




THE TURBULENT JET PROM A SERIES OF 

HOLES IN LINE 

by 

R. Knystautas 

Thesis submitted In partial fulfillment 

of the requirements for the degree of 

Master of Engineering 

Department of Mechanical Engineering 

McGill University 

Montreal 

April 1962 

THE TURBULENT JET FROM A SERIES OF 

HOLES IN LlNE 

by 

R. Knystautas 

Thesis submitted in partial fulfillment 

of the requirement~ for the degree of 

Master of Engineering 

Department of Mechanical Engineering 

MeGill University 

Montreal 

April 1962 



- 1 -

SUMMARY 

The possibility of obtaining two-dimensional 

turbulent Jet flow from a series of closely-spaced uni-

form holes in line has been investigated both theoretically 

and experimentally. Th e case studied was that of a Jet 

discharging into still fluid of similar density at 

incompressible speeds. Suc h a quasi two-dimensional 

Jet is a particular example of a multiple-interfering 

Jet group. 

Reichardt^s hypothesis for the turbulent 

shear stress in a free Jet linearizes the equation of 

motion for the mean square downstream velocity and thus 

enables the superposition of this parameter for multiple-

interfering Jets. A s a result, the start of the two-

dimensional flow and the location of the hypothetical 

origin of the quasi two-dimensional Jet may be predicted. 

At sufficiently large Reynolds Numbers, these positions, 

expressed non-dimensionally in terms of hole diameter, 

are a function of the non-dimensional hole spacing only. 

Fully merged two-dimensional flow occurs at approximately 

twelve hole spacings downstream of the exit plane and 

the downstream momentum remains effectively constant. 

The hypothetical origin is generally located a short 

distance downstream of the exit plane provided that the 

hole spacing-to-diameter ratio is greater than one. Th e 
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theoretical predictions agree reasonably well with 

experiment even to the extent of predicting the mean 

velocity profiles before two-dimensionality is reached. 

A brief experimental investigation has 

also been made of the Coanda deflection of the quasi two-

dimensional Jet by adjacent boundaries. Th e quasi two-

dimensional Jet separates from an adjacent circular 

cylinder at a somewhat smaller angular distance than does 

an equivalent two-dimensional Jet. Surprisingly , the 

quasi two-dimensional Jet readily reattaches to an inclined 

flat plate although it does so further downstream for 

each plate inclination than does its two-dimensional 

counterpart. 
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NOTATION 

77 =-3 77=0 

4-00 

m 

a radiu s of circular cylinder for Coanda deflection 

AQ discharg e area of a single hole 

b slo t width or the width of the free Jet as in 

Equation 9 

b discharg e area per unit span or equivalent two-

dimensional slot width 

constant of proportionality in Equation 27 

constant of proportioriality in Equation 12 

hole diameter 

base of the natural logarithm 

^function o f 

downstream momentum obtained by numerical 

integration of mean velocity profiles 

J' Je t momentum efflux per unit span, neglecting the 

internal boundary layers (~2(pQ-p^)b ) 

JQ momentu m efflux in the plane of the flow discharge 

KQ constan t as in Equation 11 

c 

C 

d 

e 
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~ 
-co n ==-3 
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NOTATION 

Y 

n==-I 
n=-2 

1 

n=O 

n=3 
n=2 

z 
~+CX) 

a radius of circular cylinder for Coanda deflection 

Ao discharge area of a single hole 

b slot width or the width of the free jet as in 

Equation 9 

be discharge area per unit span or equivalent two

dimensional slot width 

c constant of proportionality in Equation 27 

Cm constant of proportionality in Equation 12 

d hole diameter 

e base of the natural logarlthm 

f 'function of' 

J downstream momentum obtalned by numerical 

integration of mean velocity profiles 

J' jet momentum efflux per unit span s neglecting the 

internai boundary layers (:;::2 (po - PO) )be ) 

Jo momentum efflux in the plane of the flow discharge 

Ko constant as in Equation Il 
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2 lengt h of inclined flat plate for Coanda deflection 

n numbere d order of Jets from the origin at n=0, 

as in the above figure 

p stati c pressure 

PQ suppl y pressure 

Pg stati c pressure on the surface of the face-block 

p^ pressur e of the still surroundings 

Pj^ pressur e measured by the round Pitot tube during 

pitch and yaw calibration 

r,7,x cylindrica l polar.coordinates with the origin at 

n = 0 

R^ Reynold s Number 

s distanc e between adjacent holes 

u mea n velocity in the longitudinal direction x 

UQ maximu m mean longitudinal velocity in the Jet 

at any x 

Ujĵ  minimu m mean longitudinal velocity in the center-

plane y = 0 at any x in the Jet 

UQ discharg e velocity (=v/^ (PQ^POO) ) 

u' turbulen t fluctuating component of velocity in 

the longitudinal direction x 

U instantaneou s velocity in the longitudinal 

direction x 

V instantaneou s velocity in the transverse direction r 

x^y^z Cartesia n coordinates with origin at n = 0, as 

shown in the above figure 

XQ distanc e of the hypothetical origin from the 

discharge plane 
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X2J) identifie s the start of the two-dimensional 

region of the quasi two-dimensional Jet 

Xo distanc e of the reattachment point from the 

discharge plane for the inclined plate 

X transforme d variable replacing the time variable 

in the two-dimensional diffusion equation 

(= oj x̂  / 4) 

yc/2 valu e of y for which u = -—• 

a angl e between the inclined plate and the axis 

of the undeflected Jet 

p densit y of both the emerging and the surrounding 

fluid 

V kinemati c viscosity 

A momentu m transfer length, defined in Equation 9 

0 angula r position on the surface of the circular 

cylinder 

0 angula r position of separation on the circular 

cylinder 

cr constan t as in Equation 28 

0 pitc h or yaw angle of the Pitot tube during 

calibration 

€ amplitud e of undulating mean velocity profile, 

as defined by Equation 25 

V vecto r operator, del 
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X2D identifies the start of' the two-dimensional 

region of the quasi two-dimensional jet 

xR distance of the r~attachment point from the 

dis charge plane for the .inclined plate 

X transformed variable replacing the time variable 

YC/2 
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in the two-dimensional diffusion equation 

(= cm
2 x2 

/ 4) 
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~ kinematic viscosity 

A momentum transfer length, defined in Equation 9 

9 angular position on the surface of the circular 

cylihder 

9sep angular position of separation on the circular 
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rr constant as in Equation 28 
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as defined by Equation 23 

vector operator, deI 
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1. INTRODUCTIO N 

The fluid flow emanating from a series of 

closely-spaced uniform holes in line has been studied 

both experimentally and theoretically to determine whether 

or not it tends to become effectively two-dimensional 

downstream. Th e case considered is that when the 

surrounding fluid is of similar density and at rest. 

The Coanda deflection of such a quasi two-dimensional Jet 

by adjacent boundaries has also been studied experimentally 

in a similar fashion to the two situations examined by 

Bourque and Newman^ -'^ ̂ '̂  for a two-dimensional Jet. 

The speeds involved were sufficiently low for the flow 

to be effectively incompressible. 

The quasi two-dimensional Jet may be used 

for Jet-flapped wings^S thrus t augmentors, and generally 

in the field of boundary layer control by blowing. Fo r 

such applications it is structurally preferable to emit 

the Jet from a series of holes rather than from a 

continuous uniform slot and it may be desirable to attain 

two-dimensionality at a reasonable distance downstream 

without too great a loss in the velocity of the merged 

flow. A s a result, emphasis is placed on predicting the 

distance downstream of the Jet exit at which the flow 

becomes effectively two-dimensional, that is, where the 

merging axisymmetric Jets lose their individual identities 

and behave as a single two-dimensional Jet. 
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The quasi two-dimensional Jet is a parti-

cular example of a multiple-interfering Jet group and a 

theoretical study of such Jet groups is, in general, 

difficult. Eve n the simplest classical two-dimensional 

and axisymmetric Jets have not been completely analysed 

although they have been investigated quite extensively 

in the light of the available hypotheses for free turbulent 

flow. Thus , some knowledge of their behavior is available 

and an attempt can be made to study the multiple-inter-

fering Jets in terms of the two simpler cases. 

Tollmien^ ^^ attempted the initial theore-

tical treatment of both the two-dimensional and the 

axisymmetric Jets on the basis of Prandtl^s mixing length 

hypothesis^ ^. Gortler ^ ^ carried out a somewhat simpler 

treatment using Prandtl's modification of Boussinesq's 

concept for a turbulent eddy viscosity. Prandt l assumed 

that the eddy viscosity is constant across the flow at 

each downstream position and thus is proportional to 

the product of the maximum velocity and the width of the 

Jet there. 

In the foregoing analyses the flow is 

assumed to originate with a certain momentum from an 

infinitesimal slot or hole. Th e analyses are applicable 

to the flow from a finite slot or hole sufficiently far 

downstream when a suitable hypothetical origin is chosen. 

This origin is the position of the infinitesimal slot or 

hole from which flow with the same momentum would produce 
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the same velocity profiles far downstream. I n practice, 

the flow emerges as a uniform laminar Jet and mixes with 

the surroundings so that the width of the central core of 

uniform velocity gradually diminishes. Th e Jet becomes 

fully mixed and turbulent only a certain number of diameter s 

or slot widths downstream of the exit^ ^. 

It is mathematically difficult to extend 

the mixing length theories to complex situations involving 

multiple-interfering Jet groups. However , the inductive 

theory of free turbulence introduced by Reichardt ̂ 9-' may 

be extended to such cases because the equation of motion 

in the downstream direction is linearized^^. Thi s 

theory is based on a critical examination of experimental 

results for free turbulent flow in which it was noted 

that the experimental data for mean velocity are well 

represented by an error function. 

In all the above theories, it is assumed 

that both the variations in the static pressure across 

the Jet and the longitudinal normal stresses are negligible 

compared with the central dynamic pressure and thus the 

mean Jet momentum is conserved. Mille r and Comings^-^S 

by means of meticulous experimental investigation, showed 

that the variations in static pressure across a two-

dimensional Jet are of the same order of magnitude as the 

variations of the normal turbulent stresses, but of 

opposite sign. A s a result, there exists a near-

- 3 -

the same velocity profiles far downstream o In practice, 

the flow emerges as a uniform laminar jet and mixes with 

the surroundings so that the width of the central core of 

uniform velocity gradually diminishes. The jet becomes 

fully mixed and turbulent only a certain number of diameters 

or slot widths downstream of the exit(14). 

It is mathematically difficult to extend 

the mixing length theories to complex situations involving 

multiple-interfering jet groups 0 However, the inductive 

theory of free turbulence lntroduced by Reichardt(9) may 

be extended to such cases because the equation of motion 

in the downstream direction is linearized(l). This 

theory is based on a critical examination of experimental 

results for free turbulent flow in which it was noted 

that the experimental data for Mean velocity are weIl 

represented by an error functiono 

In aIl the above theories, it is assumed 

that both the variations in the static pressure across 

the jet and the longitudinal normal stresses are negligible 

compared with the central dynamic pressure and thus the 

mean jet momentum is conserved. Miller and Comings(5), 

by means of meticulous experimental investigation, showed 

that the variations in static pressure across a two-

dimensional jet are of the same order of magnitude as the 

variations of the normal turbulent stresses, but of 

opposite signe As a result, there exists a near-



- 4 -

cancellation of these variations in the region of turbulence 

even though the individual magnitudes are significant. 

There is relatively little information 

available on multiple-interfering free Jets. Mille r and 

Comings^^^ investigated experimentally the flow from two 

parallel, two-dimensional air Jets mixing in otherwise 

still air. Entrainmen t in the confined region between 

the Jets produces pronounced negative pressures there. 

This effect causes the Jet streamlines to be deflected 

inwards so that the flows merge with backflow at the 

point of meeting and the establishment of two counter-

rotating vortices in the confined region. O n the average, 

the flow is symmetrical about the centerplane and the 

conditions on one side resemble those for a Jet issuing 

parallel to an.offset from a flat plate for which 

theories are given by Bourque and Newman(^) and by 

Sawyer̂ -̂ ^̂ o Anothe r consequence of the negative 

pressure in the confined region is that the momentum of 

the merged flow is less than the combined momentum of 

the flow emerging from the two slots. Downstream , the 

merged Jets lose their individual identities and behave 

as a single two-dimensional Jet with subsequent con-

servation of the remaining momentum. 

Alexander, Baron and Comingsl-^) have 

investigated the mixing of two parallel axisymmetric 

air Jets discharging into still air. Prediction s on 

the basis of Reichardt's inductive theory are in fair 
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agreement with their measurements of the distribution of 

downstream momentum flux. Th e flow round the Jets is now 

vented to the surroundings so that the Jets are only 

slightly deflected toward one another and the downstream 

momentum is very nearly equal to that emerging from the 

holes. 

In the present investigation, Reichardt's 

inductive theory is used in the analysis to predict the 

start of the two-dimensional region and the location of 

the hypothetical origin of the quasi two-dimensional Jet. 

The theoretical predictions are compared with experimental 

measurements for three values of hole spacing. Brie f 

studies of the Coanda deflection of the quasi two-

dimensional Jet by adjacent boundaries were also under-

taken and are compared with the measurements of a similarly 
(2) (7) 

deflected two-dimensional Jet made by Bourque and Newman^ /^\'/ 

A circular cylinder and an inclined flat plate were used 

as the Jet deflecting boundaries. 
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2. DIMENSIONA L ANALYSIS 

The flow in the quasi two-dimensional Jet is 

illustrated in Figure 1. I t is assumed to be effectively 

incompressible. 

A A 
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The relevant parameters which suffice to 

define the flow are 

Po - Poo 

P 

d 

s 

the supply pressure relative to the surroundings 

the fluid density 

the kinematic fluid viscosity 

the diameter of the discharge holes 

the distance between adjacent holes 

The relevant non-dimensional criteria of 

similarity may be written as 

s 
3" ^ 

(Po - Pco) .2 
5 ^ 

1/2 

The downstream distance x^js  o f the point 

where the flow becomes effectively two-dimensional can be 

expressed in terms of these non-dimensional criteria as 

z' 

•2D 

N 

S 

= '<a' 
(Po-P<o) 1/2 

> (1) 

Similarly, the location XQ of the hypo-

thetical origin of this merged two-dimensional flow can 

be expressed as 

"3" = f< 
3 (Po - P=o2 ̂ 2 

1 ^ 

1/2 
> (2) 

For sufficiently high Reynolds Numbers transition 

in the mixing layers occurs close to the slot and the 

effect of variations in fluid viscosity in the subsequent 

turbulent flow can be assumed to be confined to the 
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smallest eddies. Th e mean flow or the structure of the 

large scale eddies can be assumed to be insensitive to 

these variations, that is, insensitive to changes in 

Reynolds Number^-^^). I n view of this simplification 

2|£.f(f) ....13) 

f -^(J ) w 
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3. THEORETICA L ANALYSIS 

The momentum equation for the time-averages 

of velocity for incompressible turbulent flow in a single 

axisymmetric Jet discharging freely can be written in 

cylindrical coordinates as 

^ (E + U^) + 1 ^ (rw) =0 ... (5) 

where U  and V are the instantaneous velocities in the 

directions x and r 

p i s the static pressure 

and th e Reynolds Number is assumed to be sufficiently 

high for the viscous terms to be unimportant. 

The effect of variations in the downstream 

static pressure may be neglected in the light of the 

conclusions drawn by Miller and Comingsv^j for the two-

dimensional Jet if Û  were replaced by the square of the 
mean velocity u . However , ^^i^ i s generally small (1- 2%) 

so that within the accuracy of the present theory it is 

Justifiable to neglect the effects of the longitudinal 

fluctuating component u'=U-u. 

Since the pressure is everywhere ambient 

f^^pu^ 2'wv  dr = the Jet momentum, J .. . (6) 

and equation (5) can be rewritten 
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directions x and r 
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high for the viscous terms to be unimportant. 

The effect of variations in the downstream 

static pressure may be neglected in the light of the 

conclusions drawn by Miller and Comings(5) for the two

dimensional jet if U2 were replaced by the square of the 

mean velocity u2 . However, ~ is generally small (1- 2%) 
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so that within the accuracy of the present theory it is 

justifiable to negle,ct the effects of the longitudinal 

fluctuating component u' = U - u. 

Since the pressure is everywhere ambient 

. •• ( 6) 

and equation (5) can be rewrltten 

dU2 l d -) 0 ax + r dr (rUV - • • • •• (7 ) 
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On the basis of Reichardt's inductive 

theory of free turbulence 

^= -A^ (8) 

A D d b ,^> 

and b is a function of x only. 

Equation (7) can be rearranged as 

Su^ b db S , Su2, 
•35r - 2F d3r ^ (^ ^ ) = 0 (10) 

and solved t o g ive 

u2 = ^ e - ( ^ A ) ^ (11) 

From equations (6) and (11) it is clear 

that 

b <x X 

or b  = C^x  (12 ) 

and that K ^ = ^ 

^ 0 = ^ ^ (15 ) 

2 
since J  =  pu A ^ for an axisymmetric Jet, 

Equation (11) can be rewritten as 

u irCjn X 
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On the basis of Reichardt's inductive 

the ory of free turbulence 

where 

uv = f\ÔU2 
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L'l.-2ax 

and b is a function of x only. 

· • • • •• (8 ) 

· · • · • •• (9) 

Equation (7) can be rearranged as 

and solved 

that 

or 

and that 

or 

since 

dU2 b db d (r dU2 
ax - 2r dx dr dr) = 0 · • • • •• ( 10 ) 

to give 

u2 = ~ e-(r/b)2 
b2 · . . . .. ( Il ) 

From equations (6) and (11) it is c1ear 

b c>< x 

J 

J 
7rp. 

. . .. (12) 

· . . . .. ( 13) 

2 - pUo Ao for an axisymmetric jet, 

Equation (11) can be rewritten as 

. . • •• (14) 
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Equation (10) can be rearranged with the 

aid of equation (12) to give 

^ _ ^ i _ r r S u 2 . ^ 
3̂E 2F ^  ̂^^^r— ) = 0 2F-aF ^""^ =0 ••• • (15) 

By putting Cĵ x̂^ = 4x give s 

au2 I S , Sû v 
^ T - F a F (^^) = 0 (16 ) 

Equation (16) is the two-dimensional 

diffusion equation 

v'(^') = ^ 
where X is positive and replaces the time variable. 

As noted by Alexander, Baron and Comings(-̂ ^ 

equation (I5) is then a linear partial differential 

equation whose solution for the axisymmetric Jet is given 

by equation (l4). I t is invariant to the position of 

the origin and the orientation of the axes y and z. 

Equation (l4) represents the momentum flux within an 

axisymmetric Jet with hypothetical origin at x=0. Th e 

summation of individual particular solutions of a linear 

and invariant differential equation is itself a solution 

and this important result permits an extension of the 

theory to the quasi two-dimensional Jet. Th e momentum 

flux at any point in the quasi two-dimensional Jet can 

be considered as the net summation of the momentum flux 

contributions from individual axisymmetric Jets spaced 

at a distance s apart. Th e central Jet can be considered 

- Il -
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by equation (14)0 It is invariant to the position of 
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Equation (14) represents the momentum flux within an 

axisymmetric jet with hypothetical origin at x = O. The 

summation of individual particular solutions of a linear 

and invariant differential equation is itself a solution 

and this important reBu1t permits an extension of the 

theory to the quasi two-dimensional jet. The momentum 

flux at any point in the quasi two-dimensional jet can 

be considered as the net summation of the momentum flux 

contributions from individual axisymmetric jets spaced 

at a distance s apart. The central jet can be considered 
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to emanate from the origin of a cylindrical coordinate 

system (r, y,  x)  an d the others to extend symmetrically 

in both directions along the z axis. 

-oo 

n=-/./ T)--3 n=-2  r)=-l 

4-00 

77=/ r)^2  r)^3  ^=^ 

r)^0 
In terms of the coordinate system (r, T, x) 

and the numbered order n of the holes from the origin, the 

square of the mean velocity in the quasi two-dimensional 

Jet can be expressed mathematically as follows: 

rv,2 

u 
A o 

+00 

2 

r^+(ns )̂ -2rnscos'y 
G ^x^ m̂ ^ 

u. FCm^x^ n=-o o •.(17) 

On the centerplane y = o this becomes 
2 

u 
2 1 

L^O J 

Ao +~ 

y=o ''rCjn^x^ n=--« 

u, 

u. 2 = 7rC^2^2 

r - n s 
CjTiX 

-|-oo 

2 e 
n=-oo 

ns 1 

L ^m- ^ 

. . . (18) 

(19) 

u. m 
+ 0 0 

^o '''"̂ m ^ n=-oo 

, 2 n - l > s 

u< u m 

-I-00 

Z < 

u u o 
^ p  2  ^  e 

TTCJ^^X^ n = - « L 

n s 

'm-

- i 2 

Cj^xl 
- e 

(20) 

-,2-> 
2n-lN s 

? -C^ x I 
(21) 
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jet can be expressed mathematically as fo11ows: 

_[r2+(ns )2-2rnSCOSY] 
Cm2x 2 . 1 ) 

e •• \17 
n=-OQ 

On the centerplane y = 0 this becomes 

[ u
2
J 

_ ~r-nsJ2 
Ao +oc C X . 

L e m (18) 
u o

2 y=o 
-

1rCm2x2 • • • 
n=-CD 

[ na 12 
u 2 Ao +00 - Cmx J c L: e (19 ) u 2 - 1rC 2x2 • • • • • • 

0 m n=-oo 

• • •• (20) 
n=-oo 

+00 {_ [ÇxJ2 -~2n2-1)c:xJ2} 
L: e - e 

n=-oo 
. • • •• (21 ) 
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Examination of equation (21) reveals that 

it is a measure of the amplitude of the undulating mean 

velocity profile in the plane y = 0. A  minimum amplitude € 

can be prescribed at which the undulation could be con-

sidered as having effectively vanished. Thi s can be 

taken as the start of the fully merged two-dimensional 

flow whose downstream location can be designated by Xp̂ .̂ 

Mathematically, 

Df 

2 
^c 

•^in 

^m^ 
u 2 ^0 

for which 

= € , sa y 

Trd̂  

(22) 

"O 4 
, equations (21) and (22) 

can be combined and rearranged as 

1 +00 n s 
Cm ^2 D 

2 

—2" ^  i ® - e 
^C 2(f2D) n=- » 

/2n-lx s 
2̂Cjn ^'X2D 

2 

>= € 

L 
(25) 

Equation (25) is an implicit relation 

for X2Y^  in terms of the non-dimensional hole spacing ^, 

and enables the functional relationship in equation (5) 

to be determined. Equatio n (25) involves the experimental 

evaluation of a single arbitrary constant 0̂^̂ , Base d on 

experiments performed using a single axisymmetric Jet, 

a mean value of C^ = 0.077 was obtained (Figure 2) , which 

agrees reasonably well with the value of Ĉ  = 0.07 5 

obtained by Alexander et al(l). Furthermor e the 

measurements shown in Figure 5 indicate that x^ is 
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taken as the start of the fully merged two-dimensional 

flow whose downstream location can be designated by x2D . 

MathematicallYJ 

X2D == x--in for which Df -JIl 

u 2 c 
u 2 o 

u 2 m 
u 2 = E, say •• 0 (22) 

o 

7fd2 
With Ao - ~' equations (21) and (22) 

1 

and rearranged as 2 

{ 

[n sJ2 f(2n-l, sJ 
n+Zoo : lCm · X2D -e- L 2Cm ). X2DJ ._ 

E 

can be combined 

2 
4c 2(X2D ) 

m d 
•••••• 0 ( 23 ) 

Equation (23) is an implicit relation 

~or x2D in terms of the non-dimensional hole spacing ~J 

and enables the functional relationship in equation (3) 

to be determined. Equation (23) involves the experimental 

èvaluation of a single arbitrary constant Cm. Based on 

experiments performed using a single axisymmetric jet, 

a Mean value of C = 0.077 was obtained (Figure 2), which 
m 

agrees reasonably weIl with the value of Cm = 0.075 

obtained by Alexander et al(l). Furthermore the 

measurements shown in Figure 3 indicate that Xo 1s 
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effectively zero for a single axisymmetric jet as has 

been implicitly assumed in the above theory. Althoug h 

the relation for xgj) given in equation (23) is implicit, 

it is of interest to note that the series converges very 

rapidly and that the evaluation of the first few terms 

generally suffices. Equatio n (23) can be readily solved 

using a minimization routine on a digital computer as 

was done in the present investigation. 

Beyond x = X2J3, the effectively two-

dimensional flow can be thought of as having originated 

from an infinitesimal hypothetical slot. Fo r such a 

case, equation (I9) can be rewritten in integral form as 

"c ^ e „  ̂ CjnX ^ 

^Q "^ m  ̂-° ^ 

since it can be considered that s-»-dz and ns-^^z for 

the infinitesimal hypothetical slot, and that 

2 2 
-P ô A o = P ô be ^ = J 

where, since momentum is conserved, b^ is the area of 

the holes per unit span for the quasi two-dimensional 

Jet, so that 

J' = P %̂  b e ... . (25) 

Equation (24) can be simplified to give 

2 
c u^ b e 

^ " ; ^ ^ < ' « ) 

- 14 -

effeetively zero for a single axisymmetric jet as has 

been implieitly assumed in the above theory. Although 

the relation for x2D given in equation (23) is implieit, 

it is of interest te note that the series converges very 

rapidly and that the evaluation of the first few terms 

generally suffices. Equation (23) can be readily solved 

using a minimization routine on a digital computer as 

was done in the present investigation. 

Beyond x = x2D' the effeetively two

dimensional flow ean be thought of as having originated 

from an infinitesimal hypothetieal slot. For sueh a 

'case, equation (19) ean be rewritten in integral ~orm as 

2 
u e 
u 2 

o 

foo 
-00 

_ ( z )2 
C x 
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2 .~ 2 
.P U o . Ao = P U o b~s = J 

where, sinee momentum is conserved, be is the area of 

the holes pe~ unit span for the quasi two-dimensional 

jet, so that 

J' - P u0
2 

be • • • • (25) 

Equation (24) can be simplified to give 

2 be u e 
u 2 - • • • • • • (26) y'1rcmx 0 
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For the two-dimensional jet 

u 2 1 

o 
2 

or ^ c c 
UQ^ ^ " ^O (27) 

According to NewmanW/ 

= -̂ crb , wher e c r = 7.7 ... . (28) 

On the basis of equation (26) and 

^m = 0.077 

XQ = 0 an d c r = 9-75 

Although equation (26) does not give a 

good prediction for the location x o f the hypothetical 

origin of the quasi two-dimensional Jet, it is significant 

in the sense that it gives a theoretical value for cr 

based on measurements in an axisymmetric Jet which is 

similar to that obtained experimentally for a two-

dimensional Jet. Thus , the constants determining the 

rate of growth of a two-dimensional and an axisymmetric 

Jet have been related. 

An alternate expression for x^ can be 

obtained by recalling that for x = x^-^,  th e flow is 

effectively two-dimensional and behaves in accordance 

with the laws for two-dimensional Jet flow. 

In particular, from equation (27) 

. 2 ^ 
^c 
u 2 L̂ o J X2D - ^o 
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For the two-dimensiona1 jet 

2 1 u C>< - __ 

C x - x o 

or 
2 

Uc 
U 2 o 

c 
- -------x- Xo . • • •• (27) 

According to Newman(7) 

c = where cr = 7.7 • • • • (28) 

On the basis of equation (26) and 

Cm - 00077 

Although equation (26) does not give a 

good predIction for the location x of the hypothet1cal o 
origin of the quasi two-dimensional jet, it is significant 

in the sense that it gives a theoretical value for rr 

based on measurements in an axisymmetric jet which ls 

similar to that obtained experimentally for a two-

dimensional jet. Thus, the constants determining the 

rate of growth of a two-dimensional and an axisymmetric 

jet have been related. 

An alternate expression for Xo can be 

obtained by recalling that for x = x2D ' the flow is 

effectively two-dimensional and behaves in accordance 

with the laws for two-dimensional jet flow. 

In particular, from equatlon (27) 

x o 
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from which 

X. •2D - c 
u. 

u. x=X2D 
.... (29) 

Using Newman's result, as in equation (28) 

X Q X2J ) 
- 5.775 "T" 

u, 2i 

u. X-X2D 

Thus using equation (26 ) 

^o ^2 D ^  „^̂  "̂ e /— m̂ 
- 5.775 "g^v̂  - ^ X2 D 

X X2D -gS. :;= 0.212 —^ 
d a 

. - . . (50 ) 
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from which 

• • •• (29) 

Uslng Newman 's· resu1t, as in equation (28) 

Thus using equation (26) 

Xc x2D cr :;: 0.212 d • • •• (30) 
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4. DETAIi a OF THE EXPERIMENTAL INVESTIGATION 

A detailed description of the experimental 

apparatus used in the study of the free and the deflected 

quasi two-dimensional Jet is given in the Appendix. A 

comprehensive experimental study of the quasi two-

dimensional Jet was made to check the theoretical 

predictions for the start of the effectively two-

dimensional flow and the location of its hypothetical 

origino Emphasi s was placed on determining the effect 

of changing the hole spacing in order to verify the 

predictions of the dimensional analysis and equations 

(25), (26), and (50) . 

Velocity profiles in the centerplanes y = 0 

and z = 0 were measured at stations as far downstream 

as  ̂= 80 to determine the Jet growth laws and to 

evaluate, by numerical integration using Simpson's rule, 

the downstream momentum at particular stations. Velocitie s 

were determined from pitot tube measurements assuming 

ambient static pressure everywhere. Th e extremely good 

repeatability of the measurements from hole to hole is 

worthy of note. Stati c pressures on the face of the 

plane containing the discharge holes were measured to 

determine the magnitude of the reduction in pressure 

associated with entrainment. Al l observations for the 

quasi two-dimensional Jet were made at three hole 

spacings with | = 1.5. 2.0, and 5^%^^^ ^ range of 

Reynolds Number R g = 
(Po-Pc«)ci' 

p^2 

5 
between 2.92x10 
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were determined from pitot tube measurements assuming 

ambient static pressure everywhere. The extremely good 

repeatability of the measurements from hole to hole is 
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plane containing the discharge holes were measured to 
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Reynolds Number Re =r(po - pco)
d211 
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L p -y-2 J 
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and 2.55x10^. Thre e slot widths with b= 0.245, 0.188, 

and O0I23 in., were used to study the flow in a two-

dimensional Jet. A  knowledge of the behavior of the 

latter is required as a basis of comparison for the 

quasi two-dimensional Jet and the measurements were 

undertaken to verify existing theories for the two-

dimensional Jet. Downstrea m mean velocity profiles in 

a single axisymmetric Jet were also measured to determine 

its rate of growth and the location of the hypothetical 

origino 

The Coanda deflection of the quasi two-

dimensional Jet by a circular cylinder and an inclined 

flat plate was also briefly investigated at a hole 

spacing ^ = 1.5. Measurement s of the angular position 

of separation and the velocity profile near separation 

are presented for the circular cylinder. Value s of the 

reattachment distance Xj^ at various angles of plate 

inclination a are also presented. 

All measurements were made at incompressible 

Pn 
speeds with -Ĵ  >1.05. 

p 

6 and 2053xlO 0 
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5. DISCUSSIO N OF EXPERIMENTAL RESULTS AND COMPARISON 
WITH THEOW " 

5ol Th e Two-Dimensional Jet Discharging Freely 

The flow in a two-dimensional Jet was 

studied at three slot widths with b= 0.245, 0.188 and 

0.125 in. for a range of Reynolds Niimber Re = (PO-POO)K2 
P'r2 

between 2.0x10 ^ and 1.2x10^ to verify the previous 

determinations of the location of the hypothetical 

origin and the Jet growth. Th e flow was satisfactorily 

two-dimensional (Figur e 4) and this is attributed to the 

uniformity of the supply pressur e alon g the span, the 

sharpness of the slot lip s (absenc e of Coanda effect ) 

and to the close toleranc e ( i 0.001 in. ) on the width 

of the slot. 

It is well establishe d tha t for a two-

dimensional Jet the inverse squar e of the mean center -

line velocity decay s in proportion to the downstream 

distance. I n Figure 5 . the plot of the inverse squar e 

of the mean centerlin e velocity, expressed non-dimension -

ally as -^/^Q ,  against the downstream distance ^ give s 
u ^ 

a universall y linea r curv e for the three slo t width s 

considered. Th e universal curv e has a slope of 0.1722 

and compare s well with the conventional slop e 0.175 0 

(Equations 27 and 28). A  universal hypothetical origi n 

is als o obtaine d whos e locatio n ^ i s the point at which 

the centerlin e mean velocity hypotheticall y approache s 

infinity as the slot width becomes infinitesimall y thi n 

but where ^ ^ pu^^b = J a s explained by Newman ̂ '̂ .̂ Th e 
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two-dimensional (Figure 4) and this is attributed to the 

uniformity of the supply pressure along the span, the 

sharpness of the slot lips (absence of Coanda effect) 
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It is weIl established that for a two-

dimensional jet the inverse square of the Mean center-

line velocity decays in proportion to the downstream 

distance. In Figu"re 5, the plot of the inverse square 

of the Mean centerline velocity, expressed non-dimension

ally as l/Uc2 , against the downstream distance ~ gives 
u o2 b 

a universally linear curve for the three slot widths 

considered. The universal curve has a slope of 0.1722 

and compares weIl with the conventional slope 0.1730 

(Equations 27 and 28). A universal hypothetlcal origin 

is also obtained whose location ~o is the point at which 

the centerline Mean velocity hypothetically approaches 

infinity as the slot width becomes infinitesimally thin 

but where Lt pu 2b = J" as explained by Newman (7) • The 
b-..o c 
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value of ^  i s approximately - 1.0. 

Similarity of downstream velocity profiles 

is a well accepted property of the two-dimensional Jet 

(Figure 6) and the Jet expands linearly (Figures 7 and 8). 

The linearity of growth can be evidenced by choosing 

a point ^^/2  i n the downstream mean velocity profiles 

as the value of y where u=--2.o Extrapolatio n of this 
y 

straight line — /2 to ^c/p = 0 gives more accurately 
X r  ^ 

an average value ^  =  -1.5 which is in fair agreement 

with the value of -^  =  -lo57 9-s obtained by Miller and 

Comings^  ̂o 

The static pressure variations, measured 

on the face of the exit plane of the slot differ from 

the surrounding pressure by less than 1/2^ of (Po""Poo) 

as shown in Figure 9° Th e downstream momentum was 

evaluated by numerically integrating, using Simpson's 

rule, the square of the mean velocity profiles at 

particular downstream stations. I t is seen in 

Figure 10 that momentum is very nearly conserved and 

that it is effectively independent of x although it 

differs from the value emanating from the holes on the 

assumption that the internal boundary layers are thin. 

The corrections in the momentum arising from the consider-

ation of the boundary layers and the face static pressure 

are also given in Figure 10. 

- 20 ..., 

value of Xo ls approximately - 1
0
0. o 

Similarity of downstream velocity pro~iles 

is a weIl accepted property of the two-dimensional jet 

(Figure 6) and the jet expands linearly (Figures 7 and 8). 

The linearity of growth can be evidenced by choosing 

a point YC/2 in the downstream mean velocity profiles 

as the value of y'where u = U c Extrapolation of this 2° 
straight line :c/2 ta YC/2 = 0 gives more accurately 

Xo _ an average value 1) - -1 0 5 which is in fair agreement 

with the value of ~ = -1057 as obtained by Miller and 

Comings (.5 ~ 0 

The static pressure variations, measured 

on the face of the exit plane of the slot differ from 

the s·urrounding pressure by less than 1/2% of (po - PCC) ) 

as srlown in Figure 9 0 The downstream momentum was 

eval'uated by numerically integrating, using Simpson' s 

rule, the square of the mean velocity profiles at 

particular downstream stations. It is seen in 

Figure 10 that momentum is very nearly conserved and 

that it is effectively independent of x although it 

differs from the value emanating from the holes on the 

assumption that the internal boundary layers are thin. 

The corrections in the momentum arising from the consider-

ation of the boundary layers and the face static pressure 

are also given in Figure 100 



- 21 -

5*2 Th e Quasi Two-Dimensional Jet Discharging Freely 

The main interest in the experimental in-

vestigation of the free quasi two-dimensional Jet is 

the determination of the parameters 2 p ^nd  ̂fo r 
d cT 

various values of hole spacing — . O n the basis of 
d 

the well-established conclusions for free turbulence, 

the flow in the quasi two-dimensional Jet is assumed to 

be insensitive to changes in Reynolds NiJimber, provided 

the latter is large enough for fully turbulent flow to 

exist a short distance downstream from the exit plane 

of the holes. Experimentally , this was verified only 

in a limited sense because the Reynolds Number = 
( P o " Poo/ ^2 -. -. -. , ^ J ^ ̂ , J 

« — d coul d only be varied within a narrow 
PY2 J 

range. I n all cases investigated, d =^ in. so that 

(p - P )  sets an upper limit to the Reynolds Number if 

the flow is to remain effectively incompressible. Ther e 

is likewise a lower limit to the Reynolds Number below 

which the flow in. the Jet becomes sensitive to external 

draughts. Th e flow in the quasi two-dimensional Jet 

was investigated for a range of Reynolds Number between 

2.92x10^ and 2.55x10 an d within that range it was 

insensitive to changes in Reynolds Number, (Figures 10, 
11). 

The downstream mean velocity profiles 

along the centerplane y = o of the quasi two-dimensional 

Jet (Figures 12 and 15) provide a means of determining 
-§^ for various hole spacings  ̂. Thu s X2D can be 
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5.2 The Quasi Two-Dimensional Jet Discharging Freely 

The main interest in the experimental in

vestigation of the free quasi two-dimensional jet ls 

the determination of the parameters XâD and ~ for 

various values of hole spacing ~ 0 On the basia or 
d 

the well-established conclusions for rree turbulence, 

the flow in the quasi two-dimensional jet is assumed ta 

be insensitive to changes in Reynolds Number, pravided 

the latter is large enough for fully turbulent flow to 

exist a short distance downstream from the exit plane 

of the holeso Experimentally, thls was verified only 

in a limited sense because the Reynolds Number = 

~(Po - poo) d 2J 1/2 
could only be varied wlthin a narrow 

_ py2 

range. In aIl cases investigated, d =~ in. so that 

(po - PCX) sets an upper limit to the Reynolds Nwnber if 

the flow is to remain effectively incompressible. There 

is likewise a lower limit to the Reynolds Number below 

which the f10w in_ the Jet becomes sensitive to external 

draughts. The flow in the quasi two-dimenslonal jet 

was investigated for a range of Reynolds Number between 

2.92x105 and 2.53XI06 and withln that range it was 

insensitive to changes in Reynolds Number, (Figures 10, 

Il) • 

The downstream mean velocity profiles 

along the centerplane Y = 0 of the quasi two-dimensional 

jet (Figures 12 and 13) provide a means of determlning 

~ for various hole spacings ~. Thus x2D can be 
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determined as the downstream distance at which the 

amplitude of the undulating velocity profile has decreased 

to the . point where it can b̂ e considered effectively 

two-dimensional in the centerplane y = o. Fo r two hole 

spacings with |. = l„5 and 5.0 experimental mean velocity 

profiles in the centerplane y=o (Figure s 12 and I5) 

are compared with their corresponding theoretical 

counterparts (Figures l4 and I5) which were determined 

from equation (I8) . Th e agreement is fairly reasonable 

although equation (I8) does not predict velocity 

profiles closer than eight diameters away from the exit 

plane (Figures l4 and 15). Th e mean velocity profiles 

for — = 5oO in three dimensions are shown photographically 
d 

in Figures 16 and I7 at values of  ̂= 6, 10 and 20. Th e 

dark sections represent the theoretical mean velocity 

profiles in three dimensions as obtained from equation(17) 

and the light sections represent the measured experi-

mental mean velocity profiles. Th e trend towards two-

dimensionally is clearly shown. 

In the two-dimensional region of the 

quasi two-dimensional Jet, the velocity profiles are 

similar (Figure I8) and, to the accuracy of the measure-

ments^ momentum; is conserved (Figur e 10) although it 

differs from the value emanating from the holes when 

it is assumed that the internal boundary layers are 

negligibly thin and that the face pressure is ambient. 

Furthermore the inverse square of the mean centerline 
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determined as the downstream distance at which the 

amplitude of the undulating velocity profile has decreased 

ta the .. point where i t can be considered effectlvely 

two-dimensional in the centerplane y = o. For two hole 

spacings with ~ = 1.5 and 3.0 experimental mean velocity 

profiles in the centerplane y = 0 (Figures 12 and 13) 

are compared with their corresponding theoretical 

counterparts (Figures 14 and 15) which were determined 

from equation (18)0 The agreement is fairly reasonable 

although equation (18) does not predict velocity 

profiles closer than eight diameters away from the exit 

plane (Figures 14 and l5)e The Mean velocity profiles 

for ~ = 3.0 in three dimensions are shown photographically 

in Figures 16 and 17 at values of ~ = 6, 10 a~ 20. The 

dark sections represent the theoretical Mean velocity 

profiles in three dimensions as obtained from equation(17) 

and the light sections represent the measured experi-

mental Mean velocity profileso The trend towards two-

dimensionally ls clearly shown. 

In the two-dimensional region of the 

quasi two-dimensional jet, the velocity profiles are 

similar (Figure 18) and, to the accuracy of the measure

ments,; momehtum isconserved (Figure 10) although it 

difrers from the value emanating from the holes when 

it ls assumed that the internaI boundary layers are 

negligibly thin and that the face pressure is ambient. 

Furthermore the inverse square of the Mean centerline 
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velocity decays in proportion to the downstream distance 

(Equation 27) as for a two-dimensional Jet. I n 

Figures 5 and 11, the inverse squares of the centerplane 
1/u 2 i/ u 2 

velocities '_ c an d ^  ar e plotted against the 
^o ^ o 

downstream distance ^ or 21 , where u^ is the maximum 
^ b ^ ^ e 

mean longitudinal velocity in the Jet at any x and û^̂  

is the minimum mean longitudinal velocity in the center-

plane y= Oo Thu s X2D  can be determined as the down-

stream distance where the two curves blend together and 

continue on thereafter as a single linear curve. Th e 

mean flow beyond the point x = x i s indistinguishable 

from that emanating from a two-dimensional slot. Extra -

polation of the linear portion of the curve to the 
point '-/'̂ c ->^ r> determines the location x^ of the 

u 2 
hypothetical origin, as previously explained. Th e curves 

-| / 2 
of ^liO™ v s i (Figure 11) are used to determine X2]) 

u 2 d 

the start of the two-dimensional flow as well as x̂  the 

location of its hypothetical origin at three hole 

spacings with |. = 1.5. 2.0 and 5-0. Th e values of X2p 

as obtained in this way are plotted in Figure 19, 

together with those obtained from Figures 12 and 15 

and are compared with the predicted values using 

equation (25) and ^  = ^3 ^  ^^^  Ĵ * ^  similar plot of 
the inverse square of the centerplane velocity "̂ ^̂is.-. 

^o 
against downstream distance  ̂i s also shown in 

•̂e 
Figure 5 for the three hole spacings mentioned as well 

as for the three slot widths b= 0.245, 0.188 and 0.125 in. 
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velocity decays in proportion to the downstream distance 

(Equation 27) as for a two-dimensional jet. In 

Figures 5 

velocities 

and Il, the 
1/uc

2 
and 

inverse squares of the centerplane 
l/u 2 

m
2 

are plotted against the 
u 2 o Uo 

or ~ , where U c 1s the maximum 
be 

downstream distance ~ 

Mean longitudinal velocity in the jet at any x and um 

is the minimum Mean longitl1dinal velocity in the center-

plane y = 0 0 Thus x2D can be determined as the down-

stream distance where the two curves b1end together and 

continue on thereafter as a single 1inear curve. The 

mean flow beyond the point x = x2D is indistinguishable 

from that emanating from a two-dimensional slot. Extra-

polat~_on of the Ilnear portion of the curve ta the 

point 1/uc
2 
-- 0 determines the location xo of the 

u 2 
o 

hypothetical origin, as prevlously exp1ained. The curves 
11 2 

of . lUe vs ~ (Figure Il) are used to determine x2D 
~ 2 d 

the stârt of the two-dimensional f10w as weIl as Xo the 

location of its hypothetical origin at three hole 

spacings with ~ = 1.5, 2.0 and 3.0. The values of x2D 

as obtained in this way are p10tted in Figure 19, 

together with those obtained from Figures 12 and 13 

and are compared with the predicted values using 

equation (23) and E={, à and ~%. A similar plot of 

the inverse square of the centerplane velocity l/Uc
2 

u 2 
against downstream distance ~ is also shown in 

e 

o 

Figure 5 for the three hole spacings mentioned as well 

as for the three slot widths b= 0.245, 0.188 and 0.123 in. 
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for the two-dimensional Jet. I t is interesting to 

note that in Figure 5 the linear portions of the curves 

for the quasi two-dimensional Jet run parallel to the 

universal linear curve of the two-dimensional Jet but 

displaced from it, the degree of displacement being a 

function of the hole spacing £ . Thi s displacement of 
d 

curves can be attributed to a shift in the hypothetical 

origin of the quasi two-dimensional Jet as predicted by 

equation (50). Th e experimental values of x̂  for the 

quasi two-dimensional Jet can be obtained from Figures 

5 and 11. Th e flow in the two-dimensional region also 

expands linearly (Figures 20 and 21) and extrapolation 

of the straight line ^—/2.  to ^0/2 = 0 in Figures 20 and 

21 gives a second value for the location x^ of the 

hypothetical origin. Thes e values are compared with 

the theory in Figure 19. and it is interesting to note 

that they lie between the values given by equation (50) 

and xo = 0 as predicted directly from the theory. 

The static pressure variations, measured 

on the face of the exit plane of the holes along a 

line midway between two holes, are shown in Figure 22. 

It is noted that they differ from the surrounding 

pressure by less than l/2^ of (PQ-POO) - Thi s serves 

to confirm the absence'of any pronounced low pressure 

regions between the holes. Th e pressure variations, 

though small on the average, possess certain interesting 

trends which depend on hole spacing |. and on the offset 
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for the two-dimensional jet. It 1s interesting to 

note that in F1gure 5 the linear portions of the curves 

for the quasi two-dimensional jet run parallel to the 

universal linear curve of the two-dimensional jet but 

displaced from it~ the degree of displacement being a 

function of the hole spacing ~. 
d 

This displacement of 

curves can be attributed to a shift in the hypothetical 

origin of the quasi two-dimensional jet as predicted by 

equatlon (30). The experimental values of Xo for the 

quasl two-dimensionàl jet can be obtained from Figures 

5 and Il. The flow in the two-dimensiona1 region also 

expands linearly (Figures 20 and 21) and extrapolation 

of the straight line Y:/2 ta YC/2 = 0 in Figures 20 and 

21 gives a second value for the location Xo of the 

hypothetical origine These values are compared with 

the theory in Figure 19~ and"it is interesting to note 

that they lie between the values given by equation (30) 

and Xo = 0 as predicted directly from the the ory • 

The static pressure variations~ measured 

on the face of the exit plane of the holes along a 

line Midway between two ho1es~ are shown in Figure 22. 

It la noted that they differ from the 'surrounding 

pressure by less than 1/2% of (po - PCC)) . This serves 

to confirm the absence'of any pronounced low pressure 

regions between the holes. The pressure variations~ 

though small on the average~ possess certain interesting 

trends which depend on hole spacing ~ and on the offset 
d 
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distance y. Fo r example, the static pressure is not 

least for small y but decreases with increasing y for 

a certain range and finally increases again gradually 

to the ambient pressure. Thi s phenomenon may possibly 

be attributed to the final slowing down of the entrained 

flow near the Jet exit. Th e variations decrease with 

increasing £ , 
d 

5o5 ->The Deflection of the Quasi Two-Dimensional 
Jet by Adjacent Boundaries 

The position of angular separation on 

the circular cylinder of radius a=6.5 in., estimated 

by means of goose down tufts attached to the surface 

occurred at ^^Q-^=  200" " at a Reynolds Number 
7 P O - P O O ) , 1 V 2 , b 
——2 b al = 5.5x10 and ^ o . o 4 . The mean 
L pv ^ ^  a 

velocity profile measured at 9 = l80° is shown in 

Figure 25 and indicates that the flow is close to 

separation. Th e Reynolds Number is defined in this 

way to provide a basis of comparison with observations 

made by Newman^'^^ on the Coanda deflection of a two-

dimensional Jet. H e found that for R^>4xlO an d 1^ 

ranging from 0o02 to 0.04, the angular position of 

separation ©gep^ 24o°. I t would seem that separation 

occurs somewhat earlier for the quasi two-dimensional 

Jet than for the two-dimensional Jet under similar 

conditions. Indee d for this particular spacing £ = 1.5, 
d 

the point of separation more closely corresponds to 

that for a two-dimensional Jet if the diameter d of 
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distarlce y 0 For example, the static pressure is not 

least for small y but decreases with increasing y for 

a certain range and finally increases again gradually 

ta the ambient pressure. This phenomenon may possibly 

be attributed to the final slowing down of the entrained 

flow near the jet exit. The variations decrease with 

increasing ~ 0 

d 

503 ~Trle Deflection of the Quasi Two-Dimensional 
Jet by Adjacent Boundaries 

The position of angular separation on 

the circular cylinder of radius a= 6.5 in., estimated 

by means of goose down tufts attached to the surface 

occurred at 9sep= 200 0 at a Reynolds Number 

[(Po~P.,>,,) b eal
172 

= 5.5xl04 and bae 0.04. The mean 
p -

velocity profile measured at 9 = 180 0 is shown in 

Figure 23 and indicates that the flow is close to 

separationo The Reynolds Number is defined in this 

way to provide a basis of comparison with observations 

made by Newman(7) on the Coanda deflection of a two

dimensional jet. He found that for Re>4xI04 and ~ 
ranging from Oa02 to 0.04, the angular position of 

It would seem that separation 

occurs somewhat earlier·for the quasi two-dimensional 

jet than for the two-dimensional jet under similar 

conditions 0 Indeed for this particular spacing s - 1.5, 
d 

the point of separation more closely corresponds to 

that for a two-dimensiona'l jet if the diameter d of 
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the holes is used in place of the equivalent slot width 

b^. Fo r this case 1 = O.O78 and the point of separation 
a 

for a two-dimensional Jet with the same !̂  = O.O78 is 
a 

9 = 217°. I t is pertinent to note that when the 

individual circular Jets flow round the cylinder, the 

reverse curvature at the edge of the Jets will cause 

the flow to merge more slowly. 

When the cylinder is replaced by an 

inclined plate, the flow is still deflected despite the 

fact that the low pressure near the surface must be 

increased by the venting to atmosphere between the 

individual Jets. Th e position of reattachment plotted 

as _il and as -Jl against the angle of plate inclination a 
^ ^ e 

is shown in Figure 24 for the quasi two-dimensional Jet 
with 5- = 1.5. Th e results are compared with those of 

Bourque and Newman(2j^ for the two-dimensional Jet. 

It is found that the quasi two-dimensional Jet reattaches 

further along the inclined plate than does an equivalent 

two-dimensional Jet. Presumably , as for the circular 

cylinder, the attachment characteristics of the quasi 

two-dimensional Jet depend on the hole spacing £. Th e 
d 

maximum angle for reattached flow was â ^̂ ^^ == 55"" as 

compared to the two-dimensional amax =65° for an 

-̂  200 . A s in the two-dimensional case, the flow 

exhibits a hysteresis phenomenon. Ther e is a range 

of a for which the quasi two-dimensional Jet is either 

reattached or fully separated depending on how it is 
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the holes is used in place of the equivalent slot wldth 

be • For th1s case d = 0.078 and the point of separation 
a 

for a two-dimensional jet with the same b = 
a 

0.078 is 

Q = 217° • It ls pertinent to note that when the 

lndividual circular jets flow round the cylinder, the 

reverse curvature at the edge of the jets will cause 

the flow to merge more slowly. 

When the cylinder is replaced by an 

lnclined plate, the flow is still deflected despite the 

fact that the low pressure near the surface must be 

increased by the venting to atmosphere between the 

individual jets. The position of reattachment plotted 
XR xR as ~ and as __ agalnst the angle of plate inclination a 
u be 

is shown in Figure 24 for the quasi two-dimensional jet 

w1th ~ = 1.5. The results are compared with those of 

Bour·que and Newman (2 ), for the two-dimensional jet. 

It i8 round that the quasi two-dimensional jet reattaches 

fUrther along the inclined plate than does an equivalent 

two-dimensional jet. Presumably, as for the circular 

cylinder, the attachment characteristlcs of the quasi 

two-dimensional jet depend on the hole spacing~. The 
d 

maximum angle for reattached flow was amax ~ 55° as 

compared 

l 
'r=- 200. 
ue 
exhibits 

to the two-dimensional amax = 65° for an 

As in the two-dimensional case, the flow 

a hysteresls phenomenon. There ls a range 

of a for which the quasl two-dimenslonal jet ls either 

reattached or fully separated depending on how it ls 
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started. i f originally reattached, it can be easily 

separated by obstructing it instantaneously. O n the 

other hand, a separated Jet can easily be reattached 

within this range of a by deflecting it toward the 

inclined flat plate. Fo r the present case, the maximum 

value of a for which the flow spontaneously reattaches 

is 50° which is in very good agreement with the value 

for a two-dimensional Jet at the same JL,  . 
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started. If originally reattached, it can be easl1y 

separated by obstructing it instantaneously. On the 

other hand, a separated jet can easiIy be reattached 

within this range of a by deflectlng it toward the 

incllned fIat plate. For the present case, the maximum 

value of a for which the flow spontaneously reattaches 

ls 50° which is in very good agreement with the value 

for a two-dimensional jet at the same ~ . 
e 
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6. CONCLUSION S 

The quasi two-dimensional Jet becomes 

effectively two-dimensional approximately twelve hole 

spacings downstreain of the holes• Th e actual distance 

f|2. an d the position of the hypothetical origin ^ 

are both functions of the hole spacing £ as shown in 
d 

Figure I9. Fo r the range of hole spacings investigated, 

the location _̂  of the hypothetical origin was positive 

and varied with |. . Th e theoretical prediction o f 
d 

these values, based on Reichardt ŝ theory, is fairly 
satisfactory, particularly for il̂ D̂  j ^ ^^  ^f  interes t 

d 

to note that the hypothetical origin for a single 

axisymmetric Jet was found to be located in the discharge 

plane of the hole. 

It is useful to note that at any 

particular position the downstream velocity is higher 

for the quasi two-dimensional Jet than for the equivalent 

two-dimensional Jet. Th e velocity increases with 

the hole spacing  ̂and this is due to the associated 
a 

downstream movement of the hypothetical origin. 

The static pressures on the face of 

the exit plane of the holes are less than 1/2̂ ^ of 

(p -p^ ) for both the quasi two-dimensional and the 

two-dimensional Jets. Thu s the downstream momentum, 

which is conserved, very nearly equals the momentum 

at the exit plane when allowance is made for internal 

boundary layer growth. 
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6. CONCLUSIONS 

The quasi two-dimensional jet becomes 

effectlvely two-dimensianal approximately twelve hole 

spacings downstream or the hales. The actual distance 

XâD and the position of the hypothetical orig1n X~ 

are bath functlons of the hale spaclng ~ as shown in 
d 

Figure 19. For the range of hale spacings invest1gated, 

the location ~ of the hypothetical origin was positive 

and varied wlth ~ • 
d 

The theoretlcal prediction, of 

these values, based on Re1chardt f s theory, la fairly 

satlsractory, partlcularly for X2D. It la of interest 
d 

ta note that the hypothet1cal origin for a single 

axisymmetric jet was round ta be located in the dlscharge 

plane of the hale. 

It i8 useful ta note that at any 

particular position the downstream veloclty 1a higher 

for the quasi twa-dimensional jet than for the equivalent 

two-dimensional jet. The velocity increases with 

the hole spacing ~ and this is due to the associated 

downstream movement of the hypothetlcal origine 

The static pressures on the face of 

the exit plane of the holes are Iess than 1/2% of 

(po -Pœ) for both the quasi two-dimensional and the 

two-dimensional jets. Thus the downstream momentum, 

which la conserved, very nearly equals the momentum 

at the exit plane when allowance i8 made for internaI 

boundary layer growth. 
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At high Reynolds Numbers, the quasi 

two-dimensional Jet separates from an adjacent circular 

cylinder of large radius  ̂at about 200"^ a© qompared 

with 240° for a thin two-dimensional Jet. I t also 

reattaches to an adjacent inclined flat plate farther 

downstream than does its two-dimensional counterpart 

for the same plate inclination. Th e maximum angle of 

inclination is less, being 55° instead of 65° at --i.= 200, 
^e 

although the maximum angle for spontaneous reattachment 

of an already-separated Jet is similar. 

The investigation of the quasi two-

dimensional Jet could be usefully extended in the 

following areas: 

(i) A  more exhaustive experimental study of the details 

of the flow, in particular near the holes. 

(11) A n extensive theoretical and experimental investi-

gation of the Coanda deflection of the quasi two-

dimensional Jet by adjacent and offset boundaries. 

(ill) A study of the quasi two-dimensional Jet in 

streaming flow as a contribution to the design 

of Jet-flapped wings and to the general field of 

boundary layer control by blowing. 

(iv) A n extension to compressible flow. 

At high Reynolds Numbers, the quasi 

two-dimensional jet separates from an adjacent circular 

cylinder of large radius ~ at about 200 0 as Gompared 

with 240° for a thin two-dimensional jeto It also 

reattaches to an adjacent inclined fIat plate farther 

downstream than does its two-dimensional counterpart 

for the same plate inclinationo The maximum angle of 

inclination is Iess, being 55° instead of 65° at ~= 200, 
b e 

although the maximum angle for spontaneous reattachment 

of an already~separated jet is similar. 

The investigation of the quasi two

dimensional jet could be usefully extended in the 

following areas: 

(i) A more exhaustive experimental study of the details 

of the flow, in particular near the holes. 

(ii) An extensive theoretical and experimental investi

gation of the Coanda deflection of the quasi two

dimensional jet by adjacent and offset boundaries. 

(ili) A study of the quasi two-dimensional jet in 

streaming flow as a contribution to the design 

of jet-flapped wings and to the general field of 

boundary layer control by blowing. 

(iv) An extension to compressible flow. 
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APPENDIX 

APPARATUS AND EXPERIMENTAL PROCEDURE 

The apparatus used is shown both 

schematically and photographically in Figures 25, 26 

27 and 28. B y means of it, incompressible, turbulent 

Jet flow from a series of closely spaced holes in line 

was achievedo 

The air was supplied by a centrifugal 

compressor powered by a 10 HoP., constant speed, 5-phase 

induction motor. Th e air was filtered at the intake 

and the outlet of 6 in. loD. was connected to the 6 in. 

diameter pipes which extend about 4o ft. from the 

compressor room to the Aerodynamics Laboratory above. 

Immediately on entering the Laboratory, the air flow 

was controlled by a butterfly valve with a perforated 

peripheral housing for bleeding off excess air. Thi s 

arrangement permitted infinitely variable Jet speed 

control from 10 to 575 ft/sec. Fo r the lowest speeds, 

the butterfly valve was nearly closed, the majority of 

the flow then emanating through the bleed holes. O n 

the other hand, for the higher speeds, the butterfly 

valve was fully opened and the bleed holes were blocked 

off by a sliding sleeve located around the outer periphery 

of the valve. An y intermediate speeds could be obtained 

by partial bleeding and partial opening of the valve. 
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APPENDIX 

APPARATUS AND EXPERIMENTAL PROCEDURE 

The apparatus used ls shown both 

schematically and photographically in Figures 25, 26 

27 and 28 0 By means of it, incompressible, turbulent 

jet flow from a series of closely spaced holes in line 

was achieved. 

The air was supplied by a centrifugaI 

compressor powered by a 10 HoPoJ constant speed, 3-phase 

induction motoro The air was filtered at the intake 

and the outlet or 6 ino IoDo was connected to the 6 in. 

diameter pipes whlch extend about 40 ft. from the 

compressor room to the Aerodynamics Laboratory above. 

Irnrnediately on entering the La'boratory, the air flow 

was controlled by a butterfly valve with a perforated 

peripheral housing for bleeding off excess air. This 

arrangement permitted infinitely variable jet speed 

control from 10 to 375 ft!seco For the lowest speeds, 

the butterfly valve was nearly closed, the majorlty of 

the flow then emanating through the bleed holes. On 

the other hand, for the higher speeds, the butterfly 

valve was fully opened and the bleed holes were blocked 

off by a sliding sleeve located around the outer periphery 

of the valveo Any intermediate speeds could be obtained 

by partial bleeding and partial opening of the valve. 
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From the valve the flow proceeded through 

a 6 ino diao corrugated flexible duct to a 4o° expansion, 

which flared out from a 6 in. O.D. circular section to 

a 6 in. x 24 in, rectangular section. Th e expansion 

itself was constructed in two parts, one being of l/l6 in 

sheet steel in which the circular section gradually 

blended into a rectangular one of 6 in. x 18 in. cross 

section. A  curved perforated plate was here placed 

approximately normal to the flow to reduce the adverse 

pressure gradient created by the expanding flow and 

prevent separation of the flow from the walls of the 

expansiono Th e second part of the expansion, downstream 

of the perforated plate, had plywood and plexiglass walls, 

A 1/2 in. thick sheet of plexiglass formed the upper 

wall to permit flow visualization within the expansion 

as indicated by wool tufts attached to the walls. 

The expansion terminated in a rectangular 6 in. x 24 in. 

section containing a 4sl deep cell honeycomb and a 

final contraction. 

The contraction was carried out in two 

stages. Tw o contoured hardwood fairings ensured 

smooth two-dimensional converging flow in the initial 

contraction from a section of 6 in. x 24 in. to one 

of 2 in. X 24 in. Thereafter , the final stage of 

contraction was included in the interchangeable face-

blocks for each slot or hole arrangement (Figur e 26). 

To prevent influx, adequate end-plates were provided 

as shown in Figure 27» 

From the valve the flow proceeded through 

a 6 ino dia o corrugated flexible duct to a 40° expansion, 

which flared out from a 6 ino OoD. circular section to 

a 6 ino x 24 ino rectangular section. The expansion 

itself was constructed in two parts, one being of 1/16 in. 

sheet steel in which the circular section gradually 

blended into a rectangular one of 6 ine x 18 in. cross 

sectiono A curved perforated plate was here placed 

approximately normal to the flow to reduce the adverse 

pressure gradient created by the expanding flow and 

prevent separation of the flow from the walls of the 

expansiono The second part of the expansion, downstream 

of the perforated plate, had ~plywood and plexiglass walls. 

A 1/2 lno thick sheet of plexiglass formed the upper 

wall to permit flow visuali.zation within the expansion 

as indicated by wool tufts attached to the walls. 

The expansion terminated in a rectangular 6 in. x 24 in. 

section containing a 4~1 deep cell honeycomb and a 

final contractiono 

The contraction was carried out in two 

stages. Two contoured hardwood fairings ensured 

smooth two-dimensional converging flow in the initial 

contraction from a section of 6 in. x 24 in. to one 

of 2 ino x 24 ino Thereafter, the final stage of 

contraction was included in the interchangeable face

blocks for each slot or hole arrangement (Figure 26). 

To prevent influx, adequate end-plates were provided 

as shown in Figure 270 
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The study of the flow in the quasi two-

dimensional Jet involved an investigation at three hole 

spacings with |. = 1.5, 2.0, and 5-0 for a hole diameter 

d = 1/2 in* in all caseso Tw o 1 1/2 in. thick plexi-

glass face-blocks, 6 1/2 in. x 24 in., were machined 

to give hole spacings of |- = l-5 and 2.0 and every 

alternate hole in the |.= 1«5 face block was sealed off 

to give the ^=5,0 hole spacing. Th e process of 

machining involved pre-drilling the plexiglass plates 

undersize to the desired hole spacing for subsequent 

finishing with a 1/2 in. dia. reamer. A  specially 

contoured tool, shown photographically in Figure 29,* 

was used to machine the contraction contours to ensure 

a uniform distribution of the flow among the individual 

Jets, Th e final l/2 in. length of each hole was 

straight, without contraction, to ensure that the flow 

emerged as a series of straight and uniform axisymmetric 

Jets. 

For the study of the two-dimensional Jet, 

new contoured face-blocks were provided, as shown 

schematically in Figure 26. Thes e blocks consisted 

of two 1/2 in. thick plates of steel 5 in. x 24 in. 

and 5 1/2 in. x 24 in. and attached to each was a 

contoured hardwood fairing which matched the permanently 

installed fairings of the initial contraction. Th e 

steel surfaces from which the flow emanated were 

surface ground to a tolerance of ± 0.001 in. and a 

* Note Figure 29 is on the same page as Figures 16 & I7. 

-. 32 -

The study of the flow in ~he quasi two

dimensional jet involved an investigation at three hole 

spacings with ~ = 1.5, 200, and 300 for a hole diameter 

d = 1/2 in. in aIl cases o Two 1 1/2 in. thick plexi

glass face-blocks, 6 1/2 in~ x 24 in., were machined 

to give hole spacings of â- = 1. 5 and 2.0 and every 

alternate hole in the â-= 1.5 face block was sealed off 

to give the ~= 300 hole spaclngo The process of 
d 

machining involved pre-drilling the plexiglass plates 

undersize to the desired hole spacing for subsequent. 

finishing with a 1/2 in. dia o reamer. A specially 

contoured tool~ shown photographically in Figure 291 

was used to machine the contraction contours .to ensure 

a uniform distribution of the flow among the individual 

jetso The final 1/2 ino length of each hole was 

straight, without contraction, to ensure that the flow 

emerged as a series of straight and uniform axisyrnmetric 

jets. 

For the study of the two-dimensional jet, 

new contoured face~blocks were provided, as shown 

schematically in Figure 26. These blocks consisted 

of two 1/2 in. thick plates of steel 3 in. x 24 in. 

and 3 1/2 in. x 24 in. and attached to each was a 

contoured hardwood fairing which matched the permanently 

installed fairings of the initial contraction. The 

steel surfaces from which the flow emanated were 

surface ground to a tolerance of + 0.001 in. and a 

* Note .~igure 29 is on the same page as Figures 16 & 17. 
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sharp lip was maintained to ensure that the flow 

emerged as a straight, uniform two-dimensional Jet 

(no Coanda deflection). Th e smaller face-block 

(1/2 in. X 5 in. X 24 in.) was aligned to the lower 

fairing of the initial contraction to serve as the 

lower lip of the two-dimensional Jet. Th e slot width 

was set by resting the ground surface of the larger 

face-block on the proper-sized gauge blocks which in 

turn rested on the ground surface of the lower face-

block* Th e upper face-block was then fixed into place 

and the gauge blocks removed to leave a slot width 

with a tolerance of approximately i 0.001 in. 

Two boundary configurations were used to 

study the Coanda deflection of the quasi two-dimensional 

Jet. Th e circular cylinder was made of a 15 in. O.D. 

cardboard tube 1/4 in. thick with a sector cut out so 

as to allow one edge to abut against the face-block 

above and in line with the top tips of the series of 

holes. Th e flow -emerged from the holes and proceeded 

on to the cylinder tangentially. Th e surface of the 

cylinder was hardened by a resin coating which was 

subsequently polished to provide a smooth surface 

extending over 500°. Th e point of separation of the 

flow from the surface of the cylinder was determined 

by means of goose down tufts attached to the surface. 

The inclined flat plate was made of 5/8 in. thick 

plywood 4 ft. long x 2 ft. wide. Th e leading edge 
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sharp lip was maintained to "ensure that the flow 

emerged as a straight, uniform two-dimensional jet 

(no Coanda deflection). The smaller face-block 

(1/2 ino x 3 ino x 24 ino) was aligned to the lower 

fairing of the initial contraction to serve as the 

lower lip of the two-dimensional jet. The slot width 

was set by resting the ground surface of the larger 

face-block on the proper-sized gauge blocks which in 

turn rested on the ground surface of the lower face-

block e The upper face-block was then fixed into place 

and the gauge blocks removed to leave a slot width 

with a tolerance of approximately + 0.001 in. 

Two boundary configurations were used to 

study the Coanda deflection of the quasi two-dimensional 

jet. The circular cylinder was made of a 13 in. OoD. 

cardboard tube 1/4 in. thick with a sector cut out so 

as to allow one edge to abut against the face-block 

above and in line with the top tips of the series of 

holes. The flow emerged from the holes and proceeded 

on to the cylinder tangentially. The surface of the 

cylinder was hardened by a resin coating which was 

subsequently polished to provide a smooth surface 

extending over 300°0 The point of separation of the 

flow from the surface of the cylinder was determined 

by means of goose down tufts attached to the surface. 

The inclined fIat plate was made of 3/8 in. thick 

plywood 4 ft. long x 2 ft. wide. The leading edge 
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was chamfered at 45° so that it could abut against the 

face-block at the top of the holes. Th e boundary 

edges and sharp corners were sealed off at the face-

block by a coating of heavy grease. Th e position of 

reattachment of the Jet was determined by using small 

flexible tissue paper flags fixed to the surface with 

hinge lines perpendicular to the direction of mean flow 

as described by Bourque and Newman^^. 

The velocity profiles downstream of the 

face-blocks were measured with a round Pitot tube 

with internally sharpened lips and an external diameter 

of 0.028 in., whose calibration curve in pitch and 

yaw is given in Figure 50» Th e velocity profiles at 

the slots or holes were measured with a flattened 

Pitot tube with internally sharpened lips and an 

external width of O.OO7 in. A  traversing gear. 

Incorporating rails and a double-ended dial guage, 

was used to permit accurate location of the measuring 

devices. 

To determine the velocity profiles, the 

Pitot pressures were referenced to atmosphere and 

measured to an estimated accuracy of one percent by 

means of a large vertical alcohol manometer or an 

inclined alcohol manometer depending on the speed of 

flow. Th e face static pressures along the surface 

of the face blocks were measured with a precision 

alcohol manometer which could be inclined to give an 
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was chamfered at 45 0 so that it could abut against the 

face-block at the top of the holes. The boundary 

edges and sharp corners were sealed off at the face

block by a coating of heavy grease. The position of 

reattachment of the jet was determined by using small 

flexible tissue paper flags fixed to the surface with 

hinge lines perpendicular to the direction of mean flow 

as described by Bourque and Newman(2). 

The velocity profiles downstream of the 

face-blocks were measured with a round Pitot tube 

with internally sharpened lips and an external diameter 

of 0.028 in., whose calibration curve in pitch and 

yaw is given in Figure 30. The velocity profiles at 

the slots or holes were measured with a flattened 

Pitot tube with internally sharpened lips and an 

external width of 0.007 ino A traversing gear, 

incorporating rails and a double-ended dial guage, 

was used to permit accurate location of the measuring 

devices. 

To determine the velocity profiles, the 

Pitot pressures were referenced to atmosphere and 

measured to an estimated accuracy of one percent by 

means of a large vertical alcohol manometer or an 

inclined alcohol manometer depending on the speed of 

The face static pressures along the surface 

of the face blocks were measured with a precision 

alcohol manometer which could be inclined to give an 
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amplification of 25:1. Th e box pressure was measured 

from one of three pressure taps spaced 6 in. apart as 

shown in Figure 28. .  The three guage pressures thus 

obtained were equal, within the accuracy of measurement. 

-,35 -

amplification of 25:1. The box pressure was measured 

from one of three pressure tapa spaced 6 in. apart as 

shown in Fig~re 28. . The three guage pressures thus 

obtained were equal,with1n the accuracy of measurement. 
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.-i-L-i. [  i  L i I  ii v i^ -i—r"; "p 'T ' ^ " ! "! T 1 "4" 4"4 T"1""f^^^J4l""'4"4"4"t" f " t" 

...x-p-y-p--p--|---p--x.^^V^ "p"|-.-p..p-p..p..p-.p..p..p..p..p..p,.p..p..p...j.,..p:^j^...p..p..p_,|^^^ ^ 

.xxJxxxxVxxxXxxx<xxxvVxxxxxxxx\.xxxXx(xx^x>(l&x xxxxXxxxxxxxx>xxxx,Xxxx.txxxvVxxxixxxx>xxx4xxx<xxx4.xxx<xxxxS.xxxXxxx4xxxxXxxxixx—X — n S w . . ' . '  L  '  I  •  !  •  !  5  !  !  !  1  •  !  '  ;  :  X  :  I  !  !  !  • ' !  :  I  S  I  ;  •  !  •  !  '  !  • 

5 j  :  i  :  i  {  !  I  J  i  i  i  :  ;  I  ;  1  4  5  4  T  ;  "^p"1—^""n»--^^--'•J'^tg|'-r^-t"--p«^»^^^-»•|^-»^^^^ ^ ;xxx4 x 

...J—-X—,|....̂ x—;—xj.—X—.;—4—;— \.—i—,\.—i—j—4...;—4—}—;—4—^—4-—<•—i J"-—J—4 - l  ;...4...;..,% « i ^ ^ i . •  L  i  L  t  J  I  •  I  i  i  •  !  i  *  i  i  i  i  i  i  i  ;  i  $  i  i  i  i  >  i  !  i  : 

.-|.-|-p-p„|-|-^-4-4-j ?"4"r"j"4'"h"t"4H"T"rl"'^"t""^"":"""^"4""^"4"-j"4"4---J"-<^ ^ 

--|--.^....^.--p.4.--|---|..4^...4_...p..^...p,p..i„.p..p„j„,p„|..,|„p,,^^^ 

«xJxxxxw4''-">v»4'""'̂ ''4''̂ ^̂ r"'*̂ -̂̂ 4' 

tiptqnqtSs'f''^"''''^ 

.xxxpxxj•xxxxpxx^VxxxjxxxxWxpxxpxxx^xxxpx^-.xxxpxx^Wx^xxx^xxx4xxxpxxW4^~^»^'4'^^^^^ 

.---}.---p--.{.---p..,v..-.p,.p-.,x---p..,V---p-.,p-p.-j,--p-.p..4...p..;...p,p..p.p„p.p.,;...p,p..p..^„p..p..i._P_i^ 
—p-p.-p..p-p-4...p.-p„p..p..p..p„p..p..p„|...p.,p..p..p.p.p„p.^„.j„.p.p...|—j....^.-.4.-.j.,-4.-.p..4.4.^gS^-.p..J....p..-..4...|..4,..4.p.4..i...|...4-f 

.X—j—x̂ —j—4—f—|-—!—.;.-|....p..1.-4-4—x̂ ".j...X--.4.--;.-.4--4—-i-—j—J—4-—}-.-x4-4—i—•'••••i—t""^""'!—4'"4"-t"4\f-4"4"""''"*i"*̂ ''"4"-'i""!'"4"-''"-'4-—i- ! • i."4..j...4—.j...^.-4- . 
p.--^..-j-.-.j..--p--j--p--j.--.^-..^-v..j-..p..p--p..p..4....p..p„4...^..4...p..p.p„;...p..p..p.4...> .4...;..,p„ ^ 
.p,-p--.{.-..p..p--p.-p-p,-p-..j.,..p-.^..p..;..,p.p..4...p..j...p..p..p..p.4.,p..p..p.p..:..,p.,j...pp,..p.p,p..p..^.^j^ —i...4...4...4—I—4-i—4--..i.-<.- 4 
-.:.-p-.i-..,4-4.„4---4--.;.„p..^.,p.4...;-.,-4-.;...p.4...i...4...4.4..,u..p.4...44,4...p..5....J...4...;....j....j^ 
|..p|...j...p4...j...|.^|^,^...j...|..^...p|.g)i^0..4p|p..|.£^^.pj...|„.|...u 
-T—!—:—^—I—^—!—: T  t  •  y H — ( ~ i — ! ~ ~ ! — i ' T \ \ \  \  \  \ —\ \  ?  !  V  !  i  !  j  i  !  j  " > !  C yT ^ \ • ! • • ; i. j  : • !>• ' i  i>xx4«̂ xxxxj..xxixxx4xxxUxx4xx.4xxxix x 

. .4..-p-,4-.-- j .- .x-. .4-4"f"4""f" ' i ""4"""^""4""" ' i ""4"i"t""4"4"4"4-4"4""f"4""^""t" 

..;..-,<—I—i—f.—;-.x<.,..j.,..!—f...;...x>...-j-..<.--j.-.i...xj.---;--.x;-..-5--.^.-4...;—xj—-f-.^.-.|—;—xj-—5...x^...5—i—4".;—x;--".^"}iS(>F-4-"-i—4"4""}"••;—4—4—>'--4"-x—4—j—4—-j—4-—^J. ; — 4 — j -

.-.{—f-.-j—«.—;—(....I....J—X...J—[....:...x'—^...x—|....;...x|—j...}—L...;—x<.—w-{—>....<...x>..,.j..-.j.-.-f...;...4---;-xx—>...^..^»t!-...^...j.-.<....f...4—4-4—<—4—•i-""^"""r"'*'"-J""''—j...;-..4-4^—x^-
- j—4-—i—; I  '  I  -  ;  ^  ;  I  '  ;  -  ;  •  '  ;  -  ;  j  •  I  '  ;  I  '  j  {  ;  '  ;  i  '  j  {|i\^--4--.x...4—>...4...4--4"4"4—j—-i--^—-i-—j—4—.x---i...4—i—4—-i -
..4---i„-4----j...-;-.--l...-f...,4--i..--x---xJ----^-4-4"r"4"i"H"""4""V""4""i"'t"'4" 
..:—x;—j—x—[.,,.;...<....p..i...4---;-.-.!-.-.j---y-.4.--;---x;.--.f.-.x-..4--4-"t-"i---i---4""'V"'4""5'"t""5""^ —I—i^—'•••4—4—» -

.-;.-.4-..x--.'..-4---;.-.4../^.,.£r.-..xv-..i---4..--x---;...x^---f.--i---4"r"4---4-"<-"4"4---4---4-">'""!'"4"-^ ! •  ;  •  :  ;  —i- (; 7  7 5 ;  :  •  j  !  •  i  i  •  !  !  I  !  i  :  !  !  ;  ;  ;  5  !  !  ! ;  :  ;  ;  !  :  5  :  ; ;  jfmS !  ;  !  i  5  i  ;  !  i  ;  i  •  :  •  1  I  :  i  :  i  !  !  •  : 
x^xx.Xxxx<xxx.i^Vx«xxxxxx'xxxxXxx*r<ix^xNx<IxAxxxxxx»X^xxx,XxxxxxxxVxxxxxxxx<xxxx,Xxxxxxxx-5.xxxxxxxx^xxxXxxx.!xxx->xxxx^^ 

-x..-;—4—i--4.-i.-;-—j.—;.-4 4...4--4----i---4"4"""^""4"-i"-V" f "•i"-i-"4""i'""t'"i'""r"t""'^""t""i"''i"""i""i''"t"̂  
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4Ŝ

 

t.^
 .|

...
p„

|..
.|V

^^
^|

-^
...

p>
^.

..^
...

^^
 

,X
x 

.X
XX

' -
x.

XV
4)

xx
^^

%
<x

xx
xx

xx
xx

xx
xx

.X
xx

\x
xx

x.
^x

xx
xx

xx
<x

xx
x^

xx
xx

xx
xV

xx
x4

xx
x<

xx
x4

x#
R

Vx
^x

xx
xx

xx
xV

xx
xj

.x
xx

.C
xx

xx
^x

xx
xx

x»
^.

%
xx

X
^ 

4-
--}

.-.4
x-

•.̂
-.-

4-
..4

..-j
.--

4-
---

!•-
••4

-4
•--

-;-
••>

4*
4•

"4
"4

"4
"4

"4
•"̂

^̂
"̂̂

•̂w
'"̂

^ 
j4

.--
4"

4—
4"

T'
4"

4"
"''"

"4
"4

"4
"i"

"^
—

j.-
-.i

...
4A

--f
"-!

>-
--i

---
4-

---
;--

-4
---

f--
-;-

--4
--l

---
f--

4"
"i"

"4
"J

""t
**

4"
" 

- j
—

4—
-J

—
4-

4—
-r"

4'
4"

"^
"4

'"^
""4

"4
""'̂

""i
'""

^"
'4

"j"
"'̂

""
i r

""i
" •

4"
4•

4•
-•i

•<
^-

••^
--f

-•-
^•

--i
---

4"
j"H

"•4
•"4

'4
--4

^4
---

•^
--•

4•
4"

•4
••4

"4
""^

"'4
'•^

"t
 

i i
 i

 i
 •

 i
 :

 i
 i

 ^
 i

 ;
 i

 i
 •

 i
 i 

i
 i

 j
L 

J
* i

X
i i

 '
 i

/ i
 ^

 i
 ^

 i
 i

 X
,^

^^
 i

 •
 8

 ;
 i

 i
 '

 i
 i 

i
 i

 i
 5

 i
 i

 i
 !

 i
 i

 i
 i 

• I
—

x4
"!—

4-
4'

"i"
"4

"^
"4

"4
""

^"
"4

"^
""

4"
4"

4"
"4

"i"
'"4

"
T 

j...
4|

..p
.-i-

-.4
a>

-•-
;••

--̂
—

j>
4'*

''̂
5^

f̂""
i""

4"
4"

4-
--4

"'
^ 

xj
-—

j—
•!—

4—
;—

4—
X—

4-
—

j.—
5—

4—
f—

xj
-—

;—
X—

4"
-t—

4-
-->

^—
jl 

i..
.x

l.;
...

.p
..;

..|
4^

,^
j^

^-
-j

.-
--

y-
-x

j-
-

- •
--

-•
i--

--
i-—

4"
4"

-;
—

4"
J"

"'
i"

"4
—

-;
—

-i
 - 

..
j.

.-
;.

-4
. -

4-
.

' .
.{.

..x
j..

.-|
—

4—
!—

• 

x4x
xx4

xxv
4xx

vxx
xxx

xX
xxx

J.v
.x4

x\4
4i^

JK
x>

4i^
x .

x»
x4

\xx
«>

xx
xx

xx
x4

»-.
4**

4"
^*'

"'>
''*H

'**
'^»

*»"
^^

''*'
4''

***
v''

*4'
**'

-r'-
^'^

4»
»»

4^
»»

4«
4'>

»-l
" 

"X
";

"'
;"

"'
; "

4"
"^

":
 "

4 
V

 i
 i

 •
 1

 j
 ^

 !
 ^

 "
i !

 ^
 i

 ]
 i

 i
 ̂

! i
 1

 ;
 i

 y
^

''
''

y
" 

:V
; :

 >
 \

4 
!

 i
 i 

i
 i

 ^
'^

is
^^

; i
 i

 ^
 i

 :
 i

 i
 i

 i
 ;

 i
 i

 1
 i

 j
 i

 i
 •

 i
 i

 J
 

-4
—

;..
.4

.-4
..,

<—
4—

;—
+—

i—
*.

 .!„
-.̂

x..
.;.-

.x<
.--

.i.-
,;-

--j
...-

;--
x>

---
-J

---
x;

---
-f—

J—
;̂—

-j—
4—

r—
4—

^—
-

I .
..p

..J
.4

.^
..x

*.
...

p.
..;

-^
^.

..-
p-

-^
x-

--p
--x

;--
"p

.-y
--^

>.
^9

•^
J^

--v
--^

---
^-

•-r
-•t

--•
p•

•r
•"

p•
•r

"t
••

7"
•f

^ 

-4
—

j—
i—

I—
4—

4-
4—

i—
f"4

—
"-i"

"4
"'i"

"i""
4—

f"4
—

i—
4—

4—
4—

1—
4-

-4
—

1—
4—

4—
•1

—
4—

i .
..|

...
4J

.j-
..4

...
.p

.4
-t-

--4
-4

"4
""

'i''
4"

H
"4

"4
"4

"''
i""

'T
V"

"4
""

t""
^"

M
""

i'*
"4

""
^ 

..J
—

i..
.i—

4—
I—

i—
I—

i—
i—

1 
4-

.i.
..4

—
i—

4—
i,-

-i-
--

4-
-L

.-i
.--

i--
-i-

-4
--

-i-
--

4-
-4

--
-i-

4-
--

i--
fl5

^V
^V

-f
iV

-i/
T

y-
--

-l-
--

4-
--

-^
--

!-
--

4-
--

i--
-4

--
-4

--
-4

-4
--

--
4-

4-
--

4-
--

4 
—

i—
j—

4—
i.-

.4
-4

—
j—

•!
—

-?
—

4"
?"

4"
4—

i-"
" 

j-.-
i---

|„-|
-4

-..4
<fc

<)
-<

k-4
-j4

j.--
-4

-|--
.p.

J 

.x
xx

U
xx

4x
xx

<»
..'

xx
xx

X
xx

'x
xX

V
X

xx
x.

^~
 

—
5—

,>
..

..
.—

<
—

,{
.—

:—
+

—
f—

;.
-^

. 
J 

•
 :

 I
 1

 ;
 •

 ;
 i

 • 
..

.^
—

;.
..

.;
—

f—
;—

+
—

J
—

<
-—

X
—

; 

„4
.—

;,„
4—

^—
i—

4.
..J

—
4—

j—
j 

.-;
—

-4
—

>—
4—

f—
i-—

.^
—

j—
<—

4—
X—

}.
—

i—
x<

—
x-

i-,
|—

X—
;—

xv
 

! :
 !

 :
 !

 i
 •

 !
 !

 $
 ;

 ;
 !

 i
 •

 !
 i

 ;
 : 

.-4
—

i--
xj

—
f—

4™
4—

J—
4"

i"
-v

^4
—

»—
4—

-»
—

4—
•>

•—
;—

x|
—

}—
^"

-i—
-;

—
4—

-J
—

X—
-.j

-—
•—

4—
• 

--!
,-.

xj
---

-i.
.-,

4-
4-

--4
-t"

"^
"4

""'
^'4

i)"
4"

f"H
""4

"4
"4

"^
"'4

"4
---

r"4
"4

""^
""4

""^
"'4

"!—
 

,-4
->

->
—

4—
f.—

i—
4—

f—
•>

—
....

4
!̂..

..;
—

4—
I—

4—
4—

j—
4—

?—
*—

i—
j—

,!—
.1—

<—
,i—

:—
4—

{ 
-t

—
X 

X—
.J

—
4—

--
—

x^
—

f^
jA

r4
-—

;-
"4

"4
—

'i"
—

i"
"^

—
"5

""
4—

^'
"t

—
^—

^>
—

;—
4-

"V
-|—

^»
.—

•-
".

< 
.x

x*
xx

x4
xx

xx
xx

x4
xx

xx
xx

xx
^x

x^
<x

5x
xx

4x
xx

^x
xx

4x
xx

4x
x.

Sx
x4

xx
xx

xx
xx

V
xx

xx
xx

x.
ix

xx
x^

xx
x^

xx
x,

X
xx

xx
xx

xx
'x

x»
x^

xx
xx

xx
x^

xx
xx

xx
x^

xx
x;

 

.J
-.4

.[.
4-

4-
-U

??
--

4-
-4

-t"
4"

"4
4"

"5
"4

"4
""

'i"
4"

"H
'i"

4"
4"

4"
^ 

L^
..i

:?
i..

.4
.w

y.
...

i..
.i.

-.i
.-4

..4
---

i-.
-4

---
i—

4.
4-

--4
-4

 

.
 
x
x
x
x
x
x
x
'
x
x
x
x
^
x
.
 

4>
-0"

^4
<N

""4
i 

J.
..4

-.
4-

4-
-|-

--
4-

-4
--

-4
-|-

4-
--

f-
4"

4-
4"

4-
4^

i"4
"4

4"
*"

i""
44

"4
"i"

4"
4"

"t
4"

4"
4"

'i"
4"

""
i"4

 
j4

-i-
-4

--4
--f

---
4-

--i
---

4-
--i

---
4'

4-
-4

"i'
""

i;i
3'

j "
4"

4"
"^

"4
"4

""
^"

4"
"f

"4
"i"

4"
4"

M
'"4

'4
""

t 
?

;
!

!
:

:
;

:
!

• i
 •

 :
 i

 =
 i

 i
 i

 i
 S

 i
 i

 i
 :

 i
 i

 :
 i

 i
. I

 .
.l

..
.i

. .
i..

-.l
-.i

...
4/

fc
...

i.-
.U

-;
--

•4
--

i--
-^

--
4-

:ii
«*

'^
•i

--
-•

5•
--

-^
-•

•^
--

4•
-4

--
-4

"f
•4

••
••

''•
" 

.4
."

4"
}—

•—
4>

'^
-t

—
i—

4—
i—

\ +
-.-

f.-
-̂

-..̂
-̂.p

..+
...f

-...
tx

••̂
;••

--»
"•̂

;-—
p-

•̂
-••

-̂
—

:—
>"

•--
-;-

•-•
!•"

•!
• ;

 ; 
; ;

 ;
y

^ 
j

 i
 i

 •
 i

 A
(*

4
^ 

i
 '

 *
 L

 i
. 4

-L
—

i—
i—

i—
i—

L
-.l

-.L
—

i—
^-

i.—
;—

4-
i—

4—
j 

|-4
.-[

-l.
-I.

.i.
.|.

.f 
4-

] i
...

4.
f

f .
f-.

4-
4-

-[-
--|

---
i-f-

t-i"
f 4

i-4
-4H

 t
- -

r 
m

^
l

ir 
i^

^ 
-p

.4
-4

-i
-4

.-
p

..
|-

j-
;-

j 4
...

p-
.|.

.4
--

-|-
t-

--
p-

-|-
--

-^
--

-p
--

rT
"f

--
rT

44
'4

--
-j-

"(
:p

-$
'^

^ 
i

 a
P

i--
!,

? 
^

 ^
 i

 '
 i

 i
 ^

 
M

4 
j

 i
 M

 ,
; „

,i..
.;..

4.
...;

..4
.4

xx
4x

xx
4x

x4
.4

>>
>^

>4
»4

4 
4x

.x
U

4-
4~

4-
4-

^-
44

-^
-<

""
>"

-!
4 

\
\

\
\

\
\

\
^

\
\

\
\

\
\

\ 
j

T 
f

 
f

-
f

r
r I

 i
 

T
l

p
> 

i
 i

 i
 i„

i..
.-.

i..
>4

./b
...

-4
..i

--
4.

.-i
--

-i-
--

i.-
-i-

/-i
/^

-^
--

-4
--

-i-
-.4

-.-
4-

-f-
4.

.
4 

|4
44

44
g5

ffi
^^

 
*l4

4-
.l.

,-j
..|

..]
..4

4.
44

"4
-f^

-4
4-

4H
-4

-4
-t4

 
.i-

f..
-[.

.-i
-|-

..|
...

p.
4x

..i
...

t4
"4

"4
"t4

-i-
i-"

"i-
1"

^ 

.L
4.

--
i-.

-4
.|.

-.
|..

.f-
.4

-.
.4

f-
|-4

"|
"i"

't"
t"

i"'
t"

i"t
t't

"1
"t

"t
^^

 
4x

4x
4x

«f
4^

^4
^-

t~
4*

4^
^^

hT
4'

4'
'r!

*"
TT

TT
t''^

"^
 

Ul 

~ 
H 
rx.. 
0 
~ 
~ 0 

~ 1 
8 
H ~ 
0 -

§ 4~ 
'-' 
H 

~ 
P-i • 

~ ~ Coi] M 
S! ~ c 



Vxxxx.jxvx,,xxxxjxxxyxxxjxxvxxxx,jxxxxxxvxvxxxxfxxxxxxxsxx 

•p..p..j...4....p..p.4..,44 4.i... 4 
y...p..j...p„p„.; J.,—;,„ 4 ̂ _ _ J 

.̂,,p.̂ ,..,.. 

i xxx^xxx>Vxxx5xxx<xxxx ixxC?^^ 

*̂'̂ *̂ '̂ '̂ •̂̂ *̂*̂ *•̂ •̂ ^̂ 'k̂ ^̂ xxxx̂ xx'A,\̂ rf̂ |xxx>J»,xxx\xv 

ixx\xxxx^xxxxxxx\xxxxxxxx\xxxx^xxx\xxxv^xxxx;*x\vvxx^xxx'\xxv^>v 

^jXXXXxxx^xix^«xxxxxwxxSxxn%MQA^^i^xUxxx'^xxxxxx< 

: i  i i  i  I  i  i  i  ^  i  i 

>XXXXXXJXXXSXXVX^XXX^XXXXXXXXXJ<XXX^XVCXX«^XXXVXXXX^XV*^XV»V»X^^ 

.4"i---i---4---^----i---4---'5^--4---i---4----i--4-i—f—f—5—4"^"4-4"-""4'""-" •^••4'"t" " 
j...4..-i.4--f4-4"4"4-4-.-44-4-4--hH---f-t-p7i/5-"4-/ 

.l.-x;...4-.4-f .4...4.-f---i--4--(-f^i5«-?-^r--^ >-<..p..x. -

4...4.4-.-i---4--4---44"4"4"4""'i"""4"4"4"4"f4"4"-
.4...4...i...4—|—4"j—i"4"4""'5""4""^*4"4"4"4"4"'^"" 

.*xxxxSxxxxx«xxSxxx^xxx<xxx»,\x»xxxxxxXxxxJxxxxXxxx^xxxxxxx-,xxxxxxxxxvxxxxxxxx.xxxxj.xxx 

4...;...x4.4—i-"4"i""4"^"4"4""^""4*"i""4"i""'">""i'"*^"" 
. : . . . 4> . . • . x . . .^ . -4 • . •x—4-"; - - - ' :—J- - - ;—j . . . . : .—.^ . . . ;—j- .—x—i—j .— 
4 . . .X—4.—^• • • j—4—•—N—x. . .< . - . x—;—4—;—x^—»—«—}•—;—•• 

4--xj—-r"'4"4"j""4'"j'"4"5"'i""4"''""4"j'"f"4""^""4"" 
4—4-f"4—i—4'4—4"^"4""^"4—4"j""4"4""i"4"'^"" 
j—4-4—{—4—1.-4—J—f"4—i—4"i""4"'i"'*44'"^"4"" 
...;...4-..x—i...4s...:...x4»l'-"4*-!'—r"4"̂ ""i""̂ —^—'*'"*••—•• 
. . x4 ->—4—4-" ; - "xJ '—f—4- -J—V"4—- ;—xj - - - - ;—4—«•—^"x j -—; 

.-;..-4—i....j—4—•—4—j—f—j—i—4—-«—-j—-4-44"4"i 
X* ^xxx^Axx^vxx^xx XXX x x x̂ xxj>xxx ijxx xx^xxxx xxx ^xxxxx xx^xxxxxxx^xx^xxxxxx%«^<«xx< 

THEORETICAL MEAN VELOCITY PR0PILE3 
DT THE CENTERPLA ÎE y = 0 
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