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bstract

The role of turbulence in the process of collision and coalescenc~ of small cloud

droplets is still an olltstanding problem in the area of cloud physics. In particular,

the growt,h of droplets in the radius range from 10 to 15 /Lm is not weil understoccl.

The present research has been motivated by the curiosity whether or not turbulence

affects the growth rate of such small drops.

We developed a method to calculate collision rates Q<small hydrodynamically

interact.ing drops embedded in an external flow field; we cali it the flux method. Then,

the::m"thod was tested for simple cases of laminar flows such as linear shear and a

two-dimensional d~formation field. The tests were designed not only to validate the

met,hod but also to examine the mechanisms associated with the simplified (l'pes of

external flows which may be equally important for real turbulent flows.

In order to obtain estimates of collision rates for turbulent flows, the flux method

was used in conjunction with a probabilistic approach. Numerous simulations of

trajectories of t,wo hydrodynamically interacting droplets in a turbulent field were

carried out. The ratio of the number of collisions to the total number of simulations

gave the probability of collision for different relative positions of the drops. Because

the Reynolds number of the flow around droplets (based on the drop radius and

terminal velocity) is small, the trajectorks were calculated with the help of a model
",

based on the lillear Stokes hydrodynanlics. Turbulence was modelled in the form
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of random Fourier modes \Vith both the space and the time spectnllll preseribed.

Both spectra \Vere characterized by Kolmogorov scaling. The space specl,rnlll \Vas

modelled in the inertial and dissipation subranges. On the basis of seale anltlysis,

only small scale time variations were allowed, and, the so called Eulerian-Lagmngiltn

time spectrum \Vas applied.

The results show that most coliision rates increase moderately in a turbulent

flow characterized by a rate of energy dissipal,ion of the order of 1, 10, and 100 cm"

sec-a. The estimated increase in collision efficiencies, ho\vever, is not uniform, and

a rather complicated relation bet\Veen the increase in the collision efficiency and the

parameters-the drop radii, and the rate of energy dissipation-can be observed.

-.
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Le rôle de la turbulence dans Je processus de collision et de coalescence des gout-

tclettes nuageuses demeure un problème important dans le domaine de la physique des

nuages. En particulier, la: croissance des petites gouttes de rayon variant de 10 à 15

Iml reste mal comprise. La motivation prèmiere du présent travail est de déterminer

si la turbulence a un effet, sur la croissance des gouttelettes nuageuses.

Nous avons développé une méthode dite 'flux' pour calculer le taux de collisions

de gouttelettes qui interagissent hydrodynamiquement dans un éeoulement externe.

La méthode fut testée pour des écoulements laminaires simples tels qu'un cisaillement

linéaire et. Ill! écoulement bi-dimensionnel déformant. Le but de ces tests fut non

seulement de valider la méthode mais aussi d'examiner les mécanismes de collisions

dans les écoulement,s simples, lesquels peuvent être aussi importants que ceux règnant

. dans les écoulements turbulents réels.

Afin d'obtenir des estimations du taux de collision dans les écoulements turbu-

lentes, la méthode flux fut utilisée dans un eontexte probabiliste. Un grand nombre de

simulat,ions de trajectoires de deux gouttelettes interagissant hydrodynamiquement

dans un écoulement turbulent a été réalisé. La probabilité de collision pour diverses

positions relatives des gouttelettes fut calculée à partir du rapport entre le nombre

de collisions et le nombre total de simulations. Dû au faible nombre de Reynolds

de l'écoulement autour des gouttelettes (calculé à partir du rayon des gouttelettes et
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de leur vitesse terminale), les trajectoires furent calculées à l'aide d'un modNe basé

sur l'approximation linéaire hydrodynamique de Stokes. L'écoulemeut, t:urbu1ent, f.il,

simulé en utilisant des modes de Fourier aléatoires prédAt.cnninés dans il: t.einps et

dans l'espace. Les modes ont été établis dans les échelles inert,ielle et. dissipative.

D'après une analyse d'échelle, seules les variations temporelles des petites échelles

sont permises, et par conséquent, le spectre temporel Eulérien-lagrangieu lllt. utilisé.

Les résultats montrent que la plupart ries taux de collisions augl~lenl.e modéré­

ment lorsque l'écoulement turbulent est caractérisé par un taux de dissipation de

l'ordre de l, 10 et 100 cm' sec-". Toutefois,l'estimation cl,) l'augmentat,ion d'elIicacité

de collision est non-uniforme et on observe une relation plutôt compliquée entre

l'augmentation d'efficacité de collision et. les paramèt,res (rayon des gontteleUes el.

le taux de dissipation énergitique).

il
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tatement of
Originality

In this t,hesis, original research directed towards the understanding of the effect

of turbulence on collision rates of drops in developing cumulus clouds is presented.

The following are t.he original elements of the present research which were de­

veloped, and, later, Buccessfully applied:

• The flux method was introduced as a tool with which to quantitatively deter­

mine the collision kernels and collision efficiencies.

• A numerical model to calculate trajectories of hydrodynamically interacting

drops embedded in an external turbulent field was developed.

• The met,hod of random Fourier modes for turbulence modelling was modified,

and, for the"first time, used to model the motion field in a cloud.



•

•

IX

•Igures
Fig. 4.1 The nondimensional wavenumber (E) and frequeucy (Xii) spce-

t.ra. 52

Fig. 5.1 Scalar resistance functions X~!J' Y~, and Y~ vs. t.he nondilllen­
siOllal separation bet.ween drop surfaces S/(1'1 + 'l',) for t.he radii
ratio À = 0.7 ,...................................... .. 58

Fig. 5.2 Scala.r resistance functions X;:!J' Ya';" and Y!~ vs. the nondimen­
sional separation between drop surfaces S/(-I'I + 'l',) for t.he radii
ratio À = 0.7. 59

Fig. 5.3 Scalar resistance fnnctions X;;!J' and Ya~ vs. t.he nondilllcnsional
separation between drop surfaces S / ('l'I + "',) for t.he radii rat.in
À = 0.7. GO

Fig. 5.4a The drop coordinates, x and z, the relat.ive dist.ance between
drops, ]J, the drop velocit.y components, V x and v=, and t.he drop
angular velocitycomponent, nv vs. time for the laminaI' set,tling
of 15 and 8 ",m drops. Numbers indicate radii. No collision oc-
curs. GG

Fig. 5.4b The drop relative coordinates, Xl -- :1" and z 1 - z", and t;hc drop
relative velocity components, v;' - v; and v; - v; vs. tillle for thc
laminaI' settling of 15 and 8 ",m drops. No collision occurs. G7

Fig. 5.5a The drop coordinates, x and z, the relative distance between
drops, D, the drop velocity components, V x and v=, and the drop
angular velocity component, nv vs. time for the laminaI' settling
of 15 and 14 ",m drops. Numbers indicate radii. No collisioit
occurs. G8

Fig. 5.5b The drop relative coordinates, x' - x' and Zl - z", and t.he drop
relative velocity components, v;' - v; and v; - v; vs. t.ime for t,he
laminaI' settling of 15 and 14 ",m drops. No collision occurs. ..... G9



• Fig. 5.6a

x

The drop coordinates, x, y, and z, and the drop velocity compo-
1l2nts, vx , v"' and v. vs. time for the turbulent settling of 15 and
8 Ilm drops and the rate of energy dissipation 1 cm' sec-3

• The
initial position of the smaller drop: R = 0.03 cm and e = 2.25°.
Numbers indicate radii. The calculation results in a collision. .... 70

•

Fig. 5.6b The drop angular velocity components, stx , st", and st., and the
turbulent velocity components, V' x , 11.", and 1/.. at drop coordinates
vs. time for the turbulent, settling of 15 and 8 /lm drops and the
rate of energy dissipation 1 cm' sec-3

. The initial position of the
smaller drop: R = 0.03 cm and e = 2.25°. Numbers indicate
radii. The calclllation results in a collision. 71

Fig. 5.6c The drop relative coordinates, Xl - x', yi - y', and Zl - z', and
the drop relative velocity components, v; - v;, v~ - v;, and v~ - v;
vs. time for the turbulent settling of 15 and 8 /lm drops and the
rate of energy dissipation 1 cm' sec-3

• The initial position of the
~maller ?~op: R = 0.G3cm and e= 2.25°. The calculation results
III a colhslOn. 72

';.

Fig. 5.7a The drop coordinates, x, y, and z, and the drop velocity com­
ponents, v"' 'J", and v. vs. time for the turbulent settling of 15
and 14 ILm drops and the rate of energy dissipation 1 cm' sec-3

•

The initial position of the smaller drop: R = 0.03 cm and e= 2°.
N11mbers indicate radii. The calculation results in a collision. .... 73

Fig. 5.7b The drop angular velocity components, stx , st", and st., and the
turbulent velocity components, V' x , u"' and v.• at drop coordinates
vs. time for the turbulent settling of 15 and 14 /lm drops and the
rate of energy dissipation 1 cm' sec-3

• The initial position of the
smaller drop: R = 0.03 cm and e= 2°. Numbers indicate radii.
The calculation results in a collision. 74

Fig. 5.7c The drop relative coordinates, Xl - x', yi - y', and Zl - z', and
the drop rf'!ative velocity components, v; - v;, v~ - v;, and v~ - v;
vs. time for the turbulent settling of 15 and 14 /lm drops and the
rate of energy dissipation 1 cm' sec-3

• The initial position of the
smaller drop: R = 0.03 cm and e= 2°. The calculation results in
a collision. 75

Fig. 5.8a The drop coordinates, X, y, and z, and the drop velocity com­
ponents, vx , v"' and v. vs. time for the turbulent settling of 15
and 8 /lm drops and the rate of energy dissipation 10 cm' seC3 .

The initial position of the smaller drop: R = 0.03 cm and e= 1°.
Numbers indicate radii. The calculation results in a collision. .... 76



•

•

XI

Fig. 5.8b The drop angular velocity components, Ox, Oy, and 0" and the
turbulent velocity components, " x , lI y , and lI z at drop coordinates
vs. time for the t,urbulent sett,ling of 15 and 8 Itln drops and the
rate of energy dissipation 10 Clll2 sec-Jo The initia! position of the
smaller drop: R = 0.03 cm and () = 1°. NUlllbers indicate rndii.
The ca1culation results in a collision. ii

Fig. 5.8c The drop relative coordinates, Xl - x2 , yI - y\ and Zl - z\ and
the drop relative velocity components, v;' - v;, v~ - v~, and v~ - v;
vs. time for the turbulent, settling of 15 and 8 Itln drops and the
rate of energy dissipation 10 Clll2 sec-J. The initial position of the
smaller drop: R = 0.03 cm and () = 1°. The calculat,ion results in
a collision. . ,.......................... i8

Fig. 5.9a The drop coordinates, X, y, and z, and the drop veloeity com­
ponents, v x , Vy, and V z vs. time for the turbulent; settling of Ui
and 14 !Lm drops and the rate of energy dissipation 10 cm2 sec-a.
The initial position of the smaller drop: R = 0.03 cm and () = 5°.
Numbers indicate radii. The ca1culation results in a collision. .... iD

Fig. 5.9b The drop angular velocity components, Ox, 0", and Oz, and the
turbulent velocity components, "x, Uv, and U zat drop coordinates
vs. time for the turbulent settling of 15 and 14 Ilm drops and the
rate of energy dissipation 10 cm2 sec-Jo The initial position of the
smaller drop: R = 0.03 cm and () = 5°. Numbers indicate radii.
Tho caleulation results in a collision. 80

Fig. 5.9c The drop relative coordinates, xl - x 2, y' - y2, and Zl - Z2, and
the drop relative velocity components, v;' - v;, v~ - v;, and v~ - v;
vs. time for the turbulent settling of 15 and 14 l.lm drops and the
rate of energy dissipat,ion 10 cm2 sec-Jo The initial posit.ion of the
smaller drop: R = 0.03 cm and () = 5°. The calculation results in
a collision. 81

Fig. 5.10a The drop coordinates, x, y, and z, and the drop velocity com­
ponents, vx , vv' and V z vs. time for the turbulent settlîng of 15
and 8 !Lm drops and the rate of energy dissipation 100 cm2 sec-a.
The initial position of the smaller drop: R = 0.03 cm and () = 5°.
Numbers indieate radii. The ca1culation results in a collision. .... 82

Fig. 5.lOb The drop angular velocity components, Ox, nv, and Oz, and the
turbulent velocity eomponents, 1J,x, 1Lv , and llz at drop eoordinates
vs. time for the turbulent settlîng of 15 and 8 !Lm drops and t,he
rate of energy dissipation 100 cm2 sec-Jo The initial position of
the smaller drop: R = 0.03 cm and () = 5°. Numbers indicate
radii. The calculation results in a collision. 83



•
XII

Fig. 5.lOc The drop relative coordinates, Xl_X', yi_y', and Zl- z', and the
drop relative velocity components, v;' - v;, v~ - v~, and v;' - v; vs.
time for the turbulent settling of 15 and 8 J.Lm drops and the rate
of energy dissipation 100 cm' sec-3 • The initial position of the
smaller drop: R = 0.03 cm and () = 5°. The calculation results in
a collision. 84

•

Fig. 5.11a

Fig. 5.11b

Fig. 5.11c

Fig. 6.1

Fig. 6.2

Fig. 6.3

Fig. 6.4

Fig. 7.1

Fig. 7.2

Fig. 7.3

Fig. 7.4

The drop coordinates, x, y, and z, and the drop velocity com­
ponents, V x , v., and v, vs. time for the turbulent settling of 15
and 14 J.Lm drops and the rate of energy dissipation 100 cm' sec-3 •

The initial position of the smaller drop: R = 0.03 cm and () = 15°.
Numbers indicate radii. The calculation results in a collision. .... 85

The drop angular velocity components, nx , n., and n" and the
turbulent velocity components, I1. x , 11.., and 11., at drop coordinates
vs. time for the turbulent settling of 15 and 14 J.Lm drops and the
rate of energy dissipation 100 cm2 sec-3 • The initial position of
the smaller drop: R = 0.03 cm and () = 15°. Numbers indicate
radii. The calculation results in a collision. 86

The drop relative coordinates, Xl - x', yi - y', and zl - z', and
the drop relative velocity components, v;' - v;, v~ - v~, and v;' - v;
vs. time for the turbulent settling of 15 and 14 J.Lm drops and the
rate of energy dissipation 100 cm' sec-3 • The initia! position of
the smaller drop: R = 0.03 cm and () = 15°. The calculation
results in a collision. 87

Collision in a still fluid. Schematic representation of the grazing
trajectory and the impact parameter y. 90

Schematic view of the geometry for the method of collection vol-
ume. 92

Schematic view of the geometry for the flux method. 93

Schematic view of the geometry for the flux method. The laminar
case. 96

Collision efficiencies in still fluid calculated with the Stokes ap­
proxiination and with the Oseen approximation in the limit of
zero Reynolds number. . (.;. . . . . . . . . . . . . . . . . . . . . . . . . . .. 102

The flux method for the case of a laminar shear flow. 104

The flux method for the case of a two-dimensional deformation
field. 106

Collision efficiencies for still flow and deformation field. 106



•

•

Fig. 8.1

Fig. 8.2

Fig. 8.3

Fig. '8:1

Fig. 8.5

Fig. 9.1

Fig. 9.2

Fig. 9.3

Fig. 9.4

Fig. 9.5

Fig. 9.6

XIII

Probability P({}) and P({}) sin 2{} for the typical case of: a) a 'weak
turbulence' case (", = 10 !Lm, l', = 6.5 Ilm, € = 1 cm' sec-3 ), and
b) a 'strong turbulence' case (", = 10 Ilm, ", = 8 Ilm, € = 100
cm' sec-3). .., , , , , •... , ....••. ,,. 113

Comparison of the average radial 'in' component of the drop rel­
ative velocity for turbulent and laminar cases: a) ", = 10 Ilm,
l', = 9.5 !Lm, € = 100 cm2 sec-3

, b) ", = 10 Ilm, "2 = 5 !Lm, .€ = 1
2 -3 .: 'cm sec , , , , , , 115

Comparison of the r.m.s. relative horizontal displacèment,s due t,o
turbulence and hydrodynamic forces for two pair of drops: 10 and
9 !Lm, and 15 and 5 !Lm. Solid lines represent the displacements
due to turbulence for the energy dissipation rates from 0.01 to 100
cm2 sec-3

• Dashed lines represent the displacements due to the
hydrodynamic forces in the laminar st.ill-air settling. 119

Comparison of the laminar collision efliciencies with the turbulent
collision efliciencies for the rate of energy dissipation equal to 0.01
cm2 sec-3 • ,., ••••••••••••••••••.•••••••.•• ,...................... 122

Schematic sketch for error calculation. . , :~'. . . . . . . . .. 124

Collision efliciencies for turbulent flows with different rates of en-
ergy dissipation (€ = 100, 10, 1 cm' sec-3 ), and for laminar flow... 129

Comparison of the collision efliciencies for different strengths of
turbulence with the laminar collision efliciencies for lO"!Lm collec-
tor drops. .., , ,............................ 131

Comparison of the collision efliciencies for different strengths of
turbulence with the laminar collision efliciencies for 15 !Lm collec-
tor drops. .., ,., , . . .. .. 132

Comparison of the collision efliciencies for different strengt,hs of
turbulence with the laminar collision efliciencies for 20 !Lm collec-
tor drops. . , , , ,... 132

Comparison of the two-drop length scales for different drops (solid
lines) with the Kolmogorov length scales for different strengths of
turbulence (dashed lines) , , 133

Comparison of the two-drop time scales for different drops (solid
lines) with the Kolmogorov time scales for different strengths of
turbulence (dashed lines), and the relaxation times for different
collector drops (dotted lines) , , , 134



• Fig. 9.7

Fig. 9.8

Fig. 9.9

XIV

Comparison of the terminal velocity differences for different pairs
of drops (solid lines) with the Kolmogorov velocity scales for dif-
ferent strengths of turbulence (dashed lines). 134

Probability P(O) and P(O) sin 20 illustrating the small perturba-
tion mechanism: (ri = 20 /Lm, r2 = 12 /Lm, e = 1 cm2 sec-S

),

and (rI = 10 /Lm, r2 = 6.5 /Lm, of' = 1 cm2 sec-S
); increase of the

collision efficiency. Dotted lines represent the laminar cases. ..... 136

Collision efficiencies for very weak turbulent flows with different
rates of energy dissipation (e = 0.1, 0.01 cm2 sec-S) •••••••••••••• 137

•

Fig. 9.10 Comparison of the collision efficiencies for different strengths of
weak turbulence with the laminar collision efficiencies for the 10
/Lm collector drop. (The laminar collision efficiencies were ob­
tained for the same drop separations as those for turbulent flows.) .. 138

Fig. 9.11 Comparison of the collision efficiencies for different strengths of
weak turbulence with the laniinar collision efficiencies for the 15
/Lm collector drop. (The laminar collision efficiencies were ob­
tained for the same drop separations as those for turbulent flows.) .. 138

Fig. 9.12 Probability P(O) and P(O) sin 20 illustrating 'large' scale mixing:
(1'1 = 10 /Lm, r2 = 3.5 /Lm, e = 100 cm2 sec-S

), and (rI = 20 /Lm,
1'2 = 19 /Lm, e = 10 cm2 sec-S). Dotted lines represent angles ()
corresponding to the grazing trajectories. 141

Fig. 9.13 Collision kernels for turbulent flows with different rates of energy
dissipation (e = 100, 10, 1 cm2 sec-S

), and for laminar flow. Dot­
ted lines mark the extension of the collision kernels for identical
drops 143



•

•

xv

ables
TABLE 2.1 Characteristic Scales of a Single Drop. . . . . . . .. . . . . . . . . . . . . . . . . . . 23

TABLE 2.2 Characteristic Scales of Two-Drop Interactions. . . . . . . . . . . .. . . . . . 23

TABLE 2.3 Characteristic Scales of Turbulence 25

TABLE 7.1 Collision Kernels for Two-Dimensional Deformation Field .. ..... 109

TABLE 8.1 The Dependence of t,he Collision Efliciency on the Initial Dis-
tance iJetween Drops 120

TABLE 8.2 The Dependence of the Collision Efliciency on Turbulence
Truncation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 121

TABLE 9.1 Turbulellt Collision Efliciencies for Different Radii and Differ-
ent Rates of Energy Dissipation .. . .. 127

TABLE 9.2 Turbulent Collision Efliciencies for Very Weak Turbulence ..... " 139



•
XVI

ontents
Acknowledgements III
Abstract IV
Résumé. VI
Statement ofOriginality VIII
Figures.................................................................... IX
Tables XV
Contents XVI

Preface 1

1 Turbulence and Collisions. A Critical Review of Literature 4

1.1 The Effect of Inertia-Early Research 4
1.2 The Rate of Energy Dissipation-A Fundamental Parameter 6
1.3 The Diffusion Equation 10
1.4 Modelling Drop Trajectories 14
1.5 Experimental Evidence 17

2 Scale Analysis 19

2.1 Cloud Droplets 19
2.2 Cloud Turbulence 24

• ir'
l'
"Il

"

3 Microhydrodynamics of Cloud Droplets .

3.1 The Low-Reynolds Number Approach .
3.2 The Resistance Problem .
3.3 Solutions of the Stokes Equation .

3.3.1 Method of Bispherical Coordinates .
3.3.1.1 Axisymmetric Problem .
3.3.1.2 Problems with a Plane of Symmetry .

26

26
28
30
31
32
32



•
4

3.3.2 Method of Reflections .

3.3.3 Asymptotic Methods .

3.4 Molecular Effects .

Modelling of the Turbulent Velocity Field

XVII

33

34
35

37

4.1 Considering a Method 37

4.2 Sorne Aspects of Statistkal Description of Turbulence 39

4.3 Energy Spectra c.. • • • . . • • • 42

4.4 Time Spectra 46

4.5 The Method of Random Fourier Modes 48

4.6 Realizations of the Turbulent Field. . . . . . . . . . . . . . . . . . . . . .. . . . . . . . . 51

5 Modelling Drop Trajectories .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 55

5.1 The Model 55

5.1.1 The Scalar Resistance Functions 56

5.1.2 Turbulent Velocity 57

5.2 Numerical Procedures 61

5.3 Trajectory Simulations 63

6 Collision Kernels and Collision Efficiencies 88

6.1 The Stochastic Coalescence Equation 88

6.2 Turbulent Kernels and Collision Efficiencies 91

6.2.1 The Method of Collection Volume 91

6.2.2 The Flux Method 92

•

7 Laminar Calculations .

7.1 An Overview of Methods of Calculating Collision Efficiencies

in Still Air .

7.1.1 The Superposition of Flow Fields .

7.1.2 Direct Calculation of Hydrodynamic Forces .

7.1.3 The Choice of the Hydrodynamic Representation .

7.2 The Case of a linear Shear .

7.3 The Case of a Two-Dimensional Deformation Field .

7.4 Collision Efficiency for Almost Equal Drops .

97

97
97
98

100

103

105

107



• 8

9

Turbulent Calculations

8.1 The Operat.ional Det.ails of the Model .
8.2 Calculation of the Average 'in' Component of t.he Radial

Velocity .
8.3 Test.s and Justifications .

8.3.1 The Dependence of the Collision Efficiency on the Initial
Distance between Drops .

8.3.2 The Dependence of the Collision Efficiency on the
Thuncation of the Turbülent Field .

8.3.3 The no-Effect Limit of the Rate of Energy Dissipation .
8.4 Error Analysis .

Discussion of the Results

XVIII

110

110

114
116

116

120
121
122

126

•

9.1 Presentation of the Basic Results 126
9.2 Results from the Point of View of Scale Analysis 133

9.2.1 Small Perturbations ta Gravitational Laminar
Settling 135

9.2.2 Turbulent Mixing 140
9.3 Collision Kernels and the Extension of the Results for

Identical Drops 142
9.4 Suggestions for the Improvement of the Results 144

Conclusions 146

Bibliography 148 .



•

•

1

reface

How rain forms-a basic part of the education of a meteorology stlldent, yet,

surprisingly enough, a subject of serious research of only the pasto 50 years; even

more surprisingly, a subject still not weil understood. Although, precipitation is gov- .

erned by large scale weather systems, microphysics of douds plays Il significant rolc,
-c

and as such needs to be properly addressed. The process of rain format,ion under

consideration here-collision-coalescence-is one of the two recognized mechanisms

of rain formation. The initial growth of cloud droplets is entirely due to condensa­

tion. Condensation produces droplets as big as 10 /Lm in radius but above that size

condensational growth rates become so slow as to be ineffective, and other processes

must talœ over in order to generate large rain-size drops. One possibility is that the

next stage of formation of precipitation involves the ice phase. Water vapour which

is saturated with respect to liquid water become supersaturated wit.h respect to ice-

thus diffusional growth of ice cryst.als is vigorous:-.',Vhen ice crystals formed in S~~l

a way encounter higher temperatures, they melt, and fall down in the form of rain.

This is the, so called, Wegener-Bergeron-Findeisen process. The alternat.ive scenario

does not involve the solid phase. Due to their different terminal velocities, drops

of different sizes will collide and possibly coalesce which is predict.ably termed as

collision-coalescence.t Metaphorically speaking;'collision-coalescence is a 'Cinderella'

among the rain formation mechanisms, since for many years the Wegener-Bergeron-

t In mechanics of aerosols the analogous process is called coagulation while in the carly years meteorologistH tend

to use the ward coalescence. Wc prefer the term collision-coalescence as it rcfiect.s the double nature of the affect.
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Findeisen process was the principal concern of meteorologists. However, the idea

that collisions between drops of different sizes are responsible for the production of

large, rain-size drops, was introduced for the first time in the eighteenth century­

independently, in 1715 by Barlow, and in 1739 by Musschenbroek [Pruppacher &

Klett, 1980.] Later, Reynolds [1876] even predicted that droplets above a certain

size may grow more effectively by collisions than by diffusion. The concept was then

abandoned for half of a century. Finally, in 1941, Simpson in his presidential address

to the Royal Meteorological Society started a new era by bringing the forgotten idea

of collisional growth to the attention of the meteorological community. (This move

was strongly supported by the observations by pilots flying over India.) Presently, the

observational evidence suggests that the collision-coalescence process occurs not only

in douds with cloud-top temperatures above zero Celsius but also in clouds where

supercooled droplets are present, at temperatures of the order of -20 C (often referred

(,0 as non-freezing clouds) [Rogers & Yau, 1989.]

There are many aspects of the collision-coalescence process which are not weil

explained. In particular, little is known about coalescence. (Most of the research

has been geared toward the much easier to model process of collision.) Experiments

show that collisions of drops do not always result in a permanent union-a thin

layer of air between drops preventing coalescence. For larger drops, the coalescence

efficiency may be then lower than unity lOchs et al., 1986] which is assumed in most

applications. There is no consensus about the 'easier' collision part. Droplets smaller

than 10 l'm radii grow efficiently through diffusion, while, according to the laminar

(,heory, droplets larger than 20 l'm radii grow efficiently through collisions. Clearly,

there is a size gap where drops do not grow vigorously by either of these processes.

Also, for the same range of radii, the results of empirical 'in vitro' measurements

of collision rates do not converge with theoretical results [Jonas & Goldsmith, 1972]
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(this is except for settling in a still fluid.) The fact, that t.here are links missing

somewhere has been known for some t.ime. In particular, in 1939, while Europe \Vas

facing World War II, in the quiet Mt" Washington Observatory in New Hampshire,

Arenberg [1939] was writing: "Turbulence as the major factor in the growt,h of cloud

drops." Whether that statement is correct or not has been under investigation ever

since. Incidentally, this is also the subject. of this dissertation.

The very basic question posed at the beginning of the research presented here

was that concerning methodology-how to estimate the effect, of turbulence, and,

in particular, how to compare it with t,hat of the laminar approximation. Upon

consideration, the estimate of collision rates for pairs of drops by direct examination

of their trajectories was found to be the most viable method. The unavoidable tasks

brought by the above approach were to obtain an instant,aneous turbulent velocit,y

field, and to calculate trajectories of two hydrodynamically interact;ing drops. By

introducing a concept of turbulent collision efficiency (as in de Almoida [1975]),tho

comparison between collision efficiencies in laminar and turbulent Hows as weil as a

determination of the role of turbulence were possible. Certainly, the results do not.

answer once and for ail the question of how important is turbulence as a factor in the.
growth of cloud drops. Hopefully, however, they will serve as a step for the fu ture

development of the theories of rain formation.
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Turbulence and Collisions
A Critical Review
of literature

A wide variety of approaches have been applied in order to find the possible role
of turbulence in the process of collision-coalescence. In this chapter, we present
the ma.ior trends as weil as emphasize the results which are significant from the
point of view of the present work.

1.1 The Effect of Inertia-Early Research

Most early work looked at the effect of drop inertia as the exclusive mechanism

to enhance collisions in turbulent media. From a modern point of view, the, so called,

inertial effect can be briefly defined [Yudine, 1959] as a property of particles having

higher densities than that of the surrounding fluid to leave trajectories followed by

fluid parcels. The noticeable effects of the above are: the lower velocity of the particle

in comparison to the surrounding fluid as weil as the retention of velocity correlations

by particles for longer periods of time. Particles (or droplets in our case) of different

sizes exhibit different 'degrees' of the inertial effect. In the works by Arenberg [1939J,

Gabilly [1949], and East & Marshall [1954], the relative displacement of two drops

due to the inertial effect .was compared to the relative displacement due to gravity.
'.
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While 'turbulence' in the two earlier papers \Vas exclusively modelled as a sinusoidal

motion, East & Marshall applied a random velocit,y field. Alt.hough the adual results

of East & Marshall are of historical value now, il. is worth presenting both the method

and the results because they influenced future thinking.

In a one-dimensional, random ambient, '~elocit,y field, the relative (vert,ieal) ve-

locity of drops, w(t) has a Gaussian dist,ribut,ion. Beeause the motion of drops is

caused by the random velocity, u(t), the variance of the distribut,ion, w(t), must, be

solely determined by the random velocit.y field. Making use of the theory of stat,ionary

random functions, the variance of the relative velocity is

a~ = 1=1'~ IG(w) r/w,
o li.

(1.1)

where G(w) is the spectral density function for the random variable n(t) and

a;' = 1=G(w) r/w. (1.2)

Various forms of G(w) have been examined (e.g. Gaussian, uniform, delta, and

Markoff distributions.) For most of them, a similar dependence of the variance of

the drop relative velocity on the variance of the acceleration of the randûm field (a~)

was found
2

2 2 ( m'l rn2)a -a -----
w - a 67TlJ7'l 67rVT2 '

(1.3)

(1.'1)

where ri and r2, and ml and m2 are respectively the radii and the masses of the

drops, while 11 is the kinematic viscosity of air. The analogue of the above eqllation

for gravitational coagulation in a still fluid is

W-g(~-~)
- 67T1I1'1 67T111'2'

East & Marshall pushed the analogy even further, by calculating the relative volume

•
swept by the collector drop as

V = 27T(rl +1'2)21= E(w)wP(w)rlw, (1.5)
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where E(w) is the collision efficiency which, in this particular situation, is a function

of the relative velocity, w, and P(w) is the probability density. Note that for the

gravitational case

v = 7l'h +r2)2Ew. (1.6)

•

The collision efficiencies E and E(w) were ealeulated according to Langmuir [1948].

East & Marshall examined collision rates for the ffjllowing situations: random motion

with the r.m.s. value lIa, equal to gravity, gravity alone, and random motion with

gravit,y. Two major conclusions of their research were: 1. The random motion alone

enhances the collisions between droplets of small radius ratios as compared to the

gravitational case. 2. Any fiuctuating component parallel to gravity increases the

collision rates. (Note that the fiuctuating component which was assumed was of the

~~c'c';~der of gravity-hence the elfect was significant.) The major eriticism whieh East

& Marshall faced was that eoncerning the aetual eharacter of turbulence as opposed

to their model of random motion. In particular, no spatial vai'i~j;ion of the velocity

was allowed [Salfman & Turner, 1956]. This is a criticism rather difficult to refute.

Further, treating hydrodynamic interactions in the same way as for the laminar case

was Ilot correct. Still, the qualitative eharacter of the elfect of inertia on collision

efficieneies was captun!d)8alfman & Turner, 1956].
,r :.-.!;-

1.2 The Rate of Energy Dissipation-A Fundamental
Parameter

In order to enlighten the role of turbulence in the process of collisions between

small cloud drops, a realistic model of turbulence was applied by Salfman & Turner

[1956]. The fundamental assumption of that research was the isotropie charaeter of

the turbulent field which is justified since only the smallest scales can affect collisions
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of small cloud droplets. They recognized that drops may collide due to t.wo possible

mechanisms: their different. motions relative to the air and different. mot,ions wit.h t.he

air. While the first mechanism does not. allow for collisions of drops of the same size,

the second inherently has no such rest.rictions. The research delivered by Saffman

& Turner emphasized collisions between nearly ident.ieal drops, and, conseqnent.ly,

did not take the hydrodynamic int.eract.ions int.o account. (The experiment.al evi-

denee available al. that t,ime [Manley & Mason, 1952] suggest.ed t.hat, t.he collection

efficiency of almost identical drops is equal to unit.y.) Two analyses were performec!,

one concerning exclusively t.he collisions due t.o the mot.ion wit.h t.he air, and anot,her

including ail three elements: mot.ion wit.h the air, and mot.ion relat,ive t.o t.he air duc

to turbulence and due to gravit.y.

The collision rates due to the motion with the air were estimated by calculating

the flux of drops through a sphere of radius equal to the sum of t.he drop radii, ", +"2'

This flux was est.imated as

(1.7)

where W x is the relative radial velocity along the radius parallel t,o t.he x-axis (not.e

that turbulence is isotropie). Since "1 + "2 is small wit,h comparison t.o t.he small

eddies, and, further, using the result obtained by Taylor [1935], the following can be

written

(1.8)

•

where 1J,~ is the x-eomponent of the turbulent velocity, and E is the rate of energy

dissipation. The collision rate is thus

(1.9)

where nI and n2 are the concentrations of drops. Clearly, the collision rat.es are

dependent on radii as weil as on the rate of energy dissipation. With t.he help of
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the 'predecessor' of the stochastic growth equation [Smoluchowski, 1917], Saffman &

Turner concluded that the significant growth of initially uniform droplets may occur

for the rate of energy dissipation equal to 1000 cm2 sec-3 •

In the second approach, the path of East & Marshall was roughly followed.

From the results of molecular theory, for nonuniform gases in particular [Chapman &

Cowling, 1970J, the collision rate is

N = 7Th + "2)2n ,n2 JJJw P(w) dw, (LlO)

where P(w) is the probability distribution function of the relative velocity. Saffman &

Turner chose the relatively simple form of a three-dimensional Gaussian distribution.

In order to find the variance of the distribution, the velocities of the drops were

decomposed into the motion with the air, u, and relative to the air, q

v, = u, + q, V2 = U2 + q2' (1.11)

Clearly, the variance of the relative droplet velocity w is

var(w) = var(v2 - v,) = var(u2 - u,) + var(q2 - q,). (Ll2)

In order to evaluate the variance associated with the motion of the air, the properties

of turbulence were exploited once again

(Ll3)

The variance of the velocities relative to the air was estimated by averaging the drop

equations of motion in the form

where g is the acceleration due to gravity, and P and Po are the air and drop densities

respectively. (Analogous equation holds for the second drop.) Without going into the•
dv, 9Jt P du, ( P )- = ---(v, - u,) +-- + - - 1 g,
dt 2"rPo Po dt Po

(Ll4)
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details of the calculation, let us look at the final expression for the collision rate

"9 1 l' D .,
1 • [( (»- l' ( )-( 1/.x )-N = 2(27i')2(rl + "2)-11.111.2 1- - - --:;- - --:;- -- +

(>0 2(>0 11 ".; Dt, -,
•

:'.Iotion rc1lüi\'C to the llir Juc to t1lrbu!CllCC

l( (»29/1(11)2.1 .f]- 1- - - --:;- - - g-+ -("1 +"2)-- ,
,3 (>0 2(>0 '1 ,.~ .~

1-lotion relative to tre llir dnc to gnwity 11otioll with the l\ir

(1.15)

•

where D;: is the Lagrangian time derivative which was assumed to be eqllal to t,he

Eulerian time derivative ~. Saffman & Turner concluded the fol!owing. In hetero­

geneous clouds, the collision rates due to the motion with the air arc higher than

those due to the motion relative to the air (except for very smal! droplets 1··10 I,.m

in radius depending on the strength of turbulence.) The collision rates due t,o the

motion relative to the air will increase significantly for the r.m.s. accelerations of

turbulence of the order of gravity which corresponds to the rate of energy dissipation

of approximately 2000 cm2 sec-3 •

In the paper by Saffman & Turner, a realistic (up to date in 1956) model of

turbulence was used. They assumed a homogeneous and isotropic turbulent field (a

justified assumption on such a smal! scale), and pointed out that the rate of energy

dissipation is the only parameter of turbulence which is crucial for the process Ilnder

consideration. In other words, the effect of turbulence on the collisional growt.h of

cloud drops is solely governed by Kolmogorov scaling. Despite forty years of research,

the fundamentals of the theory of homogeneous turbulence have not been discredited.

However, the entire approach of Saffman & Turner is geared toward finding the effect,

of an average turbulent field on collisions. As was pointed out by Narashima [1990],

the averaged turbulent field (as governed, for example, by the Reynolds equations)

is just one of many possible realizations, and, consequently, may not represent the

real field. However, the results obtained by Saffman & Turner should be t,reated as a

'first order approximation' on which to build more refined methods by considering not
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average but instantaneous fields. The major shortcoming of this otherwise magnificent

paper is not including the hydrodynamic forces, but, this would not be an easy task

in the formulation applied by Saffman & Turner. Finally, the use of the Gaussian

distribution of the relative drop velocity seems 1.0 be somewhat arbitrary and may

have affected the quantitative results.

1.3 The Diffusion Equation

The analogy between molecular and turbulent diffusion was pointed out for the

first time in the famous paper by Taylor [1921J: "Diffusion by Continuous Move­

ments". Since then, the idea has been widely employed 1.0 describe the ability of

turbulent motion 1.0 mix or transport momentum, kinetic energy, heat, partic1es, etc.

(see for example the text by Tennekes & Lumley [1980J.) In particular, in the area

of the mechanics of aerosols, the diffusion equation has been extended 1.0 turbulent

motion (various applications can be found in the text by Fuchs [1964].) From the

mechanics of aerosols, the diffusion equation was then introduced 1.0 cloud physics.

Smirnov [1968], delivered a through analysis of ail the possible factors involved in

the process of coagulation of cloud droplets. (We purposely switch 1.0 the term co­

agulation because this is the word preferred by scientists in the field of mechanics of

aerosols.) Diffusion onto a sphere streaming with the velocity v is not governed by

Fick's second law
an-a = \1. \1Dn

t
(1.16)

(1.17)

•

(where n is the concentration of particles, and D is the coefficient of diffusion) but

instead, il. satisfies the Smoluchowski equation [1916J

anat = \1 . (\1Dn - vn).

In fact Smirnov used both of the above equations 1.0 examine a wide range of processes:
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molecular diffusion, molecular diffusion with gravity, turbulent diffusion, molecular

and turbulent diffusion, molecular and turbulent diffusion with gravity, molecular

diffusion with electrostatic forces, turbulent diffusion wit.h electrostatic forces, and

turbulent and molecular diffusion with electrostatic forces. The results were obt.ained

for colleetor drops in the range 1-15 /lm. Smirnov applied the solution of a steady­

state Smoluchowski equation which was derived by Frisch [1954]. (Frisch ealculated

the flux of aerosol partieles onto a streaming sphere. This flux, divided by the con­

centration of the collector drops gives the collision rate.) For the case of 1Il0leculnr

diffusion with gravity, Smirnov used a convenient form of the flux in terms of the

nondimensional Reynolds, Knudsen, Stokes, and Péclet numbers. In order to repre­

sent turbulence in these nondimensionalnumbers, the appropriate values of the time,

space, and velocity scales were applied. (These depend on t,he kinemat,ic viscosit,y

and the rate of energy dissipation.) Also, it was recognized that the drop velocity can

be represented by a superposition of the 'inertial' (motion relative to the air), and

'diffusional' (motion with the air) components. Hydrodynamic interactions were not,

taken into account.

A brief summary of the results follows. The effect of turbulence (for the

rate of energy dissipation equal to 100 cm2 sec-") was found to be significant for

both moleeular-turbulent and molecular-turbulent-gravitational cases compared with

moleeular and moleeular-gravitational cases respectively. Also, comparisons were

made between the molecular and molecular-gravitational cases-the associated in­

crease of collision effieiencies was tenfold. The model clearly demonstrated that tur­

bulence and gravity reinforce each other léading to highest collision rates. Finally,

no significant effect of electrostatic forces in the cases including both t,urbulence and

electrostatie forces was observed.

We start the critical discussion about the approach presented by Smirnov with
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the assessment of the assumption of constant diffusivity. The assumption of constant

diffusivity, which is a correct approximation for molecular diffusion does not work

equally weil for turbulent diffusion. This is because the time scales of interest are

usually not much longer than the Lagrangian time scale characterizing turbulence.

Still, il. is reasonable 1.0 accept the above as a crude approximation (see Tennekes

& Lumley [19801, p. 226.) Further, Smirnov used the solution of (1.17), where the

collector drop is assumed to stream with a constant velocity (may be not quite appro­

priate for € = 100 cm' sec-"), and he substituted arbitrarily the 'Iaminar' parameters

by 'turbulent' ones. It is difficult to estimate the possible errors of the above steps.

For ail turbulent cases, the inertial effect was neglected because the droplets

considered were small. The error due to neglecting inertia should manifest itself the

least for high radius ratios. AIso, no hydrodynamic forces were included which, again,

suggests that the results are more representative for drops of equal than different sizes.

In other words, the results for very small drops of similar size should earn our trust.

In order to examine turbulent collision kernels for collector drops in the range

50-800 p.m (Iarger than those which are of our principal interest), the diffusion equa­

tion for a stochastic process was applied by Reuter et al. [1988J. The rate of energy

dissipation was varied from a few to a few thousand cm' sec-". The basic equation of

Reuter et al. was the diffusion equation in the frame moving with the collected drop.

In cylindrical coordinates, (", <p, z) this equation is

(1.18)

•
where V is the probability of collision between two drops in the period of time between

t and T, VI and v, the drop terminal velocities, and !1" the coefficient of turbulent

diffusion. V is a function of t and the collector drop position in the moving frame

which also represents the distance between drops, Note that because of symmetry
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of the isotropic and homogeneous turbulent field (which was assumed), t.here is no

<,b-component of diffusion in t.he lat.t,er equat.ion. (1.18) was solved wit.h const.ant. (1.

Then, the solution was integrated over the cylindrical volume such that no collisions

were possible between drops coming from outside of the volume during the specified

time period. A slight increase in collision kernels was observed, especially for collector

drops 50 /lm in radius.

In a follow-up article, Cooper & Baumgardner [1989] crit.icized some of t.he

Reuter al. al. assumptions. In the first place, the assumption of const.ant diffusivit.y

was disputed on the ground that. the diffusion of drops depends on t,heir relat.ive

distance. More clearly, the eddies which manipulate the diffusion are smaller than or

equal to the distance between drops. Therefore, t.he size range of the part.icipat.ing

eddies changes with the drop separation. Further, the integrat,ion of t.he probabilit.y

V was questioned. While integrating, Reuter et al. assumed that. t.he concent.ration of

the collector drops is constant. According 1.0 Cooper & Baumgardner this is not, the

case because in the volume below the collected drop the concentration of the collector

drops is lower due to the fact that sorne of the random trajectories already passcd

through the collected drop. Finally, Cooper & Baumgardner pointed out t.hat in the

Reuter et al. approach, the motion relative to the air (the inertia! effect) was not

included. The general conclusion of Cooper & Baumgardner was that. Reuter et al.

overestimated the effect of turbulence.

We agree with the criticism of Cooper & Baumgardner. The additional com­

ment about the method of Reuter et al. which we have concerns the representation

of hydrodynamic forces. Reuter et al. assumed that the probability V is the product

of the probability without hydrodynamic interaction and the laminar collision effi­

ciency. This may be incorrect. The laminar collision efficiency depcnds not only on

the drop sizes but also on their relative velocity. With the ambient turbulent field,
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drops approach each other with velocities determined by both their sizes and masses,

and the turbulent field. Also, the effects of shear and rotation due 1.0 turbulence were

neglected.

1.4 Modelling Drop Trajectories

Modelling of drop trajectories is geared toward a proper description of hydro­

dynamic interactions. Levin & Sedunov [1966] extended a method which has been

t.radit.ionally used for a laminar f10w (i.e. calculation of the grazing traject.ory) t.o a

t.urbulent. case. The elect.rost.at.ic forces were also included. Levin & Sedunov assumed

t.hat, t.urbulent mixing is effective only at. large dist.ances. Thus, t.urbulence can be

neglect.ed when t.he drops are in close proximit.y. Once t.he charact.erist.ic distance

was defined, t.he ca1culat.ion of 't.urbulent.' grazing t.raject.ory st.art.ed al. t.he vertical

dist.ance bet.ween drops equal t.o t.he lengt.h parameter charact.erizing turbulence. The

smallest. scales of t,urbulence were neglect.ed. The results pointed out the importance

of turbulence. However, t.he turbulence representation seems 1.0 be oversimplified,

and, in part.icular, there was no justification given for neglecting the smallest scales

of t.urbulence.

De Almeida [1975, 1976, and 1979], went a very significant 'one step' further.

He developed a nethod t.o model an instantaneous t.urbulent. velocit.y field, and, t.hen,

ca1culat.ed t.he t.raject.ories of two drops. The hydrodynamic interact.ions between

drops were included. The collision rat.es were calculat.ed on a probabilistic basis

by repeat.ing t.he traject.ory ca1culations numerous times for different. realizations of

t.he t.urbulent field. De Almeida's results were encouraging-the collision rates, for a

collector drop 15 Ilm in radius, increased by factor 10 or even 100 for energy dissipation

rates as low as 1 or 10 cm2 sec-3• However, there has been a significant amount of
":.' ~
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criticism of the method. Because de Almeida's research was novel in comparison to

the other approaches, we will present both the criticism in the literatllre and our

perspective of de Almeida's approach.

The turbulent field was modelled with the help of a Mont,e Carlo met,hod. The

constraints imposed upon the velocity field was that of t,he second order struct.ure

function for the longitudinal and transverse velocity components in the form

(1.19)

(1.20)

•

where V r and Vn are respectively the longitudinal and transverse component,s of the

velocity, and C is an universal constant. Note that the '2/3' law holds exclllsively

in the inertial subrange. Note also that de Almeida generated a two-dimensional

turbulent field. The chosen value of ,. was 0.001 cm which is weil within the dissipation
-

subrange for both values of the examined rate of energy dissipation (Le. 1 and 10 cm2

sec3). Therefore, de Almeida's approach was criticized by Pruppacher & Klett [1980]

for using an inappropriate velocity correlation. (Clearly, the velocity field generated

in such a way reveals high and chaotic variability within the range where motion

should be correlated and velocity should be changing approximately linearly with

distance.) AIso, it seems to us that constraining the motion to only two dimensions

was not justified. Although, on average, the problem possesses certain symmetries,

the individual trajectories are by no means confined to a plane. Finally, in the

treatment of turbulence no effort was made to account for velocity-time correlations.

The trajectory calculations were performed by de Almeida with the help of the

equation derived by Tchen [1949]. Tchen's equation was the first to describe the
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gravitational settling of a spherical particle in a nonuniform flow. It reads

•
Ac.ldcd IlIlUlS

du
{}Pf­

dt f
~

PrC:lsl!rc graùient

•
a l'P du dv dr

67l"JLa(u - v) + - (- - -) ,
'-v--" ,;m; 'Op dr dr~

Stokes' drh.g" .. '
Hitltory tcrm

(1.21)

where {} is the mass of a particle, a its radius, u and v are the velocities of the

fluid and the particle respectively, and t f and t p denote time along the trajectory of

the fluid parcel and the particle respectively. One of the assumptions while deriv­

ing this equation was that the density of particles is not much higher than that of

the fluid. Because of the latter assumption, the use of Tchen's equation met with

criticism from Pruppacher & Klett [1980]. Here, however, we would like to defend

de Almeida. Corrsin & Lumley [1956], and Maxey & Riley [1983J derived a similar

equation (the latter from first principles.) The major disagreement between Tchen's

version and the later versions of the equation was centred around the, so called, pres-

sure gradient term. This term, however, as was shown by de Almeida, is small and

can be Iieglected. (Altogether the pressure gradient, added mass, and history terms

were neglected.) The next step of de Almeida seems to be more controversia1. He

formally substituted the Stokes' drag term in Tchen's equation by the expressions

for Oseen drag derived by Klett & Davis [1973], which represents the hydrodynamic

interactions. No formai derivation was given. (Klett & Davis solved the laminar

problem wit.h the inertial effects included in the form of Oseen's correction to the

Stokes' drag.) Finally, Pruppacher & Klett noticed that the results of de Almeida for

the laminar case do not, agree with those previously obtained by Klett & Davis. The

latter criticism undermines as weil the trust for de Almeida's calculations.

•
The results obtained by de Almeida showed a dramatic increase of the collision

efficiencies for the turbulent case, in particular, for small collector drops (of radii 15
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and 20 !Lm), and for the radius ratio> 0.3. It is difficult t.o assess t.he nature of t.he

errors due 1.0 calculation of hydrodynamic interactions. What. \·:ti'cfin only say is t.hat.

the method of Klett & Davis [1973] is inherently not. appropriat,e for very small drops

(say 15 !Lm in radius). Furt,her, the effect, of t.urbulenee may have been magnified

by the application of the velocity correlations charact.erizing t.he inert.ial sllbrange in

the dissipation subrange. A qualitative lesson 1.0 be learnt" ho\Vever, is t,hat, small­

amplitude spatial variations of velocil.y (the rate of energy dissipation eqllal t.o 1 cm"

sec-3) may be able 1.0 influence the relative drop trajeetories in such a \Vay that the

cumulative eirect leads 1.0 an increase in collision efficiencies.

1.5 Experimental Evidence

One would hope that a reasonably designed experiment could resolve the di-

lemma whether or not turbulence enhances collisions between drops. In a series

of experiments, Woods, Drake & Goldsmith [1972], and Jonas & Goldsmith [1972J,

examined collisions of small drops under the influence of a uniform shear flo\V. They

argued that the uniform shear represents turbulence relatively weil when the drops

are in close proximity. More precisely, the power spectra of the velocity derivatives

have maxima near the wavelength corresponding 1.0 the Kolmogorov length seale. If,

additionally, those spectra are sufficiently narrow, the uniform shear representation

may perform fairly weil. The major finding of Jonas & Goldsmith was t.hat collision

efficiencies increase appreciably for small collector drops (10-15 Ilm) for values of

shear from 8 1.0 18 sec- l . However, they were not ableto reproduce the experimental

results by theoretical calculations for laminaI' shear flow. Later, Tennekes & Woods

[1972] demonstrated that even if the uniform shear represents a 'dissipative filament',

the velocity distributions inside filaments play a major role in enhancing collision
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rates. Therefore, the experimental results for a shear flow should he interpreted

cautiously. There are no other attempts at experimental work in this area known to

t.he author.
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Scale Analysis

Scale analysis is an invaluable first-step approach to the m(\Î07-Uy of jln'id (ly­
namics problems. In this chapter we t1"IJ ta assess the importance of the fllct07'S
involved in the process of collisions as weil as ta ,iustify the methods wUh which
to investigate collision rates,

2.1 Cloud Droplets

Let us start the analysis with a single drop in still air under the influence of

gravity, Clearly, the radius of the drop represents the length scale ane! the e!rop

terminal velocity, the velocity scale, Small cloud droplets are of the principal eon­

cern in this work, therefore, we assume the range of radii from 2 1.0 20 ILln., An

isolated droplet under the above circumstances moves with the, sa called, terminal

velocity. This results from the equilibrium between the gravity-buoyancy force ane!

the hydrodynamic drag force, The drag for drops as small as those considered is well

represented by the Stokes formula

D = 61rfi. 7'V" (2.1)

where fi. is the dynamie viscosity, 1" the drop radius, and Vt the drop terminal velocity.

•
Equating the above with the formula for gravity and buoyancy

4"( )G = '31rr (1 - (lair g, (2.2)
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where P and Pair are the densities of water and air respectively, and g is gravity, leads

to the following expression for the drop terminal velocity

(2.3)

(2.4)

(2.5)

For example, t.he t.erminal velocit.y for a 15 f1.m drop at. standard temperature and

pressure is equal t.o 2.7 cm sec-1
• Table 2.1 list.s values for ot.her droplet radiL The

Reynolds numbers defined as

Re = j'V,

f1.P

are listed in Table 2.1 as weIl. Let us just note that for a 15 f1.m drop the Reynolds

number is O.Ol-a small Reynolds number indeed. Certainly the fact that the Rey-

noIds number is small rest.ricts our met.hods of treating t.he hydrodynamics to the

'convenient,' low-Reynolds-number flows.

The time scale of a drop settling under the influence of gravity is represented by

t.he drop relaxation time, Le. time needed for the initially non-moving drop to reach

roughly 60% of its t.erminal velocity (1 - ~ factor.) The solution of t.he equation

dv
m- + 61rf1.vj· - mg = 0,

dt

where ln is t,he mass of t.he drop, is

where
m.

r=--.
61r f1.

(2.6)

r is called t.he relaxation time. For a 15 f1.m drop the relaxation time is 0.003 sec

(again, more values can be found in Table 2.1.) The inverse of the relaxation time

is oft.en called the response frequency, Cl< = l/r. Further, one can introduce the

nondimensional Stokes number

where U and L represent respectively the characteristic length and velocity scales of

t.he ext,ernal flow. Small Stokes numbers characterize situations where the particle•
rU

Stk = L ' (2.7)
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inertia has a small influence on the particle motion. When the Stokes number is

small, the inertia of the drop i:; small and the drop response to the changes in the

surrounding fluid is rapid. The opposite is t,rue when the Stokes number is large. For

the scales of turbulence which are of illterest here, the Stokes llumbers are slllall (for

a 15 f.lm drop and the rate of energy dissipation 10 cm2 sec", St,k= 0.02) meaning

that if not for gravity, drops would follow the flow field closely. More values of the

Stokes number can be found in Table 2.1. The Ume and length scales of turbulence

will be defined in the following li :cion.

A two-drop ensemble calls for more scales to be defined. In the first. place,

there is the distance between t,he centres (D) as weil as between the surfaces (8). At

large separations, the Reynolds number based on D is not much smaller than 1, and

higher order, Oseen representation of the drag force should be considered (as in Klet,t,

& Davis, 1973.) Note that the initial distance between centres required for laminar

calculations is of the order of hundred radii of the collector drop. Fortunately, as

shown in Chapter 8, the interactions between droplets at large distances is negligible

as compared to their relative motion caused by turbulence. Therefore, it, is not,

essential that the Oseen corrections be included in this research.

The distance between surfaces requires special attention al. close separations.

This is when molecular interactions come into the play. The common practice while

numerically examining collisions between drops is to define a collision event as occur­

ring when

8 = O"'l, (2.8)

•
where Tl is the radius of the collector drop, and 0' is a small number, usually of the

order of 10-4 - 10-3 . If the small gap between the surfaces of t.he drops is comparable

with the mean molecular free path, A, the assumption of continuity breaks down, and

hydrodynamic models are no longer valid. The' ratio of the free molecular path to
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the characteristic length scale of the flow is referred to as the Knudsen number. For

the atmosphere À = 0.06 /Lm. Let us calculate the Knudsen number (K) for a 15 /Lm

drop and 0 = 10-".

À À
K=-=-=4.

S oTI
(2.9)

•

Certainly, we are in the regime where the assumption of continuity may not be valid

(see also Table 2.1.) However, experiments showed [Jonas & Goldsmith, 1972] that

for collector drops as small as 20 /Lm, 0 = 10-" is the appropriate value (Le. the

assumption of continuity still holds.) Higher values of 0 are perhaps better for 10 /Lm

collector drops. Still, in order to facilitate comparisons with other researches, we will

apply the lower number.

Finally, let us introduce the length and time scales of interaction between two

different sized drops. Due to their different terminal velocities, drops proceeding

with t,heir gravity-determined motion are 'in contact' over a finite time-we call it

time of interaction. During that time the larger drop relocates itse!f by the distance

which can be calculated from its terminal velocity-this is the distance of interaction.

Before proceeding with the arithmetic expressions of the above, we define the distance

between drops where they start to feel their mutual presence. According to convention

[Jonas & Goldsmith, 1972], this distance for such small drops as those considered here

is of t,he order of 10 radii of the collector drop. Physically, this means that at that

distance, the velocity generated by an isolated drop moving with constant velocity in

the still fluid is equal to 1/2e of the drop velocity (based upon the Stokes solution for

an isolated drop.) Therefore, the time of interaction between drops is

(2.10)

where VI and V2 are the terminal velocities of the collector and collected drop respec­

t,ivp\y. (Note t,hat the difference in terminal velocities represents the velocity scale.)
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• Further, the distance of interaction is

L = (10 1"1)V, .
VI - V2

(2.11)

In Table 2.2 there are tabulated values of t.he time and length scales of interact.ion

for different sizes of drops. In the next section we will compare t.hose values with the

appropriate scales of turbulence.

TABLE 2.1

Characteristic Scales of a Single Drop

Radius

(l'm)

30

20

15

la
5
2

Terminal velocity Reynolds number Relaxation t.ime St,k for St.k for

Ut (cm sec- 1) Re T (scc) E =1 cm'.! scc-3 E = 100 cm'.! sec-a

10.7 0.2 0.01 0.03 0.3

4.8 0.06 0.005 0.01 0.1

2.7 0.03 0.003 0.007 0.07

1.2 0.008 0.001 0.003 am
0.3 0.001 0.0003 0.0008 0.008

0.05 0.00006 0.00005 0.0001 0.001

TABLE 2.2

Characteristic Scales of Two-Drop Interactions

Radius Tl Radius T2 Vclocity senle Lcngth senle Timo Benie Knudscn Humber

(l'm) (l'm) VI - V2 (cm sec- 1 ) C. (cm) T (scc) J(

30 29.6 0.3 1.13 0.11 2

30 15 8.0 O.O~O 0.0037

30 4 10.5 0.031 0.0029

20 19.7 0.1 0.67 0.14 :1

20 la :1.6 0.027 0.0056

20 3 4.7 0.021 0.00~3

15 14.8 0.07 0.57 0.21

15 8 1.9 0.021 0.0078

15 2 2.6 0.015 0.0057

10 9.9 0.02 0.50 0.42 6

la 5 0.9 0.013 0.011

• 10 2 1.1 0.010 0.0088
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2.2 Cloud Turbulence

Even to the naked eye clouds appear turbulent. Yet, rigorous measurements

of the degree of cloud turbulence have only become available in the last thirty years

or so with the help of airborne instruments. With high frequency measurements of

velocity, the velocity spectrum, and, consequently, the rate of energy dissipation in

clouds have been obtclned in a number of flights. The measurements which we are

going to refer to are Ackerman [1967 and 1968], MacPherson [1977], and MacPherson

& Isaac [1979]. The values of the rate of energy dissipation obtained vary between

a few to a few hundred cm2 sec-3
• As expected, the higher values are representative

of the turbulence in cumulus storm clouds while the lower values are representative

of st.ratus clouds [Ackerman,1967.] Furthermore, the measurements of MacPherson

& Isaac [1979] show that in summer continental cumulus clouds, the values of € are

generally lower near the cloud base (20-80 cm2 sec-3) than near the cloud top (up

to 400 cm2 sec-3.) In this research, the primary goal is to investigate collision rates

in developing cumulus clouds in which the buoyancy driven turbulence has not yet

reached its maximum strength. The rate of energy dissipation near cloud base seems

to better represent young clouds. Therefore, the values from 1 to 100 cm2 sec-3 are

investigated. Also, the above values have been considered by other researches thus

we will be able to relate our results to previous work. However, in order to find the

lower limit of the rate of energy dissipation which still influences the collision rates,

the lower values, 0.1 and 0.01 cm2 sec-3 were also included.

It is appropriate for the problem at hand to restrict our interest to only the

smallest scales of turbulence. We are exclusively interested how turbulence modifies

drop t.rajectories, and, consequently, collision rates on the scale where drops interact

hydrodynamically. (Sorne researches examined the effect of turbulence on cloud drop
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spectra through large scale mixing processes of doudy and doud-free air. These eit.llCr

involved turbulence parameterization alone [Baker & Latham, 1982J or bath turbu­

lence parameterization and gravitational sedimentation [Baker et al., 1984; Jensen

& Baker, 1989]. The influence of large scale, turbulent mixing on collision rat,es is

not considered here.) The characteristic scales, then, are defined respect.ively by the

Kolmogorov length, time, and velocity as follows

(2.12)

•

where e is the rate of energy dissipation. For e = 100 cm2 sec-o, the above quantities

are 1/K = 0.14 cm, TK = 0.12 sec, and VK = 1.11 cm sec- l . More values can be found

in Table 2.3.

The comparison of turbulence scales with those characterizing a pair of drops

dearly points their similarity. In terms of spectra, the action takes place in the upper

range of the inertial subrange and in the dissipation subrange-and this is where our

model of turbulence must perform f1awlessly.

TABLE 2.3

Characteristic Scales of Turbulence

Energy dissipation rate Kolmogorov length Kolmogorov tirnc Kolmogorov vclocity

€ (cm2 sec-J ) ~K (cm) TK (sec) VK (cm scc- 1)

0.01 0.76 3.87 0.20

0.1 0.43 1.22 0.35

1 0.24 0.39 0.62

10 0.14 0.12 1.11

100 0.08 0.04 1.97

1000 0.04 0.01 3.50
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Microhydrodynamics
of Cloud Droplets -

In this chapter, we concern ourselves with the motion of the drops. We present a
model with which to calculate trajectories of pairs of drops. Our model is based on
the assumptions that drops behave like rigid spheres and are smalt enough to cal­
culate forces acting upon them with help of the low-Reynolds-number approach.

3.1 The Low-Reynolds-Number Approach

If the inertia of a drop is small (indeed this is the case as we will show later)

gravit,y and the hydrodynamic resistance are the only forces acting on the drops.

These forces, according to Newton's second law, determine the motion. Our task

is to find the resistance. The problem has an additional dimension of complexity

because of the hydrodynamic interactions between two drops. The hydrodynamic

forces can be easily obtained if the solution to the boundary value problem of the

form

au 1 2
- +u' V'u = --V'p+vV' u,at p

V'. u = 0, (3.1)

•
is known. Because solution of the full Navier-Stokes equation is by no means trivial,

we apply scale analysis to prove that our problem can be tackled by solving a linear

problem governed by the Stokes equatiôn. Let U, l, and T be the characteristic



velocity, length, and time scale respectively. Then, (3.1) in a nondimensional [orm is• Bu'
R.e SI- + Re u' . 'V'u' = - 'V'p' + 'V'2U'
--~ , 'V' . u' = 0, (3.2)

where prime denotes nondimensional quantit,ies, and t.he Reynolds and t.he St.rouhal

numbers charaet.erizing the problem are

UI
Re=­

v
and

1
SI=-,

UT
(3.3)

For a drop which seUles under the influence of gravity, t.he charact.erist.ic vclocit.y

is its terminal velocit.y while t.he characterist.ic lengt.h, it.s radius. SeU.ling in a sWI

fluid is a time independent process, but. t.he ext.ernal t.urbulent. field int.roduces t.imc

variation which may be characterized by t.he viscous cut.off of t.he time spect.nlln

(nota bene equal to the Kolmogorov time scale.) For the rat.e of energy dissipat.ion

€ = 100 cm2 sec-3
, the associated time scale is 0.04 sec. A typical 15 ILm drop has

a terminal velocity equal to 2.7 cm sec- l . Introducing the above numbers in (3.3),

we get Re = 0.03 and SI = 0.02. Clearly, the terms on the left hand side of (3.2) arc

small in comparison to t.he terms on the right. hand side. Thereforc, (3.1) tllkes t.he

form of the time-independent Stokes equation

/L'V2U = 'Vp 'V. u = o. (3.4)

•

In the presence of potential forces like gravitational or electrostatic forces, Eqn. (3.4)

retains its form as these forces can be formally incorporat.ed in t.he pressure t.erm.

The underlying assumption necessary t.o proceed with the solut.ion of the St.okes

equation which has not been addressed so far is t.hat. concerning t.he rigidit.y of drops.

It is known that internaI circulation develops inside drops falling throllgh anot.her

immiscible liquid (see for example Pruppacher & Beard [1970].) Due to int.ernal

circulation, the drag on a drop increases. Comparisons of experiment.s performed

with rigid spheres [Perry, 1950] and water drops [Beard & Pruppacher, 19691 show
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satisfactory agreement between drag on a sphere and on a drop of the same size up

1,0 radii of 500 /lm. Therefore, we feel justified 1,0 use the rigid-sphere approximation,

and in the following section we will refer 1,0 spheres rather than 1,0 drops.

3.2 The Resistance Problem

The linear character of the Stokes equation has beneficial consequences for the

process of obtaining hydrodynamic forces, couples, and stresslets. The last are of no

interest 1,0 us, yet are considered just for the sake of completeness. Let us expaIid the

ambient flow in a Taylor series. The two first terms of the series are

Upon defining the rate of stress tensor and the solid body angular velocity as

(3.5)

and (3.6)

respectively, (3.5) results in

(3.7)

•

After Kim & Karrila [1991J, the forces, couples, and stresslets for a flow in the form

of (3.7), can be represellted by the following matrix equation

FI Au A I2 ~u ~12 Qu QI2 VI - u(xI)
F 2 A 21 A 22 B 21 B22 Q21 Q22 V2 - u(x2)
TI = -/, Bu B I2 C n C I2 :gn :g12 nI - n oo (3.8)T 2 B21 B 22 C 21 C 22 H 21 H 22 n 2- n oo
SI G n G I2 H n H I2 Mn M I2 -Eoo
82 G 21 G 22 H 21 H 22 M 21 M 22 -Eoo

where A, B, and C are second-rank tensors, Gand H are third-rank tensors, and

M is a fourth-rallk tensor. The matrix in (3.8) is called the grand matrix. One can

prove that the following symmetry relations hold [Kim & Karrila, 1991]

(3.9)
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• B0{3 = B.~(\ (3.10)

C0/3 = Cft (3.11)

C n{3 _ C{3n (3.12)ijk - kij

Hn{3 _ H{3n (3.13)i:ik - kij

Mij~, = Me,~;, (3.14)

Note that in t,he above equations superscripts cr and f3 denot.e droplets and corre­

sponds 1.0 subscripts 1 and 2 in (3.8). AIso, the grand matrix is positively dclined.

The geometry of two drops possesses an int.rinsic symmot,ry-t.he lino through

the centres being an axis of symmetry. Becanse of t.his the t,ensors contained in the

grand matrix can be easily expressed with the help of scalar resistanco fnnctions l\S

follows [Kim & Karrila, 1991]

Cij{3 = X';{3didj + Yn~(\; - did;)

C~:' = X';{3(didj - ~Oij) + Yn~(diojk + dioik - 2d;d;,q

(3.15)

(:l.Hi)

(3.17)

(3.18)

(3.19)

•

where vector di is the unit vector along the line of cont.res. (An l\nalogous expression

for M iik1 can be found in Kim & Karrila [1991].) Now t.he scalar resistance functions

X"'{3 and Y"'{3 have a very straight.forward association with simple t.ypes of mot,ion

such as motion along the line of centers, perpendicular 1.0 t.he line of cent.ers, rotation,

etc.

Before proceeding with the explanation of the methods which are available 1.0

calculate the grand matrix coefficients, wc formally write the set, of equations which
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completely describe the motion of two interacting droplets

(3.20)

d[2?'
!",__' = T.o.,

dt '

dxf 0:

-=v·dt ' ,

where

(3.21)

(3.22)

(3.23)

3.3 Solutions of the Stokes Equation

(3.24)

•

Since the beginning of this century, a wide variety of methods have been applied

in order 1.0 obt,ain the f10w around two spheres. These arec'lspherical coordinates

methods [Stimson & Jeffery, 1926; Wakiya, 1967; Davis,1969; O'Neill & Mujumdar,

1971a, bl, methods of reflections [Happel & Brenner, 1966, Jeffrey & Onishi, 1984;

Jeffrey, 1992], asymptotic methods [O'Neill & Stewartson, 1967; Jeffrey, 1982], and

collocation methods [Ganatos, Pfeffer & Weinbaum, 1978]. It is not our objective 1.0 "

present a thorough analysis of ail these methods, however, the ones which are directly

applied in this research will be described in sorne detai1.

In order 1.0 find the resistance coefficients, the following steps are commonly

undertaken. In the first place, the resistance problem has 1.0 be decomposed in such

a way that coefficients in the grand matrix (3.8) can be associated with forces ap.d
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torques for the particular type of motion. (Linearity of the Stokes equation assures

that this can be done.) Then, the Stokes equation (3.4) is solved wit.h the boundary

conditions applied to the surfaces of both spheres. In the solutions presented below

no-slip boundary conditions are assumed on the spheres mcaning t,hat t.hc vclocity

on the surface of the body is equal to that of the body surface. The case of slip-f1ow

boundary conditions will be discussed in the next, section. With the resolvcd vclocity

field around the spheres, forces and torques upon the spheres due 1,0 the 1I0w arc

calculated as surface integrals

Fa = 1 (J. dS,
Sa

Ta = 1(x - X a) X (J. dS,
Sa

where (J is the stress tensor and X a is the centre of the sphere.

3.3.1 Method of Bispherical Coordinates

(3.25)

(3.26)

•

This method is based on introducing special orthogonal coordinates (ri, ç, () in

such a way that the absolute value of TI is constant on the surface of each of the spheres.

Inherently, TI is positive on the surface of one of the spheres while negative on the

surface of the other. The relations between cylindrical and bispherical coordinatcs

can be found in Happel & Brenner TI965]. The solution of the Stokes equatioll in

bispherical coordinates is exact, although represented by an infinite series. Note t.hat.

the major advalltage of special coordinates, in this case bispherical coordinates, is t.he

formulation of the boundary conditions on the surfaces of the spheres.
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3.3.1.1 Axisymmetric Problem

Let us assume that droplets are placed on the z-axis. Also, let the drops move

along the z-axis. Then, the coefficients X:;f3 represent flows axisymmetric about the
.<

line of centers. This axisymmetric problem was worked out with the help of bispherical

coordinates by Stimson & Jeffery [1926]. They considered only the case of equal

velocities, VI = V,. Because the problem is axisymmetric they introduced Stokes'

stream function for cylindrical coordinates. The solution, then, amounts to solving the

vorticity equation. After introducing special, bispherical coordinates, the analytical

solution was represented as an infinite series involving Legendre functions. Maude

[19611, showed that the Stimson & Jeffery [1926] solution can be easily extended to

the case of VI = -v" and, therefore, the general case of arbitrary velocities can be

solved as weil (because of linearity of Stokes equation.)

3.3.1.2 Problems with a Plane of Symmetry

In this case, while z-axis is the line of centres, both spheres move in the x

direction and rotate about y-axis. Clearly, the z - x plane is the plane of symmetry.

Not,ice that considering just translation allows us to calculate coefficients Y,;'), and Y~

while considering just rotation allows us to calculate coefficients Y,,~.

The methodology of a solution to the problem possessing a plane symmetry

was developed by Dean & O'Neill [1963] and O'Neill [1964], and later applied to

the problem under consideration by Wakiya [1967] and Davis [1969]. In cylindrical

coordinates, the solutions for pressure and velocity components are in the form

•
=

Il ""P = ~ L..., Qm cos m</>,
f»=O

1 = (7' )
V r = '2 L: ;;Qm + U m + V m cos m</>,

m=O
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V~ = '2 :L)Um - vm) sin mrjJ,
m=O

1 00 z
v, = 2" L:(-;:Qm + 2Wm)cosm.rjJ,

Jn=O
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(3.2ï)

where c is a constant, and Qm, 1/.,." v,." and lU m are functions of l' and:: only. Aftcr

the transformation from cylindrical to bispherical coordinates, solutions for the nbove

functions were found in the form of infinit,e series of Legcndre polynorninls.

3.3.2 Method of Reflections

Sorne problerns cannot be easily treated with help of special eoordinates. The

method of refieetions IS one of the most cornrnonly applied approxirnate rnet.hods bu t.

only for large separations. The method was developed by Smoluehowski [1911]. The

essence of the approach consists of the assumption that the ambient field around n

particle is composed of the original field and the disturbance produeed by the other

particle. The iterative process leads 1.0 a solution in the form of an infinite series.

Jeffrey [1992] used the method of refiections 1.0 obtain the solutions for the

case of the uniform straining motion for large drop separations. The solutions were

obtained separately for the case ofaxisymmet,rie straining motion-along the line of

centers, z-axis in Ùur notation (coefficients X~{J) and transverse ta the line of eenters

(coefficients Y,,~ and X~{J") The general Lamb's solution of Stokes equation [1932]

served as a starting point. This is a solution in spherieal coordinates in the forrn of

the infinite series of solid harmonies. For the problem al. hand, Lambs' solution was

written for bath pressure and velocity outside each of the spheres (hence the method

is called twin multipole expansion.) The pressure and velocity fields were then sought.

as superpositions of fields around a single sphere

Following Hàppej~ Brenner [1965], boundary conditions were applied ta the following•
(3.28)
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• three scalar functions

r",
-·U
r

rather than directly to the velocity.

(3.29)

•

Because of slow convergence for close proximity of the spheres, twin multipole

expansion is mainly applicable to cases of large drop separations. In the papers by

Jeffrey & Onishi [1984] and Jeffrey [1992J this method combined with an asymptotic

method was used to est.imate ail the coefficients of the grand matrix for arbitrary

separations.

3.3.3 Asymptotic Methods

Asymptotic methods were introduced to the problems involving hydrodynamic

interactions b)' O'Neill & Stewartson [1967] for the case of a sphere moving parallel

to a plane. They performed matched asymptotic expansion with the 'inner' solution

valid near the small gap between the plane and the sphere and the 'outer' solution

valid' in the remainder of t,he fluid. Later, however, il. was found that despite the

fact that a complete analysis can be obtained only by considering the entire flow, the

analysis of the flow in the gap alone is sufficient to find the form of leading singular

terms [Cooley & O'Neill, 1969.]

Jeffrey [1989J analyzed the case of two spheres moving along the line of centers

when the spheres are very close. The nondimensional gap between the spheres is
,
small, ê « 1. The solution for the stream function was sought in the form of power

series in ê. Later [.Jeffrey: 1989 and 1991J, the asymptotic analysis was applied to

the problem of two spheres in a two-dimensional pure straining motion. Because of
)'

symmetries of the grand matrix, the solution was obtained for the equivalent problem
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of the fiow between two deforming spheres. (In the most r.h.s. vector in (3.8), t,he

ambient strain was modified to account for the deformation of the sphere: E, - E""

and E~ - E"".) In short, the steps required to solve the problem were as follows:

transformation to cylindrical coordinates with the line of ccnters being the z-n.xis,

defining stretched variables, and expanding the velocity components and pressure

in powers of the nondimensional gap ê. In order to appl;v boundary conditions the

equatio'1s for sphere surfaces were expanded in powers of ê as weil.

Coefficients G, H and M in the grand matrix for close separation were estimated

with the help of the asymptotic method (see Jeffrey [1992].)

3.4 Molecular Effects

In the Stokesia.u formulation, there is a barrier which prevents drops from col­

liding. This is not in accord with the physical reality because the assumption of t,he

fiuid continuity is not valid when the gap between drops is of the order of the molec­

ular free path. (Note that for the atmosphere the molecular free path is of t,he ordcr

of O.(,um for typical clouds altitudes.) No attempt is known to the author to solve

the collision problem from the l'~olecular point of view. On the other hand, sorne

thoughts have been given to incorporate molecular properties into the hydrodynamic

treatment. In particular, the so called slip-fiow theory was introduced [Davis, 1972;

Jonas, 1972].

The slip-fiow theory assumes that only the velocity component normal to the

surface of the body is equal that of the body surface. The difference of tangential

components of the velocity of the body and of the fiuid at the surface of the body

is proportional to the local tangential stress in the fiuid. This velocity difference is
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called f1uid slip. Schematically, it can be written as

(3.30)

where rJ and ç are the bispherical coordinates (1] is constant at the surfaces of the

sphere), and the sign is positive for one drop and negative for the other. (3 is the

coefficient of external friction. The comparison of the experimental [Brown et al.,

1946] and theoretical [Lamb, 1932] results for capillary flows resulted in the following

expression

/1(j = 1.5'\, (3.31)

•

where ,\ is the mean free path. Davis [1972] used the above expression to calculate

hydrodynamic forces for the simplest case of motion along the line of centres. His

calculations shows a substantial decrease of hydrodynamic forces compared to no-slip

calculations. No other related work is known to us.
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Modelling
of the Turbulent
Velocity Field

Turbulence modelling has always been both a veTY active and a ve7'!J controvcT'sial
scientific subject. Yet the modelling results are seldom satisfactoT1J. In this chap­
ter, we present our motivation behind the choice of the method with which Ille

simulate the turbulent velocity field as weil as the method itself. Also, we describe
some statistical tests which were performed with the obtained velocity field.

4.1 Considering a Method

In a significant number of instances, the knowledge of statistical properties of a

turbulent velocity field alone is insufficient for modelling purposes. These are situa­

tions involving movemeilts of particles or bubbles suspended in fluids as weil as flows

of chemically reacting fluids. In particular, the treatment of the relative mot,ion of

interacting droplets, an inherently nonisotropic process, is not easy without modelling

the evolving instantaneous velocity field. (At least, this has not been successfully ac­

complished 50 far.) According to the current state-of-the-art knowledge, small-scale

turbulent velocity fields which are believed to have an influence on the relative motion

of interacting droplets, can be modelled either by the direct numerical simulation or

by the method of random Fourier modes [Fung et al., 1992J.
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The direct numerical simulation (DNS) amounts to a numerical solution of the

time-dependent Navier-Stokes equations. With more and more powerful computers,

direct simulations have become possible. (The first three-dimensional simulation was

performed by Orszag & Patterson [1972].) For the Reynolds number based on the

integral scale of atmospheric turbulence, the number of degrees of freedom is Re~

(three-dimensional flow). Resolutions that high are not possible with the current

size of computers, and will not be possible in the near future. At present, spectral

methods used in DNS's have, at maximum, 8463 degrees of freedom [Lesieur, 1990,

p. 317]. Consequently, high Reynolds number simulations are impossible. lntrin­

sically, DNS's are not able to reproduce the pure inertial (zero dissipation) flow as

this would require an infinite number of degrees of freedom. Still, the comparison

of the results produced by DNS's with experimental data is definitely encouraging,

especially for smaller scales. With the appropriate external forcing, Kerr [1990] was

even able to ~eproduce k-* spectrum for a substantial period of time (though for

a moderate Reynolds number, 86 in particular). With ail its limitations, the DNS

approach seems to be suitable for investigating particle dispersion (see for example

Riley & Patterson [1974]). However, the computational requirements (both speed

and memory) are much beyond what was available for the present research. Thus,

we direct our attention to the other previously mentioned method.

The method of random Fourier modes was introduced by Kraichnan [1970] as

a tool with which to examin~ ditf~~on of particles. This very convenient method

represents a turbulent velocity field in the form of a series of random Fourier modes.

The 'randomness' of the modes arises from generating the wavenumbers, frequencies,

and amplitudes of the Fourier modes with the help of selected random numbers. More

specifically, these random numbers are filtered and scaled in such a way that the

flow is incompressible, and a specifie kinetic energy spectrum, E(k) is realized. The
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original method was later used and modified by a number of aut,hors. IVla.xey [IDSi]

presented an elegant extension to the method allowing application t,o an arbitrary

energy spectrum. Fung et al. [1992] modified the method to include not, only the

wavenumber but also the frequency spectrum. Here, t.he nser-friendly formalism of

Maxey [198i] will be used, enriched, however, by the representation of the freqnency

spect.rum as in Fung et. al. [1992]. Before proceeding wit.h the act,nal method of

t.urbulence generation, a brief summary of sorne st.at.istical propert.ies of t.urbulence is

in order.

4.2 Sorne Aspects of Statistical Description of Iso­
tropie Turbulence

We make no at.tempt. t.o present. a comprehensive review of varions aspect.s of

st.atistical theories of t.urbulence. Rat.her only t.he basic ideas and formulae, crucial for

t.he underst.anding of subsequent. sections, are briefly summarized, For more in-depth

analyses consult Bat.chelor [1953], Panchev [19ïl]. or Monin & Yaglom [19i5].

Let. us recall once again t.he basic assumptions: turbulence is homogeneous,

isotropie and stat.ionarYj also, the flow is incompressible. The four-dimensionul

(space-time) two-point correlat.ion function for a velocit,y field is defined as

R,j(r, 7) = !L,(x, t)!Lj(x + r, t + 7), (4.1)

•

where !L,(x. t) are t.he velocity component.s and the overline represents the ensem-
,,;.,

ble average. For multidimensional random processes, the fol1owing theorem holds

[Cramér, 1940]: The necessaryand sufficient condition that R,j(r,7) be the correla­

tion tensor is that it can be expressed in the form

(4.2)
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where cI>,j(k,w) is the tensor, called the space-time spectrum such that• 111: d"k1:dwcI>'j(k,w) < 00, cI> = X,XjcI>'j(k,w), (4.3)

and cI> 2: a for an arbitrary choice of complex constants X,. Clearly,

cI>'j(k,w) = (2:)4111: dr1:d7'R'j(r,7')e-'(k.r+WT). (4.4)

cI>,j(k, w) is an isotropie second order tensor and thus can be expressed

cI>,j(k,w) = A(k,w)k,kj + B(k,w)6,j.

Further, the continuity equation for incompressible f10w yields

(4.5)

{}
-R.. (r 7') = a
{} '"r,

and
{}

-{}Rij (r,7') = O.
rj

(4.6)

The turbulent kinetic energy spectrum is probably the most commonly used

spectral function. In four-dimensional space, it is defined as

•

Substituting for R;j(r, 7') its spectral representation (4.2), gives the following

kj<I>ij(k, w) = kicI>ij(k, w) = o.

Multiplying (4.5) by k, and using (4.7) results in the condition

A(~"wW = -B(k,w).

The spectrum can now be written in the form

cI>'j(k,w) = A(k,w)(kikj :c.. k28'j),

or formally,

( ) ( ) (
~'i~'j)cI>ij k,w = q, ~"w 6ij - k2 •

&(~"w) = -2
1 1 cI>,,(k,w)dS(k).

Ikl=k

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

'f,'-'
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• Then, the average turbulent kinetic energy is calculated as

q2 100 1+00

- •-= dh, i(h',w)dw,
2 0 -00

where q is the r.m.s. velocity. Substituting (4.10) into (4.11) we obtain

&(k,w) = 4rrk2</J(k,w).

For the three-dimensional spectrum, 1II'; (k)

lII,;(k) = (2:)3111: 1t,(X, t)u)x + r, t)e-'k.rd
3
r,

the energy spectrum, E (k) is defined as

E(k) = ~1· lII.,(k)dS(k).
Ikl=k

(4.12)

(4.13)

(4.14)

(4.15)

AIso, the following relations between quantities defined in the three- and four-dimcn-

sional space can be identified

E(k) = 1:&(h"w)dw and lII,;(k) = 1:<I>,;(k,w)dw. (4.16)

•

Finally, we introduce the time spectra: Eulerian, X,;(w)

() 1 100

-ion () lXij W = - e Rij r (, T,
2rr -00

where

u,(x, t)ltj(x, t +r) = R,j(r) = 1:e'WTxi;(w)dw;

and Lagrangian, 19'j(w)

where

v,(a,t)Vj(a,t+r) ='R.,j(r) = 1:e'WT 19ij (w)dw.

(4.17)

(4.18)

(4.19)

(4.20)
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In the latter expression, vi(a, t) represents the velocity of a fluid particle (Lagrangian

velocïty) , and a is the initial position of the fluid particle. Again, Xij(W) can be

obtained by Integration of <Pij(k, w)

Xij(W) = 111: <Pij(k,w)d
3
k. (4.21)

Note that similarly to the energy spectrum, E (k), the trace of Xij (w) integrates to

the total kinetic energy

2 1100

~ = 2" -00 Xii(w)dw. (4.22)

Later, our attention will be dedicatèd to the energy spectrum, E (k) and the

time spectrum, Xii because these spectra are frequently modelled and verified exper-

imentally.

4.3 Energy Spectra

As the turbulent energy cascadès:;;'om large to small scales,

•

characterizing larger scales disappears. The small scales are therefore homogeneous,

isotropic, and statistically stationary. This idea was for the first time introduced by

Kolmogorov [1941] who termed such a small-scale velocity field as locally isotropic.

The concept of local isotropy is narrower than that of isotropy introduced by Taylor

[1934]. The locally isot.ropic flow is also statistical\y stationary, and the restrictions

defining isotropy are imposed only on the distribution laws of differences of velocities

(not on the distribution laws of velocities themselves.) As a consequence, for high
-;;-::

Reynolds number flows, t,he energy spectrum is distinctively different for smal\ and

large wavenumbers. Kolmogorov's first similarity hypothesis states that the smal\­

scale motion, if scaled by 71 K and vK (the Kolmogorov length and velocity respec­

t,ively), depend~~iJllly on the energy dissipation rate and the fluid kin~matic viscosity:
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E(k) = E(k; E, v). (This is the, sa called, equilibrium or univcrsal range.) While Kol-

mogorov's second similarity hypothesis assumes that, for scales large in comparison

to T/K, the viscosity of the fluid has practically no elfect, and E(k) = E(k; E). (This

defines the inertial subrange.) Scale analysis of the problem yields

(4.23)

(Nota bene the above expression appeared for t,he first time in the papers by Obukhov

[1949a, bl.) The inertial subrange exists only for large Reynolds nU111bers. lu the case

of large energy containing eddies it is expected that E(k) = E(k; E, 5), where 5 is t,he

average strain of the flow, and the spectrum dilfers from one flow type t.o another.

(For the details of the scale analysis see Tennekes & Lumley [1980], pp. 262-265.)

While in the inertial subrange energy is merely transported from larger to

smaller scales, most of the dissipation takes place in the vicinity of the wavmmmbcr

h, = 1/T/K, in the, 50 called, dissipation subrange. The form of the energy spect.rum

in the entire equilibrium range has not been established suecessfully (in the dissi-

pation subrange in particular). Because in the dissipation subrange the similarity

hypotheses were of little use, ~peCtratèl'f!rgy-transfer hypotheses were introduced.

Let us start with the dynamic equation for the correlation tensor, Rij(r, T). This can

be directly derived from the Navier-Stokes equation, and, for the general case of a

time-dependent process, has the form

where

âRij(r, t) ..,.. () () 2 ()ât" = "ij r,t +'Pij r,t + vRij r,t, (4.24)

and ( )
_ 1 (âpuj Dpu.i )

'Pi' r, t - - -- - -- .
J P Dri D1'j

(4.25)

Pr:hnes denote field variables taken at x+ r as opposed to those taken at x. The'.
~:pplication of a Fourier transform in the form (2~)J JJJ:'oo e-ik

.
r d3r to (4.24), and,
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• subsequently, the condition of isotropie turbulence lead to

DE(he,t) () 2 ( )
-~..:..= T h',t - 2vk E k,t.

Dt
(4.26)

(4.27)

In the above expression, T(k, t) represents the Fourier transform of T;j(r, t) and its

more detailed form will not be introduced here. (For details see Monin & Yaglom

[1975], p. 123.) The Fourier transform of Pij(r, t) vanishes for isotropie turbulence.

Now let us integrate the spectral equation (4.26)

!...1' E(he', t) dk' = - W(k, t) - 2v l' k'2E(he', t) dk',
Dt 0 ~ 0

, 'vi ' II' ... '
l III

!...1"" EW,t)dk'= W(k,t)- 2v l"" k'2E(k',t)dk',
Dt, ~,

, v ' II' ... '
IV V

where the physical meaning of the terms is as follows:

1. Energy associated with macro scales.

II. Rate of energy transfer from macro to micro scales.

III. Energy dissipation rate of macro seales.

IV. Energy associated with micro scales.

(4.28)

V. Energy dissipation rate of micro scales.

W(k, t) = J,"" T(k', t) dk' is the unknown rate of transfer of energy through the

wavenumber k. Many hypotheses have been introduced in order to model the time­

independent rate of energy transfer, W(k): Obukhov [1941], Kovasznay [1948], Hei­

sp"nberg [1948], Pao [1ge5], and others. Ali of them have sorne flaws, the discussion. -
,1

,of \vhich is beyond scope of this review. A thorough discussion of these hypotheses
, "

can befound in Monin & Yaglom [1975], pp. 212-235. Here, the Pao hypothesis will

be presented because of reasons which become clear later.

For a statistically stationary proeess, Pao assumes the following form of the

•
rate of energy transfer in the universal range (micro scales)

W(k) = u(k)E(k), (4.29)
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where CI is derived using dimensional reasoning as

(4.30)

Ct being a constant. Substitut.ing (4.29) and (4.30) int,o the differential cqllatioll

dW(k) ) .,
dl" = T(k = 21Ik-E(k),

and, then, solving il. for E(k) gives

(4.31)

(4.32)

An approximate value of the constant A is estimated by substituting the above ex-

pression into

€ = 2v 1= k"E(h:) dl".

The final form of the spectrum is

(4.33)

(4.34)

•

Measurements show that constant Ct is approximately equal 1,0 1.5 [Grant et al., 1962;

Gibson, 1963]. Spectrum (4.34) reduces 1,0 the -~ law, (4.23) for small wavenumbers.

Plenty of experiments have been condueted in order 1.0 verify Kolmogorov's hy-

potheses as weil as various forms of the energy spectrum. There is a general consensus

that in the majority of flow types both of Kolmogorov's hypotheses are truc or, at.

least, provide a good first order approximation (sec for example Mestayer [1982]).

The experimental results overwhelmingly support the - ~ law in both experimental

settings and geophysical flows. The form of the energy spectrum in the dissipation

subrange is not weil established. Instrumental limitations do not allow measurements

of the spectrum below the Kolmogorov length. Most measurements of energy speetra

have been performed with hot-wire or hot-film anemometers. The abilit,y of sl1ch

instruments 1,0 register small scale variations is limited by both the !inite size of t,he
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instrument and thermal inertia of the wire [Hinze, 1975]. With the scant data avail­

able, the Pao spectrurri performs better when compared with measurements than the

spectra obtained by Kovasznay and Heisenberg [Pao, 1965]. The data sets used in

" the comparison were the energy spectra in a tidal stream [Grant et al., 1962], and

a round air jet [Gibson, 1963]. The more recent data in a tidal fiow [Gargett et al.,

1984] are similar to those obtained by Grant et al. Because both the spectrum by

Pao and the data by Gargett et al. are compared with the data by Grant et al., one

can indirectly draw a conclusion that the Pao spectrum is in even better agreement

with the data by Gargett et al. than those by Grant et al. Still, one should bear in

mind that ail the comparisons are made with a very limited and poor data pool.

4.4 Time Spectra

A transplantation of Kolmogorov's similarity ideas into the frequency domain

lead to the derivation of an expression for the Lagrangian frequency (time) spec­

trum [Inoue, 1951]. Using purely dimensional reasoning he obtained for the inertial

subrange

(4.35)

where rh is a constant presumably of the order of unity. The inertial subrange is

confined between the energy containing range and the dissipation subrange. The

lower limit being defined by the inverse of the integral Lagrangian time scale and the

upper by the Kolmogorov frequency [Corrsin, 1963]:

In a similar way, the Eulerian spectrum was derived by Corrsin [1963]. However, the

measurements of Comte-Bellot & Corrsin [1971] put the Kolmogorov scaling for the•
and (4.36)
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Eulerian spect.rum in quest.ion. The est.imat.e of t.he ElIlerian Taylor (t.ime) microscale,• ') 2u.i
....\Ë = 00 'l ,Jo W-X.ii dw

(4.3i)

exceeded t.hat. sllpplied by t.he t.heory. This faet inspired Tennekes [19i5] t.o seek a new

t.heory. He calculat.ed an estimat.e of the ElIlerian microscale assuming that advec­

t.ion of small eddies by large eddies is govcrned by Taylor hypothesis. The important,

assumption made in the derivation was that, micro scales are statistically indepell-

dent from the energy containing eddies. The result was in accord with the formerly

mentioned measurements. The form of the time spectrllm derived be Tenllekes is

(4.38)

where (3E is a constant presumably of the order of nnity. This hypothesis is orten

called random sweeping hypothesis, and has been in the <:~·nt.re of controversy since

it was introduced (see Nelkin [1992]). However, t,he experimental evidence seems to

support the form of the Eulerian spectrum derived by Tennekes [Praskovsky ct, al., ­

1993]. The lower and upper limit of the inertial subrange for the ElIlerian speetrum

are
1 1

wE=-=
TE :' J; Rii(T) dT

where TE is the Eulerian integral time scale.

and
q

Wv=-,
1] J(

(4.39)

Fortunately for us, because of the small seales whieh are considered here, there

is no need to worry about the sweeping effeet of large scales. Therefore, even if the

required time spectrum is Eulerian in nature, the mathematieal expression similar to

the Lagrangian spectrum will be applied. In this we follow Fung et al. [1992] who

used for sueh a spectrum the term Eulerian-Lagrangian speetrurn. The ElIlerian-

•
Lagrangian time spectrum takes then the form

EL() (3 -2Xii W = ELfW . (4.40)
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One can conclude that the small scales under consideration and the eddy-containing

large scales are decorrelated for the purpose of our investigation.

4.5 The Method of Random Fourier Modes

In this section, we present the method of random Fourier modes as well as the

modifications which apply to the problem at hand. Let the flow be represented by

the series of random Fourier modes as follows [Kraichnan, 1970]
N

1/;(x, t) = L {bin
) cos (k(n) • x + w(n)t) + cin ) sin (k(n) • x + w(n)t)}.

n:;::l

condition of incompressibility

8,,·-' = 0 => b(n) • k(n) = c(n) • k(n) = 0
8x;

is satisfied for coefficients of the form .

k (n)k(n)
(n) _ .(. ) [ i; ] "(n)bi - r •. ,w Ci; - k(n)2 b;.

(4.42)

(4.43)

•

Thefunction r(k, w) scales the coefficients so the desired energy spectrum is obtained
,,- '-..:- ''.

wliile the coefficients bt) are random Gaussian· variables with zero mean and unit

variance (similar relations hold for êJn»). For r(k, w) t~ correotly represent the energy

content of the modes, not only<the~value of the energy spectrum for a specified

wavenumber and freql{ê~~ymust be accounted for but also the frequency of occurrence
1\
q

of these modes-thisis where the probability distribution functions come to work.

Let the velocity correlation tensor be written in the form

(4.44)
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Substituting (4.41) in (4.44) results in the following expression

R'j(r,T) = N 111: d
3
k 1: dW{Pl(k)P2(W)r2(k,w) [O'j - ~~,~j] cos(k· r +WT)}.

(4.45)

Equation (4.2) can be rewritten with the help of (4.10) and (4.13) as

R'j(r, T) = 111: d
3
k1:dw{ 4:~,2&(k,W*'j - ~'~,~j] cos(k· r + WT)}. (4.46)

Finally, the comparison of (4.45) and (4.46) gives the scaling function r(~:, w)

r 2(k,w) = &(k,w) .
411'PNp, (k)P2(W)

(4.47)

In order: toobtain the expression for &(k, w), phenomenological thinkillg was

appli.Gd by F'ung et al. [1992J. We shall follow their path. They assume that frequellcy

is spread in a Gaussian manner with the variance O'~ around the characteristic fre­

quency w. (Both parameters of the distribution are functions of ~,.) The spectrum

&(k, w) is then

&(k, w) = E(k)~ exp (
211'O'w

Fung et al. [1992] assume after Leslie [1973] that

(W_W)2).
20'2

w

(4.48)

(4.49)

•

The numerical calculation of Fung et al. shows that the above choice of &(k, w) results

in the Eulerian-Lagrangian spectrum (4.4,)). Finally, let, us recall that E(k) has the

form of the Pao spectrum.

Equation (4.47) will now be complete ifthe wavenumber and frequency probabil­

ity density functions are specified. The problem at hand requires relatively wide spec­

tral bands. This suggests that ail three wavenumber components, and the frequency

be distributed with rectangular distributions in their respective ranges: (k, ::; k, ::; ko;

-ko ::; ki ::; -k,) and (Wl ::; W ::; Wo; -Wo ::; W ::; -WI)' While the magnitude ?f Wo
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is naturally determined by the viscous cutoff (the inverse of the Kolmogorov time

scale), the determination of the magnitude of ka calls for a more laborious approach.

With higher and higher wavenumbers the amplitude of the motion as weil as of the

velocity gradient become smaller and smaller. Both criteria can be used to perform

the truncation of high wavenumbers. In the wavenumber space, the amplitude of the

motion is represented by the total kinetic energy, JE(k)dk, and the velocity gradient

by the dissipation, Jk2E(k)dk. Thus, the following criteria were obtained

tOff E(k)dk
roo = 1 - {j,
h. E(k)dk

tOff 1.,2E(k)dk
k. -1-{j
Jk~ k2E(k)dk - ,

(4.50)

(4.51)

where k. is the lower limit of the universal range and {j is a small number. Both

criteria agree weil, giving a value of I.'off of the order of ..1.. for {j = 0.001. ka, then,
~K .

must be chosen either equal or somewhat smaller than I.'off' Note that both spectra

are valid only in their respective universal ranges, lower limits of which are determined

by the respective values of the energy containing eddies, k. and w.. These, in turn,

are associated with the integral scales of turbulence. We obtain crude estimates of

the above scales on the basis of dimensional thinking as follows

and
1 q €

w. = - = - =-,
t. 1 q2

(4.52)

•

where 1. and t. are the integral scales and represent the length and time scales char­

acterizing the energy containing eddies. Wl shiiÙ be later identified with W., and k l

with k./V3. For a developing cumulus cloud, the r.m.s. value of the velocity, q is

assumed to be brltween 1 and 10 m sec-1 (based on the measurements by MacPherson

[1979].) The model is insensitive to the choice of k. and w•. Thus, the choice of q

is not very important. (k. and w. are at least 104 times smaller than ka and wo.) In

practice, sorne other truncations were introducedj these, however, were determined

"~=O--~

<~~,
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by the drop characteristic scales, and, therefore, are presented together with thc de­

tailed description of the calculation of collision kernels. Nevertheless, in the following

section, sorne aspects of computer generation of the turbulent field as weil as some

obtained statistics are discussed.

4.6 Realizations of the Turbulent Field

Before employing the turbulence model to examine collisions of drops, we cx-

amined whether or not the generated turbulent field is robust. After making t.hc

appropriate substitutions for &(k,w): (4.48), E(k): (4.34), and the probabilit.y den-

sity functions

and
1

Pl(k) = (2ko)"

the equation for the scaling function r(k" w) is

1
P2(W) = -2'

Wo
(4.(3)

(4.54)

•

Note that in (4.53), it was assumed that k'l and Wl are much smaller than k,o and wo,

and thus k! = Wl ~ O. The calculation presented here were performed for € = 10 cm2

sec-". The parameters cha.-acterizing the probability distribution fUllc;tions Pl(k) and
. -:~~

P2(W) are chosen according to the discussion in the previous section. ~-Î!tthe viscous'

cutoiIoLthe frequency spectrum, and, as it was described in Section 4.4, is equal

eto' the inverse of the Kolmogorov time scale. In its nondimensional form, Wo = 1.

Nondimensional koff = koJJTJK = 3, and, consequently, we choose ko = koTJK = 1.8.

(Note ~hat the r.m.s. value of k is equal vs,ff?) The resp~~tive wavenumber and

frequency of the energy containing eddies which constitute the lower Iimits of the

spectra are (again nondimensional) k. = k.TJK = 10-" and W. = W.TJK = 10-4 • The

most troublesome parameter to be determined in (4.54) is the number of Fourier

modes. Obviously, the more Fourier modes the better the representation but also
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the longer the simulation time. Tests showed that the values of collision efficiency

are slightly different for N of the arder of 100 compared to the values for N of the

order of 1000. No tests were performed with N of the order of 10,000 because of long

calculation times. Wit,h this in mind we chose N = 2000.
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""'.è
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~

io-4

c
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10-8
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'" ". '"
'"
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'" ".
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-5/3
" .
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•

Fig. 4.1 The nondimensional wavenumller (E) and frequency (Xii) spectra.

Two t,ypes of tests were performed with the turbulent field. They involved

calculations of: 1. the average spectra, and 2. the two-point velocity correlations.

The average space and time spectra for 20,000 realizations of the turbulent field are

present.ed in Fig. 4.1. Bath figures are plotted on a log-log scale. The appropriate

slopes (i.e. -5/3 for the wavenumber spectrum and -2 for the frequency spectrum) are

included for comparisons. The range of wavenumbers consist of the pure dissipation

subrange as weil as the transition region between the inertial and dissipation sub­

ranges. No pure inertial range is modelled. Therefore, the spectrum is steeper than
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-5/3 slope. The time spectrulll captures rdatively weil the -2 slope. Also, for smaller

frequencies, the tendency of the time sp;.~ctrum to follow the less stccp -5/3 slope is.
visible. (This is due to the sweeping citee'.: of larger eddies.) The only worrisome faet.

is the noisy character of the time spectrum. The reason is intrinsically built. in the

method of modelling of the time spectrum (a Gaussian distribution of frequencies for

eaeh wavenumber.) Probably, including more Fourier modes could help to obtain less

noisy time spectra. This, however, was not investigated. Finally, a erude estimate of

(3EL in (4.40) was obtained- this, as expeeted, was of the order of Ilnity, specifically

0.8.

The second test was designed to verify the two-point velocit,y correlations. With

the correct spectrum embedded in our model, we expect that the velocity correlation

ought ta give us a reasonable agreement for the two situations k « '/I< and k» '/I<'

(Although, the working conditions of our model are near the Kolmogorov lengt,h scale,

there are no theoretical expressiuns for the velocity correlation in the transitional

period of interest.) Let us define the longitudinal (Brr ) and transverse (Bnn ) velocit,y

correlations between two points joined by vector r as

(4.55)

(4.56)

where lL r and Un are the longitudinal and t,ransverse eomponents of the velocity.

According to Landau & Lifshitz [1959], the following expressions hold in the respective

pure inertial and pure dissipation regions

where Clis of order unity, and CD was calculated [Landau & Lifshitz, 1959] as

1/15 "" 0.067. We tried ta establish the lower limit of ,. for the pure inertial region•

(4.57)

(4.58)
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and the upper limit of r for the pure dissipation region by calculating the ratio of

the longitudinal correlation to the transverse correlation. The pure inertial range

was clearly established above 50 cm, while the pure dissipation range below 0.01 cm.

(Note that)Îi<"'inthe test was 0.13 cm.) The next step involved the comparison of
li

coefficieut.s CI and CD with the calculaterl values. The approximate values obtained

in the numerical calculations were respectively CI "" 0.9 and CD "" 0.056.

We conclude that the method stands up to our expectations. The most impor­

tant aspect of turbulence with respect to the process of drop collisions is its spatial

variability. That aspect seems to be captured relatively weil. Probably, the increase

of Fourier modes by a factor of, say, five would improve the performance of the mode!.

It will, however, increase the amount of computer time needed for calculation.
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Modelling
Drop Trajectories

With the tools described in Chapters 3 and 4 we are now able ta model the mot'ion
of drops. In this chapter we will show the details of the model with which ta obtain
the trajectories. We will also show the examples of modelling bath laminar and
turbulent motion.

5.1 The Model

Let us recall the set of equations governing t,he motion of two drops. Bccause

this is the essentia! part of the mode! to be presented, we fee! at liberty to write down

the equations introduced in Section 3.2 once again:

•

dx":'
• Q"""d:t = Vi ,

where

(5.1)

(5.2)

(5.3)

(5.4)
- -.~".
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Tt = J.lBija[1L;(xa - vj)] + J.lB;f[1J;(x/3 - vj)] - J.lcija(nj - nj) - J.lc;jI3(nj - nj)

(5.5)

In order to proceed with the solution, the coefficients in the expressions defining forces

and torques have to be determined. As weil, the velocity, and the velocity gradient

of the turbulent field at desired locations have to be specified.

5.1.1 The Scalar Resistance Functions

Th ffi · t Aa/3 B a/3 B- a/3 c o /3 c-0/3 d H- 0/3 bd'e cac Clen s ij 1 ij) ij 1 ij' ij' an ij can e expresse llslng

the scalar resistance functions (SRF hereafter), X;;/3' Yj, Y~, X~/3' Yo~, x:1/3' Yo~,

and Ya~ (Eqns. 3.15-3.19). As it was pointed out in Chapter 3, ail the SRF's are

calculated with no-slip boundary conditions. Because the evaluation of the SRF's

t.urned out, to be a rather time consuming task, we aimed for producing convenient

look-up t.ables.

The function X;;/3 was calculated as a superposition of the Stimson & Jeffery

[1926] solution for spheres moving with equal velocities with the modified Maud [1961]

solntion for spheres moving with equal speeds in opposite direct\-·'s. The infinite

series of Legendre polynomials was truncated in such a way that the truncation error

was of the order of the machine roundoff error (2.2 x 10-16 for the Silicon Graphies Unix

work station with double precision.) The functions Yo~, Y~, and Y~ were obtained

in quite an analogons way nsing the expressions of Davis [1969]. The coefficients X:;p

were calculated as in Jeffrey & Onishi [1984], and the coefficients Ya~' Ya~ as in Jeffrey

[1992]. For the latter, the FORTRAN code as weil as the pre-calculated coefficients

were kindly given to the author by Prof. D. J. Jeffrey. Ali the SRF's depend only

on two nondimensional parameters, the radius ratio, À, and the parameter, S =

2D/("1 +"2)' where Dis the distance between centres. For the sake of c1arity, in the
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graphie representations, we prefer to use a slightly different parameter, S/(r, + 1'2),

where S is the separation between the drop surfaces. In Figs 5.1-5.3, there arc

presented the SRF's versus S for ,\ = 0.7. Note the dramatic increase in most of

the functions (especially X;;~ Le. coefficients associated with the motion along t,he

line of centres) for drops in close proximity. This had some implications for the

way the look-up tables were constructed,in particular, a nonuniform (iogarit.lllnic)

spacing between the data points was implement,ed. The cubic spline interpolation

was chosen as a preferred method of interpolation. In order to facilitate the selll'cli

within the table ail the coefficients were tabulat,ed with the same spacing, and only

one pointer was used. The effectiveness and accuracy of the interpolation scheme

was tediously tested on the calculation of laminaI' grazing t.rajectories. The adopt.ed

criterion was that the grazing trajectories obtained with both the directly calculated

and the interpolated coefficients differed less than 0.1 %. Similar tests were also

carried out for several turbulent trajectories resulting in drop collisions.

5.1.2 Turbulent Velocity

The method of random Fourier modes used here to generate the turbulent, ve­

locity field is described in Chapter 4. In this section, only t.he verification of t.he

applicability of the Taylor series expansion to the turbnlent velocity field, Le. ex­

pression (3.5), is discussed. The verification applies exclusively to t.he lengt.h scales

subsequently used in calculations which is, at maximum, of the order of 20 radii of

the collector drop. Since the expansion is centred midway between the two considered

drops, that scale reduces to 10 radii of the collector drop. For a 20 /Lm collector drop

this length scale is 0.02 cm. (This is 8xj in (3.5).) The quest.ion which arose was what

is the value of o(82x)-is it indeed small? We calculated the r.m.s. value of o(82x)/'IL;

which represents the error for many realizations of the turbulent field (4000 in par-
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ticular). For ex = 0.02 cm and € = 100 cm2 sec-3 , the error was of the order of

1%. For smaller lengt.h scales and smaller rates of energy dissipation the error was

smaller (e.g. for ex = 0.01 cm and € = 100 cm2 sec-3
, r.m.s.[o(e2x)/uil = 0.1%, and

for ex = 0.02 cm and € = 1 cm2 sec-3
, r.m.s.[o(e2x)/uil = 0.1% ).

Let us ret.urn to t.he equat.ions governing the mot.ion of the drops. Clearly, at

each time st,ep, it. is necessary to find the velocity field at. t.he drop positions, and the

velocity gradient at. the midpoint. between drops. Forward differences were used to
-.,-;; -
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calculate the gradient. This meant that the velocity had 1.0 be additionally calculated

at the midpoint, and at three grid points in ail three direct,ions. The total number

of the velocity estimations per time step would then be six. Beeause the most tillle

consuming element of the calculation consisted of the velocit,y est,inutt.ion, wc decided

to use the Taylor expansion in order to calculate the velocity al. the drop positions

as weil (note the time reduction by the fact,or of 1.5.) Tests were performed 1.0 check

whether the latter approximation would affect t,he trajectories. No effect. was found

on trajectories resulting in collision events. Consequently, neit,her was thera any e1fee\.

on the value of the probability of collision.

5.2 Numerical Procedures

The system of equations (5.1)-(5.3) represents an initial value problelll COlll­

posed of 18 ordinary differential equations. The method of numerical solution of this

system is based on Shampine & Gordon [1975J. Also, the compnter code i~ alllodifi­

cation of the one presented in this text. The predictor (Adams-Bashforth)-corrector

(Adams-Moulton) method isused to approximate the solution. Let us schematically

write the differential equat.ion to be solved as

11'(X) = f(x, 11(X)), (5.6)

•

where prime denotes the derivative with respect to x. Both Adams schemes arc basad

on the following Integral equation to find the approximate value of y(x,,+,) (';"+1 being

a subsequent point of the mesh) /

1
",,+1

y(X"+1) = 11(X,,) + f(t, y(t)) dt (5.7)
"n

The function under Integral is then approximated by a polynomial which uses the

preceding points. Both Adams method use the Lagrange interpolation with backward

1
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differences. For t.he Adams-Bashforth method of order p, point.s x"_P' ... , x" serve as

a basis ior t.he interpolat.ion, while for t.he Adams-Moulton met.hod o~ order p, point.s

X"_I'+1' ... , X"+1 serve t.he same purpose. Clearly, t.he former scheme is explicit while

t.he latt.er implicit. However, t.hbicorrector scheme uses t.he value of y(x"+1) obt.ained

in t.he prediction stage. Thus, pract.ir:ally, t.he predict.or-corrector sequence works

as an explicit. scheme. The Adams family of predict.or-correct.or met.hods combine

sufficient accuracy wit.h very good st.ability properties. Shampine & Gordon [1977]

found t.hat. t.he scheme wit.h t.he correct.or one arder lower than t.he predict.or yields

t.he best. results. In t.he Shampine & Gordon implementat.ion of Adams methods, the

mesh is variable, sa is t.he arder of t.he met.hod. The crit.eria det.ermining bath t.he

st.ep size and t.he arder of t.he met.hod were based on t.he est.imate of t.he local error

as~ociat.ed wit.h one st.ep of it.erat.ion. This local error is calculated as a clifference

between t.he obtained value of t.he function and t.he value of t.he funct.ion which would

be obtained if t.he arder of t.he met.hod was one arder higher. The weight.ed local error

must be smaller t.han t.he user supplied small number which represent.s t.he accuracy.

(For t.he syst.em of equat.ions, t.he r.m.s. of t.he weight.ed local errors of ail components

was used instead.) A series of t.est.s t.o det.ermine the desired arder of t.he accuracy

was performed. For the t.rajectories which result.ed~in a collision, t.he accuracy was
1

decreased t.o find out. it,s upper limit.. Based on t.he t.est. results, a value of 10-7

\Vas uniformly. applied. The choice of the initial time st.ep t.urned out ta be quite

insignificallt.-t.he met.hod given a reasonable first. guess handled it. by itself.
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5.3 Trajectory Simulations

The method, as described in the preceding sections, was subsequent.ly used t.o

model trajectories. Here, we present. the examples of t.raject.ories of bot.h t.ypes: lami-

nar and turbulent. A few comments are in order. Firstly, t.he SRF's were int.erpolat.ed

for turbulent calculations, while for laminar calculations t.he coefficient.s were calcu-

lated directly. Secondly, the system of equat.ions for t.he laminar case reduces t.o only

five equations because the f10w becomes t.wo-dimensional: t.wo component.s of bot.h

position and velocity (x and z), and one component of angular velocit.y perpendicular

1.0 the plane of motion (y). In our convention the-mot.ion takes place on the :1; - Z

plane.

In order 1.0 illustrate the interaction bet,ween drops of differenl: sizes, we have

selected two drop pairs: 15 and 8 {lm, and 15 and 14 {lm. The laminar traject:ories

1.0 be presented are chosen in sueh a way thal. the drops do not collide but pass by

each other closely. In Figs. 5.4a, band 5.5a, b (laminar cases), t.he solut.ions of t.he

differential equations are plotted vs. time. Note that only t.he final time period is

eaptured in the figures-the initial period of time with weak int.eract.ions amount.s to

straight-line motion, and, therefore, is not presented. The initial vertical separation is

equal 1.0 that used for grazing trajectory calculations, Z2_ Z 1 = 0.7 cm. The horizontal

offset is slightly larger than that corresponding 1.0 the grazing trajectory, :1;2 -:" 1 = 28

p.m for 15 and 8 p.m drops, and x2 - Xl = 32 f.Lm for 15 and 14 I"m drops. The init.ial

velocities of drops are equal 1.0 their terminal velocities. The initial angular velocit,ies
-

are equal 1.0 zero. On each of Figs. 5.4a and 5.5a, there are six panels. Left-hand-side

panels feature (from top 1.0 bottom) the~rop positions, x and z, and the distance

between drops D. The latter is plotted in order 1.0 better visualize the timeperiod

when drops are in a close proximity. The right-hand-side panels contain the velocity
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components, v. and v., and the angular velocity, fl y. Additionally, in Figs. 5.4b and

5.5b, the relative coordinates (Xl - x2 and Zl - Z2) and the relative velocities (v; - v;

and v; - v;) are plotted vs. time to facilitate comparisons. The major difference

between the behaviour of pairs of drops with small and large radius ratios can be

synthesized to only t.wo elements: distortion of trajectories and time of interaction.

For the 15 and 8 J1.m drop pair, the smaller drop experience a much more pronounced

disturbance in the x-direction than the larger one, while for drops 15 and 14 /lom, the

character of the disturbances is similar for both droplets. The time of interaction is

also different. The comparison of the distances between droplets for both pairs shows

clearly that drops of 15 and 14 J1.m are in a close proximity (the fiat part of the curve)

for longer time than drops of 15 and 8 J1.m: approximately 10 times longer. We will

return to these two aspects of the interaction between droplets while discussing the

results for collision rates.

Turbulent calculations are presented in Figs. 5.6a, b, c and 5.7a, b, c (e = 1

cm2 sec-"), Figs. 5.8a, b, c and 5.9a, b, c (e = 10 cm2 sec-"), and Figs. 5.lOa, b,

c and 5.11a, b, c (e = 100 cm2 sec-a). Each case results in a collision. The initial

distance between drops R = Ix2
- xII = 0.03 cm (except for drops 15 and 14 /lom,

and e = 100 cm2 sec-J, where R = 0.015 cm.) These are the distances used later

in the calculation of collision kernels. In order to describe the drop initiai positions

for turbulent calculations, we use the spherical coordinate system (r, Il, ,p) with

the collector drop placed in the origin (the reasons will be explained in Chapter 6.)

Therefore, the distance R and the angle Il of the smaller drop are the two parameters

determining the initial, relative drop positions. (The angle ,p of the smaller drop

is always assumed to be zero.) The chosen examples represent trajectories \Vith

the angles Il signiflcantly wider than those for the corresponding grazing trajectories

(see figure captions). The initial drop velocities are equal to the superposition of
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their terminal velocities and the turbulent velocit.ies at t.heir init.ial coordinat.es. The

initial angular velocities are equal to zero. The drop coordinat.es are plot.t.ed on t,he

left-hand-side panels of the 'a' figures, t.he drop velocit.y component.s on t.he right.­

hand-side panels of t.he 'a' figures, and t.he drop angular velocit.ies on t.he left.-hand­

side panels of t.he 'b' figures. The right.-hand-side panels of t.he 'b' figures arc reservcd

for the ambient turbulent. velocit.y field at. drop eoordinat.es. The lat.t,er arc included in

order to illustrate the hydrodynamic int.eract.ions. Note t.hat. in t.he horizont.al plane,

if not disturbed by their mut.ual presence, drops follow closely t.he t.raject.ories of fIuid

parce!. Finally, t.he 'c' figures show t.he differences of t.he coordinat.es and the vclocit.y

components of two drops.
-<":------

-'f
No conclusions ean be derived from t.urbulent. t.raject.ories in t.he '"ame man11er

il ,--,

as it was done for laminar ones. This is because for t.urbulent. ealculal:ion only the
"'" 1-

~··-'::"c=-

quant.ities which are appropriately averaged can shed some light, on t,he occurring

processes. Figs. 5.6-5.11, however, clearly show that. as t.he ratio of drop radii

becomes larger and the rate of energy dissipation st.ronger, t.he charact.er of t.he curves

resembles less and less t.hat. oft.he larninar solut.ion. From t.he 't.echnical' point, ofview,

note that t.he initial part.s of sorne of t.he solut.ions show t,he relaxat.ion of t.he init.ial

conditions.
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• The initia! position of the smaller drop:
R = 0.03 cm and B = 2.25°. Numbers indicate radii. The calculation results in
ri: collision.
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Fig. 5.7b The drop angular velocity components, riz, rly, and riz, and the turbu­

lent velocity components, u.z , v. y , and 1Lz at drop coordinates vs. time for the
turbulent settling of 15 and 14 J.Lm drops and the rate of energy dissipation 1
cm2 sec-3

• The initial position of the smaller drop: R = 0.03 cm and () = 2°.
Numbers indicate radii. The calculation results in a collision.

\\



•
75

0 Drops: 15 14 0.015

-2 , 0.010
0

Ê ~

-4 ~ 0.005
~ E
"H

-6 "'- 0.000,
-8 "l~f.t -0.005-H ,

-10 -~Il -~O.O10

-12
(.= 1

-0.015
0 0.05 0.10 0.15 0 0.05 0.\0 0, tG

lime (sec) lime (sec)

0.150.05 0.10
lime (suc)

0.060r-------~---__.
~

.. 0.050
o
~

~ o.o~o

E
"'- 0.030

"'~:>lO.020,
-,>0.010

0.000 l:====:::::=-~__....-J
o0.150.05 0.10

lime (sec)

30r:----------~__,

25

Ê 20
~
"'r::tl 15,
-", 10

5

ok=:::::::==-~_~..J
o

0.40r----------~....,

0.150.05 0.10
lime (sec)

0.00 L..-__~ ~ ~__'

o

~,
g O.30E---~
r.

E
~ 0.20

","
_, 0.\ 0

0.150.05 0.10
lime (sec)

0.000

Ê -0.010
"'-
"", -0.020
"

-0.030

0

•
Fig. 5.7c The drop relative coordinates, xl - xz, yi - yz, and Zl - Z2, and t.he drop
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t.urbulent settling of 15 and 14 /-lm drops and t.he rate of energy dissipat.ion 1
cm2 sec-Jo The init.ial posit.ion of t.he:;maller drop: R = 0.03 cm and 0 = 2°.
The calculat.ion resuUs in a collision.
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Fig. 5.Sb The drop angular velocity components, n"" ny , and n., and the turbu­

lent. velocity components, 11."" 11. y , and 11.% at drop coordinates vs. time for the
turbulent sett.ling of 15 and S /Lm drops and the rate of energy dissipation 10
cm' sec-". The initial position of the smaller drop: R = 0.03 cm and () = 1°.
Numbers indicate radii. The calculation results in a collision.
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The calculation results in a collision.
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i"ig. 5.9a The drop coordinates, x, y, and z, and the drop velocity components, v""

vV ' and V z vs. time for the turbulent settling of 15 and 14 J.l.m drops and the
rate of energy dissipation 10 cm2 sec-3 • The initial position of the smaller drop:
R = 0.03 cm and () = 5°. Numbers indicate radii. The calculation results in a
collision.
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Fig. 5.9b The drop angular velocity components, nz , ny, al,d n., and the turbu­

lent velocity components, u z , Uv> and 11•• at drop coordinates vs. tirne for the
turbulent settling of 15 and 14 /lm drops and the rate of energy dissipation 10
cm2 sec-3 • The initial position of the smaller drop: R = 0.03 cm and 0 = 5°.
Numbers indicate radii. The calculation results in a collision.
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Fig. 5.9c The drop relative coordinates, Xl - x2, yI - y2, and Zl - Z2, and the drop

relat,ive velocity components, v~ - v;, v~ - v;, and v~ - v~ vs. time for the
turbulent settling of 15 and 14 /lm drops and the rate of energy dissipation 10
cm2 sec-3

• The initial position of the smaller drop: R = 0.03 cm and (J = 5°.
The calculation results in a collision.



•
82

15

0,0200.005 0.010 0.015
lime ('cc)

'·3.6

·3.8,
0
0 -·1.0
"
E -lt.2
~,,

-~A

-~.6

00.005 0.010 0.015 0.020
lime (sec)

-0.08

-0.10 l...c_~_1_0..;.O~_~__~_~---.:~

o

-0.02

:[-0.0'1

H -0.06

0.005 0.010 0.015 0.020
Lime (sec)

15

0.005 0.010 0.015 0.020
lime (sec)

~ 0.10
,
g 0.35

"E 0.30
o
~ 0.25

" 0.20
0.15 t......_~__~_~ ~......J

o

0.0070.---~---------~

0.0060

0.0050

S 0.0040
o
-; 0.0030

0.0020

0.0010
0.0000 i<:..._~__~_~__~.....J

o

0.15

0.05

0.005 0.010 0.015 0.020
lime (sec)

8" 6.0

5.5 C:::::::::::::::=:::::::':-_~.J
o

8.0r-------~-~-...,

::' 7.5,
o
~ 7.0

! 6.5

0.005 0.010' 0.015 0.020
lime (sec)

0.00~_~__~_~__~.....J

o

N

] 0.10

•
Fig. 5.lDa The drop coordinates, x, y, and z, and the drop velocity components, v.,

vY ' and v. vs. time for the turbulent settlinp: of 15 and 8 /lm drops and the rate
of energy dissipation 100 cm2 sec-3• The initial position of the smaller drop:
R = 0.03 cm. and e= 5°. Numbers indicate radii. The calculation results in a
collision.
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Fig. 5.lOb The drop angular velocity components, n., ny, and nz> and the turbu­

lent. velocity components, u., uy, and 11.. at drop coordinates vs. time for the
turbulent settling of 15 and 8 /-Lm drops and the rate of energy dissipation 100
cm2 sec-3 • The initial position of the smaller drop: R = 0.03 cm and () = 5°.
Numbers indicate radii. The calculation results in a collision.
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Fig. 5.lOc The drop relative coordjnates, Xl - x 2, yi - y2, and Zl - Z2, and the drop
relative velocity components, v; - v;, vt - v~, and v; - v~ vs.' time for the
turbulent settling of 15 and 8 /-lm drops and the rate of energy dissipation 100
cm2 sec-3 • Thé initial position of the smaller drop: R = 0.03 cm and 0 = 5°.
The calculation results in a collision.
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Fig. 5.Ha The drop coordinates, x, -y, and z, and the drop velocity components, vx ,

"U y , and V z vs. time for the turbnlent settling of 15 and 14 pm drops and the rate
of energy dissipation 100 cm' sec-a. The initial position of the smaller drop:
R = 0.03 cm and () = 15°. Nnmbers indicate radii. The calculation results in a
collision.
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Fig. 5.11b The drop angular velocity components, n., ny, and n., and the turbu­

lent velocity components, 71•• , u y , and 71. z at drop coordinates vs. time for the
turbulent settling of 15 and 14 /Lm drops and the rate of energy dissipation 100
cm2 sec-3 • The initial position of the smaller drop: R = 0.03 cm and 0 = 15°.
Numbers indicate radii. The calculation .results in a collision.
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Fig. 5.11c The drop relative coordinates, Xl - x2 , yI - y2, and Zl - Z2, and the drop

relative velocity components, v;; - v;, vt - v~, and v; - v; vs. time for the
turbulent setUing of 15 and 14 /Lm drops and the rate of energy dissipation 100
cm2 sec-3 • The initial position of the smaller drop: R = 0.03 CTH and () = 15°.
The calculation results in a collision.
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Collision Kernels
and Collision Efficiencies

We have developed a conceptual model the purpose of which 'is to celculllte colUsion
rates. The inspiration for the model WIlS drawn jr'om the concept of the pure
stochastic coalescence equation. With this equat'ion ILS Il stm·ting l!oint, wc tieJinc
collision kemels Ilnd collision efficiencies f07' turbulent fiows.

6.1 The Stor.hastic Coalescence Equation

Since Telford [1955J introduced the coagulation equation (or kinctic equat,ion)

into cloud physics, il. has been successfully applied as a modelling tool. Clond phYRi­

cists tend to use the term stochastic coalescence equation (SCE hereaft,er). SCE

describes the time evolution of drop spect.ra during the collision-coalesccnce process.

Let us write the SCE in its discrete form (see for example Mason, 1971). (Wc IIRC

this form because of the convenience of notation-the general line of thinkillg does

not change for the continuous version.)

dni(t) 1 i-l 00

----a:t = 22: Kj.i_jnj(t)ni_j(t) - 2: Ki,jTl.i(t)Tl.j(t),
j=l j=1

(6.1)

•
where ni is the c0ncentration of droplet,s 'i', and K ij is the collection kernel which

represents the 'physics' of an unspecified yet process of collection of drops 'j' by drops

'i'. Occasionally, however, questions have been asked whether the SCE is éomplete
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and what is the appropriate interpretation of the quantities occurring in the equation.

(See for example Chin & Neiburger [1972] or Gillespie [1972 and 1975].) Gillespie

[1972] derives (6.1) from the first principles with only a few assumptions made on

the way. He assumes that the probability that at the time instant t there are exactly

Ni drops of type 'i' in the cloud does not depend on the number of drops of any

other size, and that there are no collisions between identical drops. The spectrum

predicted by the SCE, according to Gillespie, should be interpreted as an expected

or averaged spect.rum. Although, the form of the equation derived by Gillespie is

identical to (6.1), in his later paper, Gillespie [1975] terms such a model as a pure

stochastic model and provides the following physical interpretation of the collection

kernel A ij = J(ij/V (V is the cloud volume):

A N Ot _ P _ { probability that any drop
~ . - - a droplet '2' in time Ot.

J(12n2

For the laminaI' case this probability is

'1 ' will collect (6.2)

(6.3)

whcre oVcoll is the volume swept out by each drop '1' relative to each drop '2' (collec­

tion volume) in time ot. The standard expression for the collection volume for drops

t.hat do not interact hydrodynamically is

(6.4)

and for interacting drops

where w, = WI - W2 is the difference of terminal velocities of drops '1' and '2', and y is

the distance from the centre of the collector drop representing the grazing trajectory,

t.he, so called, impact parameter. A schematic view of two drops is depicted in Fig.

•
6.1. Using (6.2)-(6.5) one finds the respective kernels

}(" 212 = rry w,.

(6.5)

(6.6)
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If the collision efficiency is introduced as

(6.i)

the hydrodynamic kernel has the form

r, 'r
1

j'
1
i

1
!

y :.:
1

H

i Y .r

(6.8)

a) Before collision b) Collision

•

Fig. 6.1 Collision in a still fluid. Schematic representation of the grazing trajectory
and the impact parameter y .



•
91

6.2 Turbulent Kernels and Collision Efficiencies

6.2.1 The Method of Collection Volume

The extension of the concept of collection volume for the case of random (tur­

bulent), ambient velocity field was introduced by de Almeida [1976]. The collection

volume was envisioned by de Almeida as an infinite thin disc of thickness w,Dt. Here

we modify the interpretation of sorne quantities in order to be consistent with the

model of Gillespie [19751. Because of symmetry, the disc is divided into infinitesimal

rings, and the probability for each ring as described by (6.2)-Le. the probability

that a droplet '2' is found in the ring and subsequently collides with drop '1'-is

d'P = 7l.2Vcoll(Y) X
~

Prob/l.bility thnt Jroplct is in the ring

P(y),--.,.....-
Probability thllt droplct collidcs

(6.9)

where y is the distance from the centre of the disc (see Fig. 6.2). The collection

volume of the ring is

The above expression is an exact 'quotation' from de Almeida [1976]. In our opinion

it should he modified as follows

•

dVcoll = (27rY dY)W,Dt.

Combining (6.9) and (6.10), and, subsequently, integrating results in

'P = 27r7l.2W,Dt100

yP(y) dy.

The respective collection kernel and collection efficiency are

where

2 100

E12 = ( . )2 yP(y) dy.
Tl + 12 0

2 100

E12 = (. . )2 yP(y; H) dy,
, 11+ 120

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)
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where H is the vertical distance between drops. This is becau~e the probability P

depends significantly on H. (For example, the higher the value of H, the less likely a

small droplet initially directly below a larger collector drop will collide.) The quesl.ioll

whieh now arises is whether the entire value of the integral is independent. of H. De

Almeida did not mention that sueh a problem might exist. Wc do Ilot attempl. to

resolve it because a similar problem perplexes our method as weIl. Wc will rather

address our own problem later in this chapter.

H

y

__---1__-~-.:L~lit
Fig. 6.2 Schematic view of

the geometry for the
method of collection
volume.

•

6.2.2 The Flux Method

The method of collection volume described in the previous section is based on a

cylindrical geometry. For a problem dominated by gravity this is a perfectly justified

approach. However, as the turbulence gains more and more importance, (this happens

when either turbulence becomes stronger or droplets are of similar sizes) spherical
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geometry may prevail. This is why we chose spherical geometry over cylindrical

geometry. We follow the ideas of Smoluchowski [1916] for Brownian coagulation, and

Saffman & Turner [1956] for drop collisions.

Fig. 6.3 Schematic view of
the geometry for the
flux method.

dS
•

1----'1---+ Y

z

e
R ..i."

..........--_... --:;'--~--..

gravity

i

x

-.-, Let us consider a flux of droplets '2' through the sphere of radius R centred

at the position of the collector drop '1' (see Fig. 6.3). The radius of the sphere is

associated with the distance of interaction between drops. Note that the process under

consideration-collisions between drop '1' and drops '2'-is a statistically stationary

one. The probability that a droplet '2' enters this sphere through the surface element

dS, and, subsequently, collides between the time instants t and t + Dt is

dP = -j·dS Dt P(S), (6.15)

where j is the average current of droplets '2', and P(S) is the probability of collision

for a droplet passing through the surface element dS. Because j = n2W, w being the

•
average relative velocity of drops '1' and '2',

P = -n2 Dt1P(S)w·dS . (6.16)
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• Further, with the introduction of spherical coordinates,

P = 27r1l.8tR'Wt 1"P(B;R)cosBsinBdO. (6.17)

Note that w· dS = -w,dScosO, dS = 27rR'sinOdO, and, because of symmetry,

P(S) = P(B; R). Finally, we arrive with the expressions for the collision kernel and

collision efficiency as follows (we used (6.2) on the way)

K I2 = 7rR2Wt 1" P(0;R)sin20dO,

R
2 1"E" = ( r P(B; R) sin 20 dB.

7'1 + 7'2 - 0

(6.18)

(6.19)

The aboVtJ formulation assumes t,hat the radial 'in' component of the drop rcl-

at;ve velocity is equal to that resulting from the difference of drop terminal velocities

(w,cosB). If the need arises, e.g. if the radial 'in' component of the relative velocit.y

depends on the turbulent velocity, the flux method can be modified, and new defi­

nitions of collision kernels and collision efficiencies can be formulated. (Still, we are

considering the scenarios with the relative 'in' velocity being slightly perturbed in

comparison to that resulting from the gravitational settling alone.) Thus, the flux of

droplets '2' through the element of the sphere is

(6.20)

where win is the absolute value of the average radial 'in' component. of t.he relat.ive

velocity. Further, the probability of collision is
.;--....

The new quantity which appears under the integral, f(O; R) represents the fraction

of drops '2' for which the radial component of the relative velocity is directed toward•
P = 27r1l28tR21" win(Oj R)f(O; R)P(Oj R) sin 0 dO. (6.21)
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t.he collect.or drop. (In t.he previous scenario j would be 1 for B< 90° or 0 ot.herwise.)

Now t.he collision kernel is

K I2 = 2rrR" 1~ j(O;R)win(B;R)P(B;R)sinOdB,

We can also define a somewhat. art.ificial collision efficiency as

(6.22)

(6.23)

•

Here we adapt. t.he convent.ion t.hat the collision efficiency is defined on t.he basis of

the collision kernel according to (6.8).

There is an obvious problem with t.he flux method which has t.o be addressed.

Similarly t.o the method of collection volume, the dependence of the collision kernel

on R seems to obstruct the uniqueness of this quantity. This uncert.ainty can be

easily resolved wit.h t.he help of heuristic arguments. Let us not forget. that the basic

assumpt.ion behind the flux met.hod is t.hat the radius R is the minimum distance

beyond which the hydrodynamic int.eractions can be neglected. Therefore, the sensi­

tivit,y of t.he obtained collision kernels for different values of R needs to be evaluated

for a small range of radii, in part.icular, between 10 and 20 radii of the collector drop.

For the radius ratios and t.he rates of energy dissipation under consideration, the

maxirtlllm angles 0 with nonzero probability of collisions are of the order of 40°. Our

calculations show that for 0° < 0 < 40°, both j(O; R) and win(O; R) are independent

of R (in the ment.ioned above range: 10rj-20rl)' With the above in mind, we can

safely assume that the flux of colliding drops represented by (6.22) depends on the

Humber of colliding drops initiated at a particular sphere. This number, however,

is constant. (Each colliding drop initiated at the sphere of a minimum considered

radius must, have been passing at an earlier instant of time through the sphere of the

maximum considered radius because the relative drop velocity has always a nonzero

gravitational component.) Thus, Ki; is independent of R.
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It can be also shown that for the laminar case, the flux method converges 1.0

the method of collection volume. Let us rewrite (6.19) as follows

R
2 1°"'·'E l2 = ( )" P(IJ;R)sin2IJdlJ,

7"1 + 7'2 - 0

where

P(IJ R) = {1, for IJ :5. lJ max;
, 0, otherwlse.

After simple calculation, the collision efficiency is

(6.24)

(6.25)

(6.26)

From Fig. 6.4, Y = R sin IJ max , and the collision efficiency takes the standard form of

(6.7).

•

••
gravity

i

x

z

•
y

y

Fig. 6.4 Schematic view
of the geometry for
the flux method. The
laminar case.
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Laminar Calculations

!n-itially, laminar calclllations were exclllsively designed to test the methods which
were later llsed in tllrbu.lent calclllations. With time, however, the statllS of these
tests was llpgraded to become an integral part of the research. Both aspects of
laminar calclllations will be briefly discllssed and also the methodology of laminar
calclllations in the literatllre will be olltlined.

7.1 An Overview of Methods of Calculating Collision
Efficiencies in Still Air

7.. 1.1 The Superposition of Flow Fields

Langmuir [1948J proposed that the motion of each of two drops be modelled by

assuming that one drop is placed in the f10w field generated by the other. With the

above assumption, the equations of motion state

(7.1)

(7.2)

•
where v denotes the drop velocities, and n the f10w fields generated by drops; CD isthe

drag coefficient. In order to obtain the velocity field n, the Navier-Stokes equations

or the linearized Oseen equations are solved for each sphere in isolation. For example,
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Pearcey & Hill [1956] utilized Goldstein's [1929] solution of linearized Osccn's [1910]

equation; Shafrir & Neiburger [1963] applied Jenson's [1959] method to obtain tlaiO

solution of the Navier-Stokes equation; and Lin & Lee [1975] used a numcrical solut,ion

of the Navier-Stokes equation [Lin & Lee, 1973]. The superposition mdhod does not,

capture exactly the nature of hydrodynamic interactions but" because of its ability to

take the fluid inertia into account, is weil suited to model the motion of large drops,

up to the Reynolds number of the order of 100 [Pruppacher & Klet.t., 1980].

7.1.2 Direct Calculation of Hydrodynamic Forces

The more accurate method of calculating drop trajeetories illvolvss a direct;

calculation of hydrodynamic forces (and torques.) The procedure consists of two

steps: the solution of the boundary value problem for two drops, and the subsequent

Integration of the pressure field at drop surfaces to obtain forces and torques. For the

Stokes approximation, the procedure was outlined in Chapter 3, except t.hat for t,he

still-air case the procedure is simpler because there is no external flow. Estimat,es of

the collision efficiencies for Stokesian hydrodynamics were obtained by Davis & Sartor

[1969], andby Hocking & Jonas [1970]. Further refinement to this method included

the slip-flow effect as described in Chapter 2. The collision efficiencies with slip-flow

were calculated by Davis [1969], and by Jonas [1972]. In the slip-flow apPl'Zd.ch, the

dependence of the results on the minimum gap between surfaces was eliminat"Jd. _

The Stokesian approximation is expected to yleld sa'tisfactory results for sm~ll

drops, for which inertial effects can be neglected. If this is not the case, the effed

of fluid inertia needs to be addressed. Klett & Davis [1973] proposed J; method of

solution to the boundary value problem with the Oseen-type corrections included.

We present a brief outline of this method. In the Klett & Davis approach, the flow
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around drops was governed by Oseen's equations for each sphere. (The solutions

for velocity and pressure fields were represented by the superpositions of two flows.)

The governing equations were solved with no-slip boundary conditions at the surfaces

of the spheres. After obtaining the expressions for the forces in the usual way, by

integrating the surface pressure, some corrections were introduced 1.0 the final force

expressions. These were based on the work by Carrier [1953]. (The latter paper

introduced correction to the Oseen-type drag on a sphere based on experimental

data.) Klett & Davis defined two Reynolds numbers for each drop, one based on the

drop velocity and its radius (Re), and another based on the drop velocity and the

distance between drops (Re'). In the final solution, these Reynolds numbers were

replaced in the following manner

Re = cRe and R ' 'R'e = c e, (7.3)

where c and c' are the Carrier constants

c = 1 - 0.0810g(1 + 50Re) , Re::; 2 and c' = 0.43. (7.4)

•

In the limit of zero Reynolds numbers (this is the range of special interest in the

present research), the collision efficiencies of Klett & Davis are higher than those

obtained with the help of Stokesian approximation with no-slip boundary conditions

[Davis & Sartor, 1969]. Klett & Davis explained that this is due 1.0 the force coef­

ficients (scalar resistance functions in our preferred terminology) being incorrect al.

dose dist,ances. However, they noted 1.00 that the Stokesian solution is also incor­

rect for close separations. Although both statements are correct, the sources of the

problems al. small separations are different in the two methods. The Klett & Davis

method of solution does not resolve well the flow for close separations. The Stoke-

sian formulation is not valid when the assumption of continuity breaks down due 1.0

molecular forces. While the former method underestimates the hydrodynamic forces
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"(and overestimates the collision efficiencies), the latter overest.i'mates the hydrody-

namic forces (and underestimates the collision efficiencies). The built.-in error of each

of these methods is difficult to assess.

As far as the result.s for larger drops (with import.ant incrt,ial effect.s) are con­

sidered the method of Klet.t & Davis performed weil. The experiment.al verificat.ion

will be discussed later.

7.1.3 The Choice of the Hydrodynamic Representation

In Chapters 3 and 5, we clearly stated t,hat, t.he met.hod of modelling of hy-

drodynamk., interactions applied in t.he present. work is t.hat. of direct, ca!culat,ioll of

hydrodynamic forces with no-slip boundary conditions. Is it. t.he best, possibly ap-

proach? As far as the feasibility of calculations is concerned-yes-t.his seClns t.o

be the best way of proceeding. In this sect.ion, we will t.ry t.o convince t,he reader

that from t.he point of view of the accuracy of a represent.at.ion t.he met,hod chosen iu

the present research if not t,he best is, at, least, adequat.e for t.he problem at hand. A

number of experiment.s have been conducted in order to verify the theoretical collision

efficiencies in still air [Woods & Mason, 1964; Picknett, 1967; Jonas & Goldsmith,

1972; Kranogorskaya & Neizvestnyy, 1973; and Kobzunenko & Neizvestnyy, 1980.J

In the last of these papers, a very comprehensive summary of the theoret,ical and

experimental data was performed. Kobzunenko & Neizvestnyy [1980] divided drops

into three size ranges with the radius of the collector drop as the criterion: 1. :~8-100

ILm, 2. 25-38 ILm, and 3. 12-25 ILm. It was found that in the first range, t;lw mothod

of superposition is applicable, in the second range, the method by Klett & Davis

performs the best, while in the third range, the Stokesian approximation seems to

be quite appropriate. In particular, in the third range, both the slip-flow approach



•

•

101

[Davis, 1969; .Jonas, 1972], and the no-slip approach with ê = 8 X 10-3 [Davis &

Sartor, 1969; Hocking & Jonas, 1970] perform equally weIl.

The collector droplets under investigation are in the 10-20 /-Lm range. Therefore,

wc feel that the use of the Stokesian approach with no-slip boundary conditions is

weil justified. In Fig. 7.1, there is presented a comparison of the collision efficiencies

for Stokesian approximation obtained by other researches with those obtained in the

present research for ê = 10-3
• (The vertical distance between drops used in the

calculation is 0.7 cm.) As expected, our collision efficiencies are lower than those

obtained with the slip-flow theory [Jonas, 1972] and higher than those with no-slip

and ê = 10-4 [Hocking & Jonas, 1970]. The ronder may be puzzled by the fact that

our collision efficiencies for 30 /-Lm collector drops in the middle range of radius ratios

are somewhatJower than those obtained by Hocking & Jonas [1970]. The similar

tendency-a flatness of the collision efficiency curve in the middle of the range of

radius ratios can be also seen in our collision efficiency curve for the 20 /-Lm collector

drop. We performed a simple test in order to clarify this issue. While modelling drop

t,rajectories in order to determine the impact parameters, it is important to choose

t,he init.ial separation large enough so t,hat drops do not interact hydr~dynamically.

(This distance, for the still-fluid case, corresponds to the vertical separation between

drops-horizontal separations are much smaller.) Researchers seldom specify this

vertical separation, and the mutual reader-author understanding is that these vertical

dist,ances are sufficiently large. In the paper by Hocking & Jonas [1970], the mentioned

distance is described as "large". We calculated the collision efficiencies for the 30 /-Lm

collector drop for ê = 10-4 and different initial vertical separations. Our results

converged to those by Hocking & Jonas for the vertical separations of the order

of 20 collector drop radii. Although, from the point of view of the dimensional

analysis, t,he interactions between drops decrease quickly for larger distances than
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that of 10 col1ector drop radii, still, if the time of interact.ion is prolonged, t.hese weak

interactions cannot be neglected.
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Fig. 7.1 Collision efliciencies in still fluid calculated with the Stokes approximat.ion

and with the Oseen approximation in the limit of zero Reynolds number.
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7.2 The Case of a Linear 5hear

This and the following section are dedicated to the calculation of collision ef-

ficiencies for gravitational settling of drops embedded in simplified types of laminar

f1ows. The motivation for these numerical experiments was twofold: to check the

flux model as weil as to gain sorne insight into how simple steady f1ow8 with nonzero

space derivatives of the velocity can influence collision efficiencies. In particular, we

examined a linear shear f10w and a two-dimensional deformation field with thé hope

that, the conclusions might be applicable to real turbulent f1ows. Although, in a real

turbulent field, both elements vary in a random manner, the examination of the sen-

sitivity of collision efficiencies in steady laminar f10ws may provide sorne insight into

turbulent cases.

/

The flux method cB:nbe easily exteuded to the case of a linear shear (see Fig.

7.2). The only major difference is that related to the lack of axial symmetry, and, as

a consequence, the integration with respect to </J eannot be as easily performed. Let

us consider a linear shear in the form

The collision kernel is now

8uxL=-.
8z

(7.5)

(7.6)

•

where the radial 'in' component of the velocity is composed of the gravitational and

shearing parts as follows

w;" = w, cos e+ Lz sin ecos </J = w, cos e+ LR sin2 ecos </J. (7.7)

The limits ,of integration determine that area of the sphere where the colliding smaller

drops originated al. the initial time instant. These Iimits of integrations were obtained
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with the help of our hydrodynamic model described in Chapters 3 and 5. The valuc

of R \Vas chosen similar to the value for settling in a still f1ow, i.e. equal to O. i Clll.

Although the ca1culation is laminar, in order to make comparisons, wc assume t.hat

the linear shear is equal to the average turbulent shear [Taylor, 1935]

L= (8u;,,,r') 2 = J2E .
8z 15/1

(i.8)

For E = 100 cm2 sec-3
, this shear is equal t.o fl.3 sec- I • Two pairs of drops werc

considered, 10 and 9 /-Lm, and 15 and 9 Ilm. No change of collision cfficicncy whcn

compared \Vit.h t.he still-air case was observed.

gravity

t
z

••
•

x u -Lz)("'

Fig. i.2 The flux mcthod for
the case of a laminar
shear flow.

•

Our result.s are in accord with t.he numerical ca1culat.ion by .Jonas & Goldsmith

[19ï2]. (Jonas & Goldsmith performed a series of experiments which showcd a sig­

nificant increase of collision efficiencies of 10-15 /-Lm collector drops for 9 ILm drops.

However, t.heir numerical calculation did not show snch an effect.) Our rcsults cali

be compared wit.h t.he experimental value of 8 and 10 sec-lof turbulent shear in the

.. Jonas & Goldsmith experiment.
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7.3 The Case of a Two-Dimensional Deformation
Field

Now, let us consider a pure two-dimensional deformation field (see Fig. 7.3).

Let, us also give it the magnitude of the average strain for a turbulent flow

D= (
8U;"rb)2 = f€

8z V~'
(7.9)

8ux-=-D
8z

and 8ux = D.
8x

(7.10)

The strain corresponding to € = 100 cm2 sec-3 is 6.7 sec-l
• Note that in the method

of fluxes there are now three constituents of the radial 'in' component of the velocity:

Win = w, COS 0 + DR cos2 0 - DR cos r/J sin2 O. (7.11)

•

The collision kernel was expressed in the same way as for the !inear shear case, and

t,he procedure of obtaining the !imits of integration were the same as those for a !inear

shear. The collision efficiencies for the collector drops in the radius range 10-30 J1.m,

and 9 J1.m collected drops are plotted in Fig. 7.4. Recall that in order to obtain

the collision efficiency, the collision kernel is divided by 7rW,h + T2)2. In Fig. 7.4,

the highest relative increase of the collision efficiency can be observed for drops of

radii 10 and 9 ILm. Further, for larger collector drops, there is almost no increase.

Then, again, for collector drops of radii larger than 25 J1.m, a steady relative increase

of the collision efficiency 'Yith respect to tbe still-air values is present. In summary,

the effect of a deformationl:field seems to be more pronounced for small « 0.4) and.,
large (> 0.7) radius ratios. Incidentally, we have observed a similar tendency in our

calculations \Vith t,he rea!istic turbulent field. These will be shown in Chapter 9.
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Fig. 7.3 The flux rnethod
for the case of a t,\Vo­
dirnensîonal dcforrna­
t,ion ficld.
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7.4 Collision Efficiency for Almost Equal Drops

Drops of equal (or almost equal) sizes represent a different category than drops

of markedly different sizes. This is because gravity, the dominant factor for the latter,

is no more a major factor determining the character of the motion. Time and scale of

interaction of such drops increase to infinity. Therefore, the inertia of the fiuid, which

is neglected for very small droplets, may become increasingly important. The method

of Klett & Davis [1973] attempted to include the fiuid inertia. Their results, however,

are too high. (Recall that we consider very small drops of radii equal or smaller than

20 !Lm.) In a recent paper, Biihm [1992] applies the concept of a boundary layer

around a drop in order to formulate a general hydrodynamic theory. The results

are in a reasonably good agreement with the collision efficiencies presented by Hall

[1980J for drops of different sizes (at least in a qualitative sense). The two sets

.of collision efficiencies, however, contradict each other for similar drops and small

collector drops (radii smaller than 25 !Lm). (Note that the paper by Hall [1980]

assemblies the most reliable collision efficiency curves available at that time.) The

disagreement in the two sets of collision efficiencies concerns the increase or absence of

increase of the collision efficiencies as the radius ratios tend to one. In other words, in

the boundary layer approach, the collision efficiencies of very small, almost identical

drops increase dramatically due to the effect of the fiuid inertia while in the method

of direct calculation of hydrodynamic forces the collision efficiencies do not reveal

such a behaviour. Biihm compares his results with the available experimental data.

The comparison is favourable, but again, for drops larger than those of interest here.

There are no experimental data for smaller drops. Also, from the theoretical point of

view, the extension of the boundary layer approach to very small drops is incorrect.

The derivation of the boundary layer equations (for the axisymmetrical shape of the

body in this particular case) requires that the drop radius be much greater than the
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thickness of the boundary layer. If this was so, the following conld be writ.ten (see

for example Schlichting, 1968)

(7.12)

where 8 is the boundary layer thickness, ,. is the drop radius, and Re is the Reynolds

number as defined in Chapter 2. For a 10 I!m radius drop, the above condition gives

81r oc il-IlOt a smallnumber at ail. Thus, t,he application of the boundary value

approach was incorrect at the onset.

Clearly then, even if the consensus has been reached in the lit.erature [Bohm;

1992] that the collision efliciencies for large collector drops increase steeply as the

radius ratio tends to one, for small collector drops the quest,ion seems to be still open,

Let us now returu to our turbulent case, With the present version of our mode:,

the calculation of the turbulent collision keruels for small, almost identical drops can­

not be accomplished in the same way as for drops markedly different in size. (WH,hout

the 'support' of gravity, the number of collisions is too low to obt,ain any st,at,isti­

cally significant results.) Therefore, we are interested to obtain the estimates of the

turbulent collision rates for equal sized drops on the basis of the assumption t,hat

hydrodynamic interactions do not influence the relative separation betwecn drops.

In the 'laminar still-air terminology', the latter is equivalent to the collisional cross­

section being equal to the geometrical cross-section, and, consequently, the collision

efliciency equal to unity. If there are no hydrodynamic interactions, we could use the

flux model, and calculate win at R = "1 +r2-the probability of collision, P(O; R), as­

sumed one. Theoretically, we could perform a turbulent calculation which will show

us whether or not the above hypothesis is true. However, due to large stat.ist,ical

uncertainties resulting from the small number of collisions in the turbulent calcula­

tions, the numerical experiment will not be conclusive. Nevertheless, we can apply

the deformation field, as defined in Section 7.3, to calculate the collision kernels for
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equal drops for bath with and without hydrodynamic interactions. The results of the

above experiments for two pairs of drops of radii 15 and 15 /lm, and 15 and 9 /lm are

presented in Table 7.1. Ali collision kernels were obtained for R = 0.7 cm.

TABLE 7.1

Collision Kernels for Two-Dimensional Deformation Field

Radius Tl Radius r2 Hydrodynamic Collision Kernel

(J'm) (J'm) Interactions (cm3 sec-1)

15 15 Yes 3.38 x 10-8

15 15 No 3.01 x 10-7

15 9 Yes 5.13 x 10-7

15 9 No 3.26 X 10-5

Although, for identical drops, the collision kernels are not equal for the inter-

acting and non-interacting drops still, the ratio of these two kernels is significantly

higher for equal than for unequal drops (0.11 and 0.02 respectively.) Thus, with the

help of this simple experiment we have shawn that for drops of almost identical sizes

embedded in a deformation field, the effect of hydrodynamic interactions on collision

kernels becomes substantially less important than for drops of different sizes. We

might, therefore, assume that if we werc ta decide ta estimate the collision kernels

for equal drops in. a real turbulent field, neglecting hydrodynamic forces would result

in an overprediction by a factor of about 9.
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Turbulent Calculations

We are ready ta present the calculation of the turbulent collision efficiencies at
last. In this chapter, we describe the details concerning the use of the model
designed ta estimate collision kernels and collision efficiencies. We also show the
results of the tests designed ta validate our model. Finally, we outline the method
of estimating errors.

8.1 The Operational Details of the Madel

In Chapters 3, 4, 5, and 6, we described the structural elements of our model.

In particular, in Chapter 6, we introduced a statistical approach which allows us

to calculate collision kernels for known values of the probability of collision as a

function of the azimuthal angle, e. The role of our dynamic model was to facilitate

the calculation of this probability. It was accomplished through multiple repetitions

of the same experiment for different realizat,ions of the turbulent velocit,y field. In

each experiment, the large drop was placed at, the origin and the small drop on the

surface of the sphere ofradius R centred at the origin, in particular at (R, e, </J). The

coordinate e was varied while the coordinate </J was always assumed to be 0° (recall

symmetry in </J). Then, the initial value problem for two drops was carried out up to

the time instant when either droplets collided or the large drop passed the small one,

and there was no chance for the occurrence of collision. (The details of trajectory

calculations were given in Chapter 5.) After a sufficient number of trajectories were
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• examined, the probability of collision was estimated as

P(B; R) = Neau,
Ne:xp

(8.1)

where NeaU is the number of collisions, and Nexp the total number of the performed

experiments. The subsequent integration of P(B; R) allowed us to obtain the collision

kernels and collision efficiencies as follows

l
ama.

I< = 7f'R 2w, 0 P(B;R)sin2BdB,

R2 loma.
E=( . . )2 P(B;R)sin2BdB.

71 +72 0

(8.2)

(8.3)

•

Before, however, the numerical values could be obtained a number of choices had to

be made. The list of such tasks follows.

1. The choice of radius R.

2. The truncation of turbulence modes which do not influence the relative motion

of drops.

3. The number and spacing of angles Bi for the integration.

4. The value of Bmax.

5. The number of experiments for each Bi'

We will comment on each of the above items. The choice of R was determined

by two factors, the strength of the hydrodynamic interactions, and the effectiveness of

calculations. (The latter required that a reasonably sufficient number of collisions was

encountered-this number of collisions per number of experiments decreases with R)

Unlike the case of a still fluid, the turbulent case is not sensitive ta weak interactions

between drops. These can be neglected because at large separations, the relative

displacements of drops due ta the hydrodynamic interactions are much smaller than

t,hose due t,a turbulence. A more rigorous proof will be given later in this chapter.

In the majority of calculations R = 20T!. Only in situations in which the relative
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displacement of drops due to turbulence is much larger than the drop radii, e.g.

for drop radius ratios of the order or greater t,han 0.9, and for the rate of energy

dissipation 10 and 100 cm2 sec", R = 101·!.

The second issue on our list was dictated by the necessity to limit, computer

time. Different drop pairs are characterized by different time and lengt,h seales of

interaction. Therefore, the range of the Fourier modes whieh actively part,icipate in

binary drop interactions vary. There is no need to include those modes which have

time and length scales much larger than the scales of interaction. This is because

they do not contribute to the relative displacement but, merely impose a background

velocity field, identical for both drops, The practical criterion which wc applied was

that all the scales larger than 50 times the scales of interact.ion were truncated.· This

rule was relaxed for the situations with very short time scales of interact.ion-of the

order or shorter than the Kolmogorov time scale. In such fields drops do not. see t,ime

variation beeause the frequencies associated with the wavelengths whieh affect. t,he

motion of the drops are much smaller than the inverse of the time scale charact.erizing

the two-drop problem. Therefore, the strict. implementation of the above rule would

result in the rejection of all the modes. Sensit.ivity tests for the truncatiollS of the

Fourier modes will be presented in Section 8.3.2.

Ali the deeision-making procedures in items 3, 4 and 5 were based on a sub­

jective judgment. Initially, we started with 0, uniformly distributed in what we

anticipated to be the range of nonzero probability of collision. Then, looking at

the curve PlO) sin 20 vs. 0 (rather than PlO) vs. 0), decisions coneerning addi­

tion of extra points were made. This type of a subjective judgment worked weil for

the 'weak-turbulence' cases (smooth curves) as opposed to 'strong-turbulence' cases

(noisy curves). In the latter category, error analysis was used in order to decide

whether more values of 0 needed to be examined, but, again, the final decisions were
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made in a rather arbitrary way. In order to illustrate what we mean by a 'weak-'

and a 'strong-turbulence' case, in Fig 8.1, there are presented curves of P(O) and

P(0) sin 20 vs. 0 for both cases. The integration limit Orna. was determined by the

vanishing probability of collision.
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•

Fig. 8.1 Probability P(O) and P(O) sin 20 for the typical case of: a) a 'weak turbulence'
case (1'1 = 10 Jtm, r2 = 6.5 Jtm, € = 1 cm2 sec-,"), and b) a 'strong turbulence'
case (1'1 = 10 Jtm, 1'2 = 8 Jtm, € = 100 cm2 sec-a) .
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In order 1.0 determine the total number of experiments wc made an extensive

use of error analysis. (Errol' analysis is described in Section 8.4.) Our goal was t,o

obtain errors within the limit of 15%. For many parameters (1'1> '1"2, and €), however,

much better accuracies were obt,ained. Unfortunately, for sorne other paramet.ers

1.0 meet the above criterion was very difficult, and, sometimes, impossible. These

were scenarios with very few collisions, and, consequently, very low probabilities P(O)

which required literally thousands of experiments 1.0 be performed.

8.2 Calculation of the Average 'in' Component of the
Radial Velocity

In Chapter 6, we introduced a modification 1.0 t,he flux met,hod aimed al. in-

cluding the variation of the radial 'in' component of the drop relative vclocity, For

large drop radius ratios and stronger turbulence, the average value of t,he radial 'in'

component of the drop relative velocity, w~n is not, equal 1.0 w, cos O. We expected

that difference 1.0 be rather small, yet, il. seemed t,o be necessary t,o invest,igatethe

issue more thoroughly. The following numerical experiment was designed 1.0 calculate

w~n. The geometry of the experiment was identical 1.0 that used in the calculation of

trajectories. The collector drop was placed al. the origin, and the collecteci drop al. the

position (R +6.R, 80 , </J = 0); 6.R « R. Then, the ordinary trajectory modelling was

carried out up 1.0 the point when the distance between drops was R. Subseqnently,

w~n and the azimuthal angle 8 were recorded, and later averaged. Starting t,he ex-

periments al. the surface of the sphere of radius R + 6.R was aimed toward rc1axing

the initial conditions imposed on the drops, The averaged value of 8 was very, close

1.0 the initial value of 80 , In Fig. 8.2, there arc shown two examples of the curves w~n

vs: 8 for the laminar and turbulent cases for two sets of parameters: a) l', = 10 "m,
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T2 = 9.5 p.m, € = 100 cm2 sec-', and b) Tl = 10 p.m, T2 = 5 p.m, € = 1 cm2 sec-' .

The experiments demonstrate that the effect of turbulence on w~n is very smal!, in

fact negligible in most of the considered sets of parameters.

In Chapter 6, we also introduced the weighting function, f(9) which represents

the fraction of drops which have a positive w~n. For € = 100 cm2 sec', this fraction

was found to be equal to unity for al! angles 9 < 90° up to the radii ratio of the order

of 0.9. For higher radii ratio, f(9) decreases being, as expected, of the order of 0.5

for equal drops. In our experiment aimed toward obtaining collision efficiencies for

unequal drops, we found that f~9) = 1 for al! angles 9 with nonzero probability of

collision.

a) b)
0.12 1.0

Drops: la, 9.5 Drops: la, 5
€=100 €=1

0.10
0.8

~ 0.08
êJu 0.60 0• '""- "-e 0.06 eu ~~

'" '. 0.4
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l'

0.02
0.2

Turbulent
.......... Laminar
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Fig. 8.2 Comparison of the average radial 'in' component of the drop relative velocity
for turbulent and laminar cases: a) Tl = 10 P.ffi, T2 = 9.5 p.m, € = 100 cm2

sec"-', b) Tl = 10 p.m, T2 = 5 p.m, € = 1 cm2 sec-'.
/I\i
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8.3 Tests and Justifications

8.3.1 The Dependence of the Collision EfFiciency on the Initial
Distance between Drops

In this section, we attempt to answer two questions: 1. whether the initial

distance between drops, R of the order of 10 or 20 radii of the collector drop is

sufficient from the point of view of the hydrodynamic interactions for calculation of

the collision efficiencies? 2. whether or not the collision efficiencies depend on R in

general? In order to answer the first question, let us once again take a look at t,he

laminar still-air case. The relative displacements of drops are more dramatic for the

nonzero initial horizontal offsets of drops as opposed to the zero horizontal offset.

In the former case, the strongest hydrodynamic forces along the Une of centres have

horizontal components, and in,J;l1éJatter case, do not. We will direct. our attention

to two cases of nonzero horizontal offsets: the case of grazing trajectory, and the

case of the horizontal offset equal to the surr/Of radii. The idea is to compare t,he
/

relative horizontal displacements due to, the hydrodynamic forces with those due to

turbulence. We simpUfy the problem by assuming that dropinertia is neglected, and

that drop movement in the horizontal plane is the same as that of f1uid parcels. Also,

we assume that the relative horizontal displacement of the drops is composed of the

turbulent and hydrodynamic parts as follows

(8.4)

•

where ~ç is the total horizontal displacement of drops during the time period in which

the vertical distance between drops changes from ( to ( - ~(, and ~ÇT and ~ç11 are

the corresponding displacements due to turbulence and hydrodynamic interactions.

Further, for the displacement due to turbulence, we can write

(8.5)
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It is convenient to use the ratio

t.ç 8ux ( t.ÇH
t.( - 8z w, - t.(;

'-v'-"
h«)

h(() rcpresents the rate of drop horizontal displacement per unit change in vertical

separation due to hydrodynamic interactions. Because U x is the instantaneous tur-

bulent vclocity, the r.m.s. of t.ç/ t.( gives the magnitude of the displacement. Let us

calculate the average

( t.Ç
)' = (8Ux)'(i..)' _2 811x i..h(()+h(()'= (8ux)'(i..)' +h(()'. (8.7)

t.( 8z w, ~w, 8z w,
=0

The r.m.s. value of the velocity derivative can be approximated by

~(8Ux)' = ~,V\a;-) Vlfu;
~

L

[Taylor, 1935]. Finally,

J(~~)' = (L')'1..>: ;'; +h(()',

(8.8)

(8.9)

where (L()/w, represents the r.m.s. rate of horizontal displacement per unit change in

vertical separation due to turbulence alone. Therefore, if the rate of displacement due

to hydrodynamic forces, h((), is much smaller than the r.m.s. rate of displacement

due to turbulence, the hydrodynamic interactions can be neglected.

Let us now be more precise about what 'much smaller' really means. In order

to quantitatively determine the distance between drops beyond which the hydrody-

namic interactions can be neglected, we calculate the error of the rate of horizontal

displacement per unit change in vertical separation if the hydrodynamic forces are

•
indeed neglected

(8.10)
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• where
h(Ç)

<5(ç) = (LÇ)/w,'

Note that for the case of a constant shear, the analogous error is equal 1,0

1
<5(Ç) 1~ <5

1- <5(Ç) ~ .

(8.11 )

(8.12)

Therefore, if <5 is smal1, the hydrodynamic interactions can be neglected more con­

vincingly for the case of turbulent flow than for the case of linear shear. Further, if

we assume the error tolerance < 1%, <5 < 0.1. . ",

•

In Fig. 8.3, there are presented the r.m.s values of the rate of horizontal dis­

placements per unit change in vertical separation, (LÇ)/w, for different values of thc

rate of energy dissipation (0.01-100 cm' sec-3 ), and the rates of horizontal displace­

ments per unit change in vertical separation due 1,0 hydrodynamic interaction, h(C;)

for two laminar trajectories, the grazing trajectory, and the trajectory obtaincd for

the initial horizontal offset, y equal 1,0 the sum of radii. ln particular, we chosc 1,0

present the above quantities for the case of large radius ratio (drop radii 10 and 9

l'm), and for smal1 radius ratio (drop radii 15 and 5 l'm). From the information dis-

played in Fig. 8.3, we conclude that for a11 the considered cases, a relative separat,ion

of the order of 20 radii of the co11ector drop is sufficient 1,0 assurc errors < 1% for

€ 2': 1 cm' sec-3
• AIso, for radius ratios greater than 0.9, that distance can be dimin­

ished 1,0 10 radii for stronger turbulence, € 2': 100 cm' sec-3• We used the trajcctory

y = T, + T2 1,0 estimate <5. Because the displacements due 1,0 the hydrodynamic forccs

for y = T, + T, are the largest, and they decrease with increasing ç, onr estimates arc

rather conservative.
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In Chapter 6, we proved that the collision kernels (and the collision efliciencies)

ca1culated using the flux method do not depend on the initial dist,ancc betwcen drops,

R. We chose two sets of parameters (1'!> 1'2, and €) in order to practically assess

the dependence on R. The results of these tests are presented in Table 8.1. We

purposely choose cases with the radius ratios equal to 0.8 iu order to have a st,ronger

effect of turbulenee-not so strong, however, as to make the ca1culation completely

inconclusive due to statistical errors. In Table 8.1, we include also t,he statistical

errors of the calculations. The collision efliciencies obtained for t,wo different values

of Rare within the error range. Thus, we conclude that our numerical ea1clllation

does not contradict the assumption that the collision efliciencies are independent of

R.

TABLE 8.1

The Dependence of the Collision Efficiency

on the Initial Distance between Drops

Radius Tl Radius r2 Radius R , Collision Efficicncy Errar

(l'm) (l'm) (l'm) (cm2 scc-3 ) %

15 12 150 100 0.017 10

15 12 300 100 0.015 10

10 9 100 10 omo 0

10 9 200 10 0.017 19

8.3.2 The Dependence of the Collision Efficiency on the Trun­

cation of the Turbulent Field

A series of experiments was designed in order to prove that the truncation

performed on the basis of seale analysis does not affect the calculated values of collision
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efficiencies. The experiments resulted in a full success. In Table 8.2, we present the

results for two pairs of drops, with weak and strong turbulence. The quantity termed

in the table 'Truncation Factor' represents the truncation factor of the length and

time scales of turbulence with comparison to the length and time scale of the drop

interactions. In particular, the truncation factor of 50 means that all the scales (space

and time) greater than 50 times the respective length and time scale of interaction

are truncated. (Note that the truncation factor of 25 represents a higher truncation

than that of 50.) Clearly, for the cases with higner truncations, the values of the

collision kernels are reproduced very accurately in comparison to the less truncated

cases. In other words, the modes which were rejected did not have any influence on

the collisional problem.

TABLE 8.2

The Dependence of the Collision Efficiency
on Turbulence Truncation

Radius Tl Rndius r2 Radius R < 'fruncation Collision Errer

("m) ("m) ("m) (cm2 sec-a) Factor Efficiency %

20 6 400 1 200 0.0126 3

20 6 400 1 100 0.0127 2

10 8 200 100 50 0.0139 20

10 8 200 100 25 0.0144 19

8.3.3 The no-Effeet Limit of the Rate of Energy Dissipation

The questions which we were frequently asked during the test stage of the model

were whether we can reproduce laminar collision efficiencies by calculations with very

woak turbulence, and how weak must the turbulent field be to do so. Because for very

weak turbulence, the values of R equal to 20 radii of the collector drop is not sufficient
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to neglect the hydrodynamic interact.ion on t.he sphere of radius R, the cOlllparisons

were made with laminar values obtained for t.he sallle geomet,ry (i.e. R = 201',). In

Fig. 8.4, there are presented t.he collision efliciency curvcs for 10 and 15 Itm collcct.or

drops for the laminar case, and for the turbulent case wit.h € = 0.01 cm2 sec-Jo The

agreement is very good. Using the results of this experilllent we were able not, only

to reassure ourselves that. the model is robust. but. also to find t.he lower lilllit of t.hc

rate of energy dissipation which might have an elfect. on collision rates.

15 11-1T~
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Fig. 8.4 Comparison of the laminar collision efliciencies wit.h t.hc t.urbulent. collision
efliciencies for t.he rate of energy dissipat.ion equal t.o 0.01 cm2 scc-".

8.4 Error Analysis

Let us recall the expression for the collision efliciency

R
2 loma

•E = ( ) P(9; R) sin 29 d9.
l', + 1'2 2 0

(8.13)
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The accuracy of the above expression depends on the accuracy with which we cal-

culate the probability of collision, P(O; R). The latter, being a product of modelling

numerous drop trajectories, has two sources. of errors: one associated with the ac­

curacy of the trajectory calculation, and the other associated with the statistical

variance. We discussed the accuracy of calculations of drop trajectories in Chapter

5-the numerical errors are negligible. In Section 8.3.1, we also discussed the errors

due to neglect,ing the effect of hydrodynamic interactions for the drop separations

greater than 20 radii of the colJector drop. We showed that the maximum errors

for a single trajedory in the most unfavourable situations were very smaIJ ($; 1%).

Therefore, the errors due to neglecting the hydrodynamic interactions at larger drop

separations are smaIJ in comparison to the statistical errors which are usually greater

than 5%.

Let us present the method with which to obtain the statistical variance of the

collision efficiency. In order to do so, we represent the collision efficiency in the

following approximate form

E= R
2

2I: P (Oi)+P(0i+1)1°'+lsin20do= R
2 2I:I;,

(rI + r2) i=1 2 0, (rI + r2) i=1

where n is the number of the values of 0 used to estimate the collision efficiency.

(Fig. 8.5 should he helpful to understand the notation.) The variance of the collision

efficiency is then
R2 2 n-I

var(E) = [( )2] L: var(Ii)'
rI + r2 i=1

F\lrther, we can calculate

(8.15)

(8.16)

•

var(Ii) = ~ (1°'+1 sin 20 dO) 2 [var(Pi) + var(Pi+l)] =
•

1~(cos20i - COS20i+1)2[var(Pi) + var(Pi+l)],

where Pi = P(Oit In the next step we will show how to estimate var(Pi). Pi

is calculated as a ratio of the number of collisions, N~oll' to the total number of
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experiments, N:.p ' Let the occurrence of a collision be called an eyent. Suppose

that we perform an experiment which results in the indicator of an evcnt. tnking

either the value of 1 (collision) or the value of 0 (no collision). Let. us also assume

that the probability of the occurrence of a collision is p and the probability of no-

(8.17)

collision is 1 - p. The variance of obtaining N;oll collisions in N:.p cxperimellts is

then N:xpp(l - pl. Thus the variance of the calculated value Pi is

p(l- p)
var(Pi ) = . .

N~xp

Finally, if we estimate the value of p by Pi we have

(P)
_ Pi(l- Pi)

var i - . .
N~xp

(8.18)

1
1
1
1
1
1
1 •

61 62 61 61+1 6n 6

Fig. 8.5 Schematic sketch for error calculation.

•
Naturally, the standard deviation of a quantity represents the error. Therefore, the

c- .:.,~•..:.,--..,

final expression for the error of the collision efficiency is

R2 1{~ 2[Pi (1-Pi ) Pi+I(l-Pi+I)]}~
".(E) = (rI +r2)24 t;(cos29i~COs29i+1) N:.

p
+ N:';~ . (8.19)
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It follows from the above equation that for N~ol! -+ N;xp, (J -+ 0, and for very

small N~oll' fT ex 1/JN~xp' Thus, in the latter case (J decreases with the number of

experiments.
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Discussion of the Results

Here, there are presented the collision effiC'iencies for different rad'ii ami diffcrent
strengths of turbulence. The results are also discussed 'in te71ns of a scale analys/s.
Finally, the extension of the model for equal drops is outlined.

9.1 Presentation of the Basic Results

We systematically examined three different collector drops, radii 10, 15, and 20

!Lm. For each collector drop, there were chosen six to seven smal1 drops for which we

obtained the collision efficiencies. The selected rates of energy dissipat.ion were 1, 10,

and 100 cm2 sec-3
• In Table 9.1, there are snmmarized t.he collision efficiencies for

different values of t.he drop radii and the rate of energy dissipation. The paramet.ers

required by the model (as described in Chapter 8) which were applied in t.he calcula­

tion, and the estimated statistical errors are also included. In Figs. 9.1, and 9,2-9.4,

data from Table 9.1 are juxtaposed with the laminar collision efficiencies. The four

panels of Fig. 9.1 feature the respective collision efficiencies for t,hree cases of t,urbu­

lent calculations, and t.he laminar calculation. They illustrate different characters of

the collision efliciency curves for different strengths of turbulence (and no-turbulence).

Figs. 9.2-9.4 are designed to compare the values of the collision efficiencies for the

. laminar and turbulent cases for the same collector drop.



127

TABLE 9.1• Turbulent Collision Efficiencies
for Different Radii and Different Rates of Energy Dissipation

Rndius Tl Rndius T2 , Radius R Truncation Collision Error Relative

(/lm) (/lm) (cm2 sec-3 ) (/lm) Factor Efficiency (%) Change (%)1

10 1.5 1 200 100 0.0040 7 +53
10 3.5 1 200 100 0.0092 9 +33
10 5.0 1 200 100 0.0114 11 +22
10 6.5 1 200 50 0.0124 6 +15
10 8.0 1 200 50 0.0122 10 +12

10 9.3 1 200 50 0.0124 14 -36

10 1.5 10 200 50 0.0036 9 +32
10 3.5 10 200 50 0.0107 15 +55
10 5.0 10 200 50 0.0127 7 +46
10 6.5 10 200 50 0.0135 15 +25
10 8.0 10 100 50 0.0160 6 +47
10 9.3 10 100 50 0.0101 14 -2

10 1.5 100 100 50 0.0033 21 +24
10 3.5 100 100 50 0.0088 11 +28
10 5.0 100 100 50 0.0101 10 +8
10 6.5 100 100 50 0.0110 21 +2
10 8.0 100 100 50 0.0144 19 +32
10 9.3 100 100 50 0.0137 11 +29

15 2.0 1 300 200 0.0024 12 -2

15 5.0 1 300 50 0.0100 6 +20

15 8.0 1 300 50 0.0156 3 +12
15 10.0 1 300 50 0.0175 6 +15
15 12.0 1 300 50 0.0171 5 +22
15 14.0 1 300 50 0.0124 6 -1

15 2.0 10 300 50 0.0035 12 +43
15 5.0 10 300 50 0.0112 7 +34
15 8.0 10 300 50 0.0156 3 +13
15 10.0 10 300 50 0.0155 8 +1
15 12.0 10 300 50 0.0178 8 +26
15 14.0 10 300 50 0.0100 8 -12

15 2.0 100 150 50 0.0026 15 +7
15 5.0 100 300 50 0.0052 9 -38

15 8.0 100 300 50 0.0136 8 -2

15 10.0 100 300 50 0.0129 18 -15

15 12.0 100 150 50 0.0171 9 +22
15 14.0 100 150 50 0.0138 11 +21

•
t This column refors t.a t.he relative change of the turbulent collision efficiency with respect ta the laminar collision

cfficicncy.
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• TABLE 9.1 Cont.

Turbulent Collision Efficiencies
for Different Radii and Different Rates of Energy Dissipation

Radius Tl Radius r2 , Radius R Truncntion Collision Enor Rllli\l,ivc

(l'm) (l'm) (cm2 sec-3 ) (l'm) Fact.or Efficicncy (%) C!mnge (%)

20 3.0 1 400 200 0.0037 8 +8
20 6.0 1 400 200 0.0126 :1 +10
20 0.0 1 400 200 0.0278 4 +17
20 12.0 1 400 100 0.0387 2 +20
20 14.0 1 400 100 0.0301 6 +27
20 16.0 1 400 50 0.0284 2 +18
20 10.0 1 400 50 0.0160 8 +26

20 3.0 10 400 50 0.0046 14 +:16
20 6.0 10 400 50 0.0144 2 +26
2.0 0.0 10 400 50 0.0277 7 +1(;

20 12.0 10 400 50 0.032:1 :1 -0
20 14.0 10 400 50 0.0366 6 +10
20 16.0 10 400 50 0.0262 ,1 +0
20 10.0 10 400 50 0.0111 14 -1:l

20 3.0 100 400 50 0.0003 14 -91

20 6.0 100 400 50 0.0164 7 +44
20 0.0 100 400 50 0.0331 1:1 +:19
20 12.0 100 400 50 0.0287 7 -11

20 14.0 100 400 50 0.0349 11 +1:1
20 16.0 100 400 50 0.0389 6 +61
20 10.0 100 200 50 0.0140 11 +10

In Chapters 6 and 8, we introduced corrections to the collision kernels and

collision efliciencies related to the discrepancy between the laminar and turbulent

radial 'in' component of the relative velocity. These corrections turned out to be

insignificant for the majority of considered cases. In Table 9.1, and Figs. 9.1-9.4, the

corrections are included only for ratios of drop radii greater than 0.9, and € = 100

cm2 sec-3 . For such values, the corrections are of the order of 1-7 % while for smaller

ratios of drop radii and lower rates of energy dissipation, the corrections are less than

•
1%.
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Returning 1.0 the interpretation of the results, l'rom Fig. 9.1, il. is clcnr thal.

the behaviour of the turbulent collision efficiency curves reveals two regimcs, onc for

'weak' turbulence (f ~ 1 cm" sec-3
), and another for 'strong' turbulcncc (f ~ 10

cm2 sec-3
). Both regimes are characterized by a modcrate increasc of thc collision

efficiencies with respect 1.0 laminar flow. However, the domains of radius ratios whcrc

the increases take place are different. Thc 'strong' turbulence rcgill1c is rcsponsiblc for

shifts of the peaks of the collision efficiencies toward higher radius ratios in COll1parison

1.0 the laminar collision efficiencies. Also, in this regime, one can observe pcculiar local

minima of the collision efficiencies which occur for ratios of drop radii cqnnl ronghly

1.0 0.7. The 'weak' turbulence regime, on the other hand, secms 1.0 bc more consist;ent,

with the laminar case. The character of the collision efficicncy curvcs rcscll1blcs that

of the laminar collision efficiency curves except for ratios of drop radii grcatcr than

0.9. For large radius ratios, the collisi6n efficiency values for diffcrcnt sized colicct,or

drops are quite different whereas, according 1.0 the applied hydrodynall1ic modcl, in

the laminar case they tcnd 1.0 the same value as the radius ratio approachcs 1.

Switching our attention 1.0 Figs. 9.2-9.4, we can determine the strcngth of

turbulence which causes the highest increases of the collision efficicncics for diffcrcnt

ratios of drop radii. (Table 9.1 is helpful as wcll.) For 10 J.Lm colicctor drops, thc clfccl;

seems 1.0 be the strongest (RJ 50% increase) for the rate of energy dissipation cqnal

1.0 10 cm2 sec-s, except for the radius ratiO'equal 1.0 0.93. The collision efficiency f?r

f = 1 cm2 sec-s increases in the same manner as for f = 10. cm2 sec-3 but, in a morc

moderate way. For f = 100 cm2 sec-3
, the increases occur for smali and large radins

ratios (RJ 30%).

For 15 J.Lm coliector drops, the overaillargest increase of the collision efficicncics

associated with f = 1 cm2 sec-3 takes place in the middle range of radius ratios

(RJ 20%), the largest increase associated with f = 10 cm2 sec-3 in thc lower range of

,
"
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radius ratios ("" 30%), and the largest increase associated with € = 100 cm2 sec-3 in

the upper range of radius ratios ("" 20%).

Finally, for 20 fLm collector drops, some similarities with the collision efficiencies

for 15 /Lm collector drops can be found. The region of the increase of the collision

efficiency for € = 1 cm2 sec-3 broadens toward higher ratios of drop radii compared

to that for 15 fLm drops. Again, for € = 10 cm2 sec-3 , the increase is limited to small

radius ratios. While, for € = 100 cm2 sec-3
, the highest increases occur for the radius

ratios equal 0.4 and 0.8; these local maxima being the highest increases observed for

20 Itln collector drops ("" 50%).

The overall picture of the effect of turbulence on the collision efficiencies is a

very complicated, Ilot to say, a very obscure one. In the next section, we will try to

comment on some of the results from the point of view of scale analysis.
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9.2 Results from the Point of View of Scale Analysis

Turbulence which is characterized by multiple scale behaviour should not be

expected to interact with drop pairs of different sizes in a similar manner. In Chapter

2, we introduced scales characterizing both turbulence and the binary drop interac-

tions. We will return to the concepts which were introduced there. In Figs. 9.5-9.7,

we plot the length, time, and velocity scales respectively for ail three collector drops

vs. radius ratio. Also, we mark in the figures the Kolmogorov length, time, and

velocity for different strengths of turbulence. Additionally, in Fig. 9.6, not only the

Kolmogorov time scales are juxtaposed with the scales characterizing drops but also

the relaxation times for ail three collector drops. These figures will be crucial in our

later arguments concerning behaviour of the collision efliciencies generated by our

mode!.
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As it was mentioned before, no simple dependence of collision efliciency on

parameters is expected to be established. We may, however, attempt to identify

different ways in which turbulence interferes with gravitational settling of droplets.

Because the collision efliciency is calculated as an integral of PlO) sin 20, we use this

curve to define our criteria. (P(O) sin 20 provides much more information than the

collision efficiency itself,)
/;>.-~\\

-:/" '1" l,
:-~'-~--:...,,:~<

"11

9.2.1 Small p(~'(turbation to Gravitational Laminar Settling

Let us consider a class of drop pairs for which the curve PlO) sin 2& resembles

t,hat for gravitational settling in a still fluid (see Fig, 9.8). Let the Rbscissa of

the maximum of P(O) sin 20 for the turbulent flow be o'ur, and for the laminar flow

O'a,;,. We define the cases of small perturbation to the gravitationallaminar settling

according t,o the following criterion

o'am ~ 0.8 o'ur.

The following sets of parameters fit the above criterion:

1'1 = 10 J'm and € = 1 cm2 sec-3i 1'2 = 5, 6.5 J'm,

1'1 = 15 J'm and € = 1 cm2 sec-3 j 1'2 = 5, 8, 10, 12 J'm,

1'1 = 20 J'm and € = 1 cm2 sec-3 j 1'2 = 3, 6, 9, 12, 14, 16 J'm.

(9.1)

•

Notice t,hat all drop pairs whjch we consider in this section are characterized by both

length and time scales significantly smaller than the Kolmog()fov length and time
/~;;-/

(respectively 25 and 200 times smaller). Therefore, the eff;~t of turbulent eddies on

the relative trajectories of the drops is small. Still, a relatively significant effect on

t,he collision efficiencies can be observed. All the above cases are characterized by a

moderate increase of the collision efficiency. Clearly, the majority of droplet pairs for

€ = 1 cm2 sec-3 belong to this category. The few remaining cases involving small and
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large radius ratios will be discussed later.
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:',1

Let us present more results. Thesewcreobtained for very weak turbulent fields

(€ = 0.1 and 0.01 cm2 sec-"), but the initial distance between drops R was, similarly

•
ta the cases with strong turbulence, equal to 20 radii of the collector drop. Thcre-

fore, the results do not have quantitative value (we underestimate the hydrodynamic

interactions). The calculations were performed only. to illustrate the effect of very
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weak turbulence on coliision efficiencies. Table 9.2 is analogous 1.0 Table 9.1 for weak

turbulence, and Figs. 9.9, and 9.10-9.11 are analogous 1.0 Figs. 9.1 and 9.2-9.3, ex-

cept. that t.he laminar values of the collision efficiencies were obtained for the initial

distance between drops equal 1.0 20 radii of the collector drop, in order 1.0 facilitate

comparisons. According t.o our criterion, ail combinations of parameters (€, rI> and

r.) yield P(IJ) sin 29 slightly perturbed compared 1.0 the laminar settling.

Characteristically, for very weak turbulence, if the ratio of the Kolmogorov

velocity 1.0 the drop terminal velocil.y difference becomes small (e.g. 0.5 for € = 0.1

cm2 sec-", and 1·, = 10j 0.3 for € = 0.1 cm2 sec-", and rI = 15j etc.), no effect on

collision efficiency is found.
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Fig. 9.9 Collision efficiencies for very weak turbulent flows with different rates of

energy dissipation (€ = 0.1, 0.01 cm· sec-3
).
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• TABLE 9.2

Turbulent Collision Efficiencies
for Very Weak Turbulence

Radiu.'i Tl Rndius T2 , Radius R Truncation Collision Error Relative

(l'm) (l'm) (cm2 sec-3 ) (l'm) Factor Efficiency (%) Change (%)j

10 1.5 0.01 200 1000 0.0030 7 +3
10 3.5 0.01 200 1000 0.0081 4 +8

'. 10 5.0 0.01 200 600 0.0104 5 +1
JO 6.5 0.01 200 .400 0.0118 5 -1
10 8.0 0.01 200 400 0.0125 4 +3
10 9.3 0.01 200 200 0.0122 8 +5

10 1.5 0.1 200 400 0.0034 11 +17
10 3.5 0.1 200 200 0.0078 7 +4
10 5.0 0.1 200 200 0.0107 6 +4
10 6.5 0.1 200 200 0.0148 7 +24
10 8.0 0.1 200 200 0.0154 5 +27
10 9.3 0.1 200 50 0.0128 10 +10

15 2.0 0.01 300 1500 0.0026 3 +4
15 5.0 0.01 300 1000 0.0091 4 +0
15 8.0 0.01 300 800 0.0156 1 +3
15 10.0 0.01 300 800 0.0165 4 -1

15 12.0 0.01 300 400 0.0158 3 +1
15 14.0 0.01 300 200 0.0127 5 +0

15 2.0 0.1 300 400 0.0023 8 +16
15 5.0 0.1 300 400 0.0096 3 +6
15 8.0 0.1 300 400 0.0161 3 +6

i.~' 16 10.0 0.1 300 200 0.0176 2 +5
15 12.0 0.1 300 200 0.0173 2 +11
15 14.0 0.1 300 200 0.0118 9 -7..

,,\

t This comparison is mnde with the laminnr collision cfficiencies obtained for the same ~dnditions as the turbulent

collision cfficicncies.

Wit,h the help of scale analysis, we shed sorne light on the behaviour of the

•

collision efficiency curves for weak turbulence. The relatively uniform increase of the

collision efficiencies for € ::; 1 cm2 sec-3 s~),~ms to be caused by small perturbation
. -0;;/

to the gravitationallaminar settling. Previously in this chapter, we noticed that for

ratios of drop radii greater than 0.9 the values of collision efficiencies for different

collector drops vary, and are different from those for laminar flow. It is clear now
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that this behaviour is not caused by small perturbations 1.0 the gravitationallmninar

settling but rather by sorne otller mechanism, possibly turbulent mixing. Finally, thc

collision efficiencies for small radius ratios and collector drops of radii 10 and 15 Illll,

for which (9.1) also does not apply must be affected by sorne other mechanism.

9.2.2 Turbulent Mixing

For stronger turbulence, a significant depart,ure of the P(O) sin20 curves from

the laminaI' ones can be observed. (See Fig. 9.12.) Ali examined cases f,>r € :2: 10

belong 1.0 this category. No simple conclusions can be derived for stronger turbulence.

This is because the motion of drops and the possibility of collisions bet,ween t,hem

is determined by several factors each of them strongly depending on the drop radius

ratio as weil as drop masses.

Let us specify these factors. Gravit,y causes collision while hydrodynnmic in-

teractions prevents collisions. For gravitationallaminar sett.ling, the highest, collision

efficiencies occur in the middle range of radius ratios. Turbulent eddies affect, the

relative motion the most for large radius ratios-that is probnbly why for st,ronger
~~-:=::::::::;---=:-,

turbulence, the maxima of the collision efficiency curves are shift,ed'toward higher

values of radius ratios. Time variations of the turbulent field are also felt by drop

pairs with high radius ratios, and also for smaller collector drops. which follow the

turbulent trajectories more closely (small inertia). Further, there is the effect of

inertia which could influence the relative motion of d:ops with small radius ratios,

and larger collector drops. Finally, the hydrodynamic interactions ~.rc modificd by
, __ .1

.~_'-';3;é':

the presence of a turbulent velocity field (recall the presence of a velC:cit.y gradient

term in the drop equations of motion). So many are the factors acting 1.0 influen~e
-;.

(positively and negatively) thlJprocess of drop collisions that il. is 1)01. surprising the
<,',,,:::,:- -- -:::/ -.~,\

;,';.,
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final result-the collision efficiency-is not a simply function of the drop sizes and

the strength of turbulence.
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Fig. 9.12 Probability PlO) and PlO) sin 20 illustrating turbulent mixing: (Tl = 10
l'm, 1'2 = 3.5 pm, € = 100 cm2 sec-3), and (Tl = 20 l'm, T2 = 19 l'm, € = 10 cm2

sec-"). Dotted lines represp.nt angles 0 corresponding to the grazing trajectories.
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9.3 Collision Kernels and the Extension of the Re­
sults for Identical Drops

From the point of view of the Stochastic Growth Equation, the collision kcrnels

provide more physical insight than the collision efficiencies. This is because they

are proportional 1.0 the collision rates. We provide the collision kernels for ail three

strengths of turbulence (100, 10, and 1 cm2 sec-"), and laminar 1I0w in Fig. 9.13.

The tendencies observed for the collision kernels are obviously the same as those for

the collision efficiencies. We shall, however, point out a general trend which makes

the turbulent collision kernel curves more fiat in the middle range of radius ratios

in comparison 1.0 the laminar collision kernels eurves as turbulence becomes more

vigorous. In other words, for strong turbulence, the collision kernels tend 1.0 be

independent of radius ratio in the range of radius ratios from 0.3 1.0 0.8.

We want 1.0 extend the range of radius ratios in order 1.0 account for collisions

between almost identical drops. The methodology applied 1.0 derive the previously

presented results became insufficient for radius ratios approaching one because of the

small number of collisions per number of experiments. The number of trajectory cal­

culations which would have had 1.0 be carried out in order 1.0 obtain useful results was

unacceptable large. Therefore, we introduced a shortcut approach 1.0 rather estimate

the order than 1.0 calculate the collision kernels. In our approach, there is a built-in

but not quite accurate assumption that the effect of hydrodynamic interactions can

be neglected altogether for the range of radius ratios under consideration. In order 1.0

obtain the collision kernels, the 'in' component of the relative velocity as weil as t,he

fraction of droplets which are going 'in' were ca!Culàted al. the spllCre of radius 7'1 +7'2'

The details of the numbhcal procedure were described in the section dedicated 1.0 the

calculation of the 'in' component of the relative drop velocity in Chapter 8.
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The final touch 1.0 our calculation was performed in a rather crude way. ln

Chapter 7, we found t.hat in the case of two-dimensional deformation field, the ratio

of the collision kernel of non-interacting drops 1.0 the collision kernel of interacting

drops (for 15 f.Lm drops) was 9. We used that number 1.0 modify the obtained collision

kernels. (These are the uuderestimates of the collision kernels while the unmodified

values are the overestimates.) In Fig. 9.15, the extended values of the collision

kernels are marked with dotted lines. The increases, as expected, are monotonically

increasing functions of the rate of energy dissipation.

9.4 Suggestions for the Improvement of the Results

We divide the possible improvements into two categories: t.he first: includes thc

treatment of the hydrodynamic interactions and the represent.at.ion of turbulcnce; and

the second includes sorne refinements 1.0 the procedure of obt.aining collision efficicn­

cies and collision kernels. As far as the hydrodynamic interactions are eoncerncd,

the major improvements would involve the calculation of the force and torquc co-
I

efficients with the slip-flow boundary conditions. Further, the turbulcnt field used

in the present research might be substituted by the direct simulat.ion of turbulence.

Both changes would require a major modification of the methodology, a rat.her time

consuming one, and, in the case of the direct simulation of turbulence, probably COlIl­

putationallyexpensive. With the present results suggesting a very moderate influence

of turbulence on the process of collisional growth of cloud droplets, 1.0 invest in new

methods seems 1.0 be an extravagant step.

On the other hand, the methods of calculating collision efficiencies and collision

kernels have potential for sorne improvement without major restructuring of the ex­

isting mode!. The most troublesome set of parameters for which we tried 1.0 obtain
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collision efficiencies involved strong turbulence and very high values of radius ratios.

The scatter of drops due to turbulence did not allow us to obtain satisfactory results.

It is worthwhile to point out the two effects which we try to capture while calculat-

ing the probability of collision, P(O). These are turbulent mixing and hydrodynamic

interactions. A skillful and methodologically sound method of separating these two

effects may lead to a better way of calculating collision efficiencies for the troublesome

parameters. In particular, the probability of collision for interacting drops may be

represented by the probability of collision for non-interacting drops modified by a

function of 0 representing the average interaction between drops. This funclion can

be obtatned in an analogous way as the collision efficiency for laminar flows (along

the !ine of thinking presented in Chapter 7)', and, later, averaged. Presumably, such

a separation would allow one to calculate the time consuming statistics using non-

interacting drops with significant savings of the computer time.

We also see sorne relatively simple ways to improve the method of estimating .._;f-__~>

collision kernels for almost equal and equal drops. In the previous section, we obtained

the collision kernels as 'in' fluxes of small drops through the sphere of radius equal

to the sum of drop radii centred at the position of the collector drop. The relative

'in' velocity distribution which we calculated was a correct one. The problem is that

the concentration of small droplets in the vicinity of a large drop differs from the

ambient concentration. Wc think that a simple method to .ob/tain the~ulk degree

of attenuation of the number of small drops in the vicinity of a collecter drop as a

function of the relative distance hetween drops can he easily developed with the help

of our numerical mode!.
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onclusions

Up until present, the only systematic and comprehensive examination of the

influence ofturbulence on coliision efficiencies was that by de Almeida [1975, 1976, and

1979]. The effect of turbulence which de A1melda's drops e.xperienced was dramatic­

the increase of collision efficiencies being ten fold and larger. No such dramatic

behaviour here. Our model predicts modenlte, at maximum 1.5-fold increases; and,

for sorne combinations of drop radii and rate of energy dissipation our moclel preclicts

even clecreases of the collision efficiency. (In view of our results sorne of the critics of

de Almeida's work were certainly correct.)

Let us summarize our results in a concise way. Weak turbulence (1 cm2 sec-")

causes a moderate and relatively uniform increase of the collision efficiencies for all

examined collector drops, except for the cases with small (0.15) and large (0.93) radius

ratios. Drops belonging 1.0 these categories behave in a different way for different

collector drops. In particular, for T2/Tl = 0.15, the increase is significant for the 10

/Lm collector drop but very small for the 20 /Lm collector drop. The opposite is true

for T21Tl = 0.93, where for the 10 /Lm collector drop the collision efficiency decreases,

and for the 20 /Lm collector drop il. increases.

For strong turbulence (10 and 100 cm2 seC"), the behaviour is more complex.

Still, sorne general conclusions can be derived. Persistently, there is a tendency for

the turbulent collision efficiency 1.0 differ little from the laminar collision efficiency in

the range ofradius ratios from 0.55 1.0 0.7 (this range varies for different combinations
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of parameters.) The significant increases occur for both the radius ratios below and

above the 'no-change' region. For € = 10 cm2 sec3 , the preferred range of increases

is predominantly below the 'no change' region while for € = 100 cm2 sec-3 above

that region. There are though, some exceptions from the above rules that, as we

hypothesized about in Chapter 9, can be attributed to the different mechanisms of

interaction between turbulence and drop gravitational settling.

How does the behaviour described above affect the growth of drop spectra?

The application of the collision efficiencies that we obtained in the Stochastic Growth

Equation was not planned as a part of this thesis. The task may be performed later

on. Certainly we do not expect a very pronounced effect because the values of the

turbulent collision efficiencies differ relatively little from laminar collision efficiencies.

However, there are situations for which some subtle effects may be expected. Perhaps,

these might have a distinctive character for different rates of energy dissipation. Our

first candidate for an effect is € = 10 cm2 sec-3
• (The highest overall increase of the

collision efficiencies for 10 /Lm collector drops were obtained for € = 10 cm2 sec-3
.)

The effect of the increase of collision efficiencies due to turbulence for such small

collect.or drops on the drop spectra has not been examined. The effect of € = 100

cm2 sec-3
, because of the peculiar forms of the collision efficiency curves, may also

yield interesting results. On the other hand, the effect of weak turbulence will be the

least interesting because the calculated collision efficiencies are roughly proportional

to t.he laminar collision efficiencies, and the maximum relative increases are generally

somewhat smaller than those for stronger turbulence.

Finally, let us quote Aristotle (384-322 B.e.): "Dear is Plato, but dearer still

the truth". Whoever attempted to resolve the issue of the effect of turbulence on

collision rates before, did it probably with a hope that the effect is important. So,

did we. The answer, however, is no, and must be accepted with equal enthusiasm.
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