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NOMENCLATURE 

C,n = cons tan t s  used t o  de f ine  cy l inde r  c ross - sec t ion  

e(x) = boundary l aye r  th ickness  funct ion  

f(x),  &x) = v e l o c i t y  growth funct ions  

F(7 = stream func t ion  p r o f i l e  

g = g r a v i t a t i o n a l  a c c e l e r a t i o n  
-7 

G(? ) = v e l o c i t y  p r o f i l e  p a r a l l e l  t o  cy l inbe r  genera tors  

h(x> = temperature growth func t ion  

N'(' ) = temperature p r o f i l e  

L = r e fe rence  length  

Pr = Prand t l  number 

R 
r(x) = -  3 

L 
dimensionless  body r a d i u s  

R(X) = body r a d i u s  

T - T m  
t = 3 dimensionless temperature 

TW - TOO 

T = dimensional temperature . 

T ca = temperature f a r  from cy l inde r  

Tw = su r face  temperature 

AT, = TW - T, 

U u = -  = dimensionless v e l o c i t y  i n  x -d i rec t ion  
U* 

U = dimensional v e l o c i t y  i n  X-direct ion 

g Cos 0)'l2 , r e fe rence  v e l o c i t y  

dimensionless v e l o c i t y  i n  y -d i rec t ion  u* ' 
V = dimensional v e l o c i t y  i n  Y-direct ion 

W w = -  u *  dimensionless  v e l o c i t y  i n  z -d i r ec t ion  

W = dimensional v e l o c i t y  i n  2 -d i rec t ion  



dimensionless spatial coordinate tangential to surface 

and normal to  cylinder generators 

dimensional spatial coordinates 

dimensionless spatial coordinate normal to  surface 

dimensionless spatial coordinate parallel to cylinder 

generators 

volumetric expansion coefficient . -9 

boundary layer similarity coordinate 

kinematic viscosity 

angle between cylinder generators and horizontal 

dimensionless stream function 

Superscript 

Primes denote differentiation 



The purpose of t h i s  no te  is  t o  po in t  o u t  t h e  ex i s t ence  of c e r t a i n  

c l a s ses  of three-dimensional  f r e e  convect ion flows i n  which t h e  equat ions  

a re  separable .  The p a r t i c u l a r  case  of f r e e  convect ion about  i n f i n i t e  

cy l inders  which a r e  i n c l i n e d  t o  t h e  h o r i z o n t a l  and have isothermal  su r faces  

w i l l  be considered.  These flows a r e  somewhat s i m i l a r  t o  t h e  problem of 

(2) forced flow about  yawed i n f i n i t e  c y l i n d e r s  s tud ied  by F'randtlC1), Jones , 
( 4 )  searsC3) and Cooke . 

Consider t h e  f r e e  convect ion about  a n  inc l ined ,  i so thermal ,  i n f i n i t e  

cy l inder  as shown i n  Fig. 1. Since  none of t h e  flow q u a n t i t i e s  vary  a long 

the d i r e c t i o n  p a r a l l e l  t o  t h e  gene ra to r s  of t h e  cy l inde r  t h e  governing 

boundary l aye r  equa t ions  may be expressed i n  non-dimensional form a s  

follows : 

h b2w 
U & + V  = t a n  a t +y b x b Y b Y 

where t h e  non-dimensional izat ion i s  given i n  t h e  Nomenclature and t h e  

Boussinesq approximation has  been adopted. Equations (1) t o  (4) a r e  sub jec t  

t o  t h e  boundary cond i t ions  

A s  i n  t h e  analogous fo rced  convect ion case  t h e  flow i n  t h e  x-y plane can  be 

solved independent of t h e  flow i n  t h e  x-z plane. The c y l i n d e r  c ross -  

s ec t ions  r equ i red  f o r  s i m i l a r i t y  a r e  t h e  same a s  those found previous ly  f o r  

f r e e  convect ion about  h o r i z o n t a l  c y l i n d e r s  by Braun, e t  a ~ ( ~ ) .  The 

reference  v e l o c i t y  has  been chosen f o r  sake of convenience a s :  



i n  order t h a t  Eq. 2 take  on t h e  same form a s  i n  the  two-dimensional flow 

(horizontal  cy l inde r )  case .  

A s tream funct ion  i s  def ined  such t h a t  

We a t tempt  t o  f i n d  s i m i l a r i t y  s o l u t i o n s  of t h e  form: 

where Y T = e ( x )  

I 
I f  we cons ider  t h e  case  of an  i s o t h e r m 1  wa l l  such t h a t  h  = 0, h  = 1, 

then a  s i m i l a r i t y  a n a l y s i s  leads  t o  the  requirements t h a t  

where C and n  a r e  cons tan t s  which determine the  c ross - sec t iona l  shape of 

the cy l inde r  . 
From Eqn. (2), (3) and (4) we thus ob ta in  the  fol lowing equat ions  f o r  

I 
the v e l o c i t y  p r o f i l e s  i n  t h e  x and z -d i r ec t ions  given by F  ( ) and G( ) ? 7' 
and the  temperature p r o f i l e  given by H( ) :  

F w t  + 3 + n ) F F ~  t - n + 1 
'7 

4 2 )(F'12 = -H 

1 - n + ")FG' - (7 G" + (7 )FIG = - t a n  0 H (12) 

with the  boundary cond i t ions  

F(O) = F'(0)  = G(0) = F 1 ( m )  = G(00) = H(w) = 0 

H(0) = 1 
(14) 



Braun, e t  al!') and Ostrach(6) have d iscussed  t h e  va r ious  cy l inde r  

c ross-sec t ions  (wedges, parabolic-nose bodies ,  pointed-nose bodies ,  e t c . )  

required f o r  t h e  case  of two-dimensional s i m i l a r i t y  flows descr ibed  by 

Eqns. (11) and (12). We no te  t h a t  t h e  temperature p r o f i l e s  and t h e  

ve loc i ty  p r o f i l e s  i n  planes perpendicular  t o  t h e  genera tors  of t h e  

cylinder (x  - y planes)  a r e  t h e  same f o r  t h e  inc l ined  cy l inde r  as f o r  t h e  

hor izonta l  cy l inde r  a f t e r  making a n  obvious t r a n s f m t i o n  which accounts  

for t h e  a p p r o p r i a t e  body f o r c e  component i n  t h e  x - y plane (cf.Eqn.(b)).  

Having obta ined  t h e  temperature p r o f i l e  H ( 7 )  and t h e  v e l o c i t y  func t ion  

F ( q )  i n  t h e  x - y plane from Eqns. (11) and (12) the  v e l o c i t y  p r o f i l e  

G ( q  ) i n  t h e  z -d i r ec t ion  is  e a s i l y  found from Eqn. (12). 
of 

A s  a n  e ~ a m p l e ~ c o n s i d e r  t h e  c a s e q r e e  convect ion about  a n  i n f i n i t e  

isothermal i n c l i n e d  c y l i n d e r  having a parabol ic  nose (n = 1) immersed i n  

a i r  (Pr = .72). Note t h a t  t h e  flow developed he re  would correspond t o  t h e  

flow developed i n  t h e  s t a g n a t i o n  r eg ion  of a n  inc l ined  c i r c u l a r  cy l inde r .  

It is  convenient t o  s e t  C = 1, such t h a t  the  c h a r a c t e r i s t i c .  l ength  L 

becomes equal  t o  t h e  dimensional r a d i u s  of cu rva tu re  a t  t h e  o r i g i n .  Thus 

from Eqn. (10) we have 

Equations (11) - (13) s u b j e c t  t o  t h e  boundary cond i t ions  (14) were 

P- in tegra ted  numer ica l ly  on IBM 360-50 d i g i t a l  computer us ing  a Runge-Kutta 

technique. The t empera tu re  and v e l o c i t y  prof iles,H(? ) and F' (q), f o r  

Pr = .72 a r e  shown i n  Fig.  2. The v e l o c i t y  p r o f i l e s  i n  t h e  z - d i r e c t i o n ,  

G(?),for Pr = .72 and f o r  s e v e r a l  ang les  of i n c l i n a t i o n  0 a r e  shown i n  

Fig. 3 .  

F i n a l l y ,  i n  passing we.note t h a t  the  Goer t le r - type  s e r i e s  adopted by 

Sav i l l e  and Church i l l  (7) t o  t r e a t  f r e e  convect ion flows about  a r b i t r a r y  



shaped horizontal cylinders can be extended to  treat the three-dimensional 

free convection flows about arbitrary shaped inclined cylinders. Thus the 

solutions just given for the inclined parabolic-nosed cylinder would form 

the zero order solution for the flow about the inclined circular cylinder. 
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Fig. 1 Inclined cylinder geometry and 
coordinate system. 



Fig. 2 Veloc i ty  and 'temperature p r o f i l e s  i n  planes normal' t o  cy l inde r  a x i s .  



Fig. 3 Velocity prof i l e s  .parallel  t o  
cylinder a x i s  for several 

angles of incl ination.'  
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