Y 'Tf 2C/. O 

, . 

... 

'Tflc<X O 

shows (by uniqueness) that,c~o 

proof that ' 

CClI • This completes the 

c °0 >-
6! 

)' 

E2 
Ee ~ El ~ EO El In 

( 

defines, a category object E' in E',: and it followSi immediately 
f' L ,--~ 

from the defin~~n bf F:C+~, that (1T O,1Tl ,1T 2) dSfines a map 

(functor)1 of categdry- objects E+C • - . 
Given two internaI functors F,F':C+~ and a map T:F+F' 

in E
e 

J i.e. a natural transformation ., we show that T defin~s 

a map in DCF (~, C) , Le. a map.in (Cat (~) ,C) . T consists 

maps TO:EO+EO and Tl :Ef~Ei (where a;ll primed symbols will 

'refer to F') i and letting 1: 2 = <1T2,Ll~1>:E2+E2 , we must 
[' 

, l' 
verify conditions (1) to (4 ) (as given in I. 2. ) , so t;hat 

(.O,T1 ,T 2) w111 define a map (functôr) of categ~y abjects 

c+E' 

of 

, 

1 , 



, 

( 

J' 

( 

-.il: 

(41) 

" , 

(1) 80T1 TOO
O 

fo11.ows by definition of, Tl . 
• 

(2) 8 in. =( t 0-01 is condition (2) in the definition of T: F+F' • 
l , 

{3) m'~O = Tlm fo1~ows by the uniqueness property'of 

<~rrOTO,TO>:EO+Ei • 
- ~ 

- , 

(4}"C'T2 = TIC fo11ows by the uni~ueness property of 

<~lc,TOÔOC>:E2+Ei • l 
That (1:'O,t l ,L

2
),:E+E' is "over C" is immediate from condition 

/' 

(1) in the definition of T:F+F' 1 and the definitions of Tl 

~nd t 2 
• ! 

y 
/-

/ 1 

,....--... 
in DCF(:§,C) , we show that (di/lTa) ,defines an internaI functor 

F:C+E : condition's (1) arid (2) (in the definition of an 
/ -

internaI functor) ar~ tri vially satisfied • We Have u' = 
j. 

<XO,lllTO> and di ll ' = Xo ' 50 thae condition (3) is satisfied . 

Ta ~erify (4) , we shall' need the following result* : 

Consider the oommutative diagra~ 

* Saunders Mac Lane : Categories, for the Working/Mathematician 
-, 

, exercise 8(b) on page 72 
\ 

1 

1 
! 
j 



/ ~ ~ 
/ e' 1.''''' l, ',f-l'I n l • 

/ 
'\ 

(42) 
/ 

( / , , 
., 

) . ) . 
.' 

j l l il 
/ ç' 

/ ) . ) . .. 

, if the outside rectangle and the right hand square are 
. , 

pullbacks 1 50 is the l~'ft hand square 

It is flrst required to show that the square ? 

e' 
.xl l · r-l:~ . 1 1f l 

el 
X2 ) Xl t 

is 'a pullback 1 and this follows by the above '1 nO,ti~ge:that 

the diagrams 

el 
XI l > Xl 

.. el 
1:0 

d' 
l~i 

0 

1:0 

t > 

r 
x' ) 

1:0 r 'd 
·1 

do dO 
Xl ) X

O
' and Xl ) Xo l, 

'!-- , .... _----

--

'L 
are pullback s and that e 01f2 1f l eC and d l 7T i :;;; -nûdi ' . It is 

• .. 



p 

Il 
. po, 

( 

( 

-

, ' ~ , , " . 

. (43) 

then easily se en that yi 
, , 

50 that diyl ~ dieà (sinee C'is a category objeet) , i.e. 

that tondition (4) is satisfied 

Given a map in DCF(~,C) it i5 easy to show that 

it gïves rise to an internaI naturàl transformation • 

3. Characteri,sation as Algebras of a Triple 

Givenra contravariant internaI functor (CrF) F:C+E 

ô ( 
a , 

, , 

we claim that (rrO/o O) defines an algebra of the triple (T,n,~) 

in (~, Xo> induced by C. (see 1. 5.) • Conditions (1) and <, (2) in 

the definition of a crp assure us that ôà:T(rrO)+TIO is a 
,1 

morphism in (~,Xo) . The algebra identitie5 

(1) . , 

,(2 ) 

, must now be verified • 

(1) It is irnmediate from the definitions of n and m that 
rrO 

n
lT o 

- m , hence condition {3} in the definition of a GIF 

shows that 00n 
rrO 

.' 

• 

1 

1 

1 
1 

1. 

h 



( 

, . , 

" 

( 
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'. 
(2) Again, , the dèfinitions of c , El ' 11n and T(Ô O) show 

o 1 

that llno = c and T(OO) = El ' so the required result~follows 

by condition (4) in. the definition of a CIF . 

Now given two CIF's.F,F;':C-+~and a natural transfor-
, , 

mation T : F.-+P , , we claim that r 0 :'EO +Eb define,s a morphism 

(1T O,oo)+(nb,ôb1 o~ the, algebr~s of (T,n,11) corresponding to . 
F and F' • Indeed the commutativity of the square 

, . 

l , 

follows by condition (2) in the definition of a.natura! 

transformation (?f CIF's) and 'the faot that T(T~) = Tl (clear . . 
from thei; definitidns) . 

Conversely , given ,~n algebra. (TIO'~O) ~f (T,n,11) 

there exist objects EO ' El in E such that the diagram 
1 

,. 



( 

.( 

f" ~;!;. , > ... ~, ,"1' ri Cl, ..... ;.. ~,- 'f'J1j ~Af.i~" ,";1).,...,,;,.,1 • #, _ ' ,,,,'.,~, f-. ,. " ~<)O.... ... 

jl 
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whexe the square 

ôl . --

E . 

>,Jo f1 .. " 

d, 
l 

Xl ) Xo 0 

is a pullback , wi th 1T l dl (1T 0) It is now very easy to 

verify that 1TO:EO~XO and' ÔO:El7EO 

details will be omi tted • 

define a eIF C+E 

and a'merphism "[0: (1T O,Ô O)+(1T O,ôà) of these algebras , 

that the diagrams. 
, , "- ~ 

.' ,v 

so the 

Le. 

to T (T
O

) 

,T 'I:~ EO~J~~, TI:: 
) 

T O ' . ~ 
Xo and TI 0 ) 1\" 0 

are conunutative , it is again very easy to verify that "[ , o 

II' 

defines a natural transf6rmation T:F+F' , w~ere F and F' are 
. 

the CIF',S (corresponding te (1T O'Ô O) and (ïTO'ôÜ) respectively . 

The above discussion amounts to an equivalence of 
Cop T COp , 

the categories! and (~,XO)' , where E denotes the 

category of eXF's C~E , and (E,Xo)T the cate~ory of,algebras 

\ 1 
1 

~ 
" , 

1 
1 , ~ 

v , 

l ' 



l, 
~ 
1 

r-
i 

1 

~ 1 

r 

'( 

/ 

, j 

-, 

" 
.: 

l , 

,~ 
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. y 

" of tl'le'triple T = (T,n~jl)_ in,~·'t!,~O) 

Remark. A categor'y obj@ct C in E also 'ïnduces the 

triple T' 

this case 

T' 
(E, Xo) . 

'(T' ,n',ll') in (~/XO) ',. wh~re 

t we get an equi valence of the 
1 

TI = L d* • In 
dl 0, 

t " \ T;lC d' ca egor~~s ~ an 

. The preference shown for discussing 
~ . 

the contr~~;' 
1 

variant case is due to the frequency of', occurrencé) of CIF 1 5 
, - . 

1 

(also caIIed (contr8Variant) internaI presheaves) in the 
l , 

abo,ve con text 

\ 1 

" 

" ' 

. ,( 
1 • 

\. 
, . 

'1 
>. 

'. 
" 

.. 

, 
1 

'1 l, 
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III. LI~ITS AND COLIMITS 
/, 

1. The "Constant" Functpr 

Given categories J and C (J small) , one has' ~he 

notion of a Il'constant'' functor Ll: C-+C~ : for any object C - \' 

in C" Ll (C) (,l) = C (for any abject J in ~) , and if f:J-+J' 

is a map in ~ , then Ll(C) (f) = idc . If x:C+C' is a map in 
, 

f ' then b(x):b(Ç)+b(C') is a n~tural transformation (morphism 

in'C~ ) which assaciates to any object J in J the map 

x: l> ~~v6) +;(è') (J) • 

We shall ,now treat the internaI 'version of the above 

-Let C (described as in previous chapters) be, a cate-
, h 

i' 

gory qbjebt in E , and E a~ object in E . We claim that the > ' 

diagram 

-, 

where Po ' Pl and P2 are the first projections of the products 
l ' 

defines an internaI functor Ll (E) :'C+E 

, 
~, 

," 

, , 

i 

1 , 



!J th AH.U,.. 

( 

,) 

1 
Î" 
( 

î' 

( 

• (48 ) 

Proof: Conditions (1) to (4) in the definition of '. 
internaI functor must, be verified. 

(1) The squa>re 

, \ 

is commutative (by definition of dOXE') . TO,show that it is 

a pu1lback 1 let f:Y+,XoxE and g:Y+XI satisfy POf = dog 1 and 

consider the product diagram Î 
..... 

7 

from which ~t is ea~ilY seen that <g,POf>:Y+X1xE satisfies 

g,and that it is unique 

. with respect ta this prope~ty (We ~ote that ffPO a~d Pl ~re 

the ~econd projections of the products , 'and that,the ~y~ol, 
</, 

1 
l' 
~ 

1 
1 1 

j 

! 
l' 



( 

4 (49) 

<-,-> used above has its genuine rneaning ) • 

(2) The square 

. , 

, ~ 

commutes by definition of dlxE . 

(3) The definition of ~~E and the fact that dOp '~ xo show 

tha~ pXE " <PPO,XOXE> , so that we have (d1xE)<~~O,XOxE> 

(dIX~) (pXE) = d1pxE 1= XOXE 

( 4 ) The square 

'" 

~ 

is commutative by def~nition of elxE . TO, show that it is a 

pullback " let f:Y+XI~E and g:Y+X2 satisfy PIf = elg , then 
\ '. 

as in (1) , we have that <g,Plf> is unique with respect to 

the properties P2<g,P l f.> = g and (e1
xE),<g,Pl f> = f , whére 

the symb~l <-,-> aga~n denotes an induced map into a product 
.\ 

To çomp1ete the requirernents of condition (4) , we notice 
l , 

'. ' 

4' 



r 

'. > 

1 

( 

( 

" ., 

(50) 

that the definitions of yxE and eOxE , together with the 

equations 'dO -y = dOe l and dOeO = dl el" show that yXE 
, 
<YP2,dOelxE> and, eOxE = <:OP2,dlel~E> ; and that the equation 

- -
dl Y dl e O shows that (dl xE) (yxE) == '(dl xE) (eOxE)' . 

Now given a ~ai!\p.:E-+E' in E ,'we define a, map 
1 
1 _' , 

(t. (a) ) Ô:XOxE-+XOxE '. in ~ by letting (t. (a) ) a == Xoxa . It 'then 

f?lloWS easily that t.(a):t.(E)-+t.(E') is a natural transfor­

mation of ,internaI functors , wi th (t. (a) ) l = Xl x'a 

We now see that 1::..-, as defined above , is a functor 

E+EC 
1 for if E:~-+E is an -identity map in E , then (l'! (E» 0 ,= 

XOxE hefice t.(E) is an identity map t.(E)-+l'!'(E) in ,!C 1 and 
1 • 

if a:E+E' , a' :E'-+E" is a pair of (composable) maps in '! " 

then (t. (a' ) /J (a» a = (Ll (a' ) ) 0 (l'! (a) ) a = (xOxa') .(XOXa)= xOxa' a 
C , • 

(t. (a'a» 0 1 so -that 1::.. (a')l'! (a) = l'! (a'a) • 

If E is the "category of sets, then for any abject 

and identifying elements which are isomorphic image~ of each 
1l 

,\ 

other 1 we see,that (Ll(E» (f) = idE for any map f. in C ; Given 

a map a:E-+E' 'i~-E = S,t 1 Ll(a):t.(E)+~(E') afsociates ta any ~ ~ 

objec;.t xo in 0 the ,~ap (1::.. (a) )olxoJ:{XO}XE-+{XO}XE' , whicl1l is ~ 
o ~,\ 

essentiaLly a:E+E' itself 
1 

, 
2. Colimits 

Definition. Let C be a category abject in'~1 and 

F: C+E , 
:) 

, 1 , 
1 

i 

! , 

f 
t 



( 

J 

( 

1 

U 

(51) 

-

a (covariant) internaI functor . Then the colimit of F is 
1 

the coequalizer of 00 and 61 

J colirnF 

If E is the category of ~ets , then collmFt= 'EO/~ is 
Ô ' 1 

the set of equiva~enc.e classes of elernents of EO' being 

th Il " . 1 ' 1 \ t . .. 1 h e sma est equ1va enee re a ~on on EO conta1n~ng R w ére 

R is a x;elation satisfying xRy iff there exi,sts ZEEI such thqt 
1 ~ i \ 

X = 60 (z} and y = ô 1 (z) • i' 

We now assume (only for this and the n'ext sections) 
, 

that E ha~ coequalizers of aIl pairs of rnorphisms (with common 

'domain and codornain) , 50 that colimF exists for any object F' 

in EC 

Given a 'natural tran'sformation T,:F+F' , i.e.' a map in 

EC , we define a map colimT:colimF+colimF' in E as follows 
'- ,'J 

let ;:EO~col~mF' be given by ~ = (coeq')To (where aIl prim~d 

symbols refer to the functor F') , then we have ~ôl = 

" 

~ 

1 , 
1 
t 

'j 

l ' 



( 

'J.:;; , 
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( coeq' ) 'T 0 0 l ( co~q' ) °111 - (coeq') 0 O,'T l = (coeq') 'T 0 00 = ~ 00 

50 that the universal property of coequalizer shows that 

there exists a unique map (which we shall denote by colim'T) 

colirnF+colirnF' satisfying (eolim1) (coe(Î) = F; •• 

We elaim that the above definitions give rise to a 

functor cOlim:EC+E • ~_I' 
Proof: Given an identity ma;aT:F+F in EC , i.e. that 

'TÔ:EO+~ is the identity map,o~ EO 1 we have F; = (coeq)'T O = 

coeq 1 50 that cÔlirnT is the identity rnap on colimF (by ~he ., 
uniqueness property of col~rnT) .-Given composable maps T:F+F' 1 

'[' :F'-+F" in!C 1 we have F; 1= (COeq')1~ 1 F;' = (coeq")1Û ' and 

,F;~' = (eoeq") TOT 0 ' 50 in order to prove that colirnT 1 T = 

(colimt ' ) (colimT) , it suffices to show (by uniqueness) that 

(colimT' ) (colim'T) (coeq) 'P F; ", , whieh holds sinee 

(colim-r 1,> (colim'T) (eoeq) ,= (colimT 1 ) F; (coli~T') (coeq')~o 

E'T O = (coeq")T~To = F;" • 

" Remark. The internaI coproduct of the map 'Ir 0 -=F!O +xO 

is th~ domain of ~o' , ,namely EO • We see that this i5 ~ ~peeial 
case o_e notion of (internaI), colimit 1 for taking the 

discrete category 'object V , ~ 

Xo 
Xo 
Xe 

.,. 

Xo' ~ Xo .;, Xo Xo 
1 , 

~ 

in E:" , 1T O defines an internaI functor F:V+E 

.. 
~ 

• 

" 
1 , 

.. 

1 , 

i 

i 
l , 
1 
1 _ 
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.1 and colirnF is precisely EO 

3. Colirn as a Left Adjoint 

We shall prove in this section that colim '~S the left 

adjoipt~f 6 • It suffices to show the existence of a natural 
. 

transformation (in the ordinary sense) n: I~C+6colirn .(where IEC 

C - 'F'-:-E ) such that e'ach n : F+~Col~rnF - '.' den~tes the identity functor on 
, 

is universal, aIrtong (internaI) naturali.transformations ~:F~6(E) , 

E an object of ~ ! i.e. for every (internaI) natural transfor­

mation ~:F+6(E} , there exists a unique map ~:colirnF+E in E 1 

" F such thataT ~ = (~lP) n • 

Denote by 1.:'X. x'coliInF+X. the first projectio, ns o.f the 
~ ~ ~ 

products , arising from the internaI functor ~colirnF (as dis-, . 
cussed in section 1)., and define n~:Eo+XoXCOlimF by the pro-

duct diagrarn' 

" 1 

1 

\ 

L 

, 1 

f 
! 



" < 

( 

( 

, , 

c 
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XOxcolirni 
ln../' t ~r..n 
/" 1 F ~ 

Xo,,- . : nO colimF 

7T~l ' ~ o E ~eq o . 

where La is the second\projectlon ~ap . To show that 

nF:F~~colirnF is a rnap in ~C , èonditions '(1) and (2) , in the. 
. . 

definition of internaI natural transformation must be verified 

(1 ) F is irnrnediate from the defini,tion F 
10nO = '1T O of nO . 

(2 ) L t .' F .F <5 e t~ng.nl = ,<'1T1 ,n a 0 
> , it is required to show that 

, F F but this follo\fs by the 1,ini versaI (dl xcolimF) nI = nOI\ , 

property of produces 

, , 

.. , , 

noting tha t; .. 

abd 

, ' 

! 
1 

J 

J 
.,/' 
! 
1 
,) 

i 
1 
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( 

(55 ) 

= (coeq)oo 

second projection map of , 

F ' 
To show the universal'ty of n :F~~colimF , let ~: F-+-ll (E) 

~C , for sorne obje 

first projections 

in 

p, :X, xE~E 
~ ~ 

E in E • Denote by p,:X.xE-+-X. 
~ ~ ~ 

, arising from 

with correspon-

of a map , 

~l,= <TII,$Oô O> We seek a unique ~:colimF~E in E satisfy­

ing ~ = (ô~)nF • We fir~~let~' pO~O' ~nd no~e that ~'ôl = 

PO~Ool = Po (d1XE) $1 =,Pl~l ' so that, the ~ni-
-

versaI property of Foequalizers sho~s that there exists a 

unique map ~: colimF~E , -satisfying ~" = ~ (coeq) Now the-

diagram 
" 

. '1 
1 
1 

.. 

1 \ 

1 
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shows, by the universal property of produets , that {XOX~)n~ 
, ,/ . 

= iPO ' sinee 

F 
(ô~)OnO = ~O 

Po~o = ~O and PO~~,= $1 = ~(eoeq) ; therefore 
F t 

, and heRce (6~)n = ~ • The uniqueness of ~ 
! 

with res~eet tb this property follows by its uniqueness in 

making the dia gram 

commute, for if ~I :eolimF+E s~tisfies (6~')nF = ~ 1 then 

(XàX~ 1 ) n~ ,;, ~O 

and henee ~I = ~ 

~I 

" . 

lt remains ta prove the nat~~ali~y of n~IEC+6eolim . ' 

C Il. ' 
Given a map T:F+F I in E ,i~ is requ~red·to show that the 

square 

nF 
F ) ôcolïmF 

jt • (1) ; j6eolim'T 

, F' 
FI n ) \ôcolimF r 

• 
is commutative . ~et the internal funetor FI be described 

as usual (with ~!:E~+X. , O~i~,2 1 etc.) ,a,nd denote by 
~ ~ ~ 

/ 

-, 

, 
J 
\ 
1 
'~ 

i 
J 

1 



• 

( 
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\ 

~ ( 
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,li:XiXCOlimF'+Xi the first projèct,ion maps of the produq~s , 

arising from the internaI functor_ ô'colîmF' .r with correspon-

ding second projections L~:X.xco1imF'+colimF' . Th,n 
~ l 1 • , F' l, 

Cl) is, commutative iff (LlcolimT)O~O r n~To ' i.e. 

squ~re 

1 , F ) FI, 1 
(XOxcolimT)nO = noTa' and ,the latter follows by the uni~er.- q 

saI proàerty of products , upon conside~ing the diagram l ' 

. 
and noting that 

and 

l
,- FI 
OnOTO 

(coeql ) TO 

(colimT) (coeg~ 

-1 . 

~by def. of colim!) 

hence n is a natural, transformation , and this completes the 

proof that colim is the 1eft adjoint of Â 
ft 

Remark. The co1imit of a functor F:C+~ may , or-course , 
, 

be defined as an object co1imF together with a natural 

" 

, 

'l 

f 
) 

1 

, , -

, 
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\ 

trànsforrnation n:F+6colimF which is universal*among natural 

transformations F+t:. (E) (E an objept in ~) t,' and this defini­

.tion is easily seen to be equivalent to the given one , due 

to the above discussion • 

4. Limits 

Definition. Let C be a category objeot in E , and 
'L- ~~ 

F:C+E a' (covariant) internal functor (described as usual) . 

Then t~é limit of F i5 an object limF in ~ , together with 

a natural transformation T:6limF+F which i~universaIt~mOng 

natural transformations 11 (E) +F ~. 

"We assume , from here on , that E is cartesian 
'-

closed and, construct limF , 'noting that the following nota-

tion and terminology will be used : given a map f:AxB+C in 

! ' its ima~ge under the map T B,C: ~ (AxB, C) +~ (B, cA) (where T 

is the natural isomorphism which' defines a product'exponential 

adjointness in ~) will be called the, transpo'se of f " and 
A . A -1 

wri tten (t"': B+C i tne image of a map g: B+C ,in E undèr TB 1 C 

will r::ISO be callea the transpose of g , but will be denoted 

by g:~xB+C 

called the 

; the transpose of the i~ntity 

evaluation map , and deno~ed by 
j 

B B 
rnap A +A will be 

B ev:BxA +A ; g~ven 

a rnap h:A+C , 'hB :AB+eB will denote the transpose of the com-

posite h (ev) : BXAB+A+C . 
We define objects RO and RI in ! by the 

* An initial obje ct in thé comma ~).tegory (F. E~). 
t A ~erminal object in the comma category (~/t F). 

pullback square 

1 , 
l\.. 

1 
1 
1 

. 
\ 
\ 
1 
~ 

1 
i 
i 

,1 

1 
1 



1 
r 

1· 
1 

i 

1 
1: . i 

, ,~ 

" \ 
7 

( 

-, 

( 
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o ' 

where 1 is 'a terminal object in E and define maps 
• . 

'co ,cl : RO-+Rl as follows : th~ C?o~utativity of the first 
, -

pullback square above implies t~e commutativi~y of its 

"transpose diagram" , namely 

xo~ao X ' 
-~--=--+) X xE 0 ' ev 

O. 0 

which shows tha,t 

d XR 
X1jXRo--=1:....-..;;..O~")= Xo XRO 

!. X x Ct. , o 0 __ 

. Xl x{"O . 

X xl pro]. 
.1 

l ' 

f 

" 

'conunutes ,so letting <P:X1xRO+E~ be the composite 

dlXRO 1 XOXCL O ,'1. X 
X R ~ X xR ) X xE O~ E i X 

0 0 0 0 0 0 

~, 

, . 

, " 

J 

o 

, 

\ ' 

, 



. , 

" , 
,. 

, 1 

. , . , 

;. 

, ,. 

, \ , 

... 

, ~ 

.,..(;,., .. r;:l ... ~-~!~ (i,1~{,~tf"-r""~~';""?::"'~~,,'11 \\'ft)~.~,,,«,~'::J~!;~";-~",,.li1t.,~t.V""'''~1 .. ~, "'~/- , . ' 
/ 
Î 

. , 

we see that the outside of the diagrarn 

. , , 

..... .J ' 
f, 

, '. 

1 

fornrnutes hen,ee i~ducing CotRo-+Rr50 cl < (ô1ç:"I ,19~ is 

defined through the same pullback square , where ~ :X1xRO-+Ei 

is given by 

·proj. 

Finally we 

l.Tha t • thi s 

.. 

\ 

'" 

0\ 
1 

\ 

J 

the detini tion 
1 

" 

:1 

\ 

, 
~. 1 

) 

, ' 

j' 
! 
1 

,1 



, 1 

( . 

; 

a 

fi 
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of the limit of F: C+E will be clear by the discussions in 

the next ~ection . 

We give an interpretation of the above construction 

in the category of XI' -1 d sets : RO~{fEEOO 1T Of = ld
xO

} XO~X01TO ({xo }) 

RI~{fE:E~ll1Tof -1 
== dl} Xl~Xlrr? ~{dl(xl)}) ; for,all fERO for , 

aIl ge:XI ' we have Co (f) {g) = f (dl (g» and Cl (f) (g) = 

F (g) (f (dO (g) ) ) , so 

limF ~ {fERO 1 F (g) (f (dO (g) ) )=f (dl (g) ) , for aIl gEX
l

} • 

. ,,;;. F FI . EC , • l t Now g,l ven a map 1.: -+ ln _ , 1. e . an ln t~rna na u-
. , 

raI transformation , we define a map ''limT: limF-+ limF 1 in E' as 

follo\,?s : ,let S: limF-+'(EÛ) Xo denote the composite 
\ 

X 
0. 0 X TOO 

lîmF,-~eq.:.L--:") RO----)~ E 0 O-~-~) 

(where aIl primed ~mbOls will refer ,to the functor FI)" , and 

define t: limF ..... RÛ JI! 
\ 

, . 

i t then follows ,(al though ,the ~roof is and will 

, ' '. 
, 

; , 

, 
t, 

l 

l 
-1 

f 

! 
1 
1 
1 

! 



( 
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be omitted) that Co~'cit' so that t~e univbrsal property 

of equalizers ShOW~ -~rr'dt there exists a unique map (which we 
. 

" shall .. denote by limT) l<imF-+ limF·' ma~ing the diagrarn 

( 
1 

l 'mFl eq RI 
\ ~ 0 

lim,!. ~ 
I/t

, 1 

Cl o 
Cl • RI 1 1 

limF . 

conunute • 

, "t th t l' C , We are now l.n a posl.tl.on 0 prove a l.m:E +E lS a 

i. e. that functor , for ,giyen an identity rnap T:F-+F in E
e 

TO:EO+EO is'the identity, we have s = ().O(eq) so that t 

, hence the uniqueness property of ,1imT shows that limT .. 
eq 

id1 irnF ° 

given (composable2 inaps T :F+F' " TI :F'+F" in EC , we have 
r-

A 

X '. 
s:limF eq 

RO 
.ClO 

) EXO 
TOO 

(E 1) Xo ) >-0 ° 
~ 

(~o)XO 
' 9 

eg' Cl' 
(E' ) Xo (E") X o 1 

s' :limF' ,,' R' 
0 

) )-
0 0 0 

CX Q . EXO 
(T 1 T ) Xo 

s": limF es 
" RO " o 0 » (E'~) Xo p. 

0 0 
, 

t = < s, (lirnF-+l) > 
" 

t', = < s' , (1 imf ' -+ 1) > , , 
.. 

tIf ..... <s"', (limF+l) > 
0 

-

l • 

• 



1 
,\ 

1 

Î 
1 

f 
~' 
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l 

... 

( 

"" 
/JI' and 

S<;I lirnL 
\ 

(~p) xOab (eq' ) lirn~ 
(L,)XO~'-t o _0 

(L O) :KOS l' 

(t 0) XOT~Oa~(eq) 
(t 0 t 0) ~OCXO Ceg) 

SI' , 

50 tha t t 1 limt = t" (by the unigueness property of t")' hence ~ 

(eg") (limT 1) Ùim-r) = t 'limt = t" , and the ùniqueness property 

of lim(t'T) now shows that lim(t'T) = (limL') (limT) • 

Remark. The i,nternal prod':lct of -t,he map ~O:EO-rXO along 

XO+I (Le. XII-j.l (1f 0) ) is by definition the object Ra in ~ • It 
a 

is ,easily seen that this is a special case of the n'otion of 

(internaI) limi t , for taking the discrete category abject V 

in E (as in '\ction 2)' , 1T 0 defines an internaI functor f: V+E , ~-
" 

and limF is precisely Ra 

5. Lim as a Right Adjoint 
1 

We prove 'in this sec.tion that lim is the right pdjoin-t 

of 6. • It suffices to show the existence of a natural t;rans­

formation e::ll.lim-+IEC, such that.each e:F :6.limF-rF is u~;iversàl 
d 

from 6. to 15' 

Let F: C-+E be described as usual • , and denote by 

, li': Xi x limF-+Xi (0<i~2) the first projections. of, th~ t products , 

arisipg from the int~rna:l functor 6.I.irnF. _pefi~e e:~: XO~~i~+~o 

, 
1 

., , 

~1 
~ 

1 
1 
l , , 

1 
f 

l ' 

I~ 

l' 
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'. , 
\ 

by the composite l ' 

\ 
'il ~ 

ev 1) EO 

F t ,p , 
Ta show that E :~limF~F is an internal natural transformation 

conditions (1-) an~ (2) in the dkfinition, must be verified . 
ô 

10 iff the outside' of the di~gram 

XOX (7q~ xoxaÔ 
\ 

XOI:~mF 
XOXE~O ev 

XTO . , 
p~oj. 1> ' 

0 

Xo <-Xo ) Xo 
o 

" 

commutes , and this is sa , sinee the rig~t hand triangle 

commut~s 
" (as shown in section ~ , when defin.i:ng c' ) 0\ 

F ' (2) Defining El by the diagram 

Xl x~tïnF , 

"-
"- F "- ..... El 

"- Ôo "- " 

~r 
0 

· ra ';ia 

do \) 

Xl ) Xo , 

" 1 

0 

. 
" 

We- reeal1 

Cl 

() 

~ 

, ' 

- i ~ 
i ~ 

J 
J' 

) 

1 
è 

& ' 
\1, 

, , 

, J 
, , 



l' 
f 

1 

,1 
, 1 

l 

( 

- , 

( 
( 
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the construction of limF i in partic~Ilar the de fini tion of 
, 

~ : Xl x~o -+El ' 1 ènd cons>ider the diagrarn J 

"~ 

dOXRO 
) XOXRo 

XOXCl O 

XOI::O 
X1XRO 

) 

"-
"- "-

" ;",~ 
" Ôo ~ 

J~l 
) 

J:O 
dO - )' X )- Xo . l 

.-JI) 
(, 

~ F 
', ... after whic~ i t follow]3 (by the unigueness property o'f E: 1) 

F F' . 
th,a: E: 1 = J (Xi x (eq) i hence 1\ El ~ <5 1 ~ (XIx (eq) ~ • Now by 

~ produ'ct exponential adjointn.ess .in ! ' the âiagram 

~(XIXRO,EO) r ) 

lE (Xl x(;'q) ,EO} 
~(XlXli,mF,EO)" ~ 

commutes sa that 

.r 15
1 
~1 (eq) 

III 

.... '(ll Cl (eq) (see sec,tion 4 , COns­

truction of limF) 

-. 
" , 

.. 

-~,~'" .... y .. ~, J.._ "'/');:~t~t.~~ -..-

1 

J 
'1 

". " i 
i , . 
1 

1 

1 

1 
1 
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1-1 

hence 
, 

L' _ ' 

(l~o (~c;I) 
( <p ) (ec;I) 

(by def. of, eq) 

(by def. of cO) 

, =.r <p (X x (eq) ) ) 
l 

, 

0l~(XIX(eg» ~(Xlx(eq» 

But it follows imm~diitely by the definitions F 
of EO and ~ 

bhat ~(Xlx(eq» = 

To verify 

E~ (dlXli~) " henbe 01 Ei = e:~ (dl xlirnF) 

the "universal property o'f, e:~irnF+F , let 

in EC , i. e. an internaI nat'dt;al transfor-

mation , then 6 consis ts of- a map e 0: XO'xE+E O in ~ , sa tis fy- 'l 

'ing n 0 60 = Po and 0lEl l = 60 (ô l xE) , ~here 61 = <Pl,60(dOX~»" 

and p.:X.xE+X. (O<i<2) denote:the first pro)'ections of the 
~ ~ ~ = = 

products , arising from the in~erhal functar ~(E) ,We then 
, . 

require a unique ma,p tjJ:E+limF in E such that e:F.f)ljJ = e l'and 

~o~ this , weexpl~it the' uni~~âl prope~:r of equalizers . 

We define a map 'I/J 1 :E+RO by the diagram 
~ 

~' 1 

'and to show that c ljJ' o 
" 

sid~ring thè diagra~ 
""" . 

" . 
clljJ' , it.suffices ,to sqow , byabn-
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( 

11 
) 1 l (dl 

1T
Xi 

l, " , 
~ 

0 XXl ~ 
0 

"'. 
that ( ~ ) ljJ , (ô ~) 1jJ 1 (since Cl1CO 

(<j» and Ct
1

C
1 

= (ô ~)) . 
l l 

Now 

,~ Ct 1/J' (9 ) 

" Q 0 

~ (ev) (~OXClO) (XOxl/!') 9
0 

(by tr anspo 5 ïtion) 1 
, ~ 

,,1 =} (ev) (XOX(lo) (XoxljJ 1) (dOXE) 6
0 

(dOxE) r , 

9> (ev) (XOXCl
O

) (dOxRO) (X1 xtP') e 0 (dOXE) 
1 

, J 

50 t-hat the diaç'ram 
" 

. . 

r • 



& 

! 
1 

~ 1 

- j 
1 

! 

./ 

( 
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shows (by't.he' uniqueness property of 61) that 601 

Therefore 

"t '. 

Ô1~(Xl,xljJ') = 15 1 9 1 

='SO(d1
XE) 

= (ev) (X
O

X (66) (dlxE) 

(ev) (XOXo,ol/Jl) (dl xE) 

(ev) (dlXo,Ol/J') 

(ev) (XOXo,O) (dl XRO) (Xl xl/J' ) 

4> (Xl xljJ' ) 

hence by transposition.:' we get (cp (Xl xljJ' ) 1 = (0 1 ç (XlxtjJ ''> 1 , . 
which shows that (cp) l/J' = (ô ~"\ W' • SQ there exi sts a unique 

1 / 

map tjJ :E-+1imF makihg the diagram 
1 
1 

1 Co 

l~m'Fv/ eq) RO . cl : RI 
1jJ: l, lP -, 

, : 1 
E! " 

( 

conunute Nciw . 
1 

€~~ (XOX~) =. (ev). <.X,OXCl O) (~Oxeq) (XOxtjJ) 

= ... (ev) (XOXo,O) (XOxljJ') , 
, " 

hence 

, 
~. ' 

there fore E 0 €F'lltjJ 

l 

/ 

r\. 

6 . '1'0 

" .. 

• 1 

1 
l' 
1 

.. 
1 

,. -1 
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show that ~ is unique with respect to thip prop rty , assume 
,\ 

1/J" :E+limF satisfies e;F -l\ljJ" = El , then we have 

a = e;F (X xljJ") 
000 

; D 

(~v) (~oxd'o) (xoxeg) (XO
x 1/J") 

(ev) (XOxoO) (XOx (eg) ljJ") 

which implies that 

(a' 
0 

a o (eg) ljJ" 

9- , Ceg) ljJ" ljJ' (by th~ uniqueness 

* ljJ" ljJ (by the unigueness 

It remains to verify the naturality 

i _ e _ the commuta ti vi ty of the ,diagram 

,/ ~F 
fllirnF'--=""-~) F 

·l6limT F • l T 
lirnF' e: F' 

property of ljJ , ) 

property of ljJ ) 

of e: : Lüirn+ IEC , 

fi 

1 

" 

0 

h ' . . EC t' h Il . d ymb 1 . w ere T :F-+F ~, a map ~n '. No ~ng t at a 'pr~me sos 

refer to the internaI' functor F' , add recalling that s = 
'" \ 

\ 
\ 

,- (T~O) a
O 

(eg) -(as 

by the equatJon 

stated when4 defining lim on ,rnaps) , it follows 

(ev' ) (XOXs) 

that the outside of t~e d~agram 

\ , (i' 

1 

"-

~ 

1 , ! 
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" 

XoX (eq) 
XoxR~ 

XOXO;O 
XOXE~O ev 

l:o 
XOxlirnF ) ) 

X~Xli~tj X:::---
ci' 

XOx (eq' ) 
Xox (Eà)xO ev' l' , RI E' Xox ~mF ) XOX a v ) 

0 

, 
commutes , and this, is precisely equivalent to the commuta-

tivity of the requireddiagram above • This completes the 
1 , 

" 
proof that 1im is the right adjoint of ~ • 

- , 

\ 

, 

1 
1 

i 

i, 

7 
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