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ABSTRACT

The transfer of heat, mass and momentum in the nozzle zone of
sprays produced by internal-mixing, pneumatic and hollow-cone, pressure
nozzles was determined for both co-current and cross—current drying air
flow patterns. The Nusselt Numbers for the evaporating drops were
correlated by means of the equation proposed by Ranz and Marshall for
stationary drops in a moving air flow., Values of the drag coefficients
for the decelerating drops, over a range of Reynolds Numbers of 1 to
100, were approximately one tenth of those predicted by the standard
curve for spheres, and a dependence on the drop diameter was observed,
Methods of measuring the physical properties of the water-air system
were developed and tested with special attention devoted to the

determination of drop velocities and air humidity,
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INTRODUCTION

Atomization may be defined as the production of finely-divided
liquid drops dispersed in a gaseous medium by means of gas inertial
forces, while a spray refers to the resulting dispersion in contrast to
mists and fogs which are formed by other means. This operation has
been known since the middle of the nineteenth century, but it was only
during the last twenty-five years that it has achieved widespread
industrial use. Nowadays, atomization finds application in an
increasing number of physical and chemical processes, especially those
where high heat and mass transfer rates are advantageous. This growing
interest constitutes additional proof of the existence of a new and
powerful trend in modern chemical technology towards the use of highly
subdivided matter to create ever increasing surface areas for heat

transfer, mass transfer, and chemical reactions.

An indication of the rate at which the industrial use of
sprays is expanding can be readily obtained by reviewing the patent
literature published since 1930. The following is a list of some of the
more common unit operations involving the use of atomization:

Absorption and Desorption;
Humidification and Dehumidification;
Extraction in packed towers;

Flash Cooling;

Spray Drying;

Gas Scrubbing:




Fire~-fighting;
Venturi and Cyclone Evaporation;

Spray Painting.

A recent development incorporating the use of atomization is
the Atomized Suspension Technique (67). In this process the liquid
feed is atomized at the top of a tower, the walls of which are maintained
at an elevated temperature. A spray dispersed in its own vapour is thus
produced, and it can be passed through successive zones of evaporation,

drying and solid-gas reactions while flowing slowly down the tower.

Atomization also finds application in agriculture for the
spraying of liquid chemicals, e.g., insecticides, herbicides, fungicides
and defoliants; and in combustion for the mixing of liquid fuels with
air in furnaces, internal combustion engines, jet engines and rocket

engines.

One of the most important of these spplications is spray
drying, which may be defined as the drying of an astomized solution or
slurry in contact with a stream of hot gases, under conditions which
provide for the recovery of the dried product. The advantages of spray
drying have been thoroughly reviewed in the literature (40, 112, 145).
The rapid rate of drying combined with the fact that the droplets remain
at the wet~bulb temperature of the drying air during most of the
operation makes this process particularly advantageous for drying heat
sensitive materials., Thus foodstuffs such as powdered eggs, milk,

instant coffee and chocolate extracts are best dried by this method.




Also, soaps, detergents and many pharmaceuticals such as thermobile,

blood plasma and penicillin are commonly spray dried.

Spray drying has been the object of considerable research in
the Chemical Engineering Laboratories of McGill University for well
over a decade because of the fundamental nature of the problems of heat
and mass transfer which are involved. Owing to the experimental
difficulties in taking accurate messurements in the so-called nozzle
zone of the spray, i.e., the region where the newly-atomized drops
rapidly decelerate to their terminal velocities, all of the previous
investigations were concerned with the behaviour of the spray subsequent

to that period, i.e., in the freely falling zone.

The present study constitutes the first attempt to investigate
the rates of heat and mass transfer in the nozzle zone of the spray. It
has been made possible by the use of high speed cinematography, and by
the development of new techniques for sampling and measuring the
properties of the spray. In order to broaden the scope of the
investigation, the range of operating conditions, the patterns of flow,
and the types of atomizing nozzles were selected in such a manner as to
make the experimental information applicable not only to spray drying,

but also to other processes in which atomization is involved.

The mechanism of atomization and the behaviour of sprays present
complex problems in fluid mechanics, particle dynamics, and boundary
layer theory. Owing to the large number of variables involved, the

present knowledge of the momentum transfer aspects is quite limited and




only permits the formulation of conclusions which are largely qualitative.
There is a distinct need for accurate values of the drag coefficient of
drops in turbulent air streams under decelerating conditions. These
aspects are currently receiving considerable attention and will

undoubtedly become better understood with time.

In the following literature review an attempt has been made to
present in a logical manner the great body of experimental data which
has been accunlated during recent years on the many different aspects
of spray formation and evaporation. Because of the controlling
influence exerted by the initial average drop diameter and size distribution
on all subsequent phenomena, such as evaporation and drying, the
principles of atomization are thoroughly reviewed in the first section.
The operating characteristics of the various types of spray nozzles are
also discussed. Special emphasis has been placed on the experimental
methods of drop size measurement and on the various distribution

correlations which have been proposed.

In the second section, the theory of evaporation from sprays is
considered. The development of the correlations expressing the rate of
evaporation from a single drop is presented, together with their extension
and application to clouds of drops undergoing deceleration with respect

to the surrounding air.

The final section is devoted to the more recent concepts of
fluid mechanics. Fluid flow in the vicinity of a pneumatic nozzle closely

resembles that of a jet penetrating a stagnant gas, but complications




arise if the surrounding medium is confined or set in motion. In order
to explain the phenomena occurring during pneumatic atomization, the
theories of transport of heat, mass and momentum in jets are presented.
This is followed by an analysis of the published data and of the theories
which have been proposed to predict the drag coefficients of small drops

undergoing a change in motion with respect to the surrounding medium.




A. HISTORICAL REVIEW




I. ATOMIZATION

The importance of the degree of atomization achieved on the
rate of heat and mass transfer to the resulting droplets cannct be
over emphasized, A comparison of the evaporation rate of a bulk mass of
liquid with that of an atomized spray reveals that an increase by a
factor of one million is easily obtainable, This is due to the fact
that both the individual transfer coefficients and the specific area
available for transfer are indirectly proportional to the mean droplet
diameter. Thus the overall transfer rate is proportional to the

reciprocal of the square of the mean diameter.

1, THEORY OF ATOMIZATION

In order to create a spray of large surface area from a liquid
mass, the latter must first be forced to assume an unstable free-liquid
configuration with an even larger surface area than that of the final
spray, This is usually accomplished by imparting to the liquid, as it
flows through an atomizing nozzle, the kinetic energy required for the
production of filaments or sheets of liquid. Friction with the gaseous
phase in turn generates ripples and other disturbances on the liquid
surface, The unstable configuration undergoes random disturbances, some
of which occur at a greater rate and more frequently than others,
followed by disintegration into separate drops. The formation of the
intermediate state and the subsequent break-up usually occurs in time

intervals of the order of one millionth of a second., High speed




photography has undoubtedly helped in the general understanding of the
mechanism of drop formation, but the process is too rapid for the
presently-~known photographic and recording techniques to be of more than

limited assistance.

The various theories of atomization advanced by many workers
in the field (12, 88, 166, 192, 193, 243, 250, 259) over the last
century can be divided into two main lines of approach, known as the

method of small disturbances and the method of dimensional anslysis.

a) Method of Small Disturbances

In this theory, it is considered that a small disturbance is
imposed on the surface of the liquid jet; and its growth and the
resulting break-up of the jet are then determined by applying the laws

of conservation of energy. The equation for this arbitrary disturbance,

X,is:
Yy = Xo(expote)cos(!{x/ro) eee(l)

where y o~ initial amplitude of the disturbance?

R
!

rate of growth of the amplitude;

©
!

arbitrary time;

§ =~ number of waves per unit length of jet circumference;

3
Throughout this thesis symbols are defined only when they first occur
in the text. A complete list may be found in the Nomenclature.




X - axial distance from the source of the jet;

ry - initial radius of the jet.

The wave length, A, of the disturbance is defined by the

equation:

/\=2nr°/§ eee(2)

If all of the disturbances act randomly and have the same
initial amplitude, then the wave length of the particular disturbance
that grows most rapidly will determine the distance between the breaks

in the jet.

The first application of this theory to jet disintegration
was due to Rayleigh (192), who considered that capillary forces were
of major importance. He derived the following equation for the potential
energy, EP’ of the unstable configuration based on the assumption that the
jet could be considered to be varicose, i.e., with straight axis and

rotationally symmetric:
E_=- (¢ Ty¥2r ) -§%) (3)
'P L o [ X X ]

where ¢ L= surface tension of the liquid.

For this system, the rate of growth of the amplitude of the

disturbance was given by the expression:

x? - (6 /P =321 5500(13)/3 (1 5) eell)

where P, - density of liquid;




J o~ Bessel function of the first kind and zero order;
J('> -~ derivative of J o with respect to the argument;

i - imaginary unit.

By defining a new dimensionless rate of growth, v by the

expression o ( PL o/ o‘L)l’/z, equation (4) was rewritten as:
YRRNCR DTS FCR SN CED vee(5)

Fquations 2 and 5 were used to calculate the wave length of
the most rapidly growing disturbances, and it was found to be nine times
the initial radius of the jet. This was later shown to correspond to a

mean drop diameter of nearly twice the initial diameter of the jet.

Rayleigh (193) extended his analysis to include the effect of
the liquid viscosity on the mechanism of jet break-up, and obtained a
very complicated expression for Vv which could only be evaluated for

the limiting case when the viscosity became infinite:

(@ -5%/232 0,25 %) + 14 v 2] vee(7)

S
[

where Z - Ohnesorge Number

pf@py T2 a8

,“L ~ absolute viscosity of the liquid.

Here V reaches a maximum value when ¥ = O, which means that

the disturbance wave length will be very large.

Weber (259) considered the same system as Rayleigh's last
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anglysis and by assuming Y <1, showed that V could be expressed in
terms of Z and ¥ . He obtained the following explicit equation for the

wave length of the most rapidly growing disturbance:
A= 2Mr  2(3Z + 1) /2 ees(9)

For inviscid liquids, the wave length was calculated to be 8.88 ro,
while an infinite value was obtained when Z was very large. This is in

accordance with Rayleight's dats.

In 1933 Tyler (250) measured the frequency of formation of
drops from the jet, Nf, and correlated this in terms of the velocity of

the liquid jet,Virbw means of the equation:

vy o= Nf)\ eee(10)

Equating the volumes of the drops produced to that of the jet, he
obtained:

V2N = Marg o= (1/12)(x) vea(11)

where d - drop diameter.
Tyler obtained experimental values of the wave length by three different

methods and found an average A of 9.38 T .

The most recent theoretical analysis using the method of small
disturbances is due to Tomotika (243), who assumed that for relatively
low liquid injection velocities the viscosity ratio of the liquid jet to
that of the surrounding medium is the controlling factor. The resulting

solution, although exceedingly complex, can best be interpreted by
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computing numerical values of the wave length of the most rapidly growing
disturbance, which was found to approach a minimm value of 11 T, when

the fluid viscosities were almost equal, and gave infinite values for
either infinite or zero viscosity ratios. This behaviour is in qualitative

agreement with the analyses of Rayleigh (193) and Weber (259).

Reviewing the hypotheses mentioned above, it is evident that
although Rayleigh'!s analysis is the basis for all jet disintegration
theories, only Weber has succeeded in deriving a theory that includes
the effects of liquid viscosity, velocity, surface tension, and density.
It is also apparent that there is little hope of formulating a single
theory that would enable accurate predictions of mean drop size and drop
size distribution for all cases. The various attempts were based on
over-gimplified models and are consequently inadequate. However, these
theories are of value as they suggest a logical method of correlating
data and choosing dimensionless variables, and this has been of great

assistance to the workers who have used the method of dimensional

analysis,

b) Method of Dimensional Analysis

One of the most extensive analyses using this method was due
to Holroyd (88), who assumed that the turbulent motion of the liquid jet
was the major factor in the jet disintegration. The oscillatory motion
of the surface of the liquid jet produces a centrifugal force which is
opposed by that due to surface tension, and the following equation is

derived by equating these forces.




d = k( dL/pr2)1/3 ees(12)

where w - the mean angular velocity of the jet;
k - constant.

Holroyd used dimensional analysis to predict that:
W= (VL/ro)fn(Re) 000(13)
where Re = Reynolds Number = 2r_p . Vi/ 4 eee(14)

Equations 12 and 13 lead to:

d/2r° = fn(Re)/We ees(15)
where We - Weber Number =
V{2 por./ o'L)l/2 vee(26)

The substitution of Tyler's value of the drop diameter (eq. 11) enabled

a linear correlation to be obtained:
d/2r = (23.5 +0.000395Re)/ (We)z/ 3 oo (17)

Equation 17 was used to compare Kuehnts (120) data with that
of Tyler and good agreement was found. However, an increase in the
density of the surrounding medium has been shown to lead to the
production of much smaller drops (66, 130, 267), a behaviour which is

not predicted by equation 17.

Ohnesorge (166) used the method of dimensional analysis to
determine the relative importance of the inertial, gravitational, capillary

and viscous forces on jet disintegration., He correlated the experimental
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data of Haenlein (77) in terms of a graph with the Reynolds and Weber
Numbers as coordinates. From this graphical correlation Ohnesorge
classified jet break-up into four different mechanisms, and the
transition conditions have been reported by various workers (145, 159,
184, 197).

1 -~ Slow dripping or dribble without jet formation:

( ,oLviro/ 5.8,) <4 .o (18)

where g, = dimensional constant, to convert the absolute system

of dimensions to the gravitational system.
2 -~ Rayleigh or varicose break-up when:
,oLvir / 6,8, >4 and /:G\f;r J/ 0;8,< 0.2 vee(19)
3 - Simuous break-up when:
0.2 pVor / 6.8 (6.5 .e(20)
L4 ~ Atomization when:
,onir S 018, )65 ees(21)

Baron (12) also applied dimensional analysis to jet break-up
using the same initial assumptions as Holroyd, By including a dimensionless
break-up length L/2ro, he obtained the equation:

fn(L/2r°, We, Re) = O eee(22)

where L = break-up length of liquid jet.

The break-up length has been shown to be directly proportional

to the jet velocity by both analytical and experimental analyses (205, 259).




Using this fact and assuming that the effects of viscosity could be
represented by a function of the Reynolds Number, Baron simplified

equation 22 to:
I/Zrb = We fn(Re) eees(23)

Equation 23 suggests that a correlation of jet break-up can be
obtained by plotting a graph with (L/2r°)We and Re as coordinates. This
has been done, but the scatter of the experimental points makes any
interpretation difficult (159). However, the following correlation was

presented:

/2r, = 1.7 We (Re/120%)~5/8 vee(24)

The relation between the undisturbed jet length and the
velocity and viscosity of the jet has been investigated (221, 251, 252),
These studies showed that Rayleigh'!s theory was only applicable to those

cases where the viscous forces are small,

More recently Duffie and Marshall (45) proposed the following
correlation for the calculation of the geometric mean diameter of the
spray drops, d_:

g
ag = 72(c)0"%% (o)1 vee(25)

As has been mentioned previously, the complexity of the
phenomena of liquid jet disintegration is such that no simple theory

is possible. However, several qualitative conclusions can be made, and

these have been summarized by Marshall (145) as follows:

1 - If the jet is turbulent throughout, it will break-up without the

application of any external force, i.e. disintegration will occur in a
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vacuum;

2 = If the liquid jet is in semiturbulent flow, that is, with a
laminar layer surrounding a turbulent core, then disintegration of
the jet will occur after it leaves the nozzle, but only when the

turbulent core forges ahead of the laminar flow;

3 -~ If the jet is in laminar flow, some external disturbance or

vibration is required for disintegration;

4 - Regardless of the type of flow, disintegration is favoured by

air friction;

5 « The higher the viscosity of the liquid, the longer will be the

break-up distance of the jet;
6 - As the pressure increases the break-up distance decreases;

7 -~ The break~up of a jet is influenced by non-uniform roughness of
the orifice and by any other factor affecting the general turbulence

conditions of the liquid and the smoothness of the liguid surface.

¢) Mechanics of Atomization

The mechanics of ideal atomization, that is, the production of
drops of uniform size, can be used to elucidate the phenomens occurring
during actual atomization. FEdeling (46) showed that if the viscosity
effects are negligible, the following separate effects of surface tension

can be enumerated:
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1 - Surface tension tends to reduce the liquid surface to a
minimum possible area and so ensures the production of spherical

drops;

2 - Surface tension resists change in area of the droplet surface;
and the work required for a change in area is given by the
equation:

de = deA 000(26)

where WA - work of surface formation;

A - surface area of drop.

3 ~ Consider the cross section of a drop upon which the internal
vapour pressure, ps,of the liquid is acting. The counteracting
force is that due to the surface tension acting along the circumference,
and by equating these forces the following equation is obtained:
p, = 40 /d ee e (27)

Equation 27 indicates that the smaller a drop becomes the larger

will be its pressure.

The external dynamlc pressure, Pys acting on the drop is given

by the equation:

P, = ,oLsz/zgc eee(28)

where VR = velocity of drop relative to the fluid.

During atomization, if the external pressure is greater than

the internal pressure, the drop will split into smaller droplets until,
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theoretically, the two pressures are equalized. This corresponds to a
drop diameter ofs

4 = 8g 0/ PV vee(29)

This is, as was mentioned previously, an ideal case. However
it has been shown that the drop diameter varies approximately as l/VR to
2
1/Vr3t/ (184).

Equation 26 can be used to calculate the energy, Eys required
for atomization:

E, = 65, = 66L//)Ld eee(30)

where S = @//DLd - area per unit mass of atomized liquid.

Conversion of the area term to that produced per unit time
changes the energy term into the power requirement for atomization. The
efficiencies of energy consumption so computed for atomizing nozzles are
exceedingly low, below 1% (145). This is due to the fact that in
actual atomization the following additional energy requirements must be
met:

1 - The energy required to overcome the viscous forces during the
deformation of the liquid. This is not easily calculated, but is
probably of considerable magnitude due to the high rates of

deformation encountered;

2 - The energy needed to prevent the atomized drops from recombining

when they are some distance from the nozzle;




3 =~ The energy required by the expansion of the spray from the
nozzle and the entrainment of the surrounding fluid. This term is

equal to the initial kinetic energy of the spray;

ly = Losses due to inefficient application of energy.

d) Gas Atomization

Atomization produced by the impaction of a gaseous stream on
a liquid jet results in the formation of the smallest drops. Considerable
work has been done in determining the mechanism of pneumatic atomization
(25, 68, 84, 120, 131, 134, 165, 189, 203, 207, 210, 260), and three
different types of drop formation have been recorded. At low Weber
Numbers, that is for low velocities, dropwise atomization occurs (145,
184). Ripples and bead-like swellings are induced in the liquid stream
and the amplitude of these disturbances increases until filaments are

formed. Atomization of these filaments follows Rayleights theory.

In the range of the first critical Weber Number, circa We = 6,
the liquid drops become flattened and the atomizing gas blows the drops
into a balloon shaped film surrounded by a liquid torus (85, 123, 184,
186). Rupture of this unstable configuration is rapid, with the film

forming smaller drops than those produced by the surrounding torus.

When the Weber Number reaches thirty, a second critical region
is attained. Here, the shape of the deformed configuration changes

considerably and a lens-shaped form is obtained. This is convex when
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viewed from the side of the air blast., Filaments of liquid are ripped
off the edges and these atomize according to Rayleights theory (85, 123,
184, 186). The difference in the shape of the deformed configuration

is due to the fact that shearing forces of the air blast are strong
enough to disintegrate the drop before the impact stresses have succeeded

in accelerating the heavier central part into the previous balloon shape.

2. ATOMIZING NOZZI¥S

The function of any atomizing nozzle is twofold: to atomize
the liquid feed into drops of the required size, and to distribute and

mix these drops with the surrounding gas.

Nozzles may be conveniently classified into several distinct
types by considering the manner in which the energy required for
atomization is supplied. The types of nozzles which are used most
widely in industry are:

1 - Pressure nozzles, in which pressure energy is used to impart a
high rotational velocity to the liquid before discharge from an

orifice;

2 - Spinning-disk or centrifugal nozzles, in which atomization is
effected by discharging the liquid from the periphery of a rapidly

rotating wheel;

3 ~ Pneumatic nozzles in which the liquid jet is disintegrated due

to impaction by a high velocity gas stream,




20

Other methods of atomization have been developed and they

include the impingement of liquid jets, supersonic and subsonic
vibrations, and high-voltage electrical impulses. However, these are

of minor industrial importance. Excellent reviews on the mechanism

and characteristics of atomizers are available in the literature (55,

68, 145, 173), and so only the salient features of the operation are
presented. Considerations of the initial drop size produced by pressure,

spinning-disk and pneumatic nozzles have, however, been included.

a) Pressure Nozzles

In this type of nozzle, atomization is achieved by imparting
a swirling or rotary motion to the liquid jet prior to discharge from
the nozzle orifice., This motion, which breaks the jet into the ligaments
from which the drops are formed, may be accomplished in a swirl chamber
with either a fixed spiral or a tangential inlet. The spray pattern
produced is usually in the form of a hollow cone, but solid cone sprays
can be obtained by incorporating some liquid flow through an axial
orifice. Variations in the shape of the spray may be obtained by
changing the shape of the nozzle orifice, e.g.,flat or fan sprays can

be produced by means of elliptical orifices.

Both the liquid flow rate and the initial drop size are
functions of the liquid properties, nozzle orifice diameter, atomizing

pressure and the geometry of the swirl chamber. Hence, independent

control of the feed rate and drop size is impossible and this inflexibility

partially offsets the main advantages of this type of atomizer, namely
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simplicity of operation and uniformity of drop size distribution., Due
to the high pressures required, considerable erosion occurs and the
orifice must be fabricated from hard alloys. Even so maintenance is

a problem, as good atomization cannot be obtained if the nozzle orifice
becomes scratched, distorted or partially plugged by foreign matter.

As both the capacity and spray characteristics are extremely sensitive
to changes in atomizing pressure, multiple nozzles are often used in

industrial equipment where large capacities are required (55).

Dorman (42) used the method of dimensional analysis in
obtaining a correlation for the initial particle diameters in terms of
the spray characteristics. The following equations are based on the
assumptions that the effect of the liquid viscosity is negligible and
that the surface tension appears to the one third power as indicated

previously (193):

d_ = beb(a/0 yL/3 6L1/3 /aLl'/éPL‘l/ 2 .ee(31)
dgg,gq = 12(q;/ € )3 6L1/3 ,oLl/épL'l/ 2 eee(32)

*
where d _ - Sauter mean diameter, (cme);

d99 99 = diameter of drop such that 99.99% of spray drops have

diameter less than it, (cm.);

qr, - liquid flow rate, (cm.B)/(sec.);

*
In this section the symbols have been changed to conform with those
defined in the Nomenclature, but the units used by the original authors
have been retained, as most of their equations are semi-empirical.
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@ - angle of spray, (radians);
6L - surface tension, (dynes)/(cm.);
Py - density of the liquid, (gm.)/ (cm.3 )H

P, - atomizing pressure,(dynes)/(cm.z).

Dorman obtained good results for both water and kerosene, and
a similar correlation was obtained by Straus (227) for water only.
Evaluation of the applicability of this work is difficult owing to the

limited quantity of experimental data available.

Fraser et al. (55) found that the statistical drop diameter
was inversely proportional to the cube root of the atomizing pressure.
They modified equations 31 and 32 and experimentally determined the
effect of viscosity on the drop diameter which was found to be proportional
to the 0,2 power for hollow cone nozzles, and the 0.1 power for fan

nozzles,

Tate and Marshall (235), while investigating the characteristics
of pressure nozzles, obtained the following equation for the Sauter mean
diameter of the spray in terms of the diameter of the nozzle orifice and

the velocity components of the liquid jet leaving the nozzle:

dg = 286(d__ + 0.17)exp(13/vv - o.oo9avT) eee(33)
where dvs - mean Sauter diameter, microns;
dor - orifice diameter, in.;

V, - vertical component of the liquid velocity, VL,(ft.)/(sec.);

VT tangential component of the liquid velocity, Vi,

(ft.)/ (sec.).
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Equations for these velocity components were presented in
terms of the flow rate and nozzle geometry, and the experimental

verification was confined to water for several different nozzles.

Turner and Moulton (248) obtained the following correlations
for the arithmetic mean diameter of organic liquid sprays produced by

two hollow cone, grooved-core, pressure nozzles:

1.‘52q =0.44 0,71 0.16 oo (34)

dy = 16.6d L L %

1.59 =0.54 .0.59 , 0,22
da = l;l.hdor qL JL /"L 000(35)

where da - arithmetic mean diameter, microns;

d.or - nozzle orifice diameter, (mm.);

q - flow rate, (gm.)/ (sec.);
¢ 1, - liquid surface tension, (dynes)/ (cm.);

AL, = liquid viscosity, centipoises.

Consiglio and Sliepcevich (32) determined the effect of the
physical properties and the feed rate on the specific surface area of

the spray. Their correlations can be written in terms of dimensionless

groups.
(8,826, p./ pi2) = 29107 (qp py/a a )P eee (36)
(AP, Pr/ 1) = 0.28(ag po/dg pup )P css (3T)

< ps 2
where S_ - specific surface area of spray, (cm.”)/(gm.);
d . - orifice diameter, (eme);

P;, ~ atomizing pressure, (p.s.i.a.);




6. - surface tension of liquid, (dynes)/(cm.);

L
py, = density of liquid, (gm‘)/(cm.B);
q; - liquid feed rate, (cm.3)/(sec.);

AL~ liquid viscosity, poise.

Equations 36 and 37 were tested for water and several organic
liquids with the same nozgzle. Good agreement was obtained and the
authors noted that the effect of the volume flow rate on the specific
surface area of the spray appeared to be greater for their particﬁlar
nozzle than that reported by previous investigators. The data of Rupe
(201), Lloyd (136), Tate and Marshall (235) indicate exponents ranging
from 0.3 to 0.80 on the flow rate group compared with the exponent of

2.4 in the above equations.

This brief review indicates that correlations relating the
drop size or specific surface area of the spray to the spray characteristics
of a particular nozzle are possible. However, any general correlation
which would include the effect of nozzle design would lead to additional
complexity, For swirl chamber nozzles of the grooved-core type, the
construction of the swirl chamber and nozzle orifice would have to be
considered. The lack of geometric similarity between commercial nozzles
of the same type makes the formulation of any such correlation extremely
doubtful.
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b) Spinning-Disk Nozzles

Atomization in this type of nozzle is accomplished by first
spreading the liquid feed into a thin sheet and then discharging this
sheet from the periphery of a rapidly-rotating, specially designed disk.
The feed is pumped at low pressure and introduced at the centre of the
spinning-disk, which may be of various forms, with or without vanes,
and of any practical size. Spray patterns from spinning-disk nozzles
are usually umbrella shaped, but when very fine atomization is accomplished
the flow pattern resembles a dispersed cloud. In fact, spinning-disk
nozzles may be considered to be the extreme case of a pressure nozzle
in which the liquid jet is discharged with tangential velocity only and

a cone angle of 180 degrees.

The main advantage of this type of nozzle is its extreme
flexibility of operation. The nozzle capacity and the drop size are
both functions of the rate of rotation of the disk, but can be varied
independently to obtain a wide range of capacities and mean drop sizes.
In addition, any liquid that can be pumped may be atomized by this
method., However, the wide spray angle limits the choice of the air flow
patterns and usually only co-current flow and its auxiliaries (high-
frequency motors, drive, forced lubrication systems, etc.) can be used.
The high initial cost of spinning-disk atomizers is not completely
compensated by their high capacity and flexibility and their use is

therefore confined to cases where pressure nozzles are impractical.

Walter and Prewett (258) showed that the formation of drops
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from the edge of a spinning disk is analogous in many ways to the well
known case of drop formation from a stationary tip. Liquid flows to
the edge of the disk and accumlates until the centrifugal force on
the collected mass is greater than the retaining force due to surface
tension, These authors assumed therefore, that a proportionality
existed between the product of surface tension, drop diameter and the
accelerating force, and derived the following equation:

aw(D, ,oL)l/z/o' i/z = k ... (38)

arithmetic mean drop diameter, (cm.);

where da
~ angular velocity, (redians)/(sec.);
~ diameter of disk, (cm.);

pp — density of liquid feed, (gm.)/ (em.?);

k constant.

The constant k was experimentally evaluated and was found to
lie between 2,7 and 6.5, with an average value of 3,8. For high
rotation rates (50,000 to 100,000 r.p.m.) Walton and Prewett obtained
very uniform drop sizes and reported that the shape of the edge of the

disk had very little effect on the mean drop diameter.

Friedman et al. (59) investigated the effect of disk speed,

disk diameter, feed rate and liquid properties on the drop size distribution

obtained from vaned-disk atomizers. They did not definitely establish the

effect due to disk diameter, but nevertheless presented the following
equation for the Sauter mean diameter in terms of various groups of the

variables involved:
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4 /Ry = 0ulay/w p R 8 /)02 (0L poL Ja )0 eee (39)

where R, - radius of the disk, (ft.);
d_ - mean Sauter diameter, (fto);

q; - feed rate of liquid atomized, based on wetted
periphery, (1b.)/(min.)(ft.);

fp - density of feed, (Ib.)/(cu.ft.);

W = angular velocity of disk, (rep.m.);
M = viscosity of feed, (1b.)/(£t.) (min.);
6, - surface tension of feed, (lb.)/(min.z);

L_ -~ wetted periphery of disk, (ft.).

Differences between equations 38 and 39 may be attributed to
the fact that different types of nozzles were used and that Friedman et

al. obtained a wider drop size distribution.

Fraser and Eisenklam (54) determined the drop sizes of sprays
produced by a square-edged, spinning-disk atomizer. They used the
equation of Harkins and Brown (8l) to determine the surface tension
during drop formation due to gravitational forces as a basis for
correlating their results., Their correlation involves the entity dM’
which was defined as the arithmetic mean diameter of largest majority of
the drop size spectrum. Drops of smaller diameters occurred as peaks in
the frequency curve but these were neglected as they constituted only a
relatively small percentage volume of the spray.

dy = 360,000( JI/D )l/z-u) eeo(40)

alL




where dM - diameter of the main drop formed, microns;

6, - liquid surface tension, (dynes)/ (cm.);

D, - diameter of the disk, (cm.);

d
P, - density of the liquid, (gm.)/ (em.>);

w - angular velocity of disk, (r.p.m.).

Equation 4O agrees very closely with equation 39,

Unfortunately,

it is only valid for low feed rates and is not applicable when flooding

of the disk occurs.

The work of Adler and Marshall (2) and Friedman et

al. (59)

was reviewed and extended by Herring and Marshall (83), who measured

the drop sizes obtained from twelve different spinning-disk atomizers.

They found that the following equation could be used to predict the

probability of a certain drop size occurring in water sprays:
00 OO 002
y = 4?8 (n 1)°+12/ (g )02

where y - ordinate value on the probability plot;
d - drop diameter, microns;
w - angular velocity of disk, (r.p.m.);
D, - disk diameter, (in.)s
n - number of vanes for a disk;

b - vane height, (in.);
q; - liquid feed rate, (1b. )/ (min.).

...(l}l)

In contrast to the correlations previously presented for drop

sizes from pressure nozzles, the main omission in the theory

atomization from spinning disks appears to be the failure to

of

include data
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for liquids other than water. This seriously reduces the applicability

and usefulness of the above equations.

¢) Pneumatic Nozzles

In this type of nozzle a gas stream is used to disintegrate the
liquid jet. The feed at low pressure is atomized by the gas at a higher
pressure, acting either internally or externally. In the external-
mixing nozzles, the feed can be introduced by suction or gravity head
and the necessity of pumping is therefore eliminated. However, a more
uniform drop size distribution is usually obtained when an internal-
mixing nozzle is used. Among the advantages of pneumatic nozzles are
the relatively low pressures required for operation, the flexibility due
to the independence of the drop size on the capacity, and the ability to
achieve very fine atomization. Unfortunately, these advantages are
offset to a certain degree by irregular drop sizes and high power
consumption for gas compression. A comparison of the cone angles of
sprays from pneumatic nozzles with those obtained from pressure nozzles
reveals that much narrower sprays are usually produced. Also pneumatic
atomization invariably produces a solid cone spray in contrast with the

hollow cone sprays obtained from most pressure nozzles.

Due to their relative inefficiencies, pneumatic nozzles are used
principally for the production of test sprays and in special cases
where the gas stream is required, i.e., the spraying of soap with steam as
the atomizing fluid. Other applications include such low capacity devices

as paint sprgy-guns, perfume atomizers, carburettors and small-scale spray
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dryers. However, the demand for larger-capacity models seems to be

inereasing, and semi-commercial nozzles have recently become available.

Relatively few correlations on the drop sizes produced by
pneumatic nozzles are available in the literature. A spray with
extremely uniform drops was obtained by Rasbash (190), who used a
battery of hypodermic needles surrounded by a stream of low-pressure
air. The capacity of a unit consisting of 169 needles could be varied
from 20 to 160 gallons per minute. As particle sizes lower than 200
microns were not obtained, this performance can only be considered to

be of limited applicability.

Nukiyama and Tanasawa (165) determined the drop size distribution

produced by small pneumatic nozzles using mixtures of alcohol and glycerine,

with air as the atomizing gas. They developed the following empirical
equation which correlates the Sauter mean diameter in terms of the
operating variables:
- 0.5 0.5)0.45 1.5
4, = (585/V5) (6 £)°°% s 597( /(o 2)°*%] O (10009, /a,) v (42)

where d.vs -~ Sauter mean diameter, microns;
V., = relative velocity between liquid and air stream,

(m.)/ (sec.);
6_ - surface tension of liqguid, (dwnes)/(cm.);

pL = density of the liquid, (gm.)/(cm.B);
My = viscosity of the liquid, poises;
- volumetric flow rate of the liquid, (cm.3)/(sec.);

q, - volumetric flow rate of the air, (cm.BL/(sec.).




31

This equation is not dimensionally consistent, but is never-
theless applicable to air atomization of liquids of density 0.7 to 1.2
gm./cm.B, surface tension 19 to 75 dynes per cm., and viscosity 0.3 to
50 c.ps The applicability has been extended by Briton (19) to include
supersonic air velocities and by Lewis et al. (131) who showed from
tests with ethylene and nitrogen that the drop size is proportional to
the gas viscosity and practically independent of the gas density.
Examination of equation 42 also reveals that the second term becomes
negligibly small and hence can be omitted when the ratio qA/qL is
greater than 10,000,

Wetzel and Marshall (261) studied the atomization of liquid
Jets in high velocity gas streams and developed the following expression
for the geometric mean diameter of the drop:
dg = (4s2)(20)8(v)1+68 O+35 e (3)

or

where dB ~ geometric mean diameter, microns;
Vp = relative velocity between air and liquid, (ft./sec.);

dor -~ diameter of nozzle orifice, in.

Wetzel and Marshall found that in all instances the drop size
distribution data obeyed the log-normal distribution law. This
equation differs most significantly from equation 42 in the exponent of
the velocity term. Marshall (145) has attributed this difference to the
difference in the size of the respective nozzles. The very complexity
of pneumatic atomization makes it extremely unlikely that any correlation

capable of predicting drop size distributions in terms of the physical
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properties of the fluids and the nozzle design will be developed.

3. DROP SIZE DISTRIBUTION OF SPRAYS

The drop size distribution is one of the most important and
fundamental characteristics of a spray, as any calculation of the
evaporation rate requires a detailed knowledge of the size-frequency
parameters. The drop size distribution of a spray can be represented
mathematically by a distribution function involving two parameters, one
of which is usually a mean diameter and the other a measure of the
dispersion or deviation of the spray drops from the mean diameter. In
some cases it may prove more convenient to introduce other parameters,
€+8.; the maximum and minimum drop sizes occurring in the spray. A
graph with the number of drops of a given size and the drop diameter as
coordinates is, in effect, a frequency distribution curve representing
the drop size distribution. If the ordinate of this graph were changed
to the fraction of the total number of drops in the spray, then the area
under the frequency curve is unity provided that all the drops are of
the same shape. This is referred to as a normalized distribution

function and can be expressed mathematically as:
- -]
fof(d) d(d) = 1 oo (hl)

where £(d) = normalized distribution function;

d - drop diameter.

Another informative method of representing a distribution
function involves the cummlative distribution curve. Actually, this is
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merely the integral of the frequency distribution curve and the ordinate
represents the percentage or fraction of the total number of drops in
the spray with diameters less than a given particle size. As sprays
must exhibit a maximum drop size, the curve intersects the maximum drop
size abscissa at the 100% ordinate value., The cumulative distribution

function F(d) is defined as:
@ = [¢ @ a@ cer (45)

It should be noted that other distribution functions based on
the surface area or volume fraction of the total spray contained by a

particular drop size can be defined.

a) Mean Diameters

In many engineering studies, it is desirable to work only with
average diameters instead of considering the various drop-size increments
individually., This has led to the formulation of various kinds of mean
diameters each of which possesses an individual physical meaning and
field of application. Mugele and Evans (163) have developed the
following general analytical expression for determining the mean diameters

of a continuous distribution function:

d d
(4,7 = fd m @ p(a) a(a)/ fd o’“ £0d) () v..(46)

0

where dqp ~ generalized mean statistical diameter;
P,q - integers characteristic of the particular mean diameter;

dm ~ diameter of the largest drop in spray;
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do - diameter of the smallest drop in spray.

The more commonly-used mean diameters together with their fields
of application and mathematical definitions are given in Table I on page
35. As can be seen, these diameters are mathematically defined by
introducing various values of the integers p and q in the general

expression, (equation 46).

In addition to these, the number and volume median diameters and
the geometric mean diameter are of common use. The number median diameter
is the diameter of a drop such that half the total number of drops have

diameters greater than it., Mathematically it may be defined by:

oo (47)

8 g

d d
fdon’“ 2(a) a@) = %[ a, H@ ) =

where'dnm - number median diameter,

Similarly the volume median diameter can be defined by:
],dvm e 1 (% ) 3
a £(d) d(d) =5 J 4 £(d) a(d) = (d,)°/2 ..(48)
o (o}

where de'— volume median diameter;

dv - volume mean diameter, defined in Table I,

The geometric mean diameter, dg’ used in the theory of
comminution by grinding and in general statistical correlations, is

defined by:
d d
In(d) = fd " 1n(a) £(a) d(d)//d tr(a) d(a)  ...(49)
o o]



Mean Diameter

Linear or
Arithmetic

Surface

Volume

Surface~
diameter
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MEAN STATISTICAL DIAMETERS
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of mass distribution,
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b) Drop Size Distribution Functions

Drop size distribution functions are essentially mathematical
expressions used to represent the frequency distribution curve. These
functions should be as simple as possible, i.e., easy to manipulate
mathematically, consistent with the occurring phenomena and possessing
the least number of arbitrary constants. The constants characterize the
distribution of the particular system and must be determined experimentally.
The lack of good reliable data on sprays in the literature is responsible
for the scarcity of critical analyses of the distribution functions

reviewed below.

i, The Rosin~-Rammler Equation

This equation was presented in 1933 (198), and although it was
originally designed for application to powdered materials, it has been
applied to sprays. The distribution function is usually expressed in

the cumulative form as:

. $
Ve = 1-exp -(d/d) eee(50)
where Vf -~ cumilative volume fraction, i.e., volume fraction of
material with diameter less than d;
d - size parameter;
§ - distribution parameter.

From this expression an equation for the mean statistical

diameter can be derived in terms of the volume median diameter, dvm’

previously defined:
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dqp(q-P> -d wflq-P)r' [a-3V6+1lllp=-31/8+1] (5D
where M- gamma function,

In particular the Sauter mean diameter is:

d, = d /(1 +1/4) eee(52)

There is very little experimental evidence in favour of the
Rosin-Rammler equation and its main weakness was stated by Mugele and
Evans (163) to be the assumption of an infinite range of d values. This

makes the equation particularly unreliable for high diameter comparisons.

ii. The iyvama-Tanasawa Equation

This is a completely empirical equation designed to fit the
drop size distribution obtained by pnewmatic atomization (165). It is

generally expressed as:
é
an/a(a) = k(d)%exp-b(d) eee(53)

where ng - number of drops with diameters between zero and d
in the entire sample;
k -~ constant;

b, $ - parameters.

The constant k has the dimensions d-é; and hence equation 53

may be rewritten as:

dnd/d(d) - [5b3/6/r'(3/5))d2exp—bd5 eeo(54)
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From this the generalized expression for the mean statistical

diameter can be written as:

dqp(q-P> - @R [+ 3)/ 81/ T[(p + 3)/6) ouu(59)

This distribution function suffers from the defect that it
predicts the existence of drop sizes much larger than the maximum size
actually found. Lewis et al. (131) offered an explanation for this
phenomenon but in general the Nukiyama-Tanasawa equation is not regarded

as reliable (163).

iii, The Log~Probability Equation

In this equation, statistical analysis is used to limit the

distribution of the variables, and the frequency curve may be written as:
2 22
dvt/dy = (S/rrl/ )exP - 8 y 000(56)

where ¥y - function of d = - ln(d/dm) ees(57)

$ - parameter,

Expressions for the mean statistical diameter, and in particular

the Sauter mean diameter can be derived:

dg = ol +a- 6)/1§%) oo (58)
4, = 4 (/487 vee(59)

This function has been applied to the drop size distribution
data of sprays with some success (14, 33, 124, 163)., It is generally
considered to be superior to the functions of Rosin and Rammler and

Nukiyama and Tanasawa.
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iv. The Modified Probability Fquation

It is sometimes desirable to emphasize the existence of a
maximum drop diameter rather than to consider large drops having very
low frequencies. A new function for y in equation 56 is needed, and
its requirements were summarized by Mugele and Evans (163) as:

l. As y varies from -~ooto + o , x should vary from d.o to dm;

2. Qualitatively, the function should be capable of interpretation
in terms of fundamental mechanics, i.e4 no predictions contrary to

reasonably well established trends should be obtained;

3. The resulting equations should satisfy the existing data within

the accuracy of measurement;

L+ Mathematical simplicity is required in order to permit evaluation

of the distribution parameters.

The function observed to be best suited was defined as follows:

y=1nfa -d )/ )] el - a®) v ee(60)

It should be noted that equation 56 is still valid, even
though y has been redefined. Mugele and Evans obtained the following

expression for the Sauter mean diameter:
ds = dm/[l + (dm - de)/dvm exp(l/h,sz)] cee(61)

This function was found to give the most accurate predictions
of the drop size distribution in sprays (163). In addition, the Sauter

mean diameter so calculated agreed closely with that computed from the




experimental data.

¢) Drop-Size Measuring Techniques

Due to the wide field of application, several methods of
determining the size of spray drops have been developed, and critical
analyses of these techniques are available in the literature (40, 73,
145, 184, 231). The main difficulty appears to reside in the sampling
method. When a droplet-laden fluid impinges on a sampling device, the
fluid is deflected around the body while the drops, by virtue of their
greater inertia, tend to impinge on the body. The target efficiency
represents the fraction of drops in the fluid volume swept by the body
which will impinge in the body. This efficiency has been found to
increase with an increase in drop velocity, and fluid velocity, and to

decrease with an increase in the size of the sampling defice (172).

The most common and accurate method is to collect a sample of
the spray in a very small immersion cell filled with an immiscible
solvent. The bottom of the cell is usually made of optical glass coated
with an anti-wetting agent so that the spray drops remain spherical.

Measurement of the drop sizes is generally accomplished by photography

with the aid of a microscope. The method which was developed by DeJuhasz

et al. (39) was carefully analysed by Rupe (201), and many investigators

(2, 40, 41, 46, 82, 149, 231, 235) have used it with considerable success.

A modification of this method is to use a glass slide covered

with an immiscible solvent or grease instead of the immersion cell (71,




165, 174, 175). Corrections for flattening of the drops on the slide
have to be made. Two serious drawbacks are the threat of evaporation
occurring before the photograph can be taken and the poor target
efficiency of small drops on the relatively large slide. This makes

the method unsuitable for very volatile sprays.

Direct photography of the spray has been reported by York and
Stubbs (268) and others (91, 99, 153, 225). The most obvious advantage
of this system is the elimination of a sampling device with the inherent
error due to target efficiency. However, there are several objections
to this method and the principal ones are the high initial cost and
difficulty of calibration. The depth of focus of the cameras used is
small and as the camera is usually directed at right angles to the spray
axis representative samples cannot be obtained. Another consequence of

the narrow depth of focus is the small sample numbers obtained.

A permanent sample of the spray can be obtained by atomizing
a molten wax which solidifies almost instantly in the surrounding medium.
Joyce (105) and others (248, 261) have used this method and reported
good results. The drop sizes were determined by photography or sieving
and so a large sample number could be analysed. However, this method is

decidedly limited in application.

One of the simplest methods involves the impaction of the drops
on slides of magnesium oxide, and carbon black (9, 166, 126, 130, 131, 150,
165, 189, 228, 232). Relations between the size of the hole made in the

coat and the drop diameter have been developed by Stoker (228)., The main




objection to this approach is the extreme calibration that would have to
be performed before the method could be used. A modification of this
method is to cover the glass slide with blotting paper or other absorbent
material and to measure the size of the stain produced by the drop
microscopically. It is, again necessary to establish the relation
between the drop size and the stain diameter using drops produced by
micropipettes. The method is both laborious and time consuming and is

only applicable to relatively sparse sprays.

Sedimentation studies have received considerable attention (82,
168, 236) and the usual procedure involves the collection of the spray
in a bath that is sufficiently cold to freeze the spray drops. The drop
size distribution can be computed from the settling rate assuming the
validity of Stokes Law. Complexity of equipment and sampling difficulties

have limited the application of this method (89, 137).

Optical absorption by the spray drops provides a method of
determining the mean drop size (32, 203, 207, 219, 241). The intensity
of a Tyndall beam is approximately proportional to the reciprocal of the
mean diameter. Application of this method is limited, as the drop size
distribution cannot be obtained from the data. For very finely divided
sprays light scattering has been used (74, 183, 204, 216), but the accuracy
obtained was poor, Other methods using impaction, interception on fine
wires, electrical and thermal precipitators have been investigated. Of
these, the thermal precipitator appears to be most promising and its use

is slowly increasing.
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II, EVAPORATION FROM SPRAYS

Evaporation from sprays is of fundamental importance in a great
many industrial processes and has therefore been the object of a large
number of investigations. Most of the work was however concerned with
the study of the rates of heat and mass transfer to single drops, almost
invariably in a stationary condition, The evaluation of these transfer
coefficients in the case of spray drops is considerably more difficult and
consequently relatively few investigations have appeared in the

literature.,

When the relative velocity between the spray drops and the
drying air is changing, elaborate precautions must be taken in order to
measure the physical properties of the drying air; similarly, determinations
of the spray drop sizes and drop velocities are exceedingly difficult. A
survey of the literature on the evaporation of sprays can be conveniently
divided into two sections: in the first, the literature on the determinétion
of the heat and mass transfer coefficients to single drops is reviewed,

while in the second section the extension to clouds of drops is considered.

1. HEAT AND MASS TRANSFER TO SINGLE DROPS

Evaporation from a liquid drop is a boundary layer problem. The
evaporating drop is considered to be surrounded by a film of vapour and
the surrounding gaseous medium. In this concept, the diffusing vapour
leaves the surface of the drop and is dissipated in the surrounding gas,

vwhile the heat required for evaporation reaches the drop by conduction,




convection and radiation through the boundary layer. Also, the partial
pressure of the diffusing vapour decreases from the saturated value at
the drop surface to that prevailing in the gaseous medium, while the
temperature in the boundary layer rises from the drop temperature to that
of the surrounding gas. When steady state is attained, the temperature
of the drop surface and consequently the vapour concentration reach
constant values for which the transfer rates of heat and mass are
balanced. Stefan (226) and Maxwell (148) were the first to realize that
this condition enabled evaporation from drops to be considered as a

diffusional problem.

In 1910, Morse (162) determined the evaporation rates from small
spheres of iodine placed on the pan of an accurate balance, and showed
that the rate of evaporation was directly proportional to the diameter
of the sphere rather than the surface area or square of the diameter.

It was not until 1918 that Langmuir (125) presented the first correlation
for the evaporation rate in terms of the partial pressure of the diffusing
vapours and the geometry of the drop. His equation resulted from an

analysis of Morset's data, and was based on an analogy to heat transfer by

natural convection:

dn/d 6 = -Sfvad(/) V) eoe(62)

where dm/d 6 ~ evaporation rate of drop, (1b.)/(hr.);
D, - diffusivity of the diffusing vapour, (ft.2)/(hr.);
Py - density of the diffusing vapour, (1v.)/ (ft.3);
Sy - shape factor = (27pd)/(D - 4) eee(63)

D - diameter of surrounding gas film, (ft.).




L5

Equation 62 was modified by assuming that the diameter of the
drop is negligible compared with that of the gas film, and that the

diffusivity and vapour density are independent:
dm/d0 = - (2 "deM/RT)pS ees(6h)

where M - molecular weight of diffusing vapour, (1b.)/lb.-mol.);
T - absolute temperature of drop, °R.;
p, - vapour pressure of drop at T °R., (Ib. force)/(ft.2);
R - gas constant, 1543 (ft.~1lb.-force)/(1b.-mol.)(°R.).

An inherent assumption in this equation is that the partial
pressure of the diffusing vapours is zero at a large distance from the
drop. Equation 64 is a specific expression for the more general equation
of mass transfer on a molar basis, given by:

dmt/d 6 = ~koAp_ ees(65)

where dm/df - diffusion or evaporation rate, (Ib.-mol.)/(hr.);
k; - mass transfer coefficient, (1b.-mol.)/(hr.)(ft.2)(13p);
A -~ area available for transfer usually taken as total

area of drop surface, (ft.z).

The modified Nusselt Number for mass transfer, Mut, can be
evaluated for the evaporating drop where there is no relative velocity
between the drop and the surrounding medium, by combining equations 64
and 653

Nu' = kMdp/D P. = k.dRT/D = 2 «ee(66)

where Mh - average molecular weight of gases in the surrounding
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film, (1b.)/(Ib.-mol.);
P, - average partial pressure of the surrounding medium
in the gas film, (lb.wforce)/(ft.z);

pp - aversge demsity of the gas film, (1b.)/(ft.%).

Due to the analogy between heat and mass transfer, a similar

expression can be written for the Nusselt Number:

Nu = hd/kf = 2.0 eee(67)

where h - heat transfer coefficient, (B.t.u.)/(hr.)(ft.z)(°F.);
k; - average thermal conductivity of the gas film, (B.tou.)/ (hr.)

(ft.)(°F.).

Equations 64, 65, 67 are interdependent and their validity has
been verified by many workers (61, 72, 91, 96, 97, 104, 139, 188, 234, 245).
Minor modifications to Langmuirts equation were made by Bradley et al. (18)
for very low pressures and very small drops, i.e.,below one micron in
diameter. Also Kyte et al. (122) added a correction factor for heat
conduction due to free molecular motion at very low pressures. Shereshefsky
and Steckler (213) have added a correction for the presence of a finite

concentration of the diffusing vapours in the surrounding gas.

In 1934, Fuchs (62) obtained the same equation as Shereshefsky

and Steckler for the evaporation of small liquid drops:

d/d & = ~(27dD M/RT)(p, ~ p,) eee(68)

where P, - partial pressure of diffusing component in the surrounding
medium, (lb.wforce)/(ft.z).
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This equation was the result of a theoretical analysis based

on the following assumptions:

1l -

The drop is spherical;

No relative motion between the drop and surrounding gas occurs;
The surrounding gas extends infinitely in all directions;

The temperature and pressure of the surrounding gas remain
constant ;

The drop temperature remains constant;

The boundary layer is saturated with the diffusing vapour at the
surface of the drop;

The vapour pressure of the drop is negligible compared with the
total pressure;

The evaporation process is constant with time, and Fick!s law of

diffusion is applicable.

In 1936 Takahasi (233) performed a series of experiments on

the evaporation of water drops of diameter 0.4 to 2.0 mm, and with

relative

air velocities of 1 to 6 metres/sec, He correlated his data and

offered an equation of the form:

/a8 = - (2 1D WRT)(p, - p,) [1 - kRYV2T  ..(69)

where k - constant for a particular system,

This was

the first appearance of a correction factor for relative motion

between the drop and the surrounding gas. No theoretical explanation was
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offered until 1938 when Nils Froessling (61) presented his classical
paper "Uber die Verdunstung fallender Tropfen". A brief resumé of his

work is now presented.

Froessling based his analysis on the assumption that Langmuir's
equation could be modified for use with relative motion between the drop

and the surrounding medium by means of a friction or wind factor Wf":

dm/d® = - (zqrdeM/RT)pSf ...(70)

Froessling considered the drop to be located at the origin of
the coordinate axes (x, y, z), and applied the Navier-Stokes equations,
the equation of continuity, the material balance on the diffusing vapours
in the boundary layer and Fick's Law of diffusion. These equations are:

The Navier Stokes equations, assuming steady motion:
u@wox) + v(du/dy) + w@ufoz) = -(1/p,) (IPAx) +
BolPe (Pwds? + Py + Pufod®)  L(70)

u(dv/9x) + v v/9y) + w@v/dz) = -(1/p;) (JRMIy) +
ﬁf‘ﬂf (sz/Jx? + c92v/¢)y'2 + 32v/)22) el (72)

u(dw/d x)

+

VOu/dy) + wwfds) = ~(1/py) (ORfiz) +
Pelpe (Pl + Pufoi? + PPufo ) v o(73)

where u, v, w - velocity components in boundary layer, in

directions x, y, 2:
P - total pressure in the boundary layer;

average absolute viscosity of the gas film,

(1b.)/(£t.)(hr. ).

X
|
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The equation of continuity:
3/dx + dufdy + dwfdz = O ees(74)
Fquation for the diffusion of the volatile component:
u(dc/dx) + v(3c/oy) + w(dc/dz)
= D, (/3% + Fo/ag? + Fo/dy®) .o s (75)

where ¢ - concentration of diffusing vapour in the boundary layer.

Fick's Law of diffusion;-
/6 = -va (3¢/dn), aa ees(76)
A

where n -~ distance from surface of drop, along normal;

Gdc/dn)A ~ concentration gradient normal to drop surface.

Certain boundary conditions can be stated:
l -~ for large x, y, or z; u = VR, v=w=0, and ¢c = 0,

2 2

2 - for x? +y +2 = d%/h; u=v=w=0, and ¢ = Cn’

where e, concentration of diffusing vapour at the drop surface.

These non-linear, second-order, partial differential equations
are insoluble by known mathematical techniques. Froessling obtained an

approximate solution, however, by defining the following dimensionless

quantities:
x = xd TR A P = Plsz,D .
Yy = yld v = leR ¢ =cycp
= - 2
2 zld W= inR A= Ald
n-= nld 000(77)

where the subscript 1 refers to the new dimensionless quantity.
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The Reynolds and Schmidt Numbers may be defined by:

Re = dVRp.f/p.f ...(78)
S¢ = p.f/ PiD, ... (79)
and, Dv/dVR = 1/(Re)(Sc) ...(80)

These dimensionless quantities permitted equation 76 to be

rewritien as:

an/a® = Dcd [ aley/Ony), oy .. (81)

From the above it is evident that the terms Wy Yy, Wy, and

P. are functions of Re, Xps Vps Zps and so from equation 75 it may be

1l

deduced that c, is a function of Re, Sc, X5 Tps and Z, .

1

The concentration of the diffusing vapour at the drop surface

can be calculated from the formula:

c, = pSM/RT ...(82)

Equation 82 and the foregoing statements enable equation 81

to be converted to the following form:
dm/d 8 = -(deM/RT)psfn(Re,Sc) ...(83)

A comparison of equations 70 and 83 shows that the correction

factor £ for relative motion is:

f = fn(Re,Sc) ...(84)

Since for any given system the Schmidt Number is constant, the

friction factor is therefore a function of the Reynolds Number only.

Froessling continued his analysis in order to determine the form
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of this friction factor. He considered the front part of the sphere
where the boundary layer exists separately from the rear which is
complicated by the formation of turbulent vortices. The analysis may
be summarized in the following steps:
1 ~ Application of Boltze's equation (15) for the velocity in
boundary layer before the point of separation to the sphere, and

conversion to polar coordinates;
2 = Rearrangement of equation 75 to polar coordinates;
3 -~ Substitution of boundary conditions as before;

L, = Simplification by assuming that the thickness of the boundary

layer is negligible when compared with the radius of the sphere;
5 = Definition of new dimensionless quantities.

At this stage, Froessling had an equation for the rate of
evaporation from the frontal part of the sphere. Experimental data on
the sublimation of naphthalene spheres indicated that 80% of the total
evaporation occurred before the point of separation. Therefore
Froessling assumed that the rate of evaporation after the point of
separation could be considered to occur in the same manner as in the
frontal boundary layer. In fact, the only effect of such an assumption
would be a small change in the numerical coefficient. This assumption
enabled Froessling to integrate the expression for the rate of evaporation
in the boundary layer over the whole surface of the drop. The result may

be expressed mathematically as:
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/a6 = -(2Map WRD)p, [k(Re)¥? tn(se)] ee (85)
where k - constant.

Polhausen (176) and Kronjiline (119) calculated the heat
transfer rates from plates and cylinders respectively, and by analogy to
their work, Froessling predicted that the function of the Schmidt Number

was approximately the cube root i.e.:

/a6 = ~(277dD W/RD)p, [k(Re)™ *(50)7?] cee(86).

This analysis cannot be considered as a proof of the dependence
of the Nusselt Number or the square root of the Reynoldts Number, as
Froessling introduced the factor (Re)]’/2 into the definitions of the

second set of dimensionless quantities.

However, Froessling obtained considerable experimental data in
order to evaluate the constant in equation 86, The experimental procedure
involved the suspension of liquid drops on a thermocouple in a stream of
hot air and measurement of the change in size by shadow photography.
Elaborate precautions were taken to ensure that the air flow would not
cause deformation of the suspended drops. From tests on the evaporation
rate of water, aniline, and nitrobenzene drops for Reynolds Numbers from
0 to 1000, Froessling presented the following correlation:

dn/d6= ~(271 dD WRT) (p, - p,)[1 + 0.276(Re)Y2(s0)3] ...

This equation can be rewritten in terms of the modified Nusselt
Number:
Nut = 2.0 + 0.552(Re)1/2(3c)1/3 oo (88)
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The overall heat transfer coefficient to small spheres in a
forced flow of air, water and oil for Reynolds Numbers of O to 100,000
was measured by Kramers (113) who correlated his data by means of the
following equation:
Ma = 2,0 + 1.3 (Pr)%" 15 + 0,66(pr)0*3 (re)Y .o (89)

where Pr - Prandtl Number = (cp Helkg) eee(90)
Cp ~ specific heat at constant pressure of gas film,

(Betous )/ (Ib.) (°F, ),

Higher values for the Nusselt Number are obtained using this
equation, especially for low Reynolds Numbers. Still higher heat and
mass transfer rates were reported by Friedlander (56). This increase

has been attributed to forced convection (188).

Kronig and Bruijsten (118) used a perturbation method in
obtaining a mathematical solution for the evaporation from drops in the
laminar region. Their correlation is based on the assumption that the
velocity streams are symmetrical around the drop and that the boundary
layer does not break away from the surface of the drop:

M = 2+ 1/2(Pr)(Re) + (581/1921)(Pr)®(Re)®  ...(91)

Ingebo (96) determined the rate of evaporation of nine different
liguids under evaporation conditions similar to those encountered in air-
craft engines. He obtained an equation analogous to that of Froessling
but with the inclusion of a ratio factor of the thermal conductivities of

surrounding medium, ka’ and the diffusing vapour,kv:
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Nu!' = 2.0+ 0.303 (ReSc)°°6(ka/kv)°'5 ...(92)

This equation was later modified by Ingebo (97, 98) to include
a correction factor for the mean free path of the diffusing vapour

molecules:

Nat = 2.56 10° (Re)(Se)(el/6%)0 Ok / k)07 ...(93)

where g - acceleration due to gravity, (ft.)/(sec.z);
1 - mean free path of diffusing molecules, (ft.);

¢ - root mean square velocity of diffusing molecules,

(£6.)/(sec.).

It should be noted that for iso-octane drops evaporating in
air the following equation was obtained for the Nusselt Number:

Nu = 2.0+ 0.39(Re)®® oo (94)
This is in good agreement with Froessling!s equation.

In 1951, Kinzer and Gunn (110) studied the evaporation rates
of freely falling water drops in air and concluded that three different

regions existed for evaporation:

1l ~ For Re O to 7, the air velocity is slow enough to reduce the

evaporation rate to that of a drop at rest;

2 - For Re 7 to 2000, a transition range occurs where the evaporation

rate is a function of the Reynolds Number;

3 ~ For Re over 2000, deformation and flattening of the drops occur,

thus making any analytical solution extremely complex and difficult.
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They derived an equation for the evaporation rate on the
assumption that the temperature in the boundary layer could be expressed
in terms of a complementary error function. Their final equation can be

rearranged and expressed in the form:

Nua = 2,0 + 001}8 F(Re)l/2 000(95)
where F is a function of the Reynolds Number,

The evaporation rate, drop temperature, relative velocity and
air temperature were measured experimentally by three different techniques.
These techniques were: freely falling drops, drops supported by a vertical
air flow, and drops floated in a tapered tube by vertical air flow. The
term F was experimentally evaluated and proved to be approximately unity

for water diffusing into air over a large range of Reynolds Numbers.

A deviation from unity in the value of F was reported for low
Reynolds Numbers, i.e., in the range commonly encountered in spray
drying. However the contribution to the relative motion is small and so
the Nusselt Numbers obtained agreed with those calculated by Froessling's

equation,

An extensive investigation of the factors influencing the rates
of evaporation of pure liquid drops was performed by Ranz and Marshall
(188) whose experimental conditions were very similar to those of
Froessling. The drops were suspended from a glass capillary which was
connected to a micro~-burette graduated in 10-5-m1. divisions., This
permitted the measurement of the rate of feed required to maintain the

size of the drop constant. Tests were also performed on drops with
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decreasing diameter and here a projection microscope and camera were used
to record changes in the diameter, Considerable precautions were taken
to ensure that the flow of the drying air was uniform around the drop.
This was accomplished by means of a converging nozzle, the aperture of

which was covered with a 140 mesh copper wire screen,

The results of studies on water and benzene drops evaporating
in air confirmed the analogy between heat and mass transfer. Their
data were correlated by means of the equations:

Nu = 2.0 + O.6(Re)l/2(Pr)1/3 ees(96)
Nt = 2.0 + 0.6(Re)Y2(3¢)/3 vee(97)

Comparison of equation 88 with equations 96 and 97 shows the
excellent agreement with Froessling'!s work, especially at low Reynolds
Numbers. An analysis of the data of other investigators (49, 113, 114,
157, 265) revealed that equations 96 and 97 could be extrapolated with
remarkable accuracy five times beyond the experimental range of Reynolds

Numbers (0 to 200).

Equations 96 and 97 are consistent with the fact that for
conditions of no relative velocity the Nusselt Numbers must be equal
to two. This assumes that the heat transfer proceeds by simple conduction
and the mass transfer by simple diffusion, In practice, however, the
density gradients around the evaporating drop set up motion of the fluid
and so Ranz and Marshall (188) proposed the following equations to accoumt
for this phenomenon:

M = 2.0 + o.6(c;r)l/‘+(1°r)l/3 eee(98)
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Nut = 2.0 + 0.6(cr)Y ¥(se)Y/3 e (99)

where Gr - Grashof Number = (d3 /szchA T)/]:A.f:2 ...(100)
B - coefficient of volume expansion of gas film, 1/T, (°R.) ;

T - temperature difference across gas film, °F,

These equations, although only verified experimentally to a limited
extent, are consistent with the standard correlations for heat transfer by

free convection (151).

The correlations of Froessling (61) and Ranz and Marshall (188)
must be modified where very high surrounding gas temperatures are
encountered., Their equations were based on the assumption that all the
sensible heat transported to the drop surface was converted to latent
heat of evaporation. For high drying temperatures and consequently rapid
evaporation, consideration must be given to the heat required to increase

the temperature of the diffusing vapours to that of the surrounding medium.

Investigation of the rates of evaporation for burning fuel drops
have led to the development of several cofrelations for high-temperature
evaporation., The differential equation governing the phenomenon of heat
conduction through the film surrounding the drop with simultaneous vapour
diffusion is:

dsz/drz + (2/r - B/t (df,/dr) =0 ...(101)

where Tf - absolute temperature of surrounding gas film;
r - distance from drop centre to point in gas film;

B - is defined by (dm/de)(cp/unkf) ... (102)
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The ratio of the Nusselt Number for high-temperature evaporatioﬁ
to that where no evaporation is occurring can be obtained by integration

of equation 101 and subsequent rearrangement (69, 145, 185, 202).
Mo/ (Nu)p_o = B(/r - 1/R)/[exp B(1/r - 1/R) - 1] ...(103)

where R - radius of gas film,

Mirsky (161) developed the following equation using the boundary

layer theory presented by Goldstein (70):

W = X[2.0 + k(Re)Y2(pr)3) oes (104)
where k -~ constant;
X = defined by:
X = e /C (Tg - T) Inf1 - ¢ (T ~ T)/hg,] o+ (105)

where hfg latent heat of vapourization of liquid, (B.t.u.)/(1b.).

When the temperature difference is small compared to the latent

heat, equation 103 reduces to that of Ranz and Marshall, equation 96.

Mirsky correlated his data by means of the expression:

= d;_‘_ Ao e (106)

n

%

where d; - initial diameter of drop;
d, - diameter of drop at time e;

A = (8ky/ P[0/ (D - O)]1nfL + C (T, = D/hg, ] oee(207)

The exponent n was found to be a function of the relative air

velocity, and values of 1.88 to 1.50 were obtained for velocities of O to

9 metres/sec.
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2. HEAT AND MASS TRANSFER TO SPRAYS

When efforts are made to extend the correlations expressing the
rates of evaporation of single drops to sprays, several complications
arise:

1 ~ The size of the individual drops which constitute the spray are
usually very much smaller than those used in the determination of

the rates of evaporation of single drops;

2 = The complexity of the drying air patterns and the turbulence
generated make the establishment of an accurate relative velocity
very difficult. This is especially true for regions in the
immediate vicinity of pneumatic nozzles, inlet air ducts and other

sources of fluid flow;

3 ~ The rapid rate of evaporation usually has the effect of altering
the driving forces, i.e.,the temperature differential for heat
transfer, and the humidity or the partial pressure of the diffusing

vapours for mass transfer;

4 - Industrial sprays are rarely comprised of pure liquids, and the
presence of dissolved solids affects the partial pressure of the drop

and consequently the rate of evaporation;

5 = The analytical functions used to express the drop size distribution
of sprays in terms of a mean drop diameter are nearly always non-linear.

This makes mathematical manipulation rather difficult.
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In spite of these complications, several informative studies
on sprays have appeared in the literature. Analogies with the transport
of solid particles by gas streams have been made, and the rates of heat
transfer were determined (103, 135, 167). Johnstone et al. (103) and
Ljachowski (135) determined the heat transfer to clouds of small
particles falling through a heated air zone. The rise in temperature of
the particles was measured calorimetrically and the results of both
investigations, although showing a considerable spread, are in agreement
with Froessling's correlation. Oktay (167) studied the effect of particle
size, concentration and velocity on the heat transfer to clouds of small
particles settling in still air. A correction for radiant heat from
the walls of the container was included. He developed an empirical
equation for the heat transfer which exhibited the same trend as the

correlations proposed for single particles.

The application of the correlations of Froessling, and Ranz
and Marshall to turbulent gas streams is not valid from the theoretical
point of view as their experimental data were obtained using elaborate
precautions for maintaining a laminar velocity field. Before the work
performed in turbulent gas streams can be considered, the following

properties of turbulent flow fields should be noted.

In the study of turbulent systems it is convenient to consider
that the fluctuating variable is composed of a mean component which remains
constant with time and fluctuating componemt which oscillates about this
mean value. These components are denoted by a bar and prime respectively.

The velocity, V, in the turbulent field can be represented by:
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V = -ﬁ + Vt 000(108)

. 6-'- 90
where V ~ time-mean component, = ;im” (1/6) ‘é Vdb...(109)
(-]
V? - fluctuating component.

Two important and measurable characteristics of the turbulent
flow are the intensity of turbulence and the scale of turbulence. The
former which is a measure of the degree of the fluctuations is usually

defined by the following equation.

Intensity of turbulence = (1/3)(a*? + v12 + wt?) Y37 veo(110)
- . G+ (90
where ut* = L2 (1/9) /(; ) (u1)?a © vea(111)

312, #° - similarly defined;

ut, v, wt - fluctuating components of the velocity components in

X, ¥, 2 directions.

For isotropic turbulence:

e = ¥ L 9P ee(112)

and so the intensity of turbulence = (.117)1/2/'? vee(113)

The scale of turbulence is a measure of the magnitude of the

turbulent eddies and may be defined in terms of a characteristic length, L.

L - f R oo (114)

where R(y) - correlation coefficient

- T (oY 2Py vee(225)
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ui R ué - fluctuating component of velocities at two points whose

transverse distance is y.

Studies of the dispersion of solid and liquid particles in
turbulent gas streams have led to a better understanding of the comtributing
variables (5, 28, 133, 138, 222). A detailed analysis of statistical
properties of momentum transfer in two-~phase flow was presented by Soo (222)
who based his analysis on the following assumptions:

1 - The turbulence of the fluid is isotropic and non-decaying;

2 - The relative velocity between the solid particles and the air
stream is small, and consequently, the Reynolds Number is less than

unity;

3 = Interaction of one solid particle on the nearest particle can

be neglected;

4 - The average velocity of the solid particles can be taken as

equal to that of the air stream;
5 = Bffects due to acceleration or deceleration are negligible.

From this study several important conclusions concerning the
mechanism of solid dispersion were formulated:
1l =~ The characteristics of turbulence of one phase can be determined

from that of the other phase;

2 = The fundamental parameters affecting the transfer of momentum are

the Reynolds Number based on the root mean square of the fluctuating
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component of the air stream velocity, the ratio of the particle
diameter to the Lagrangian scale of turbulence of the stream, and

the ratio of the densities of the particle and air stream;

3 - The scale of turbulence of the particle is greater than that of
the air stream and the intensity of turbulence of the particles is

less than that of the stream;

Ly = The eddy diffusivity of the particles is greater than that of
the air stream but approaches the value of the air stream for small

particles and low turbulence intensities.

The results of other workers (5, 28, 133, 138) agree closely

with the conclusions presented by Soo for particle diffusion.

In particular Longwell and Weiss (138) studied the mixing and
distribution of liquids sprayed into high velocity air streams. The
transport of material within the stream was almost exclusively a result
of eddy diffusion., The distribution of the liquid drops in the gas
stream was found to be a function of the type of nozzle, the distance
from the nozzle, gas velocity, air flow patterns, and the intensity of
turbulence, It was noted that uniform distributions were obtained for

low gas velocities and small intensities of turbulence.

Perhaps the most conclusive results are those of Kesler (108)

who determined the drop and vapour concentration profiles, air temperature,

and drop size distribution in a co-current spray dryer. The equipment

consisted of a 6-in. i.d. cylindrical column, 44-ft. long, where the top
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2L ft. were used to establish a pattern of normal pipe turbulence in the
air stream prior to the introduction of the spray. Measurements were
made through seven pairs of ports spaced logarithmically over a distance
of 17.5 ft. The drop size distribution obtained for water and alcohol
sprays did not agree with that predicted by the Nukiyama - Tanasawa
equation. Kesler expressed his results in terms of a dimensionless
diffusion coefficient, #, defined by the equation:

p = e/RDvG eee(116)

where Ry - radius of the column, (fto);
Vq - mean velocity of the air stream, (ft.)/(sec.);
€ -~ eddy diffusivity defined by the equation:

(W/A-D) =-E /DG(ac/bx) Xy (117)

where (w/AD) ~ mass velocity of the spray, (1b.)/ (hr.)(ft.z);
dc/dx ~ concentration gradient of spray expressed in pounds

of diffusing material per lb. of air per ft. of path.

Numerical values of 0.005 and 0,007 for the diffusion coefficients
were obtained for alcohol and water sprays respectively with air velocities
from 20 to 90 ft./sec. and for mean drop sizes of 14 to 30 microns., These
diffusion coefficients correspond to eddy diffusivities of 0.1l to 0.15
ft.z/ sec., and are in excellent sgreement with the correlation of Sherwood

and Woertz (215):

B = 0.08f, eee(118)

where fF = Fanning friction factor.




65

The evaporation rates for alcohol sprays were also determined.
The results indicated that the correlations of the rate of evaporation
to stationary, single drops could be applied. From this data, Kesler
concluded that the relative velocity between the drops and air stream
was zero and consequently the eddy diffusivities of the spray drops and

turbulent air stream were identical.

The results of Longwell and Weiss (138) and Kesler (108) were
confirmed by Friedlander (57), who reported that practically all of the
heat and mass transfer from liquid drops to the surrounding air occurred
by eddy diffusion. When steady state conditions were obtained, the eddy
diffusion of the small particles was found to vary slightly with air

velocity.

Direct studies on the rates of evaporation of spray drops are
somewhat rare, (28, 40, 79, 99, 108, 147, 175). Attempts to apply the
drop distribution functions have generally been unsuccessful (il, 51, 182)
and only the work of Probert (182) is discussed here. For conditions of
no relative velocity, Probert made & mathematical analysis of the change
in the drop size distribution of sprays which was assumed to follow the
Rosin-Rammler equation. Equations for the variation in the volume median
diameter with time for various conditions of spray uniformity were
developed. These expressions predicted that a spray with a narrow size
distribution would evaporate completely more quickly than one of the
same mean diameter and with a wider size distribution even though the

initial rate would be lower,
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Pinder (175) determined the variation in drop size, air
temperature and air humidity accompanying the evaporation of a water
spray with an arithmetic mean diameter of 14 microns, He calculated the
heat and mass transfer coefficients, which were found to vary inversely
with the drop diameter. Consequently the Nusselt Number remained constant
over a wide range of drop sigzes. Its numerical value was, however, quite

low,

A similar, though more extensive study was performed by Dlouhy
(40), who determined the heat and mass transfer coefficients during the
evaporation of water sprays in a vertical, co-current spray dryer 8-in,
i.d, and l4-ft. long. For a range of Sauter mean drop diameters of 1l
to 39 microns, drying air velocities of 3 to 15 ft./sec. and air temperatures
of 100 to 250°F,, the transfer coefficients were found to be essentially
the same as those for single drops evaporating under stagnant conditions,
jeee,Nu = Nut = 2,0, This was in agreement with the results of
Kesler, and so Dlouhy concluded that the eddy diffusivities of the spray

drops and the air stream were equal.

In an analysis of the evaporation of sprays, Marshall (147)
recommended the adoption of a step~wise procedure for the calculation
of the time required for complete evaporation., Once the initial drop size
distribution is known, the spray is divided into several increments of
drop size and a suitable time interval selecteds The evaporation occurring
in this time interval is then calculated, using equation 97, and assuming
that the driving potential, i.e. partial pressure or temperature difference,

remains constant for each individual drop size increment. When the
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diameters of the increments are modified to account for this evaporation
a new drop size distribution is obtained and the above procedure is
repeated. Marshall recommended that the time interval should be such
that the smallest drop size increment is completely evaporated. An
analogous procedure was used independently by Dlouhy (40) for the
calculation of the drying time of a colloidal solution of calcium ligno~

sulphonate.

A recent extensive mathematical analysis of the factors affecting
the drop size distribution of a moving spray undergoing evaporation was
presented by Shapiro and Erickson (211). They derived the following
differential equation for the number of drops per unit volume, Nys in
terms of the drop diameter, drop velocity and time for unidimensional
flow in a duct of uniform cross-sectional areas

d6 = dx/VD = d(d)/(pé/Dé)
- d[dnv/d(d)]/[dnv/d(d)][BvD/ax+ 3(0a/p8)/d(a) ...(129)

where D ~ substantial derivative.

The solution of this equation is possible only when the variables
can be separated. Application to a cloud undergoing evaporation in an
infinite medium produced some interesting results, It was found that,
when molecular transfer was the controlling factor, the mean volume
diameter remained practically constant over a period of time. Consequently
the proposal to replace the conventional concept of an evaporating spray
as being a diminution in size of a fixed number of drops, by a decrease

in number of drops of uniform size was presented. This new concept was
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tested experimentally and the new model was shown to represent the
evaporation rates more accurately than the conventional approach. A
serious drawback to this method is that an infinite time is required
for complete evaporation of the drops to occur. However the time for
complete evaporation can be obtained by considering the largest size of

drops separately.

Introduction of a change in the relative velocity between the
spray drops and the air stream adds complexity to the problem. An
increase in the relative velocity increases the heat and mass transfer
rates but also reduces the time available for evaporation. Edeling (46)
in an analysis of the fundamentals of spray drying assumed that the time
required for the spray to decelerate to the terminal velocity of the
individual drops in the drying air was too short for appreciable
evaperation to occur., On the other hand, several more recent articles
have shown that under certain conditions considerable evsporation can

occur during the period of deceleration (28, 79, 99, 175).

Sjenitzer (217) presented a mathematical analysis for the

evaporation of a drop underoing deceleration, Hls calculations were based

on Froessling's equation for the evaporation rates and Lapple and Shepherd's

correlations for the drag coefficients in terms of the Reynolds Number.
The result was an equation showing the fraction of the total evaporation
occurring which was due to the relative motion between the drop and the
surrounding medium., This fraction is a function of the Reynolds Number,
i.ees dependent on both the drop diameter and velocity, and so it is

difficult to interpret his results. The analysis is further weakened by
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the absence of accurate values of the drag coefficient for a decelerating

body.

Hanson (79) assumed that the evaporation rate equation of
Froessling could be applied to a spray of drops and used this in the
determination of the drag coefficients of fuel sprays. Appreciable
evaporation occurred during the acceleration of the sprays by the high
velocity air stream. A dependence on the air velocity was found.
Typical results were 30, 37, and 45 per cent evaporation at a distance
of 10 in., from the nozzle for air velocities of 50, 60 and 75 ft./sec.;
and 60, 67, 75 per cent evaporation at a distance of 25 in. for the
same air velocities, Fledderman and Hanson (51) determined the effect
of air turbulence on the evaporation rate of the fuel spray in the above
system, At a distance of 18 in. from the nozzle the evaporation of
the spray increased from 52% to 64%, when the intensity of turbulence
increased from 2.2% to 7.4%. This corresponds to the results obtained

by Maisel and Sherwood (144), for single spheres.

Coldren (28, 30) developed a pneumatic thermometer and hygrometer
t0 measure changes in temperature and humidity during the evaporation of
a water spray. This instrument relies on the changes in pressure and
tempersture as a sample of air is passed through an orifice. The dryer
consisted of a two-fluid atomizer with hot air at 400°F. as the atomizing
fluid. The spray was discharged into a second co-current stream of hot
air at 280°F, and travelling at 30 ft./sec. Complete evaporation in the
first 30 inches of the 6 in. diameter duct was reported. The air

velocity, humidity, temperature as well as the water temperature and
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concentration were measured at six different distances from the nozzle.
The data were analyzed according to Reichardt!s theory of turbulence,

and the momentum, heat and mass fluxes in the dryer were calculated,
Coldren did not measure the spray velocity and so was unable to calculate

the heat or mass transfer coefficients for the spray drops.

Ingebo (99) measured the vaporization rates of iso-octane sprays
at distances of 1, 5, 14 and 18 inches downstream from the poimt of
injection into a high velocity air stream. The method of spray formation
consisted of discharge counter-currently to the drying air stream from a
0.041-in, orifice located one inch from the sealed end of 0.25-in, Inconel
tube which was installed at right angles to the air stream. Other data
recorded included the air velocity, wet-bulb temperature and the drying
air temperature, Ingebo stated several important conclusions:

1 - Drop size distributions obtained from the experimental data

agreed with the Nukiyama-Tanasawa and the log-probability equations;

2 - The vaporization rate of the iso-octane spray based on the mean
surface diameter was found to be in good agreement with the expression

for the evaporation of single drops (see equation 94);

3 -~ The relative velocity between the spray and the air was found to
have a considerable effect on the drying time, and approximately

50% of the spray was evaporated during the acceleration period.




IIT, FLUID MECHANICS OF SPRAYS

Several complex phenomena occur simultaneously in the region
of a spray where the liquid drops are decelerating with respect to the
surrounding fluid. These phenomena are: the deceleration of the liquid
drops, the expansion and mixing of the jet with the surrounding fluid,
and the evaporation of the liquid drops. The rate of evaporation depends
on the relative velocity of the drops with respect to the surrounding
fluid, which is a function of the drag force, and on the existing
temperature differential, This temperature difference in turn depends
on the degree of mixing of the jet with the surrounding gas. In
analyzing this complex, interdependent system it is convenient to
consider the theory of jet mixing and turbulent transport of momentum,
heat and mass before investigating the effect of deceleration on the

drag coefficient.

1 - THEORY OF JETS

The discharge of a fluid from a nozzle into the surrounding
fluid medium results in the formation of a jet and this is invariably
accompanied by an increase in the rate of dissipation of energy due to
the production of turbulence. The form or structure of the jet is
dependent on the nozzle design, the physical properties of the discharged
fluid and the velocity of discharge. Entrainment of the surrounding
medium by the action of the jet is of the utmost importance, and the

availability and the physical properties of the surrounding medium control
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to a large extent the shape of the jet. The formation of a turbulent
zone where the jet mixes rapidly with the surrounding medium inevitably
occurs. Relative intensities of turbulence of as high as 20% have been
recorded in this region (36). When the radial profiles of the velocity
distribution become similar at successive sections taken perpendicular
to the main flow direction, i.e. the nozzle axis, the turbulence is
considered to be fully developed. Various mathematical functions
including the power series, the trignometric series and the probability
function, have been proposed to represent the velocity profile in this
turbulent region., But, before these functions can be investigated the
fundamental concepts of turbulent transport, which form the basis of the

semi-empirical theories of turbulence, must be considered.

a) Transport Equations for Turbulent Flow

The rate of accumulation of mass, heat or momentum in a given
volume, T ,is equal to the sum of the generation in that volume and the
transport to the volume through the enclosing surface, 6, Both molecular
motion and bulk fluid motion are included in the transport term., The
rate of accumulation can be expressed mathematically by means of a
generalized differential equation involving the generalized variables of
concentration,yY, rate of generation for unit volume, Q, molecular diffusion

constants D, and molecular transport potential, f.

b(f?d*f)/JS = def + va{.Ndcr- f‘f’V.Ndo’...(lZO)
d 7 ¢ T
where V - vector differential operator;
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V ~ velocity vector (components u,v,w);

N = unit vector directed outward normsl to surface.

Here, the first term on the right denotes the rate of generation
within the volume, while the second and third terms denote the rate of
transport across the surface by molecular diffusion and bulk fluid
respectively. Expressions for the generalized variables have been

summarized by Alexander et al. (4) and are given in Table II,

Gauss'! divergence theorem can be applied to equation 120
provided that the volume is small enough for the flow parameters to be
considered constant and at the same time large enough for statistical
averages to be meaningful. By converting surface integrals to volume
integrals and equating the integrand to zero, the following expression

is obtained:

O¥/30 = Q+ V.V - V. ¥V .o (121)

This equation can be rearranged to the more familiar Navier
Stokes equation, by considering momentum flux and expressing the generalized
variables by the expression given in Table II. The following assumptions
must be made before further simplification is possible:

1 - The mean pressure throughout the flow field is constant;

2 -~ There are no chemical reactions or heat release due to a change

of phase;

3 -~ Sensible heat changes due to kinetic energy dissipation are

negligibly small;




TABLE II

GENERALIZED VARIABLES

Flux Y Q D ¢
Mass Flux fbci Qi Dv /api
Heat Flux /bcpp Qh ka t

where ey ~ concentration of the i-th component in

fluid, (1b,)/(1b. fluid);

O
!

local rate of generation of i=th component
of fluid, (1b.)/(unit volume)(hr.);
Qh -~ local rate of generation of sensible heat,

(B.t.u.)/ (unit volume)(hr,);

6]
1

unit vector in any given direction.

Th
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L4, = The molecular transport term can be neglected;

5 ~ The jet and ambient fluids are incompressible and have the same
density and temperature throughout,

Hence - v. WV = 0 000(122)

where the bar denotes the operation of time-averaging, e.g.

- 6 +(9°
Y = lim (1/0) Yd o eee(123)
8+ oo O

where Y -~ any fluctueting variable.

It is also assumed that Y is independent of the arbitrary
reference time 90. By applying the concept of resolving the flow
parameters into time-mean and fluctuating components equation 122 can

be written as:

“V(¥Y+ V)WV +V) = 0 cee(124)

and expanding:

v. ?V + V.WV' + V. y"\-f + V. ?'V' = 0 000(125)

The second and third terms disappear as the time-average of the
fluctuating component is by definition zero. The first term can be

expanded as follows:

V.9V = V.V + ¥V.7 eee(126)

where the last term is zero as the fluid is considered to be

incompressible. Combination of equations 125 and 126 yields:

VI¥ = v, §wr ese(127)
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This equation fofms the basis of all the semi~empirical turbulence
theories. Further assumptions are required in order to evaluate e,
and the various hypotheses advanced merely state methods of relating
this product to the flow parameters and their derivatives., All of the
assumptions made in deriving equation 127 are valid for an isothermal,
turbulent, free jet of air discharging at subsonic velocities into
stagnant air. Consequently, free jets have been widely used in testing

the applicability of the theories of turbulence (27, 36, 87, 121, 256).

b) Turbulence Theories Applied to Free Jets

In order to simplify this treatment, only the momentum directed
along the x axis of a free jet discharging along the latter is considered.
For cylindrical co-ordinates (x,r,p), equation 127 can be reduced to:

TV.vu = =y.u've ees(128)

(1) Boussinesq's Hypothesis

In 1877 Boussinesq (16) correlated the product u'v' obtained by
expanding equation 128 in terms of the transverse gradient of the mean
velocity by defining an exchange coefficient which was later named the
eddy kinematic viscosity, £ : .

vt = - &(do/dy) ee0(229)

Application of this to free jets by substitution in equation
128 yields:

ToVa = V.(ut®i - & (33/dr)3 - atwik) vee(130)
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where 1, j,k, - unit vectors in the x,y,z, directions for Cartesian

coordinates or x,r, ¢ , for cylindrical coordinates.

The fact that further assumptions are required to evaluate ¢
and that these assumptions change with the system under consideration
seriously reduce the applicability of Boussinesq's hypothesis. However
Hinze and van der Hegge Zijnen (87) applied equation 130 to free jets
by assuming that the eddy viscosity was:

1l - A function of the velocity along the axis of flow;
2 = A function of distance from an equivalent point-source jet;
3 —~ Constant for a given cross-—section of the jet.

They developed equations for the transport of momentum and heat
but achieved only limited success, as the equations failed to correlate

data obtained at an appreciable distance from the nozzle axis.

(ii) Prandtlt's Theory

In 1925 Prandtl (180) proposed his mixing length concept in
order to establish a relationship between the product uf ¢’ and the mean
flow parameters. Considering only the transport of momentum, a certain
quantity of the turbulent fluid is assumed to move with unchanged
momentum along a vector path, which can be considered as the analogue of
the mean free path in the kinetic theory of gases. When this quantity
of fluid has travelled along this path, which need not be in the same

direction as the main fluid velocity, it mixes completely with the
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surrounding fluid., As the fluid velocities at the ends of this path are
seldom identical, the packet of fluid has a momentum different to that

of the surrounding fluid prior to mixing. The change in the mean
velocity of the surrounding fluid is proportional to this difference in
momentum. The concentration of heat and mass can be similarly considered
to be conserved over corresponding mixing lengths, and so the general

case can be expressed by the equation:

pr = A\T/ ... (131)

The increment A\? can be evaluated in terms of the mixing
length using Taylor!'s series., Only the first term is appreciable as

the mixing length, L\y, is small:
AY = -Ly.TP =¥ ...(132)

Combining equations 127 and 132:
AT v.(Ty Ty .. .(133)

Considering the x~directed momentum only, equation 133 can be

reduced to:

V.Vu = v.(Lu.vu)Vt oo (134)
where Lu - vector mixing length for x-directed momentum.

The eddy viscosity, ¢ , is defined in terms of the scalar
components of the mixing length, 1 o Lol 4 and the fluctuating
components of the velocity.

€= 1laut = 1yt = 1¢w‘ ...(135)

Equation 134 can now be rewritten in terms of the eddy viscosity.
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V.Vu = V. £ Vu ...(136)

No solution of equation 136 is possible until a relation between
the eddy viscosity and the flow parameters is obtained. Prandtl (180)

used a correlation coefficient, 1, ,to obtain a definition of the eddy

Pw
viscosity in terms of a more easily measured mixing length:

£ = 1Pu2(vﬁ( ... (137)

For free jets where the change in axial velocity with respect
to x and ¢ can be neglected, equations 136 and 137 can be expressed as:

V.Tu = (/)9 iy 2 [Qu/dr)| Qu/er) ]/or ...(138)
where ‘(éu/dr)l - absolute value of (du/dr) irrespective of sign.

Prandtl (180) and Tollmien (242) have applied equation 138 to
free jets by making various assumptions for the mixing length, e.g.,lPu
is proportional to the breadth of the mixing zone and independent of r.
Their correlations were in general unsatisfactory. The work of Tollmien
(242), Hinze and van der Hegge Zijnen (87), Kuethe (121), Howarth (92),
has been reviewed by Alexander et al. (4) who attributed the discrepancies
between theory and experimental results to the multiplicity of assumptions

made in the derivations of the correlations used.

(iii) Taylor's Theory

This theory is analogous to that of Prandtl where momentum was
considered to be conserved during transport. Taylor (238) made the

additional assumption that vorticity or the moment of momentum is also




conserved. Howarth (92) made assumptions similar to those used in
deriving equation 138 and obtained the following equation which is

analogous to that of Prandtl.
T = -1, °0%/r)(1/r) 3 (09/9r) )/or eee(139)

where £ = 1,7]73] oo e (140)

Here the eddy viscosity, £, is identical to that used by Prandtl
(equation 137). Howarth obtained a solution for equation 140, but the
velocity distribution did not agree satisfactorily with experimental

results,

It should be noted that Taylorts Theory cannot be applied
directly to heat or mass transport as both temperature and concentration
are scalar quantities. However, Howarth assumed that equation 140 could

be extended to include heat or mass transport by replacing u by Y.
VY = L 20wAn) (/) QY An)]/or oo (L1)

This is a drastic assumption, and has not been confirmed by

experimental results.

(iv) Reichardt's Theory

Reichardt (194, 195) found from the measurements of momentum in
regions of turbulent mixing that an analogy existed between the processes
of turbulent and molecular transfer. From these measurements Reichardt
introduced an inductive theory of free turbulence in which he assumed that

the longitudinal mean velocity distribution could be represented by

probability or error functions which closely agreed with the experimental
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results, For instance, the velocity distribution in a free jet may be
expressed by the equation:

2 2 2

= (k/b°)exp-(r/b) eee(142)

where k - constant

b - function of x only.

The x~directed momentum equation of the mean flow for an
axially-symmetrical jet can be obtained from equation 122.
buz/l)x + (/) d(@x uww)/dr = O eee(143)

Equation 142 is a solution of equation 143 if:
& = -Adu/r eon (1)

where A = (b/2)(db/dx) eee(145)

The above inductive theory can be generalized for the transfer
of heat and mass (194). The main weakness of this theory is that it is
based on mean velocities only, and as such it can hardly be expected to
predict an accurate distribution of turbulent fluctuations., However
recent workers (4, 6, 7) have achieved some success in applying Reichardt's
Theory to jets. In particular, Alexander et al. (4) reported the development
of an extension of Reichardtts Theory to free isothermal jets based on the
equations of motion and continuity. They were successful in transforming
the non-linear flow equations to linear differential equations. The
solution obtained was in two parts, one for radial distribution and the
other for axial change. The former which was found to agree closely with

experimental results may be written as:
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(p;z)x,r/( /J;:Z)x,o = exp 0.693(r/r1/2)2 oo (146)

where r'l/2 ~ radial distance at which the flow momentum is one-
half the value at the axis.
subscripts x, r; x, O refer to points r distant from the axis

and on the axls respectively.

The correlation expressing the change in flow variable with
axial distance may be written as:

(P u)%,0/(pu)0,0 = 1 - exp - (v/0 %)% ee (147)

where Cm = 0,075 -~ spreading coefficient.

Equation 147 reduces to the widely used parabolic law for
momentum distribution when r/me is small (3, 35, 195, 239, 242). Although
the agreement with the experimental results was not as good as was obtained
for equation 146, nevertheless the experimental error was seldom greater

than 10¢%.

c) Extension for Special Cases

The application of the turbulent theories for jet mixing is now
extended to include those cases which were investigated experimentally,
i.e., discharge of a jet into a coaxial duct, and into an air stream where

the mean velocity was perpendicular to the jet axis.

(i) Jet Discharging into Coaxial Duct

Due to the powerful suction produced by the expanding jet, wide-
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spread industrial use has developed where large volumes of gas or vapour
can be entrained by the jet and discharged at low pressures. Among
these operations are: exhausting fumes or air, vacuum evaporation,

distillation, crystallization, drying, and air conditioning,

When a fluid is discharged from a nozzle or orifice the issuing
stream can be considered to act as a jet pump for moving the surrounding
fluid. At least four different processes have been reported to occur
during mixing (7, 106, 114, 116, 249):

1 - Acceleration of the particles of the surrounding fluid (induced
fluid) by impact of the particles from the nozzle fluid (motive

fluid);

2 = Entrainment of the induced fluid by viscous friction at the

periphery of the jet;

3 - Overexpansion of the jet to a pressure below that of the induced

fluid, with consequent flow of the latter toward the axis of the jet;

L ~ Change of phase with large volume change due to flashing,

condensation or rapid evaporation.

The theoretical analysis of a jet in which several of these
processes occur simultaneously becomes extremely complicated, and drastic
assumptions have been made in order to obtain solutions. Flugel (52)
assigned average velocities to the high-velocity core and the low-velocity
annulus at any cross-section, and evaluated an empirical drag coefficient

by calculating the drag force between the two streams. This analysis
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satisfies momentum considerations but does not represent the mechanics of

mixing.

Victorein (255) considered only that the part of the jet which
is close enough to the nozzle for the spreading of the jet to be unaffected
by the duct walls and at the same time far enough away for the jet to be
treated as a point of momentum and mass. In addition he assumed that the
pressure remained constant in the duct and that Prandtl's mixing length
was uniform at any cross-section and proportional to the width of the jet.
These assumptions are incompatible with the observed phenomena of mixing
in a duct and no correlation for the length required for complete mixing

was given,

Alexander et al. (7) assumed that the molecular transport,
boundary layer formation, radial pressure gradients, and heat losses at
the duct wall could be neglected. Using Reichardt?!s Theory of turbulence,

they derived the following equation for the momentum flux in the duct:

(M - Md»/(Mjav.- Miav) X AnJo(aHZn/Dd)eXP‘ (han%ﬂ/Ddz)dx oo (148)
n=1 °

where M - total momentum flux (P’gc + /oGuQ) eee (149)
Jl - Bessel function of the first kind and first order;
Jo -~ Bessel function of the first kind and zero order;
An ~ arbitrary coefficient of nth term in series of JO;
a - nth root of Jl;
Dd -~ diameter of duct;

/\ - proportionality function (equation 131, 132);

av -~ subscript denoting average;
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i -~ subscript denoting induced stream conditions at plane
of nozzle;

j ~ subscript denoting jet stream condition at plane of
nozzle;

- subscript denoting conditions at point of complete mixing.

Several qualitative conclusions on the phenomenon of jet mixing
in a duct can be drawn from the data available in the literature (5, 6,
7, 28, 107, 116, 154, 240).
1 -~ The changes in the radial velocity profiles with distance from
the nozzle have been determined by several workers (5, 6, 7, 28).
Initially, a high velocity core surrounded by a slower moving
annulus exists. The velocity of this core decreases as it expands
in area; and eventually a uniform velocity profile is obtained.
Equation 148, which has been reported to represent the momentum
flux at any point in the duct (7), is indicative of the velocity

profiles obtained;
2 - The transfer of heat is more rapid than that of mass or momentum;

3 = Complete mixing of the two streams occurs from four to ten duct
diameters along the nozzle axis (107, 116, 154). It should be noted
that the velocity profile becomes practically uniform before complete

mixing has occurred;

4 ~ The static pressure in the duct decreases initially and gradually

recovers as the velocity profile becomes uniform;
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5 - The mass velocity past any given cross-section of the duct
remains practically constant especially for high induction ratios,
(the induction ratio is defined as the ratio of the weight of the

induced fluid to that of the motive fluid);

6 - The turbulence level decreases from that of free jets, circa

20% to that of fully developed turbulent pipe flow, circa 3%, (7).

(ii) Jet discharging at Right Angles to the Main Stream

The mathematical representation of this phenomenon is extremely
ponderous and difficult and looses significance due to the large numbers
of assumptions involved. However, several qualitative conclusions can be
drawn from the experimental data reported in the literature (22, 47, 53):

1l -~ The pressure forces of the main fluid stream deform the jet, and

displacement in the direction of the main stream occurs;

2 - During this deformation, the jet is flattened and spreads out

in 3 direction at right angles to the main stream;

3 - The penetration of the jet into the main stream is limited by
the deflection due to the pressure forces. However there is a

second, slower penetration due to turbulent mixing;

L - Penetration can be increased by using a jet that is elongated or
elliptical in the stream direction. The presence of another jst or

form of fluid disturbance upstream has a similar effect;
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5 - If the jet discharges into a narrow chamber, considerable contact

with the walls occurs due to the flattening effect described above

and venturi action.

2. FLUID MECHANICS OF SPRAY DROPS

Fluid flow is considered to be divided into two distinct types
or classes depending on the manner in which the flow occurs. These types
are known as laminar flow where the velocity is unidirectional and flow
occurs in laminae or streamlines, and turbulent flow where a random
fluctuating velocity is superimposed on the main flow velocity and the
flow proceeds with considerable mixing. The change from one flow type
to the other is gradual and the period over which this change occurs is
known as the transition range. For the case of a sphere or drop moving
with respect to the surrounding gaseous medium, the flow type can be
determined from a modified Reynoldts Number which is defined as:

Re = dv, ,OG/ s oo (150)
As in the case of pipe flow, this dimensionless group is a ratio of
the inertia reaction per unit volume, /-’GVRz/d,and the viscous force,
V, f4o/d°. TFrom the sbove, it is evident that the greater the Reynolds'
Number becomes the less will be the effect of the viscous forces. The
transition from laminar flow to the transition range is the subject of
considerable contention, but is generally considered to occur at a
Reynolds Number of 1 to 2 (70, 129). Fully developed turbulence exists

only for Reynolds Numbers greater than 500 (70, 129).
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a) Boundary Layer around Spheres

The resistance of the fluid to the motion of spherical particles
can be qualitatively understood by visualizing the fluid flow patterns
around the sphere. Accordingly a brief review of the formation of the
boundary layer around spheres is now presented. In order to facilitate
the explanation, the sphere is considered to be divided into two equal
segments by an equatorial line at right angles to the direction of fluid
flow. Prandtlts Boundary Layer Theory (179) stated that the velocity of
the fluid in contact with the surface of the sphere was zero, and that
the velocity increased with increase in the distance from the surface
until the velocity of the surrounding medium was attained. This envelope
of retarded fluid is known as the boundary layer. These views are now
universally accepted. The fluid impinging on the frontal hemisphere is
divided symmetrically about the centre of the surface and accelerated
sideways towards the equator. For laminar flow the fluid in the boundary
layer adheres to the surface and closes up behind the sphere in a manner
similar to the division on the frontal surface. Before this concept can
be extended to turbulent flow, the forces acting on the fluid in the

boundary layer must be considered.

The acceleration of the fluid towards the equator on the frontal
surface produces a negative pressure gradient in the boundary layer in
the direction of flow., Also, the velocity of the fluid just outside the
boundary layer tends to decrease when the fluid has passed the equator
and a positive pressure gradient is established. This force together with

the viscous force of the surrounding layer of fluid and the frictional force
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at the surface determines the movement of this part of the boundary layer.
This pressure gradient increases with increase in the Reynolds Number

and it eventually overcomes the streamline flow past the sphere.
Consequently the fluid in the boundary layer is brought to rest with
respect to the surface of the sphere and a back flow in the direction of
the pressure gradient may occur. The boundary layer is then forced to
leave the surface and the point at which this occurs is known as the
point of separation. The occurrence of this phenomenon coincides with

the development of turbulence, i.e., Re) 500.

During the transition from viscous to turbulent flow several
interesting phenomena occur behind the sphere. At the beginning of the
transition range, when the boundary layer begins to separate, a stationary
ring or vortex forms close to the surface. This vortex appears as two
eddies when cut by a plane passing through the axis of motion. Nisi and
Porter (164) noted that this vortex increased and was thrown off at a
Reynolds Number of fifty while Schmidt (206) noticed the appearance of
a second vortex, Lunnon (141) felt that a succession of rings or
vortices formed and slipped away behind the spheres and that a definite
periodicity depending on the velocity was established. At higher
Reynolds Numbers, the vortex ring ceases to be distinguishable and a
turbulent wake is formed. Under these conditions, the width and strength
of the wake behind the sphere and the position on the sphere of the circle
at which the wake envelope leaves it are the factors which determine the
resistance to motion. It should be noted that these phenomena are

accompanied by strict axial symmetry.




b) Drag Coefficients for Spheres

From the previous section, it may be seen that any mathematical
formmlation for fluid resistance is exceedingly difficult due to the
complexity of the fluid motion and it was only for the viscous range that
some success was achieved., In 1850 Stokes (230) formulated the following
law for the resistance of the fluid to the fall of a sphere:

Ry = 307 pdv, eee(151)

This equation was verified by Page (169) who showed that this
resistance was the sum of two sepa