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ABSTRACT 

Tne main theor~m we prove is thé following: 
, , ' 1 

/ 0 

. Suppose f =, f (x,y) 1 is a polynomial in two variables over a .field 

k, and·f "has one rational 'place at infinity". Then the poly

nomial f - t bver ~(~), t tran~cenden~al ov~r k, has ~ne purely 
, , 

inseparable place at ~nfinity, i. e.~ 'h~s geometrically'one 

~place at infinity. 

..", 

This ,res-ul t and i ts proof help to e'stablish the following: 

~/ 

i) .If~f has one rational place at inftn1ty, then sa does f - ~, . , 
for a~l but fini tely rnany À lin k. 

ii,) Of the pOlynomiais f' - À satisfying i ~, aIl but, fini t~ly 
, ' 

rnany have multiplicity sequences at infiAity identical to 

that of f ,t over -kTEf. 

The~e results generali~e cer,tain well-known theorems (amoncj 
, J 

them,the Epimorphisrn Theorem) of Abhyanka~and Moh. Exarnples are 

given 'ta show that i) an~'ii) cannot be strengthened. In the 

last . se~c~n: partial r~s~l ts are gi ven' towards tlie problem of 

~~classifying aIl lines i~ the plané in. positive characteristic. 
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Le théorème principal qu'pn pTouve e~t le suiva~t~ 

~ 

.Soit f = f(x,y) un polyn~me en deu~'variabl~s sur un corps k, -
= 

~' f ayant une seule place rationelle à' l'infini. Alors le poly~ . . 

, , 

". 

c 

,nôme f - t sur k (t), t transcendante' par rapport à k, possède 
, ' 

une seule plaçe purement inséparable à l~infini, c'est-à-dire 
" • '::'-1 

f t a ~éo~Gtriquem~nt une seule place à l'infini. , ' 

, /"' 

Ce théorèm~, et sa démonstration; nQus perme±~ent de 
" 

démontrer les résultats suivants: 1 •• -<'-

i) Si ~ ~~ss~de une seJle place rationelle à.l'inf~ni, alors 
1 • 

la même c.hos~ est vrai pour f - À, po~r tout À de k, à un 
,1 ' 

, 

nombre fini d'exceptions près. . . 
ii), Pa:r:mis les polynômes f - À- sg'l'bis:Éaisant~ i), 'tôus, à un 

1 . 

~ nombre ( f~ni' ~ès, ont does sui tes de multiplicités à i' infin'i 

fdentique,s à 'celle de f - t sur k,(t). 

Ces résultats,~énéralisent certains théo~~~es ~ien ~onnuk 
l '. 

d'Abhyanka~ et Moh (parmis lesquels le,'''Théorème'd'Epim9rphisme"). . .. . ' 

Qn prouve par des examples. gue iJ et ii) né peuvent.pas ~tre 

améliorés. D~~s la section finale bn ,donne certa'ins rés'ul tats 

partiels sur la cla~~ification des, droites dans le pl~n en 

ca~acté~istiqUe pO~iti!,~' ,. . ~ 
(On plane curves with one P11ce at i~finity. 

Richard A. Ganong. ' D~par~~ien t~de :~!' théroa tique s . 
~ 

Ph. D. ) 
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INTROOUCT;rON 
, , 

This thes:L 9 began· ÏJ1 .an attempt' to answer the fb:llowing 

question:~ 
, . 

.. 
1) Suppose k is an algebraically ~io~ed field, and 

, " 

1 , 2 
, (XtY) , Ak 

'1t "J 

ifJ + +. 

Al 
~ 

f,(x,~) .", 

k 
. ~ 

is an al~eb~aic map of the aff~ne p~ane onto the affine 'line. 

Suppose the fibre over sorne point- is bir~glllar to a line Are 

,~het; /Ul. 'fib~è,s over clos,ed points l,ines? , (The question eems' 
~ 

fir'st to have been, asked in prin.t in [2~), Q(1,2).) 

'1 . 

./ 

The work'. df Abhyankar and Moh ( [-1), [2), 
-

[3)") within the 

,l,ast fiye years has. provided, as a dn;ollarY,of both strong: r 
" \ 

, Il ~,'-- 1 

and- more general re,su~ts, an affirmat.i,ve answer. 'to 1) in t:he\" 
\.., , l 

~haracteristic zero case, a~d,in p~sitive chara~teristic, in\the 
• .' 1 

'presence of ~ertain'hypotheses of "tarneness" on the polynomiàl,f. 
\ 

(Even the ,genet1c fi-bre is a line, in thesé case.s.)< A questi,On', 
1 

related,to ~~ i~ this: 

/ ~ " 

2) Suppose the 'fibre of ~ over soroe closed poipt fias one place 
. 

at infinity. Dq then aIl, fibres (over closed points) have 

'one place at ~nfinit~? l [~), . . (11.18) ) 

. ',. ) ~ 

1 • Abhyankar and Moh were able ta an,J3.wer 2) a:fffirmativ~iy lIn the 

above-rnentidned cases. 

.f 

.' / 

(Even the ge~eric fibre'has one ratIonal 
J~ 

() 

- " 

1 _ 
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, p'lace 

1 
1 

at\infi'nity, in thése cases.) 

ii 

-In consideri:pg :these q\s~~ons, we have been ab.~e to· 

recapture many of the. r~sults of Abhyankar and Moh, by.methbds , .. 

quit~ 'differènt from th~~rs. In particul~r, we have obtained' 
, ,y 

'affirma~ive answers t9 1), and 2). ('gene.r-ic fibre 'included) in 
i'!t .. ,Ir., ~ 

the cases cited, and,have r~pr9ved th~ 'celebrated Epimorphism , 
, /"" 

Theorem, ( [ 3] " Theorem' (1. 2) ). Moreoye;r- , in' § ,,1 'be 10\'1 wf? 
. 

answer- question 2) quite generally: 

11 Tl:l.e,generic f~bre 
" lnfinity. at 

':J 

i~r The gener,al ,fi~re 

------iii) Thepmultiplicity 

of fjJ 

ha s' 
-

, , 

fias 

one 

sequences 

one p~ely in;sep'aràb1:e 

. 
place at infinity'. 

at ,infinj.ty 
~ 

(relative 

place 

. 
to ~ny 

choice of, variables x,y) of' almost ,~il, fi-lJres' sati,sfying 

. 'ii) ~re ideniical; 
~.. 1 • 

, . ' 

T~ese xesults are aIl new. Several exarr:ples ln § .. 2 below show 
" ~~- .. 

va~ious ways in,which ii) apd iii) are "best possiblen~ .' \ ' 

la'st s~cti~n, s'orn~ p'-rogre~s is made 9 ,!:m:'ard~ answering 1)'. 
. 

" , ." 
rJ 

/ 
" 

1 
§ 0' consists almost entirely of we;I.l-krlOwn results, ~hich 

------ -
t the writer first ~earned from ?ete~ Russéll. 

/' "" 

, , 

(r{24,) ) 
'-----

Many of', 

them cah he found in [1], with sornewhat differen~ proofs .. ~herf, 
• 1 

1 

credits are 
. , . 

nOt: explici tly given in § ,0, the proofs ar~. ba~c'-
, P , l' 

. 

ally .t~ose, of [24], with sorne m~nbr ~ampering on~the ,wr~ter's 

part. 
.. 

/ . ,. 

: 1 

,. 

/ 
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, , 

Lemma 1. 8 is 'due to Peté:t Russell; it has' undergone s'orne 
J i'(; 

r~éâsting ""and ernbellishmetlt for i.ts /1 
in the proof 15 of 1.1 role 

- " , 

and 1.2. 
~) -, 

: pndoubtedly the "deepest" .single resulb in the thesis is 

1.15., bwing to it.s reliance' on the Co'nnectedness Theor'em of 
, . 

. - / . " ' , 

~ariski. The version of'this theorem which we have used is 

Grothendieck 1 s,. . I~ iS pO:;,sib1e t~at a prooD- of a special case 
" 

,.' ofj the ~heorem, shQrter than the very long proofs whiéh "appear 

in "[ 32] and [8], and tailo;red to the needs of our 1.1-5 or' 1-.16, 
, . 

can b~ jidd ueed • 
- 1 

We should' alsQ merrtrion t~nes'is of the "algebrai~ 

i(oc;laira lemma,lI ( 1·.15 ) i~Se1:f.· It~"ancestor is ~~~a 6.1 of 
~ ..' ~. 

[10] l' in whic'h' ~ssénti:ally the fo11owing' is. proven.:,' 
/ ~ .. , , 

. ..---
Suppose: V is a complex analytic surface :and 4>:V :+ /). is a 

" proper holomorphie map . of V into a dise i~ the complex 
\~, 

plane~ Suppose the general fibre of "4> is con~écted. If 
)J' 

/ ).lr is' a 11 singulai:' fibre Il of 4> wi t};l simply connected' ../ 
. 

~upport, then II -= L,. 

, , . 
/ AS is' 50 often the 'case in algebra.ic geomet'ry r the mçdular 

/ 

, 

,< ..---

ana1o~ue ~; t!'ie c~assi;~l resu1t' -' in tbi~ ,ase 1'.15 - requires,-
.' i ' 

a considerably l'!l0re invol ved proof. i ._ 

" 2 ~9 is' a"va};'iation on a ,lethm~ 'in, r 2~] • The i~r~cibili ty 

critéria for power series in § 2 were.deve10pe~by-th;'writer; 

we do not knQw t,o what extent they, w:rVlre~dy kndwn. Of t,be . 

examples of § 2 wpose spurce ~s' rtot indiëated, aIL are new, and 
... 

t.'_ 
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, " 
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iv 
" 

due to th~ wr i te;r:< 

• ,P 

3.11. and 3"l4 arose in discussions wi,th Peter Russ'ell. ije 

also poirited out t;o ~s)the r~sult Qf Samuel which. app~ajrs in, 
., . 

and i5 vital to, the proof o~ 3.9. 3;4 and the' idea of study,,:, . .' 
ing the derivation Df and, ,i'ts ring of c6nstânts ar~ due to ".the 

,writer. Lo,aking hard at 3.8' has yielde4 so~e resu"lts, most, of 

which, do: n'ot app~ar here. 

" 

.. 

! , " . ~. 

l, ' 
Sorne remark~~on nptation and ,termi~Alogy are in Qrder. 

',"11' ./ 

, 1,/1 

, FOllowing 'wright,. RusseH" s~thaY;/and,qthe'l authors, we 

use' ,the syÏnbol A ln] to denote' Ç1 pOlynoN~1 .'ring in n variables 
" , 1/ • 

over the ring A. 'Th,e +,eal advantage ,q~ this nôtqtion is that 
~ i Il,, 

it enab,les one to considér~ such rings intrinsïcally, without 
1 • • 1. r 

" specifying v~riables for, them. "Ir B i's a giyep A - ·algebra, 
l 

th~ statement 'B ··o:::.A[n] 'means that Bis, in an .obvio~s v!ay, ..-- . 
isomorphic as an A - alg'ebra :t'o a pb~~lTIomial. ring over A in n 

'variables. 
• 1 

The term "place" has basically the same.meaning as,in 
, <> 

. , 

[6], i~r"e., valuation ring. 
Ir ' 

, ' . \ 
The' "g,eneric". point of an irreducible v.ari~ty is 

\ : \ 

unique 'point, whose clostlre i.s the' whole variety~' A property 
") ... 

i5 said 'ta hold for the "ge'neral" point of cl variety if it , . . 
, . 

holds for aIl al~~braic (i. e.,' clo~ed) points of a,nonempty. 

/ 
/ " 

J b . "', , 
" 

.------- - . 

. ' 

. -. 
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dense 'zariski-opén sUDslet of the variety. 
; 

We ref~r the reader 

t~ the- .introdu~tion of"" [32] and to Zariski' s address ta the 

Internatio1ial Ccmgress of 1950 for the amusing history of 

these terms and the confusion between them., 

Finally, we note that sOrne of the rnatters we treat can 

be couched in thè language of forros. ( See [21]. For 

instance, one could replace 3.1 of § 3 with the staternent 
,! 

If k is any field, and f E"k[2] is a line, th en 

for aIl), E k, f - ). is a form of a line. 

We leave to the interested reader aIl other sueh translations~ 

l , 

;~ 

! 

1 
e:, 

~ 
t 
~ 
t , ~ .-' 

t / !, 
~ 
r .{ , 
~ 

r 
~ . 

j ( 1 
l 
~ Il 
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O. Curves with one place at infinity -

prep~ratory materia~ 

De fini tion: Let A be an- affine domaiJl ove'r k, with Q40tient 

field K. j 
l} We say A has one place at - infinity if there is a 

unique valuation ring V of K over ~ such that V :p A. 

2} ~e say A has ~ rational place at infinity if 1) 

holds and V is rational, i. e., tht residue field 
, < 

K-(V} of V is k. 

.( 
If A,has one place at infinity, then A i5 necessarily one-

dimensional, so V is discrete rank 1. (In ,2) above, we prefer 

tl1e term "rational" to the often-used " res idually rational." 

(as ppplied to \1),' because, after aIl, V is the local ring of 

a rational 'point. on the complete regular model of K.) 

Warning and Remarks: In the literature, the phrase "one place" 

has', always been used with the same meaning as our "one rètional 
~ -

p1.a,ce". We are forced to make the distinction i·n the defini-

, _..:2 ~_ / -
tion, since we are ~very eafly to/work over ground fi~lds 

" which àre neither perfect nor separably closed. We h~v? 

refused t~ ~~~ak \v'i th' tradi tion in the ti tle of - thi 5 work, how-
) 

eveJ;', which should, to j ive wi th 2} 'above, really co~tain the 

word "rational lt
, sinc€: it is with such curves that we are prioo; 

~:r: ily concerned. 
.. 

! 

\ 
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We point out here~also a faèt which we use frequently ln 
. 

the sequel: Suppose V is a place of a function fielcl K in one 

variable over k', and let Kjë be the field obtained by extending . 

the scalars from k to its algebraic closure k. Suppose K is a 

regUlê5 ext~nsion of k in the sense of Weil. Then: 

There is a unique place V oI Kk/~ lying above V if and 
\ 

only if K(V) is purely ins~parable over k. 

( [ 6 J, Cor. 4, p. 95 ) 

We shall have considerable dealings with plane curves with one 
. , 

pur~ly inse~arable place at infinity, i. e., with plane curves , . 

'which, have one place at infini;ty. 

.. 

Deffnition: Let A b'e a domain, and let V be a rank l DVR of 

qt A. Then r = r (A,V') = { V(a) 1 a E A, a· =1=- 0 } is a sub

semigroup of Z, called the va·lue· semlgroue of V wi th respect to 

A. V(a) dénotés the va+be ~f a under the valuation induced 
1 ), 1 by V. 

<.r 

0.1 Lemma: r 4= {Dl. 'If r contains a positive [negati~e) 

Proof: Let . 

,integer, then it contains aIl but ,finiteli many 

positive [negative] integers. 

a, a' E A be such that t = !=lIai generates the 
tJ' 

iha~imal idéal of v. ·Let m = V (a) , m' = V (a ' )- : Then 

m - m' == l. Supp<?se nE r and n > O. Suppose n' É 

, " 

Z 
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... 
3 

and n' ~ n.( lml + lm' I}. Write n' = qn +,-r, -n' = q'n + r', 
• 1 

• q, q' E Z', 0 :5 r, r' < TI. . We have n' = n' (m ..:. m') ,= n' m + 

(-n' lm' = (qm + q'm'}n + {rm + r-'m'}. Clearl-y qm + q'm' > 0, 
, 

so n' Er. The proo.f 'of the .remaining ' claim is 'sirnilar. 
" 1 

a 

0.2. Lemma: Suppose the k - ~lgebra A has one rational 

place at,infinity~ Then: 

1) k is algebr~ically closed in K ~ gtA. 

2) A "has trivial units" , i. e., A* = k*. 

3) The value semigroup of V.with respeçt ta A cantains 

no P9sitive integers. 0 

4) If x E A, X ~ k, then A is integ~al aver k[x]. 

5) If x ~ A, x $ k, then x is transcendental ôver k 

and" [K:k (x)] = -V{x). 

6) K is, separably generated over k. 

7) Spec A is gearnetrically integral, i. e., A ®k ~. 

i s a domaitl. 

Proof: (For more detâils, see' the basic properties of' function 
...-

fields in one variable, giv:en in [ 6], Ch. 1.) 1) : V is 

ra t#onal,} 2) : x E A* ~ x or x "'1 E· k, sa. x E k~. 3) : If 

o + x E A, x has no pales except possibly at V.' 4) :. If Vi is 

a val ua tiç>n ring 
. 

=1= 
/ 

"of K over k and V' (x) ~ ~, then V' V, 50 . ' , 
V' ::) A. 5): [K: k (x) J =~ deg (x)"" = -V(x) since V is rational. 

6): Let 1T be the èharaeteristic expanent of k. By·O.l, there 

., exists x E A, x $ k, sueh that V{x) is prime ,ta 7r; by 5)', X i5 

a separating tr~nscendental far ~ over k. ') follows from 1) 
1 . 

and 6) .. -
" 

" 

• 

; 
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4 

0.3 Lenuna: Suppose A ,has, one rational place a.t. infin-i ty, and 

AO is a' k s'ubalgeb"ra of A. Denote by r 0 'the set 

of values {. V{a') 1 q 4= 0, a E AO } . 
If l (A, V) =: rO then A :::;; AO: 

Pro~f =- Let a E A, a 'f O. We do induction on V. (a) . 
~ 

If V (a1 = 0" 

, , 1 
Suppose V,(a) < 0, and every elernent of A- w~th 

value gr~ater than V{~) ls in AO' pick a O E AO with v(a O) = 

V(a). Sinee V is 'rational,. there i"s l unique c E k* such that 

V{a - cao) > V{a) .. a - caO E AO => a E AO' 
1 

Conven'tion: If 'f E k[2] ànd k[2]/fk I2 ] has on,e [rational] place 

0.4 

" . 

• 
at infinity, ~e say that f'has one rr~tionall:place ~t 

infinity·. 1 • 

Lenuna: f suppose'f E k[2] has one ~ational place at intinity. 

Let x,Y.E k[2] wit!l k,[XiY] = k[.2].' Suppose f has 

positive ~- and 'y~dégree. (By 0.2 7)., this' arnounts 

/ 

to r/t~z;.g ou.,t the tri vial cases: 

. f E k ~ is .lin-?ar.) Th,en: 

f E k [x] or-= 

1) f_ is' "monic", in x and y. I. e.,'writing 

, 
f '" 

m 
L .fi (y) xi E k [yl [x], f m (y), + 0, we have 

i::::O 

f
m 

(y) E k ..: Il the. terrn in f of highest degree in x 

does not invoÏve y", etc •. 

2) f - À E k[2] ls irreducibl'e,for a~l À E k.., 

" 

" ( 

~l 

. .' 
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P'roof: 
. ,,' --

1) : ' Let -- ,denote image mod'LJlo f. 'If x or 'y E k 

have tr~ivial 50 
- - $ k. is integra,l 'k [Yl we a case. x, y x over 

,n - -n-i py 0.2 4) • Let jën + L: a, (y)x = O. Then f divides, 
i=l ~ 

.' , , 
n 

'n x + L: 
i=l 

n-i a. (y)x , so f '(y) divides l, etc. 2) : Suppose 
16", , 1 1 m 

''j" 

À 'E k* and g divides f ,,. À, g nonconstant. Then.g E A*, where 

A = k [2 1 / fk [2 J. • Sin~e A hàs trivial 'units, g is a .constant .. . ... 
f. deg deg f and (f-À)/g k. ,modulo 50 g.= E 

>~(l ~ 

'" 
( 

Rernark: Suppose' f E k[x,yl 'has one place at infinity', and let 
J 

A = k [x,y] / (f·) • 'l'hen in gener~l 2) fails. But one' 

i) 

sees easily that either 

A ~'k' t1 ], where k' ~ k is 'finite algebrâic (and, 

ge ne'r'a l , th~ k";curve A ~s' geOrnetricallYL' a' t'amily 
~ 

(mul ti,pl~) par,allel ;tinés),. or 
4. 

ii) f is ~'Rl.onic" in x and y. 
" ' 

Thé proof is straightforward., and ïs omitted. 

, 

in', 

of 

r~ .. 

D~fi.nitions1 Let fER ~.k [2,] • f i.~ a line ;(in R) if 

,R/fR-·.~ k [1.]. ',/f is ,9- coordinat~, ~ine, or a variabLe, if 
~ 1 • , 1 • .--

'R = k[f] Il] 1. e., if there exi~ts g E R such that 
" ': \ 

1 \ 

'f is a field generator if there exists g'€ qtR k[f,g] = R. 

suc.h' that, ,k (f" g) = qtR •. 
" 

\ . , . , 

Re~arks; Clearly a coordinate line is b~th a; line and a field 
\ 

~ ........-- , \ \ 

generator.' Also, a line ha.s one rational place at infinity. 
\ . , 

-We have eschewed the frequently used'_'term "ernbedded line" 

, , 

~l 

, . 

j 
, { 

• 



;; 
x 

" , 

t 1 

j, 

ï 

1 

6 

,for a coordinate Une ~ sJnce if t", E R is any ~ine, R, ~ R/fR 

" always defines an embedding of the line in 'the pla~e.' 

0.5 Lemma ~ 1)· Suppo.se f E k [x· l'Y] ,= R has" one ~a tiona1 pli;j.c.e V . 
1 

/ at infinity. If 9 E ~, 0 f g E R/.fn, then 

v (g ) =, - i (f " g) f "'n 
1 ~ • 

.' , l ' ' 
whe,t'e i(f,g)f' = dimk R!.(fR ,+ gR) is thé , ~n. 

, 
intersection index of f and 9 at finite distance. 

'2) SUPP9se fER is a line. Let R +' k[t] '" k[l] 

be a surjectio,n, with kernel fR" which ,carrJ..es 
1 

x te u(t) and y to v(tl.Then; 

deg f ~ 
x - . 

Preo~: 1): Since f has bne' point at ':i,nfinity, rational over k, 

the" degree forro of' f, ,upto 'a ).mi t in kt" is a powEt!:' of a linear 
, til ~ , 

forro in x and y~ .so, II'\aking ,a linear .chang~ of va~ables, we 
• 1 • 

may assume f == cyn + (terms of, t.otal degree ,< n in x' 'and y) l ' 

ct E k*. Then l/x, 'y/x ~reo loc'al- acoordin~tes at the poin:t P at 
. , ' 

i~finity cf f, 'and f ='f/xn is ~ local equation'fo~ 'f at P. 
, " 

~ , 

f-E, k[ [l/x,y/xJ,]' is irreducible' and, sinéé 'v :ts' rational'; there 
, , ' , f 

l ,is a p~irniti ve bra~c"h Irepresentat~o~ . (u (t) , v (t», E' (k, [ ft) ]) 2, 
~. , 

_fo~ f. By Bezout's.theorern, s~nce f has just one point at 

infi~ity, ordtu(t) = i(f,l/~)p ~.n·l. Now leb g E' R~ We have 
• j ,,~ "-

V,(g) .=:' O~dt<j (l!u,(t) ,,v (t) lu (t) ). .I~ deg 9 ::: ~, th en g'::; g!x
rn 

'1 • 

is a local equation for .9 at P .. Now suppose g' =1= ,0. ~ The' inter-

. section -roul tiplici ty i r~, gtp of f and 9 at P eq~alS' 
I~ ~ , .. " 

(' 

.. 

/ 

, , 



~' -(' 
" ' , 

'$~'. 

-, • 
1 

, ; 

J, 
7-

0:z;dtg(u(t-) ',v(t)-) ,= ,o;rè-t:u(t)IDg(I/U{t).,v(t)/U(t)'), = V(g) + mn. 

By Bezout,! i (f,g)p + ,i (1;,g) f~n,. /=~1 a~d 1) ~ol.IOws. . ' 

2): The case degxf = 0 being clear, we aJssum~ <1eg;/ > O. Let 

f1,(Z) = f(Z,v(t». f{(Z) is "~o~ic" it:l· Z (see, 0.4 -1» and 

irreducible in k[v(t.)]-[ZJ:, h~nce, by the Gauss lemma", irre-. ., 

ducible in, k Cv (t)] [Z], and fI (u (t) '>' = O. Since k [t] = 

k[u{t),v(t)], we have degtv(t) = Jk(t) :k(v(t»J = degzfl(Z) = 

Suppose f E k'[x,y] is nonconstant. We' shall be.concerned 

with properties of ,the linear penc~l of curves /-. 

2 
on Ak. 

A(f) - { V(f À t' k } , 

Here V(f) denates the.curv~,~r effective, divisar,' 
J 

defined"by f. We shàll use the notation veil oniy a few times 
\ 

In the, entire sequel; the're. 'will be no real danger of confusing 

t~t n'v", for a' ~a:j.uation ~n any of 

is transcendental over k, an~ let 

these occasïons. Suppose t __ 

X, "'(.""he indeterminates over. 

k (t). Fo....r f.(x, i) E k [x, y] '- k, the map 

. 
.. A :::k(t) [X,Yl + k(f(x,yn [x,i],='B, 

~ (f{XiX) - t) , 

, '\, 

,f 

which carries t, X and Y. ta f (X., y)., x ,and y respecti vely, -i.s a~ 
, ~ 

isomoqihism. f(X,Y) - t E ,k(t) [X 6 Y] can'be regarded as the 
• , 4 . 

" , 

ge~eric curve of t~e pencil A(f); since,~ ïs:a regular domain, 

, .. 
1 

• 'f 



" . 

, ' ' 

" " 8 Il 

g 

2 Spec A CAk(t) isoa regular integral curve. 
j) r i 

(For aIl this, 

see [22t, § 1.) , \ 

We collect here sorne ~acts about lines: 

0.6 p,ropdsi tion:' 
.. , # 

l .' 
~, , ,) 

" 

/' 

, 
1 

1 

1) A is_ a regul,ar, rational k-algebra with one rational 
~ 

place at infinity if and only if A ~ k[l]. 

2) SUl?pose A has one rational' place at ipfi~'i ty. Then 

A ~ k[l) if and Only if -l~E r (~V). 

Let f 'E K [,21.. , 

3) / Suppose f' has 'one place at .infinity (not necessarily 
• 

4) 

ra'ti911al over k)'r and suppose there is agE k [2] 

,w~ose intersecti~n with r at fini~€ ,distance is 1. 

The~ f iS,a line,'and conversely~' 
, ' 

If f is a line and a fie~d generat0r, ·then f is a 

,?oordinate ,line.· More genérally, if f has onEt rationàl 

'place at infinity a~d if'f, divides a f~eld generator, 

then f 'is a coordinat~ ,line. 
" 

t • 
1 5) f - t is a~line over k(t) ~ f is a coo~dinate line 

6) 

, 

over k ~,f - t is, a~' coordina te line 'over k (t) . 

(Absence IO'f nontri ;i~l '~;,epàrable fOrIns o'f 'lines .and ',' 

coordinate l~nes) If f is [coordinatel 'line 
, 

a over, 

the separ~ble clGsure ks·of k, then f is,a [coordihateJ 

line over k. '" ., 
/' " 

. ' 

, .... 
\ 

. , 
... 
/' 

r 
\ 

<;) 
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" ~ 

1 1 
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;-
Proof: 1):, The "~f" part 1s cle,ar. Let,'qtA, = k<.t}, t trans-

dendenta{ over·k. Suppose V is the rational place at infinity 
. 

of A. Then V(t - a) = 1 for a unique a E k, or V(t) = -1. Let 

T = ~ in the first case, T.= t in the second. Then k(t) = 
t-a ' 

k (T)' and th~ va1.uation rings of k'(T) ovel: k which conta in A ~re . " . 
t~e rings k[T]p' P = p(~)k[T], peT) irreducible. A is normal, 

so A = n k{~r] = kiT} "" k'[l]. j' 
. P P 

2), The "only .if" i~ clear. 

V(t) = -l, put;Ao = 

3): Again, only i~ 

~l'E r. pick t E A with 

0.3. 

argument called~or. 

. ~' 

(See t,he "only if',' of 2), and 0.5 Let diInkk[~,y]/(f,g) ='1. 

f anq 9 meet at, ju~ one point of A~, is rational over k, 
. 

and simple ,on f.Let A = k[x,y]/(f), -K ;;;:: qt.A.' The n' there is a 

unique. valuation ring "V' of K'over k suèh that V~ ~ A and 

vt(g) > 0, where 9 = g Inod f. 
,\, 
V' has residu& field k (so k is 

. . 
the field of constants' of K/k) and.v',.c-g) = 1. The divisor of 

g E K i5 (g) = (g) o· - (Si)ço = V' + V(g)V, where V is the plaee, ë1t . , 

infinity of f. 0 = deg (g) = 1 + V(g) [x (V) :k] 1 so V is ratlonal 
/~ 1 

and V(~) ::: -l. 3) now follows from 2) • 

• 4) : Suppose f divides a field genérator g . By [221, 

Theorem ,4.5, there exist varia~les x,y such that eït~er 9 is 
, , 

" linear in" x,y - i,n which cêlse we are done - or such that 9 has 

two 9rdina±y points' at infinity.· If fis' linear in x,y' we are 

done, s~ suppose note Then by Bezout's theorem f îs' tangent to 

the line L at inflnity.of' k[x,y], hence hps at least two points., 
, • 0 - J',' 

one infinite;t.y near to tHe other, on L. So g,has at least th,rée 

( .infinitely near point~ 01) L, whd.ch contr.:l.dicts [22], Cor~ 3.7. 
l ' ~ 

'. 
" 

1 , 

, 
, 1 



; 
1 

.1 .. 

'. 

'l0 

5}: Since·f ~ t i5 a rational k(t)-curve, f is a field generator 
. . 

by ,(*) above. As in 4), there exist variables x,y such that 

either f is linear in'x,y or f ~as ,'WO ordinary points at infin

ity.. In the latt,er Gase f ..: ·t haJ tJlo ordin~ry points at infin

ity É (f and f - 't 'have the samé degree form) , hence at 1east two 
l '" • 

places a~ infinity" which c~nnot be: This proves'the first part 

of 5), and the'second is c1ear. 
, 
6}~ The a~sence of nontrivia1 sepa~ab1~ torms of lines h~s b~en 

known fcir a long time. If f. i5 ~ co~rdinate 1i~e ovér k then 

l ' s 
, . , 

, , . 
i8 a 1ine over k (t)·, hence over k,(t) , hence over, k'(t) , s " 5 

f - t 
,-

ane1 the second part of 6) follow~ from 5) ., (See [23] f 

• 
Le~a 1.5, for another proof.) 

Undouptedly the most ~nteresting negati~e result'cqncern-

ing 1ines in the~plane is that not âll such are coordinate 
1 • " 

1ines. We do not know who, first found 'examples of sU9h lines. 
--- ~ - ( ..... 

Certainly Nag,at'é!- and ,Abhyarikar knew of spme by 1970. '(Seél'/e: g., 

[17], p. 1504.) In the pa'per [:3J (the 'sequel to . [2'], a wa,tershed 

in the! theory of plane éurves-)" the authors gi ve" the fol;J.owing-
t 1 é" • 

1 f/,I t 

family 'of example'~r: (Actually.r the~ g:i,ve parametri,zations for, 

tbese f.) 

• 
Let k be of characteristic p >;0, d,~ i Q, 

a O' .",", ad E k, à d E k* if d > 0, ,and 

n 
f = yP '- x -

d ,n 
E- a P x

ip e ~[x,y~~ 
i=O 

" 

. .; 

\ 

/ 

! 

.J 
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~ 
t' 

f 
! 
, 
~~ .' , 

" t 
r 
" 
~ 
( 

, 
~ . 
~ 

l' 
\ 

1 Then f ,is a lineJ J and, if 'pn .r dp '7nd ,dp .r pn, 

f is .not a coordinate line." 

,1 

J , 
,> 

'Le?ving aside the questïon'of historïeal priority, we wïll 

hl 

(' 1 ç 1) 

refer t'o such lines as Abhyankar -' Moh lines. That such an f 

(with pn % dp, etc.) 'is not a c~ordinate liqe follows ~rorn 

, ' 
• 

1 

0.7 
< 

Theorem: Suppose f E R ::: 
k [2} is a coordinatè line, and 

let x,y E; R beasuèh that R = k [.x r y] • Then , 
degxf d~ vi,des .d'egyf or degy f diviqles deg;f. 

. 

/ . 
, 

'. ~ 

·'This theorem is the main ingredient in Van ~r KuJ..k' ~ and . -

Nagata's proofs of the structure theorem fOl; 'th.e automorphism 

, ~r<?~p of ,klli,y]. (See [~30] " [181; i~ the latter work two proofs 
, 

are provided for o .7. ) We ~lso,express the c~mclusïon 
, 

of O~7 

, 6 

/' this w.iy! f· has "principal bidegree'" (with rèspeçt to x and Y)., 

( 

, ' 

Th-e ne~t· theorem ~s "'i:he main posi fi ve resul t cohcerr:ing 

lines in ,the' plane. 

/ 
l , 

0,. a Epirnorphism Theo,rem: '(Abhyankar - Moh,' [3 U 
.. . } 

Let k be a field bf characteristic p ~ Of---f E k[x,y] a line. 

If p 1 g.e.d. (deg f,degf), ~hen f is a coordinate tine. , . x, y 

. ," 

, ., l' 

.In particular, if char' k = 0, all"li~E;!s are cootdinate 

lines. The ailthors of 0.8 did no"t staté it quite' this .. way;"but 
'r 

. " 

.. , 
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0.8, i5 e,guiv<>J,ent to their form~. (See 0.5 2):)' , 

Appar~ntly ~t" "~east two false ~roQfs of O. 8, we~.;;~~lri-s:h~~~~· 

r 
0' 

,,' 

before"' Abhyankar and Moh' proved it: Since 'then, 'Miyanishi' pa~ . . 
, 0 

given a proof tor characteristic zero.' (, [14]) The authors of / 

O.8,had earlier ( [2] ) published' a proof of th{s result: 

, 
0.9 Tfieorem: Let f E k[x,y] have qne rational place at 

infini ty, and SUPPO!?7' P r .g.p. d. (d~gx~' degyf)J 
" j 

wnere p = char k. Then 

-~àil f :-'À" À E k, have ope place a;; infi-nity over k, arid 

. . " , 
pair:;; (equivalentl~,' t.he mul~ici ty" the characteristic 

'~' .. 

sequences) at infinity oî f 
'" \ • 1 

1Seè also {l], § Il)) 

1 

, , 

> 

1- ,/ " 
À areindependen t" of À;, 

} 
J 4 L ~ 1 

We- will not atternp;t to' summar:i.ze the paper' [2], ,but will- just 
l ' • ./" . 

'remark that its authors show ~lso that~underJthe hypo~hes~s of 
; , '. j 

0.9, aIl f'- À 'have the s:âme value ,semigroup at infinity.' The1 

are, aple to 
, , 

l 'f , .. t"-

do thi's, since they ~ork with meromorph'ic character-

istic pairs (a'5 we do n~t), and becau'se they praye tha't the 
« .... ~, ~ 1 1 

val~e semigroup is detePmined by, the meromorphiçcharaGteristic 
~ ,1. ,1 

pairs. , ' 

9'.8 and 0.9 will be p,roven anew in § ,r below, as corollaries 

of ',':mdre gent;lràl" resu,.l ts' to be found there. Our approach does 

not' yield' the above result on value semig~oups:,; hp:w~ver. 

, , 

, . 
• 
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) 
l " 

, , 

, , , 

Thel principal goal of thi,s sectiop is to pr'2ve t,he 

, 
\ " , 

\ 

MAIN-\THEOREM Let k be a field, and let f É R ~ k[2] have 
{ , 

one rational place at ~~finity. Let t, b~-
. .. 

transcendental over Rand 'c6nsider 

Il . t 

f -\ t has' 'one j};Ùace" ~ at inf~nity~ which is purel~, 
" o t ~ J > 

.-inseparable over: k'(t) ~ 
- Jo 

• 1 • 

If xiy'E R"and ,H = k[x,y], then the résidue :field , 

~~g.ree, [K (Et) :k'(t)] bli 6- divide~ g.c.d. (deg f,deg f) ~ 
, " "/ ' x· Y 

.,/ 

. . . 
The proof of l.l is -fairly lengthy, involving ~se:ver,al {stepS? 

While the qetails a;r-e ',nq.t theJllSelVe~ devoid of int~r~st '-, we ca~,l 
/ 

'1 ". " 

attention ~spe~ialr't:o'l:~ (,t~e·":r-.ocal ~emma~': and, 1.15, (the 

-fl'algebraic Kodaira lermna")' b:elow -If Wé have thought' i t best té ' 
l • ,"',' • 1 

sbate at on~e',' the central resul t;. (Sée also 1.16,' )i1here t'he 
, . 

value of the inva'rlant' [K {8-t: k (t)] of 'the curv-e fER is estab-'" 

lis,héq.. ) 

. ' 

, In the!, same 'Spirit 'we." mention 'he~e another theorem, whiêh is 

a corollarY---rof the proof df 1.1, rather than of the ma'in 'th.eorem 
~ .. of • 

t( \ , 

itself" an,d whose proof ft-st~er'efore deferred: 
, , 

"/ , 
,/ 

. 
/ 

, 
;, 

" 

,,1 • ~ .. 

, 1 

, 
ii\ " 
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• 1.2 Theorern: Let k, ~), f, t be as in 1.1, éihd let 1r be the 

1) 

characteristic e.xponent of k. 

For sorne intege.r N ~ 0/ and sorne fini te purely , 

inseparable extension k' of k, f tEk'(s) ®. R'" k 

k' (s) [2]" has oné rational place at infi,nity, 

, 1r-N 
where s = t 

2) For general À E k, f - À E k[2] has One pl~ce 

3) Letlx,y R generate R over k, and let v = (vcYv l ,···) (J' , 

~è e resu~ting rnult~plicity sequence of,the 

sucéessive infiniteLy Rear points at infin~ty of f - t 

over k' (s). Jhen fo~ general À E k, 2) holds and, if r 
v(À) is the corresponding mUltipficity sequence, 

then )J(À) = v. 

r -

Follo~ing the proofs of 1.1 and 1.2, we give sorne corollaries, 
l' 

\ as wel~ as new proofs 9f the .epimorphism theorern,\j"and oth'er 

". 

,!esults, of Abhyankar and Moh. 

( .'" 

, 
If k is a field, by a variety 'over k we mean a reduced 

(separated) scheme of finite type over k. 
, 

If V i~an ir~~-

ducible variety over k, we may tacitly identify V with the 

COllf1\tio~ of local rings {'" V ,P 1 P E ,v } of the function li 
); 

field' of cv: w~ b,~gin the proof of 1.1 by recalliFlg for the, 
11 • \' 

reader sorne machinery' which figufes crucially in,it. 
-1 . 

-' 
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o 

1.3 Suppose X is a nonsingular irreducible surface ov~r k 

, and ~ is an n-dimensional lin~ar system of curves (1. e., 

effective divisors) on X. Suppose ~ has no fixed component. 

ifJ .n 
Then we have a corresponding rational map X + p~, regular on the 

complement of a finite set'of closed points of X (the ordinary 

base points of A). 

1.4 Now suppose k is algebraically closed, and P E X is a 

closed point. Then 'one can cOnsider the blowing-down 
, --

(o-process) centred at P (see [26], p. 208): One has a nàn-

singular irreducible surface X' over k, and a birational 
o 

a 
morphism X' + X, whose fibre E over P 1s a projective line over 

,k, called the exceptional fibre. 

-1 o 

(The rational map 

X + X' is the blowi,ng-up, or dilatation, o,f P.) 

1.4.1 If X is projective, 50 is X'. 
o , 

o induces a map a*: Div X + iDiv X' of the groups of divisors on " 

X and XI.' If 0 is a curve on X,-D* = o*(D) is â curve on XI, 

called the! total transform of D. Let j.l (D,P) 'be the multiplicity· 
J 

of 6 at P. Then on~ has ~ curve ·D' = 0* - j.l(D,P)E on X', çalled 

the proper transf~m of D. 

'1.4.2 If D i5 a prime divisor, so is D'. 
~. 

'If A is aelinéar system of curves on'X, we def±ne j.l(l\.,P) to be 

min { ].l(O,P) 1 DEA }. plis called a base point of A-if 

~(J\,P) > O. The set A* = {- D* 1 DEA} is a linear system on x', 

cal1ed the total tr~sfor~ oj A: 

The set A' = ~ ~* - ~(A,P)E DEA } is also a linear' system 

" 
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on ,XI, ca lIed the proper transform 0; A. If A lacks fixed 

components, 50 does. AI. 
." (Note: ' AI' is not the set of proper 

transforms of rnembers of A. In general, the member D* - ~(A,P)E 

of AI cQrresp0nding to D equals DI + a nonnegative multiple 

of' E.) 

We remark that aIl of the statements in 1.4, as wèll as the 

usual formulas- relating the intersection theori~s on ~ and XI, 

continue to hold when k is an arbitrary field, provided P E X 15 
1 

a rational point. (See the last paragraph' before 1.8 below.) 

1.5 Now in the situation described in 1.3, it i8 well-known 

that there is a diagram of .varietieô and rational maps 

.1 

X s+l 

as . '" 
/ 

. . 

" al , 

where each o. i5 a blowing-down (with centre Q., say), such 
~ 1 

that 4> ,= ~oooo ... oos 1s regJ..llar/on '~S+l' 
1 • 

, 
1.6 Next suppo~e X is ~s in 1.3 (k is any field); and C is an 

. . 
irreducible k-curve lyi~g on X (i. e., a l~dim~nsiorial 

o irred4cible cldsed k-subvari'ety of X). Suppose P = PO· is 

a (closed) point of C = .C (0) ~ an,d t.hat there i5 just one 
c 

1 . 

.1 
-, 

1 

·1 
• 1 

1 

1 



l 

valuation ring of the funetion fièld of C 

Let Y l,-
TO 
~ X be the blowing-down eentred at P, and let C(l) be . 

the proper transform of C. Then there is a unique ~oint Pl E ~~l) 

such th,at T 0 (P 1) == P. Moreover, Il (C (1) , Pl) ::; II (C ,;;). Contin\J.r~g 

in this fashion, one has a uniquely determined diagrarn 
, . 

T. 

1. 6.1 
J. 
-+ y, -+ ••• 

~ 

of s,urfaces and bl<D~ings-down, together w'i. th eurves C (i) on Y. 
, ~ 

and points P. E c(i), P. = centre of T.; P'+l = unique point on 
~ 1. . ~. J. 

(i+1) (i+l) (i) 
C such that t, (F'+l) = P., and 11 (c ,P·+ l )::; II (c. ,P.). 

. J. J. ~ 1. J. 
~ 

It is well-known that ~(c(i) ,Pi) = 1 for i»O. ~O,Pl"" are 

ca11ed the successiye infinite1y near points on C above P. 

1.7 Now let fER = ~[2] have one rational pl~ce at infinity. 
~ , 

Let x,y E R and ~ = k[x,yJ, A = R/fR. The choiee of ~ep

erators x,y for R determines an embedding of Spec A into 

2 
Q!.k' For 'À E k, 'f - À E k[x,y] '7letermines a·priIJle divïsor 

V(f - À) 
2 ~ 

on U\.k (DY 0.4 2» 1 and a p~iIJle di viso,r A
À 

on !Pk' whoqe 

s~p~ort is the closure in ~~ ot the .support IV(~ - À) f df 

/V(f ~ À). We set 'Aoo = dLoo ' where d = deg f ~nd Loo = ~~ -' u\.~ 

i5 the'~;ime 'diviso~ at' inf~nity df A~. (Note,that this ~otion 

depends on the, choice or x, y. ) Then A ';= A (f >' = 
J 

{ A
À 

l À E k U {oo} } is ~,lïnear pencil on IP~, without fixed, 

component. . By the rernarks'in 1.6, we.have qiagram 1.6.1 (with 

2 
X = !Pk)' Here Po E IP~ is k-r~tion~l, and Loo n l'Aol = {PO}' : 

/ / j 

c 

. ., 

1 • 
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Since, for À E k, Loo n,IAÀI is in natural bijection with the 

irreducibl~ factors of the degree forrn of f - À, and since the 

deg~ee forro is independent of À,'PO is the only base 'point of A 

2 ,on Pk' 

We eliminate here, oncè anq for aIl, a special, case:. 

Suppose deg f "" l. Then 1.1 and '1.2 become trivial ; f - t and . 
À .ç k, and ~r~jst aIl f - À, are coordinate lines, \J and \J(À) 

1 
sequences of.,__l' s. We assume henceforth that ct = deg f' > L Then, 

, 
1. 7.1 

so by Bezout '5 theorem ever'fr Il
À 

is tangent to Loo a,t Po' 
/ . 

1.7.2 The degree forro of f is a pOwer of a linear form s in 

x and Y, Either x ?r y.y ~, ~ay x Y~. Then x' "" l/x 

. an~' Y r =, six are local cpordinate,s "'at. PO' x' d is a, ~OCil 

eq,ua ~ion for A.oo " a~d 

is a' loca~ 'equation for. Il
À

, À E k. 

Remark: Even ,if the ~lace at infinityof f were not rational,: 

E' o 

we woul9, have 1. 7 . 2 1 except tha t ~ i 5 then. o.nly an il!re

ducible form, and y' ~ :s/x~~g· s'~ 

2 ' 
:z:: . !Pk be the blowing-down cen'tred at PO. Put 

= L~, El' = 0ü1 (Po),'A(O),; ~ A(I) "" proper transfdrrn of A, 

; , 
,1 

" j 

1 
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Then 1\. (1) 
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- (~(l))À for all À.E:k, and 
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1. 7.4 If degxf <,d [~èsp. degyf < dJ then clearly ~o ~ d-deg f x 

[resp. d-deif-f], i. e., 
y 

" 
d = deg f, 

, Y d - ~ 
1 a = degxf- [resp., switch x and y]. ~ 

(proo'f: 

, ) 

'Suppose deg f < d. ' Then in the not:ation of 1.7.2, 
x 

~ = cy~ c E k*, so d = deg f. Also,'x' = l/x, y' = y/x are 
. y 

local coordinates qt .PO' i j Let É = L f, ,x y • 
~J 

d . 
Then f': == flx = 

<;" f ~ j X ' d - i -.j Y ,j E k [' , J S ' d ' tl ~ i - j' ,j d ' , f ~ ~r x ~y ~ lPce eg ~ y == -~, l we 

put e = deg f. and reca-ll that f is ~tmqnic"' in x (0 ~ 4 1», we 
x , ' 

" 

have-f' ~ f x,d-e + (higher order terms in x',y'). e, 0 ~ 
So 

2 
Consider"how 1.5, with n = 1, Xc = !Pk' and!l.::: A(f). ,We' 

shall requ,ire 

céntres Q,' of 
- .~ 

Several pieces oi information conçerning the t 
, . , '(i+l) 

the Œi"and ,the penclls A . o~ Xi~l' O~i~s.~ 
. ' . 

(One fact we shitll néed is t-hat the column in 1.5 is a subdia.gram 
"/ 

of 1. 6.1.) "The information we heed can be extracted from a ! 

7 'r 

r~cent paper ,( [14).) oi Miyanishi (with allowan6es for the 
~ .... -~ 

fact that.his base field i5 algèbraically closed), in which only 
~ ~ 

" -'global methods are used. (See also 1.10 below.) In that paper, , 

the author develops fairly elaborate machinexy'~hich allows hi~, 
, , 
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• 

given the structure of A ~i) 1 to, determine that oY A (j) j where 
. . 

j >/i is computed in terms of (or sometim~s only bounde,d by) , 
~

This maChiner} 
" 

certain numeri~al' Phar:cters' associatf.to A li) 

gives c?nsiderable insight into what ~s going on in 1.5 ("blow-
/!~ 

ing up th,e base points of A (f) ") of and was in faë~ the original 

inspiration rôr' the examp\es that 'appear in § 2 below. 

, . 
However, in 1.7 we were able ,to get globa~ data apout the 

penci~ A (l) on Xl in ter~s ~Of local equations at p~ = QO for :he 

members of the pencil A (0) ~~ XO'" This situation persists -

it turns out that local data concerning A (i) ,at Q,' e~ab~e one 
, .1, 

to 

o.escribe A (i+l). 'The'· ~ain' adva~tagé' which/the local m~chinery , 

/we are about;, to introduce enjoys over Miyanishi 1 s is simplici'ty 

our machinery involves only one blowing-up, whereas Miyanishi's 

deals with ~eq~ence'13 of blOWingS-Up~' , The main l~a ) 1.8')' we 

prove below ~:ÜS0 sugges,ts t-hat pencil's on local ring~ meri t 
, . 

furthe~ investigation in their own righ~~ 
'. 

.. , 

Definit;.ion: Let (8",1ft,k) be a local· ring of Kruli dimE;!nsion 2, 
~ , 

and a Unique factorization. domain.' Let f,. 9 E."" and suppo,se 

'f y 9 and g-{ f. 
, 

Then A = 11. (f , ~ ) =. 
,1 

" 

ièfeals (uf + vg) 
1 

such that } E (Q- -1!L)', U {O} are not both 0 

is the local pencil on ~ srann~d 3z f and g. (Note that A has 

~t ieast card k + ~ member~ - there is a surjection from A onto 

the l:?et of ·rational po~ts of D?~:) A {s without fixed component 
/ 

/ 



. '" 

), 
,1 

,~ . , 

.,. if 7..C.d. (f,g) =' 1. Note: rf Ci.ft, (Ur E fi. are dis.tinct, ~n 

k = A(a,p). Also, 'fi. is without fixed component ~ for aIl such 

a,~, .g.c.d. (a,~) = 1. So the' notions "penqil" and "pencil 

wi tho,ut fi"xed componen~" qre independent- of the choice of span-; 
- ~ 

ning e~rIOents., 

Remark: ~\:have not found these notions in the ii tera ture. At 
, . 

any rà:te, the âefini tion seems, reasonable, "and allows us to 
/, 

state and prove the results we need. , 
We must·next recall s~veral definitions and facts. 

, A local domain A is called unibranch if the int~gral 
.r 

clpsure i df ,A in its quotiept field ~s local. '( -18], 4. 3 • 6 . 
If A' is no~therian qnd l-dimensional, this ,amQunts to saying . ' 

that there is a unique valuation ring of qtA whicb dominates'A 

. (becau~e i is a"noethe'rian ring; see [f6], THEOREM (33.2)" . 
-

p. liS). We will cal,l--a, nonzero element f of ,a lelcal ring. 8-

. Ul'}ibranch if 8"/fft". is, a domain an,d is uni1?ranch . .. 
We also ~eed some,facts concer~lng regular local rings 

'1 
(&,1JC,.k) of 'dimensiçm, 2. . If 'IX ,fj E &- ar~ re+atively prime non-

uni ts, t;hey generate an ideal primary for m, .and one Çlefines the 

intersecti,on/multiplicïty Ci.{3 to~be tpe length of the artin,ian' 

8"-modu'le e-/ (&.8' +, /38').', (See [26 bis r, 12. 83.) ~e tecall al so 

~he blowing up c;:>f '1tL: On~ h}ls a r:egul~~, scheme' X and a bira tional . 
morpnism X ~ Spec'& which' gives an i~~mor.phism of Spec 9' - {1ff,} 

l' wi th X - E, where E !:! !Pk IS the fibre over 11t,. (See [26 bis], 

p. l.-z.) The immediate quadratic transforms (i'l.t 1 s) &- 'of'g- are 

1 

(J , 
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the rings @x ' zEE. If x,y E'~ generatein, these are just ,z 

the ~ings 9-[X~Y).,., y E ~, rnY/x]~, x E~6J.. If e, i,s an exceptional 

pararneter in fT' (i. e., a local equation for E:ât 8-), and a E;1tI., 

is of ,rnultiplicity ~, the proper t+ansforrn bf a in ~ is 
~ 

al ~ ae-~; it ~s 'well-defined up to a ùnit in ~. The leading 

~ 1It i l1Jf,i+l ~ 
i=O 

form If (a) of a is the image of a· .in 11rP Jm.ll+l C 

k[x,y). One easily checks that the iqtls & of ~ such that al is 

a nonunit in ~ are in natural bijeçtio~ with the distinct irre-
, 

ducible factors of If(a), regarded as a form of'degree II in 

Suppose II. = II. (ai',/3) is a local pemcil on ft, without fixed 

component., Let]J = lJ (II. ,&) == min { II (ad 1 II ({3) }. (This is,ir,lde-

pendent of the choic~ of a,~.) If ~ is an iqt of ~ and e.is an 
~ 

ifcePt~~na~ 'pararneter ,.i!l f!!, w@ say q ,is a base point, of li. .if 

ae- lJ , ~e-~ are'nonun~t~ in~. The proper transform 11. 1 = 

A(ae-ll,~e-ll) of A ~n ~ i5 then a pencil on ~, without fixed com-
, p 

panent. By induction one defines the set.~(A) of aIl 

(ltinfinitély near ll
) base points of A. (See, 'e. g., [22),' § 2.) 

13(11.) ~s/finite. dCf. the proof of 1.9 1) bélow.) 

Suppose f E e- ,is i irreducible' 'of' rnt:ll tipI ici ty ll, and frr f x8: 

Then the in?lusfc;m 8" + &(y/x]/induées a 

dornain's &/ftr + &[y lx] / (fx-~) • 

, . 
b~rational inclusion of 

, , 

Suppose f is unibranch. ThenCusing the above facts, and 'the , 

face that a unique val~ation ring of .qt (&'/f8) dominates 9'/fttt-, 

one sees that there is a unique iqt ~of 8'in which fJ is a non-
" .. 

~nit, and that fI ,E B-is -UIlib;r;mch. 
~ . 

So lf(f) is a power of an 

/ 

" 

" 

, 1 

1 1 
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irreducible form in k[x,y]. {If F is the degree of this form, 

,we have [K (8r: kJ = X. ) One consequence is th'at for unibranch -f, 

~(f) = min {f.x,f.y.}. 

, 
Finally, we recali these fo~mulas invqlving intersecti6n / 

multiplicities.in ~-and intersection indices on X: For 

relatively prime a ,{3 E 1ft, we have 

2: [K (§-) : k] 

ft iqt of &-
(a' • (3 , ) ~ = a' (3 - ~ (a) ~ un . , ft 

AIJ;;o, 

dimension 2. Let x,y be a regular system of 

.parameters, A, B ~onnegati~e integers not ,b9th 0, 

~ 'a~d g = xAyB Let f E ~ be unibranch, suppose g.c.d~ (f,g) = l, 

and let~A = 
. 

componen t' .. 

. -

A(f,g} be the eorresponding pencil with9ut fixed 
0, 

Let d 
. ~ ... 

- f.x, II '= II (f,8"), and put 0 = g.c.d. (d,~). 

/ 
/ 

-., 

/' , 

t 

-1 



( --

24 

Case 1: M + N = 1. (So that M = l, N = '0, and d ~. ~.) 

The~.no iqt of. ts a base point-~t·A. 

Ca,se 2: M· + N > 1. Let (&,m" k),' ne the unique iqt' of e-' 
~ 

such that the proper transform f' of f in ~ is 

~ -- ~ 
not ~ unit. Then ~ is a base point of A, and is the only 

~ 

iqt of'&which is. The proper transform A' of !t. on ~ is 

withbut fixed component, and of this form: 

1\' = A(f',g 
-M8~N8 ~ = x . y ), where x, y genera te '1/1" 

-either x or y is an exceptional pararneter in ~ 

, -
(and appears with positive exponent in g), 

J-.........., ,...... ,....." 

]..1 = ~ (f',81" d = f' 'X, and ô = g.c.d. (d,J.J) divides ô. 

We 
/ 
have 

/~ .. /' 

'" 1) M9 ;::: ]..1 and N ;::: 0, and 
,." ~ /,." - -2) ,(M + N) ô ~ d. 

1 

Morepver-" if V is the valuation ring of g:t (8"/fB') which 
! 

'" dominates ir/ff;, then k C K (V) • 

f 

, / 

Proof: First we dispose of C~se 1. Ne have x l lf(f), and 

g = x]..1. The only iqt ··of 9";i-n which g/ is not a, unit ·j.s 

8'{x/y] (y,x/y)', and' f' ~ fy-l1'i~_~ unit in this' ring. 

Next suppose d ~ Since ]..1 (g,9-) = (M + N)a >]..1 (by 2»', ~ 
1 ! ...... 11 

" ' ,f, •. 

1's 8'Jx/y] (x/y ,y):,' 
"-

the unique iqt.& of &which is 'a base point of A 

because this is the 
-
only ,iqt Q.f e- in 'which' f', is a nonunit. Pl;lt 

'" . . 
x = ,x/y, y = y. By (* ) ab9ve, and sipce K <81 = k, we have 

-a:-= f '·.x = d - ]..1 and fl.y = Tl • Since ;' E 8- is unibranch, 

. -~ , 
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-
~ = miI1_: { d ':-\1, ~ } = ~, 'hence S' = 0;. If weput: M = M and N = ' 

\. M+N - ~/ô, 1I.~ 15 as'claimed. 1) 'holds by 1), and, 2) holos by l} 

.and 2). 

~ 

Suppos~ ~ < d < ~~. Put.~ = .y, y = x/y~ Then d = ~, 
/,... , 
~ = d - ~ and 6 = o. ~ 

If we'put ~ = M + N - ~/o and N = M, A' is 

as claimed. 1). and 2) each hâld ~y 1) and 2). 
1 

Suppose d =~. iJ f·y > \1. Put x = x, y = y~x. â' = u = i 
/' 

(so 6 1 ô), and ~ $. \l. If wè put M = (M +'N - 1)0/8 and , 
......., ~ t"'oJ......, .. (.-

N =' Nô/ô" A' ts as claîmed. 1) and 2) each hold by 1) and the 

fact that M + N > 1. ii) f:y = ll.* Let:[k:k] = F. Put x = x, 

and let y be any complementary paramet,er for 8'. ; Ci 
h 

= ~/F =. o/F, 

so'6/ o~ y/x,isaunitin&-. I;fweputM=(M+N-l)ô/8 
~ ~ , 

,and N = 0, A' is as claimed. 2) holds since M + N,;>' l' 'and 

F ~ li P. 'fortiori~ 1)' holds.>' (7* ér i? of·the 'fo'rm t}"[y/x] (1 \-.', 
_' . ' X,PJ-

where p E k[y/x] i$ irreducible, and p(O) t o. ) . -, .. 
"The remaining statements in 1.8 are clealr, by the .a~v~ 

J 

proof and the discussion preceding 1.8. 

, 

1.9 Coro1laries: ilII' A- ." :... (0) (0) Letv=vO" g=gO!/f.--f r1l.::::.1I. , dbe 
. . / ' 

gS in 1.8. Suppose ll(g) ~ \l(f). Then . , 

. 
1) The base p<?i;::ts of A forro a sequence: 8"0 <: ,8i <: ••• < 8""s ft. 

(s ~ 1) 

2) i (i) 
Let 1,1 i ~ .(f .' 8i) anç} .e i + l be 'an e}Ç~eptional pa:r::ameter 

• (i+l) ./ ,; (i) 
in, vi+l' If 1Î. ,is the, p:t6per trans.forro of A -

c.. (i+l) '(i+l)' ' / ' 
on vi+l" then A 'is spanned by f . and g i-fl' 

" " , 

.... 

/ 



c ' 

'. 

C" 

, v 

,3) 

4) 

'Proof: 

where f (i+1) = f(i)e -]li 
i+1-

, o.f f (i,~ on Bi+1 ',1 and g i+l: 
1 

l ". 
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is the prape~ transfarm, 
o 

il .' 

, Cansider th!=! nonnegative integers n. defined by 
~ 

, n. n.+l 
~ ~ t g .• e. g." e. 

1 ~ ~ ~ /" 
~ 

, 'Then > ,0 and divides d artd • 1':0:;; i n. Jl s ni' :0:;; s. 
~ 

A(s) is s};?anned by.'f(s) and 
loIs 

es 
'/ 

. , 

notation of the 
....... ' 

'. -

1): Jl (g) > ]l (f) =r? M ,+ N > 1, in l the 

Lernrna. If09J. is. tI:e 1ast base point of A, stop-; other-
, . 

[K(9ï):~], then 1 .:O:;;·{.A(1»2 :::: f(1--):g~ = f,(1).(g(:!->e
1

Jl (_?)-Jl(,f)? = 

f Q·),.g(1) + (Jl(g) ':" ]l,(f) 'f(1').e
1
':: 

1 F { f· g 
; . 

Jl (f) ]l (g) + (]..l (g), '- J..I (f) ) J..I (f) ], ,::\ 
, / ".: 

,,. 

l 2 F [ f·g - J..I(f) ] < .f.g. 
! 

We see that f·g =,; (A (0) ) ~ > 
\ 

(A(1»2 > ••• ~'1, and A has s + 1 ba~e points, where s + 1 ~ f·g. 
, ./"" 

c' 

.2',) was estab1ished 'in the' proof of 1.8. 3) :fÏo11ows .by in,duct;ion 
\ 

on the '11 '6 divides ô" and:"appèars with pos~tive exponent," of ,,' -. " . 
1:8, and 4) fo11ows fram the fact thjlt Case 1 of 1. 8 hq1ds for 

A (s) • 

• ! 
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We return nôw to 1.5 and 1.6.1 and use our results on, 

, local pencils' to ,describe the glç:>bal situations the're. We 

.' . 

,assume that fER 
. .,/. 

= 'k[x,y] has 'on~ rational place at infinity, . . 
A.~ A(f}, d = deg f ~ 1, etc., as in 1.7. In the nota~ion of . ( 
1.5 and 1.6, we haye, by 1.9 '1) and 2), and re~arks in 1.7, that -
X i +1 ' = Yi+1" Pi = 9i' ~nd ai = li for q ~ i ~ s,i.e., the base 

p0ints, of A conslst of a certain, numb~r of the successive, infin

it"e1y near pO--in,ts on AO/above PO.' Tl:le p~ncil A (i) on Xi i5 

sp~nned by. (AÜ) ,( i) and .( A (i) ') CI:J' ~ 5: 's. For 1/5: i ~ s, let 

E i ' be ~hé ex~~Pt~'onal fipre on '~and,. 'for a curve D on Xi and 

.i,. <. j ~ s + l, denote ~y p(j) ~he proper transform of D on X, .' 
J, ; 

Then' " 

LlO 
./ 

(See LEMMA 2.8 of the cited pa~er [14] of:Miyanishi) 

-
i-i / 

(A (i) ) 00' 
(i) 

= l: ,r\~ EQ + n:E.; . nO' ... , ni > Q, 
'./ Q=.O 

~ ~ 

, 
~s' and·~s· divides n. , ' 

~ 

o $,1 < s." The dlvisor" 

/ 

is globally ~s:--fo.ld" wheré,'r"'ii5 anieffecti,,:,e 'divisor: 
.. t • 

and.)..I is .the multiplici ty of /the. last b.ase point of 
s ,) :' , 

~s~l on 

A. 

./ '1 /,-

• 1 
, A (~), ' .1.11 Remar~s: If')..I. ~ ( "P .. ), then, in ·the tèrrninology of 

~ , ~" 

Nagata 

) 

J 

1 • . , ' 

[1"8 J " pp.., 14,15 ), ~o~. on~y d~~s l'lÀ 

,; 

<' ' 

" 

. 
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s 
"go through" L 

i=O 
]J .P., but P. 

1 1 1 
"lies on" A~, and the "effective 

multiplicity" J.l (A~ (i) ,Pl) of Pi on A~ equals J.l i . (O::;i~s, \ E J<) 
, . 

We leave it to the interested reader to determine what form 1.10, 

1.11 and the ensuing results take in case the place at infinity 

of f is not necessarily rational, but only, say, purely insep~ 

arable over k. 

The first consequence to be drawn now is that, by the last 

staternent in l.~, 

1.12 Pl' ... , P are s rational over k, hence ( 

Ei' E s are aIl projective lines over k, and 

s lE. (s+l) 1 • 1 r 1 = u is a curve with s + 1 irreducible 
i=O 1 

Gb'1 ~ ( 

bornponents, each isornorphic to I?~. (E., being non-
• 1 

singular, i5' isomorphic to 'E. (s+1) . ). 
1 

, 

o 

~e point out a very fruitful consequence of tfie rationality 

of ,!:he place 'at. infinity of f!, which we shall have occasion 'to 

. ~pe several~ times: /" Ll=t K be any ,field containing k. Suppose f -, 

f (x,y) E k[x,y,], X, Y are, indeterminates over K, and cémsider 

f
K 

= f (X', Y) E K [X, y] ,Then f
K 

has ~ rational place at infinity. 

ir AK = A(~K~' the~~heo counterparts of 1:10, 11 an~ 12 are gotten 

by simply. ·J;epl.:;tc~ng k by K - in particular the sequence of base 

. 1 (s+l) 
structure of (AK )~ rernain un-

, 
point,multiplicities and the 

changed. ,In the seq~el we will drop the subscripts "Kif. 

, ' 

,. 

'?I 
1 . 
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Our next objective is to determine the value of ~s . 

Let ~. = lE. (s+l) l, 0 $ i $ S. We need to describe 
~ ~ 

s 
U il i topolog ical1y i in ord~r' to use the known theorern,s, 

i=O 

we must pass to the'algebraic closure k of k. The following fact 

is no poubt véry well-known; hav~ng no reference fo~ it we give 

a proof. 

, 1.,13 Lermnëi: Suppose k ::::: k and Z is a k-variety which is the 

-
'·'Ij 

Proof: 

unio~ of two closed subvarieties Zl' Z2 which 

intersect in a single point P .. If Z l' Z 2 are 

connected and simply cémnected, so is Z. 

o 

Z i5 c1ear1y connected. Suppose cr: Y ~ Z is a connect~d 

1 

étale covering. The restrictions Y. = cr -1 (Z.) -+ Z-. are 
~ ~ ~. 

étale coverings, 50 ,for i ~ 1,2, 

Y. 
~ 

m. 
~ '" il z .. , z .. '" 
J=l~,J ~,J 

Z. , 
~ 

and Y. + Z. is the canonical map. 
~ ~ 

Since·Y ';" u Z. . and Y is connected, each Zl . meets sorne Z2 . 1 
~,J .,J ,] 

and vice versa. Any point of such an intersection is a preimage 

of P, sa Zl . and, Z2 ., meet in a unique point;:.. SA ml = m2 and, ,J ,J, 

re1abelling if necessary, y 15 the disjoint union! of'the ~l 
J 

closed sets Z1 ~ U Z2 " 
, J • ,J So ml ::::: l, Yi -+ Z i are isomorphisrns, 

-1 
and cr ' (P) = YIn y 2 consists of a single point Q. SO cr, being , 
a closed bijection, is a homeomorphism, and, if Q =f 'Q' E Y, 
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a*:lJz,o(Q') -+l/Jy,Q' is an isomorphisme But!t;;:: fl)z,p -+tJy,Q = {}' 

is also an isomorphisme (See [7], l, 4.4, and use the fact that 
" , 
ft is fai thfully fIat over &-, and that 8" is a fini te module ovez: 

the noetherian local ring &-.) 

1.14- Coro11ary: Let r be as in 1.12. (k = k) Then 

Irl is connected and- simply connected. 

1 

Pro6f; Actually, we remark that, starting with a projective 

line over an algebralca1ly c10sed field k, the va~iety 

~ gotten by blowing up, successive1y, 5 po~nts, is -

connected and simply connected. (NO ambient variety is needéd.) 
5 

This variety'will be a union u 
i=O 

~, of closed subvarieties, each 
1 , 

o 

Its conJec...t,e:dness is evid~nt. One shows by' 
• 1 

induction on 50 that, combinat.orially, t-, is a tree of l'k 's . ~ 

(there a:t;e no loops);, such a configu~ation is s,imply, cOhnected, 

JbY 1.13 and induction on's. 

: 1.,t Pr;oposition: Let. K be a1gebraically closed, and l,et 

h: W -f- C ,be a morphi~m from a nonsingular 

'irréducible-k-v~riety W to an irreducible 

curve'C. Suppose 

... 

. , , II 

fi' 

, , 



( / 

/ 

, 
/ 

i) h is proper and surjective, 

ii) the function field ~(C) of C is separably 

ii~) 

. iv) 

algebraically closed in k(W), 

Z E'C is a simple point, 
, 1 

the image h*({z}) of the divisor {z}under 

31 

h*: Div C + Div'W 15 Jjf 1 wh1:!re )J is ,a positive integ:er. 

and r is an effeGtive divisor on W, and 

v) 1 r 1 is simply'cannected. 

Let ~ be the characteristic exponent of k. Then 

" 

/ 
.11 \i5 a power of 7r. 

Proof: Let t E k(C) be a lo~al par~eter at z. There i5 an open 

neighbourhood U of' z such that on U; t is everywhere 
, 

defined a?d vanishes only at z, and such that U consists 

only oÏ normal points. h- 1 (U) + U satisfies the conditions of 

the_ proposition. In other words; wé can aS'sume that t is reg-
l ' 

ular on C and vanishes only at z' E C, and that C i5 a non-

singular curve. 

Let j..l 
r = q1.r 1 wi th r ~ 0 and- q ,prime: to ~.' We must show q=l.' 

First 'no~~ -~h~~ q(~rr) r i~ the, principal 'di\risar div h* (t) : 
. " ) 

Given any w E W, there is an,~pen affine neighbourhood U = 
,'.' ' w 

Spec Aw of, w, and an hw E Aw, such th~t'the restri~ti9n of the 
p 

divisor ~rr ta Div U~' is the' principal, di~isor div hw' .'(See 
, 

[i6] 1 p. 131.), Note that hw,/hw' is a uni·t on uw,n UM" 

@ , 

/ 

1 
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:.. 

for aIl 'w, w'. Also,' sinee div (h* (t)/hw q) ='0 Jin Div'U
w' 

( 

. , 

" Let Bw = ~ [T] / (T
q 

-:- uw)' T an ind~t~rm~nate. Bw is a 

fini te étale Aw -algebra. If x E Uw (') Uw~ '= s'pec A,. then there ..; . 
<.. 

is q. canonical A.-isomorphIsm A [T] / (Tq - u ) + A' [T] / (Tq - u ,), w w 

which sends T to (hw,/hw)T. Thus the Bw define ~'co~eren~ 

œw-Algebra, henee a scherne W' and an, étale eovering P: W' + w. 
/' 

Now W' , which~is reduced and nonsingular, is also irred~-
, 

ible. To see this, reducé the éover {U } of W to a. fini te ,w 

one - w = u Uw. Eaeh A 
w is a domaine Fix a w, and suppose 

w 

Tq ... ~ is reducible in k (W) [T] • ,Then (e. by [11) , 
'0 

g. p. 

Theorern 10. (b) ) , i;:here :it~ 

L < q' 1 such tha t u 
w 

q' = v . 

a v E.k (W) , and é!- q' dividing ..-- , 

We have h * (t) .:::" (vh ~/ q , ) q , 
w· 

214" 

q, 

But 

t is a lOcal p~rarneter at z,' hence~as ~o q,th root in k(C).

'Sinc'e q' is prime to tr, this contr-adicts ii). One checks now 
• 1 

direct;ly .t-hat B + k,(W) [T]/(Tq :... u ) is, an injection, 50 W'{s'a w ? w -

finite union of irreduciblè spac~s which intersect"pairwise, 

hence is ir,redueible. We have,_aIso es~ablished that [k (W') :k (W)] 

equals q, hence k;(W',) = k (W) (h~ (t)'l/c;l), and one' easily Ch~~kS 
- - , 

.# 

that W' '. is, j'1st the norrnalization of W in k (W'). ' Makin'g a siml.-

lar eonstrpction on'C, one gets 'a ~ariety ,C', which is the nor

malization of, C in k (C) (t1/qj " and ~ coinmutative picture 
, 

, . 

h' 
W' + C' 

P + + Ijr 

W +' C 
h 1 

/' 

,/' 

.' 
/ 
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( • Since C' i5 separated, l/J is. Bince p is finit,~, hop is 

pr9per, 50 h' 'is proper, and clearly dominant,' hence surjective. 
- " 

i~-l~Z) 1 consists of a ~ingle point z'. (~ii the unique r~mi

fication point of ~.) 

We clairn k(C'T is separably ?lgebraically closed in' k(W'). 

If not, there is a finite peparable extension L of k(C') con-
/' 

tained.in k(W'.), with [L:k(C'») > 1. I(We identify k(C,') with 

h'*(k(C'», etc., sa that aIl function fields are subfield~ of 

le (W').) "Let s be a .primitive element of L/k (C), and let F be 

the minimal polynomial of 5 ov~r' k(C). -If F~ E ~(W) [X] is a 

monic irreducible factor of F in k(W) [Xl, then the coeffiCients 

of FI lie in a splltting field for f over R(C), hence are sep

arable algebra,ic over k (C). By ii), FI = F. 50 q =" 

[~(W") :k(W)], ~ [R:('V'7) (s) :k(W)] = deg, F > g, an absurdity. 

Now by one version' of the Connectednèss Th~oè~~ of Zarlski,_ 
~ '. - . 

lp-Inrl)j = Ip~l_(h-l(z»I,= Ih'-,lCz')j' ci.s connected. 

( [ 8], Cor. 4. 3. 7 ) ~ 

/' 1 "' oh the other hand, p ,is ever~here q-to-l on closed points. 
e 

(This 15 easily seen for Spec B' ~ Spec'A , for aIl w.) /Since , w ,w ' '-

pis finite étale; 50 is p-l(lpl),+ Irj. By·V), p-l(_lrl) 15 a 

,disj~int union 114

1 r 1 Of, copi.,,'s of 1 ~ 1, and'li I,r l, -). 1 ri' is / . 

the canonical map. So Ip-1cjrl) 1 has g connected components/ 
-

and q = 1. 

Theorem: Ln the notation of 1.10, f.l '/=f 1( r , 
s -

/ ' 

r ~ O~ ) 

. ~ , 

. . 
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proo!: Blow, up the base points of A (f) over k. - Denoting again 
, . 

by X
S

+ l the' surface thus obtained, we ha~e a marphis~ 

1 1 h: w~ ~s+l + p~ ~ c: h ~s s~rjective, and h*Joo) = 

(A (s+l) ) ~ = 0)J r has .simp1y conneeted support.: 'Sinee p~ is pro-
00 s ~ . 

jeetive, W is proje,ctive by s + l applïcations,of '1..4.1. So h 

is proper. If the function field of C were not separab1y a1ge-
/' 

braically c10sed in that bf W, ~ member of A~s+l) 'wou1d be a' 

prime di visor. (~~e' [12], [31], p. 60, (,33), p. 50/) But: 

(~ (s+1) ) À ~ A-
À 

(8+1) is a p~ime di visor for aIL À E k. (See, 
.' 

0.4 2) , w:i,th k in place of k, and apply 1.'4.2 .s + 1 times. ) 
," 

Atlother way to see that Kt ( c) is algebr'aica11y c10sed in k (W) is 
, KltT[2 ] -

to'note that f - t E is irredueib1e - 0.4 2 ), again -

so the fUnction field of'f,~ t over k{t) is ,a règu~a~ extension 
, ..... 

of k(t}. 1~16, now,follows from 1.15. 

Proof of 1.1: Blow up the base points of'A(f)'. over k(t). By 

r .' 
~.9 4) and 1.16, we can ehoose local,coord1nates 

./ 

, E;, Tl a t the' last" base point·p of A (f) such tha t s - , 
, . ll'r /' • ( y , 
,." ~, is the ,..,lead.tng form of a: local equation .e ,for AO s .at p s' 

'll'r (s) n 'll'r, 
'~' ~s ,a local e~uati~n for (A )~,at Ps" and ~t = ~ tn 1S 

a"lo~a1 equat~on for:'1\"t (s) at P s"' 'If 6-s = ID X p' the unique 
,/ "s' S , -

iqt 1t' :"af, '<1s in which the proper ,transf.orm-Q t'of Q t is hot' a 
'<t "1 r,. 

,,,unit is '6: (~/ni ( r _ 1fr and Q , :::zrQ " /n 1r = C; t',', 
,sn '''' - (~/n) - t) , t t 

1 
, 

- where " E' n &'. Since ç, n are· a regular system of. parameter~ /" 
-

a t &' 1 ).l Ce t ' , 0" ), = 

1 , 
( 

, 
• a 

r, and &= O"/llt'o-' iS,the ünique plac~ at· 
7 

1 
.j 

, 1 
- 1 

" 

, 
)-

01 
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,infi6ity of f - t· E k1t) [2]~ . The residue field K(&) = ~(&') -
. -1r J 

k(t~ ) since Ps i5 rational aver k(t). Sa the 

place ~at infinity of r - t is purely inseparable of degree n
r 

over ,Ik(t}. 2) of 1.1 follows from 1.7.3; 1.7.4, and 1.10. 

1 

,../' 

There "are "fancy" ways to pr~ve ~1.2 il, wé OgiVe! · 
a relativ~ly elementary arg~ent: 1 

Proof of 1.2 l}: . ' 
First, we no~e ~hat f ~-t E k(t) [2] has one 

• (0) 
place a~ infinity by 1.'11) and [6J, Cor. ~, p. 95. '.Let Qt = 

Ps be 'the last base point of A(f). As in the' proof of 1.1, we 

have a local equation ~t(O) for f -'t at Qt (0) with leading form 

lI'r. 1T r 7r- r 
~ tn ... ' Passing to k (t ) = k l , we see that there is a 

unique 'iqt Q (1), of Q (0) flalong Q (0) fi and that Q (1) is 
t t, t' t . 

rationaf over k 1 . Suppose now i ~ l, let k i be a field of the 

1 f~rm L, (s.), where L. is a finite purely insepar~ble e'xtension 
1. 1. J -M, 1. 

O'fk 11' 1._ ' apd s, ::: t, for sorne M, 
1. 1. 

~ 0, and suppose the first i + 1 
1 (0) .' 

,.,i. n. points above Qt "alqn.g 
(0) , (0) . 

Q t fi form a sequence. Qt ' 

••. , 0t(i) of points rational,over ki . (Q (j+l) = 
t 

unique 

'iqt of ., Qt (j,~ ~along' ~.t (0)" 1 0 ~ j < i.) If i1,t (i) i.~ a loca:i 

Q (0) at' Q (i) //a~d x (i) , 
t t 

/ 

equation for the p~oper transfbrm of 

y (~) are ,local parameters at 'Q't (i) 1 we consider' the leadi-rrg forro 

If (Q (i» = (a,x(i) _ b.y(i» vs +i where. v +' is the multiplicity 
t, 1..: 1. '. S 1. 

of Qt.(i) ,at dt·(i) over kTtJ = k;i and ai' b i E k i . We may assume 

. , 

1 
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Assuming as we may that a. f 0, we ~ that the irreducible 
~ 
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, 1 (i) 
polynom~àl p(x ,1) (i) 

in x has only one root g i" 'The unique 

iqt Qt(i+l) o~ Qt(~) 

The process stops when we reach a simple i. p. point over k(t), 
'/ 

and then we have 1.2 1). 

Be fore Œ01).S ide,r ing the re 5 t o'f 1. 2, we make a 

Rémark: Suppose 0- is a reg1.11ar local ring over a field K, x',y 

forIl,l a system of regular par'amet~rs fOl;: 0", a E J<,[x,y]C 

rr and t.he leadi~g form of '0:: i,s (ax, - by) ~, ~ )..0, a, b lE }S:, , 
,/ 

b f O. Then ~ ~ ~{y/x] (x = x,y = y/x _ ~/b)is ,t4e uniqué iqt of 

0- "a1ong ail, x,y are' regular parametèrs for 0-, and the ,proper 

transtorm lX' = cx/x~ E K [S'é,y] c 0-. , 

Proof of 1.2 2) and 3): Let N be as in 1.2 1) and considér ~he 
, N 

... 11' 
p~nci1 A(f) over k(s), s' = t. A.t the 

last'-base point' Q(O) of A, choose local coor5iinate,s x(9) ~y{b), 

such that for aIl À E k(s), a local"E;quation Q).. (0) for AÀ at 

r 
Q (0) is R (0) _ À'y (0) 1( By the remark we can require tha t o 0 

~ 0 (0) -E k [x (0') ,y (0)], 50 that Q'À (0) E k (s) [x (Of ,;j (0),] for al~ 

/ 

/ 

,À E k.~sr. For À E k, QÀ (O) is the specialization of Q t {O) under -

,/ -N 
,1( 

S + 1\ Let Qt (~! , 

/ 

..... , Q (M) 
t bethe successive points 

, {t 



.. 

/ 
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37 , .), 

infini fely near Q (0) "along Q't ~O) ", and suppose the mul tiplic;

ity of the proper transform of ~t (0) at Qt (M) is 1. Wé fix 

explicitly local coordinates x
t 

(i) 'Y
t 

(i) ~ Qt(i) and proper 

·transforrns Qt (i) E ~ (5). [X
t 

(i) 'Y
t 

Ci)] of ~t (0'): 

Put x (0) = x (0) 1 Y (0) - (0) Q' (0) = Q (0) "-
t, t ,- ,Y , t SU1?POS~ the 

Iéading form of Q (i) at Q (i) is (a(i)x .(i) _ b{i)y (i»Ui 
'j' t t t t 1 

"(i)'b(i1 aiE k (5) • ~f b\i) =!= 0, we set 

Q (i+D 
t 

""-1 
'J }J~' 

= ~ ( i ) lx ( i ) ~ 
t t ' 

X 
(i) 

t ' 
( i + 1/ _ y' (i) lx ( i ) 

Yt ~ - t t a (i) lb (i ~ . 

( . ) (i) and Y
t 

(i)" a (i) and b (i) If b ~ = 0, we ïeverse x t in 

above. Note that' Qt (i+l) E k{sHxt(ï+l) 'Yt (i+l»). 

the 

Now ror 0 $ i $ M, let Ti' be tjt: fini te s~t of non zero 
. . 

coefficients c E k(s) o~'Qt (i), and ~e~.si 
-N 

{ ~ E k 1 for'~ome c ~ Ti' chas a zero or a pole at s = ~n }. 

(One can get .away _w~th a bit 1ess th'ë~m ,this.) Let S, = 

M 
d' s .. 

i=o ~' 

~ / 
S ~s the complement in k of a finite set. Now for 

À ES, we claim 1. 2 2·) and ~') hold. We sketch the induction: 
l , 

'" 

''If 1 

'1 



o 

.. ' 

.. , 

/'" / 

c' 

--' ~ 

Fix a À E .s. 

Put c = c -N 
. À 1 s=À 1T • 

1 

If c is' il coefficient appearing in ~ (i) 
t 

38, 

Now suppose 0 ~ i ~ M and the infinitel~ 

. :,near points above Q(O) "along ~À (0) "',,~?rm a seq~en~e 1 -

O(Of, QÀ(I), ... , Q;(i). IS,uppose also that ~(~~(jl) = l.1(Q't(j»', 
/ 

a ~ j ~ i, and' that there are local coordrnates Xx (i) ~YÀ (i) at 

Q fi) such that if Q (i) :; (a (i) x (i) .:. 
À. t _ t b

(i) (i»~i 
Y t /'+ 

E c x (i) "f Y (i) 0, then Q (i)._ 
"f+o>lJ. "fo t t X .-, 

1 
/ ... 

b(i) Y (i) ~. (i) (i) 
) 1 + E c "foX Xx 

"f 
yx 

6 
E X À 

(a Ci ) x (i) 
-X X 

k- '[ (i) (i)] Xx ,yX ' is a local equation for AX at QÀ 
(i) 

(Note tha"l: 

make sense, and that 
j (i) o Ç> 

(i) = 0, a = a , X 
(i) ( . ) a , b 1 

1\ , À , 
b (i) -_ 0 _ -b'(i) 

À ~ :; O.) One sees straightforwardly that there is 

a uniq~ i~t 0/')... (i+l) of QÀ ~i) "along AÀ~'! that 'there âre loc?-l 
- l" , ~ 

coor~nates x
À 

(i+l) , 'Y
À 

(i+l) at QX (1.+1) such t'hat a local 'equa-
. . , . 

'tiO~ iX (i+l) fO~, A
À

1 

at QÀ (~+,l) is go~ten by replacing s,',x
t 

(i+l) 

-' d (i+l). ~ (i+lJ by '\ 1T -N ~ J(i+l) '1.7 (i+;t) and that 
an y t " an t' 1\" x À .' ,.I À 

l.l (f
X 

(i+l» = ~ (Q t'(i+l) ) • , . 

We next mention two applications of the results in 'this 

1 -

section.' The -first wil~ ~ee use in th~ secoftd, and'is ~ 

jstrengthening of part of 0.6 6) 

hypothesis) 

,/ 

..... 
(with a Sllght additional 

) , 

" . 

1 
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1.17 .propositio~: Supp~se f E k[2] 'Aas one rational place at 

infinity, and f ~ ~[2] is a coordihate 1ine. 

Proof: 

Then f js a èoordinate line over k. 

f - t E k'(t) [2J is a' 1ine, hence has a rational place 
( 

! 

at infin'ity. So the multiplici.ty df the last base point 

1 
is 1. 

t 

of A(f) (with respect té anZ! genera~ors X-,y for k[2]) 

S' .. 
So the order [ lJ· (]l. 

i=O ~ ~ 
1) of the divisor of ~ingulari-

ties at infinity of f - tEk (t) [.2] equa1s (d -.1), (d - 2), wrrêre 
-/ 

d = deg f. Hence,f -"t, having genus zero ~nd a rational p1~ce 
~ ~\ 

at liI'lfinity,. is rational. Since f - t is r'egular at fini te 

/ distahce, it is a line. Now use' oQ.6 5). 

-. i , , 
The, next resul t is al'ready known - one proof, shown the 

writer by pete'r Russell, uses Hamburget::'Noether. expansi'on. We 

mention thât' \in [5.], Question 4.7" p,' 97, thé authors as~, given 

two retracts of 'an augrnénted a1gebra which satisfy certain com-, ' ,. , 

patibility. conditions, whether a ® - decomposition of the algebra 

iS.induced. -
fo11~wing: 

Suppose 

They remarR that ,the firs~ nont~ivial case is the 'J 
.' ,1 
,/ 

f,'iJ E R ::< k '[2 J are lines, and that f generates R 

moç1 9 and vice versa. ' (These are precisely the hypotheses of 

" . 
below;) Using 1.18 Do f and 9 gel'lerate R? the epimorphism 

• 
theorem, they gïye an affirmative answer in characteristic O. 

, /, 1 

1.18 'removes the restriction on· char k . 

. ,j' 
/ 

'" 

/ 
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~'-1.18~: . P'ropos"ition: 

Proo'f: By 1.2 2)" 

[resp. W 11] 

f 

• 

Suppose fig E k'[x,y] 

/ 
~ 1 
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~ k[2] each have'one 
./' 

rational place a~ infinit~,~~nd i(f,g)f"' , ~n. 

equals 1. ,Then k[x,y] ::;; k [f,g]. 

- À [resp. g - 1 

ll] has, one place VI.. 

.et infinity for gerrera). À [ ]1] E k. By 0.5 

Wo (f} ::!. -1, where 'f = f mod g. ' 50 for aIl À E k, 1 = 

.:t.) , 

-WO(f - À) ~ i(f - À f g)fin.' o If f - À has one plàc~ at infinity, 
o , 

then l = i (f - À, g)fin. = - V
À 

(g)'. = - V
À 

(g- - ]1) ::;; 

i(f - À, g - ll}f{n. for aIl ]1 E~. Similarly if ~ - II has one 
o 

place at infinity, then i (f',,- À, g - ll') fin. = l for aIl À E k .. 

Renee we have 

i(f À, 9 U} fin: = 1 

( *) -2 • for all'bui; Unitely many (À,]1) E 15: • 
/ , 

Now the pr~of' told the writer by·A. Satnaye continues 

roughly th~s: "Conclud~ thëÙ: k(f,g), = k(X,y), sa that f and g; . 

being lines and field generatér,s,' are coordinate l'inés, 'and~ 
-, 

) 

argue 1.18' from this. We give another~ preof. ~ t 

, '/, / (1 

, . 

~ - 1" <> - , 

Suppo'se k (f, g) were not separably closed in k (x', y) • Then 

the map X = Spec k[X/~Î\+ Spec k[f,g] =rY would factor through 

Z = .Spec B, B, = int.eg:r~ closure of j{'[f,g] in L, L' = separabl~ 
closure of k(f,g) in'k(x',y). Z -+ y i5 a finite· separable map', 

which is therefol/~ unramifi~d. over the generâl poi~t of. Y, and 

," has n ; l,points in i ts geIf~r~l' fibre. One easily sees that 

this contradicts (*). _ 50 k (x',-y) Ik (f, g) is purel~_ inseparable. 

'[ 

, 

.' , ,,1 , r 
jj 
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Suppose, X1T
m 

= a (f,g)/{3 (f,g), a,{3- E k[f,g] 'r.elati:ve:ly prime, 1-' 
" as usual the, characteristic exp/'nent of k. If fi is nonconstan~,: ':1. ' 

, ,. \ 2 
there exist infinitely many (À,l-!) \q k ' such th'at {3 (À'l-!) =' 0 t • 1 

1 

1 
~ , 

Pick such a (À,l-!) , such 

1T
m 

= b. Then a ·0 = 

ijrat ~ 

\ 
Cl: (À, ll) \ f O. 

- À, g - II meet at 
, . 

x = a, y 
/ 

'So assume {3(f,g) =' 1. 

d \ 

- L 'Cl:. (g) fi. We know't generates k[x,y] mod f. 
. 0 ~ 
~= ' 

" ~, .. " --

mod f. Then fi (g) 1T
m 

= ,0 (g) mod' f. Since 'g 
, , 

1S a 
" 

• m 
var.iable mod f, CLO(g) E '(k[g)1T • 

m' , m 
Also, f1T divides .(x"- h(g»1T=.-

'd 
~ a: (g)fi - Goi~g rnod f re?eatedly, qne sees t4a~ al = 

i=l 1 • ,. 
= 

TIl: 
a~m ,- 0, Cl: m (g) E (k[g])1T ,e1;c. SO,JÇ .{si:'milarlYr--~~E=--__ -,-__ -

1( -1 1T 

k[f,g]. 'Ey ~ .. 17, f is a coordin'ate line over k. Say k[f,z]' ,= 

/' klx,y]. Let 9 
./ 

, ' 

,N . 
I~ E Q. (z)f, . 

i=O ~ 
- J 

~sing the fact that (f 

equals l/or aIl À ~ k, 0:t;le ~ees that 00(z) iS.,lïnear, Q-i(z) 

constant, i >, O. l' So k[x,y] = ,k[f,g]/. _ 
J • ' 

'- '. 

Fina11y, we turn to the results of ~hyan~ar and Moh / 
.' -. ~ 

already'mentioned (O. 8, .0.9) .~~ l';he hypotheses of these 
1 

theorems im~ly that the last, base point of'A{f) is simple 

on aIl' members of A (f t J by 1. 7 .3, 1. 7.4,· LlO and 1.16,. 

0.9 follows at - once. To' see the Epimorphism The'orem (0.8), 
. ,/ 

n'ot~ that t~e linear sys~em ?f curv~s b,f. degree aeg f which 

" go',through the mûl~~pi~ poin~s If. of f at infinity 
. , 

has dimension ~ 1. Now '[ 18], Th!=orem' 4.1, p. 32" should 

" 

'. 

.. 

l "" , .. 

.' 
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,,' 
give the result, but, fi~ding both [18] and [17] sornewhat 

lPlclear on thi's point, we invoke another argument - the 

proof of 1.17. 
't'" cl 

.. 

'. 

(: 

, , 
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2 •. Counterexamples 

Let A be an affine k-domain of dimension 1. Fol,lowing 

Abhyankar ( [1] ) and other writers, we calI a surjective 

k-algebra map kI2]\~ A an ernbedding of the curve (Spec) A in the 

affine plane. We say that two embeddings a,~ of A in the plane 

are equivalent if there is a 7 E Autkk[2] such that ~ = ~o7. If 

k is of characteristic zero, the epirnorphisrn theorern of 
o 

Abhyankar and Moh s~ys precisely that aIl ernbeddings of the 

affine line in the plane are equivalent. In [4], the authors 

prove (assurn;i..ng that char k = 0 or that one considers only "non-
, 

wild" ernbeddings) the 

FINIT~ESS THEqREM: Suppose A has one rational place at 

infinity. Then the nurnber of inequivalent 

embeddings of A in the plane is fini te. 

/ 
We rernark that if A has more than one place:;, at infini ty, the' 

conclusion of the! l:heorern may not hold. This ex?-mple ap~ears " 

in [24]: 

Let A = k[t~t-l] = 
--n 

k,~t , t ], n ~ 1 . Define ernbeddings 
.. 

~. -n ex n: 'k [x, y ] rT 8.' by x ~ t" y ~ t , . The,kérrlel of an is generated 

n = x y - 1. Then 
! 

cfro for sorne c E k*. Now ~(x), 7(y) are ~ach' o~ degree-

at ,least 1. 50 'Y (fn ) has degree a,t least n + 1. 50 m ~ n. 

Similarly n ~ m, so m = ln. 
1 
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We have seen (1.'16, end rof proof of 1.1), for char k = p > 

0, that one invariant (under automorphisms of k[x,y]) of a curve 

f E' k[x,y] with one rational place at infinity is the residué 
f 

field degree pr of the place at infinity of f - t E .k(t) [x,y]. 

One can eaS!ily write down Abhyankar-Moh lines' f having, for each 

positive ,integer r, prescribed 'invariant pro (Let 1 < A < pr+l~ 

and plA. Then 
2r+l 

f ;:: yP 
A r 

- x - x p does the job - see 2.13 
. 

below.) So the finitenèss theorem breaks d9wn in positive 
, 

characteristic for even the most well~behaved curve with one 

place at infinity - of course we are de~ling here with "wild" 

embeddings. 

we suppose, in the remainder of this sectiôb, that k is 

of characteristic p > 0, and algebraica1ly closed. ' (Since the 

resu~ts we prove will be mainly negative in character, .this 
, 

latter assumption is, fn mo~t of the sequel, no rest~iction. We 
" 

aiso observe that 2.8 through 2.14 and the proofs.of th~m given 

here are independent of char k.)' 

'. 
_The 'nEf~~ example provides negative answe.rs to the fO,llowirlg 

, questi.ons about lines f E k [2] : < 

, / (J 
, / 

2.1 1) Suppose aIl f - À are lines. We have embeddings 

a
À

: k[2] -+ k[l] fpr aIl À E k, such that ker ah is 
, ' 

'genera~ed by f - À. Is a O equ~valent to a~ for aIl À? 

2) Is every line equival~nt to an Abhyankar'-].1ph liner 
<, 

/" ' 

, 

.. 
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Before this, exarnple was foun~, the answers ~o 1) an9 2) seern not 

to have been known. Even the version of 1), where f i~ only 
1 

presurned, to have one plaçe at ihfini ty', was not known to have a 
1 . , .. .. - !. 

negative answer. For instance, aIl such f exhibited i~ 19], 

1.5.3 have the property that aIl a;\ 'are equivalent, and 

Abhyankar-Moh lines also enjoy this. property. We thank Peter 
" "', . ' 

Russell for the idea of,looking at the ring k[x,yP], and for 
. 

painting out the Lernrna below. We aiso thank A. Sathaye for 

, showing us the liRe (y3 7" °x2 ) 6 - x_ in characteristic' 3, in 
-

response to our request f~ a nonprincipal (cf. § 0, comment 
~ ~ 

before O.B) line neither of whose degrees is a pow~r of p. 

2.2 Example: 

. y'~tabp 
--r +·t. 

f = u~P - x. 

k[f,u] = A. 

2.3' . Lenuna: 

/ 

Let a,b be integers > l, not divisible by p. 

Consider a: k[x,y] ~ k[t} defined 
2 

by x ":",,,t aI? , 

. . p b ab 
Let u = y - x l T~en a(y - U ) = t. 1 Let 

Clearl.y f generates ker ~. Also f E k[x,yP] = 

Sa f q.nd all f -, À are ( coordina te) lines ih A. 

- /' 

E'k[x~y] and f - hP.-= x E k[x,yP] be a line 
/ 

Then f is a line in ktx,y]. 

. 
Proof: Suppose f gene~ates the kernel of the surjection 

a: k[xtyPJ .~ k[tP]. Let cdx) == u(t)p, a (yp) _= v;(t)p, ( (Recall 

that k is perfect.) 'Then IX is the 
, 

/' 

" 
restrict~on of " 

\ 

:: 'u (t ) P, f3 ( y ) = . , 

o 

(3: k [x,y] ~ Je [,t] ta k [XtYp] 1 wh~re {3 (-x) v (t) • 

Sin?~ (3 (f) == 0, u(t)p :::: h(u(t)P,v(t})p, so u(t) E k[u(t)P,v(t)}, 

50 this ring equ-als k [u (t) ,v (t) ], 'sa f3 i8 '8urjecti ve, since 

--
\ 

r )', 
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t E k[u(t) ,v(t)]. Sûppose g generates ker p. By 0.5_2), 

degxg =: degtv(t·), .and degyg ~ d~gtU(t)P~i als~ deg f = deg v(t)P= 
x t P , 

degt~(t), a~d deg f =' d~g u(t)p = degtu~t), 50 degyf = 
yP tP' 

(Remark: When we have 3.'3, 

~ . 
we can conclude from dutt)p = 0 tnat g = 0, so that at ' Y JO 

g'§ k[x,yP] •• So g divides f in k[x,y], and f dïvides g in 

k [,x,yp], etc.) 
. , 

By the Lernma, aIl f - À in ,examp!Le 2.2 are line~ in k[~,y] 

this cap aiso be seen directIy. Now suppose ~ E Autkk[x,y], 

À E"k, c E k*, and ~(f) = c(f - À). Since t(yp) , ~-l(yp) E . 

k [xp ,~p] C A and cp (x) = cp (u) ap - c (f - À) (sirnilarly 0 cp -1 (x) ) E 

, , ---
A, ~ restricts ta an automorphism of A; Moreover </>(u) g'enerates 

, -:1 , 

A éver k Cf] . So cp (?), == du'+ h (f) for-.some d E k*, h (f) ,E k Cf],. 

So ~(x>' = (du + h(f})ap - c(f - À) = / 
/' 

a-l () . (' ) . (d~P - c)uap + ~ ~ (du) lPh(f)P a-l +'cx·+ c~. 
.... i=? 1. . 0 

, ap 2 2 
Suppose deg h = m ~ 1. Then deg ~-(x) = deg h (f) = b (a mp ) 

o ," x . x' 

(since a > 1), and deg cp (x) = p(a2mp2): But p 4 b~a.nd;b 4 p, . y 

which contradicts the Al,ltornorph;i.srn Theorern (fôr k [x, y'] ,0 nq.t A) • 

So h(f) ',= h 'E k, and ~ (x) =, 

a-l 
(dap;_ 'c)uap + ~ (~) hP(a-i) (du)ip + cx + cÀ. 

ti=O ~ . 

degxuip , = ibp, degyUiP. = ip2 impI,ies (.repea~in'g' the above argu

ment twice, and no't:ing that a > l,' P 1,'a and d +. 0) .that dap = c 
, . 
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and h -= o. , 

cp (u) 

So CP(x) = c(x + À), and ~(u) 

a 50, - "'(u) -ax '1' 
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a __ y=~': b x ). But 

= _bdxb- l = 

'\ /b-'l~ b-l 
-b (c lx' + 1\» • Setting x equal ta 0, we get K = 0 and d = c 

Also, (d - cb)xb = dyP -~CP(y)p and p A' b, sa d. - c b and c = 1. -

From th,is it follows that 

/ 

is a set of pairwise inequivalent lines, of cardinality card ~. 
~ 

In particular, f i~ nôt equivalent ta an Abhyankar-Moh liné~e 

proof also shows tha~ if À E k, then there is no nontrivial 

autom9rphisrn of ~he plane which fixes the curve f - À. SA 

" exarnple 2.2 exhibit~ sort of family of "totally inert" curves. 

The next examp1eoshows that 1.2 3Y cannqt be streng~he~ed . 
. ' 

Before findin~ it, the wr~ter had hoped that'for f,having one, 

rational place at i~finity, 'those f - À having one place' at 

;: infinity would ,have-the same multip1icity sequence ai;.. infinîty 

as does f. 

2~4 
- y1J.9' x 8'5 2 Example: Let char k = 17. Let f- = + + xy • 

0 

We ieav:e ta the reader·fhe 'Verification of these' 
. .. Glaims: 

, / 

,) For aIl À E k, f - À has 'one place at infinity. Th~ base 

-points of A (f) consist pf 
/' 

/ 

, 

, , 

,. 

~ 



/" 
..... ---- ~ 

3' points of multiplicity 34 and 

37 points of multlplicity 17. 

The multiplicity sequence of f at infinity continues 

17, 2,' "', 2, 1. 

8 
That of f - X, X E k*, continues 

17, 1. 

, 
f is a rational curve, and f - X has genus 12, for X E k*. 
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1.2 2) 'cannot be 'strengthened ei ther.l as. the next ,examp1e 

shows. It provides a negative answer to Abhyan~ar's question 

--2.5 If f has one- place at infini t:,y , dq.es f À "have one place 
. ... 

course. } at infinit.y for aIl À E k? (k = k, of 
q 

,f .' 
â· 

(Thif is Qt}ESTIO~ (11'.1'8 ) on p. 91 of [11 • ) 

2.6 Example: Let char k = 2, and let f = x6 + xy227 + y682. 
\ . 

For À f l, f À has one place a~ infinity. 

." f 1 has two. (f is agaLn~ ratio~al curvei 

f X, 'À t 0,1, has genus' 340, f - 1 has qe~u~ 

~~ 

j 

Professor'Sathaye has, upo~ analyzing this examp~e, . , 
explained, to the wri~er how to çonstruct many such; and h~s 

. ~ 

j .. 



o 

; 

" 

t 

iII 

, . 

kindly suggested that_~he êonstruction be included here. Both 

to help the'reader understan?~Sathaye's examples and the others 

of this section, then, and, to remind him of the ,~lavor of the 
q , 

mathematics involved in blowing up a point on a plane curve, we 

first colle~t a few elementary facts.- The followin~ statements 

about PQsit~ve integers must appear in man y textbooks (although 
.f 

the writer has not seen them) , and are in any case easy to prove: 

,/ " 

o 

2.7 Let A,B be integers, 1 $ A $ B, g.c.d. (A,B) = 1. Then 

there exist unique integers Q, m; Q' ~ m' such that 

l} 0 < Q $ B, 0 $ Q r < B, 0 $ m < A f, 0 < m r $ A and 
l ,./ 

,QA - roB = l = m r B Q !A. 

3} the above inequalities are aIl strict if l < A, 

4) a) Q m' - " Q, 'm == 1., 

b} 0 <, ~ - m, and / , ./ 

c) if A < B, then Q - m $ B -'A, hence 

o :;; Q 1 - -m r <: B - A • 

• a 

, A 

We next desc~ibe a process fo~ obtainihg, 'given a ,power 

series ring ~ in two variables x,y, and a nonunit f·E & 
~ 

satisfying certain conditions, another power series ring ~, 
,v 

variaBles x,Y, for 0-, and a nonunit f E 0-. ' 

= b f .. xlyj E'k[[x,y]] =0" bé of order 
1.J. , • 

,/ 

Let f = f (x, y)' 

. , 

l' 



-

J' 

f' -. 

i) 
,- dl 

SUPPo'se that the leading form of f is cx , c E k*, and 

that dl < dO = ord f(O,y) < 00. Then we put 

;7ij ~'l 
Note that f = 

- ~i~j r f. . x y , where 
~~. 

/, 

f. . . d if j +, dl ~ i 
~,J-~+ l' -

0, otherwise. 

dl ' 
f/y • 

1 

50 

ii) Suppose x and y are ,interchanged in the hypotheses of. i) . 

Then we put 

i = x, ~ = y/x, i = k[[i,~]], 
p 

,.,. ~ -i-j f = r f .. ,x y " where 
~J 

,.,. 

{ 
f. ~+d ., if i 4- dl ,~ j 

f .. = ~-'J 1,J 
.+J 0, otherwise,. 

d ,.,. 
f/x 1 Observe that f = . t 

1 
Remarks: 1) We émphasize that here we are conceThed with set-

~ ~ . " 
t~ng up a prec~se,process (~,x,y,f)~(~,i,y,f), defined only . 

} " . 
under assumption i) or ii) on f above, whièh prQvides us 'not ooly 

J [} ", 

with a new element f of a power series ring ~, but ~lso with . , , 

specified variables ~,y for.~ .. 1 
~ , 

2) Wé calI f the proper tr~nsform of f.· Referrin~ to 

the discussion in § 1 above Lemma 1.'8, we clarify the relation-' . . , 

ship be~ween what we are do{ng here and what ~as doné there. 
d 

Assume i) above. Then the u,nique iqt 0-' of 0- in which f/y'. 1 is 
,.,. 

a nonunit is ~[xJy] (x/y,y); the ~ defined in i) is'the com~letion 
d 

1 

/ 

" 
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of &-,. In § l, we could have' shawn that under certain conditions 

on f E ~, we have 

f E & un~branch 
* 

;f' E 0-' unibranch, wfere 

f' is the proper transform of ~ in 0'. The next lemma essentiall~ 

establishes the counterpart of (*), wher,e "unibranch" is réplaced 

by "analytically irreducib1e". One way to do thi~ would be ta 

prove the chain of implioations f ana1ytical1y irreducib1e * 

f unibranch <:" f' unibranch Ç? fI ana1ytical1y irreducib1ei we have 

instead'given a direct proof. 

Given any f- = E 'fi (x,y) E k[[x,y]], F, E k[x,y] forms 
i;:~dl 

l. 

dl '" 
of degree i, Fd + 0, we put f:= f/y E k [ [x/y ,yl] =: 0". ' 

l 

(This no~ation i5 in force only for the next 1emma.) 

2.9 Lemina: 1) If' LÉ (f) 
dl '" , " 

= cx c E k* 7 and f Err· i~ irred,uc-

·ib1e, th en f E '& is irre?ucib1e .. 

_ 2) 
/ 

'l'f' ord f (0 ,y) > .... dl and f ~ 0- is irreducib1e, 
"') A 

then f E ~is irreduci,ble. 

1 

'" " Proof: 
i-d· ' .. 

f = ,~ d Y - 1 F i (x/y, 1) • 
J.- 1 

If f E ~ is irreducible, then 

" 
f'f ° and Fd (0,1) -

-1 

" , 

f(O,O) = 0" sa f 

d~ > 0, so f· $ ~*. Suppose f = gh, g,h E '& of positive'ofdér, 
, ,dl 

ancd If (f) = cx' , c E k*. Then 1~ (g) = cl X,J.l, lf (h) = C'2X\); 

c, E k *,., jJ, \) > 0 • 
J. 

" , " 

...... 
g = g/ylJ', fi = h/y v are nonuni ts in & -and 

" a 

t 
1 

,1 



't 
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/ 
,/ 

, , 

." 
f = gh. So 1) ho1ds. 

/-

Next suppose y % If(f). (f is "regular in ,x, of order dl" '. ), 

By the Weiers-tras's, 'Preparation Theo'rem, there is a unique u E 0'* 

such that uf 
dl ' d' , l-~ 

L ,a.(y)x , 
i=1 ~ 

ai (y) E k [ tY] ]; also, 

ord 'a. > o. 
~ 

(uf is "specia,.l in x".) f E 0- is irreduc::ible # 

uf E k[[y}] [x] is irreduciblg. (See, _e. g., [34], p. 146, . , 

/'-... " 
COROLLARY '2.) Since uf = uf, we can assume u = 1. Suppose 

d 
ord f(D,y) > dl. f irreducible in &- If(f) ~ x l, by Hensel's 

Lemma. (Recall that we are assuming k is algebraically closed.) 

A d~ dl -i dl-i 
f = (~y) + L Y ai(y) (x/y)' E 

i=l 
50 ord ai > i, 

" k [ [y]] [x/y] = S is special" in x/y, and we must show f is irre-
"-

ducip1e in S. Suppose :t 0::: g1:1, g,h E'S, g,h Ef S*. .Since 

monie in" x/y, 9 and h have p,o'sitive d,egree in x/y. So 

dl 
g,h- E k ( (y) ) [x] k(y», which cQJltradicts the y gh, -

Gauss L~mma. 
, c 

\. A~ a conseque~ce of 2. ~ we, have 

'2.10 For f as in 2 ~ 8, f E 0- i,s irreduci.ble ~ f E 0-, is 

i'rreducible. 

/ 

f 

'" 
f is 

= 
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) , ~ ,- r dl 

2.11 No.wJ.et f E~, l:É(f) = ex , a < dl = ord f(xl,0) < do ,.;. 

etc., a~ in 2.8. 
, dl 

[Resp. +.fCf-) = cy , 0, < dl < dO = ord f(x,O), etc.] 

Let J/ 

dO ~ldl 
. 

d 2 = + 

à l = q2 d 2 + ~3 ./ 

i, d a _
l - qa d , ...... a 

'" i j be the Euc~idean a1gorithm, q = ~ Q1" Let f = E f .. x y and 
1) 

SU)W9se f ij = a for idO +. jdJ. < d Od 1 o [Resp., f ij = 0 for' 

'jdO + idl < dOdlo] Then we have ;.:.Ul1ique sequen~e 

&'1 < "&2 < 0 0 • <O"q 

fI =; f,' ~l',= (t, 

and el~ments fi E ~i ,= k['[xi'Yi]] '_such"th~t 
1 

. 
Proof:' We do inductïon on q ° Suppose q =. 2 o· Then. dO = 2dl and 

we are done. 

q' < q. 

-f <;' f ('/) i i + j -"ct 1 
- t.. iJ' x y . y , 

, , 

Suppose q > 2, and suppose 2 .. 11 holds fol;' 

f ... d 
1,)-1+ 1 

- -
i) dO" > 2d1 • Put dO = .,dO - dl' dl = dl' We 'have 

' ' 

" # 

v ~ 1 



j' 

) 

0: 

"2: 
i=2 

q. = q - L 
~ 

, 
1 

1 

\ , 

54 

fo11ows by the induction hYP,othesis on q,I • 

'" f. 

2.12 Coro:).lary: 

/ 

Proof: ,fg E ~q 
" , 

times .' 

2.12.1 Remark: . " 

~l' dl = dO - dl' Y is the t~ngent to 

=> -

Suppose f is as in 2.11. If g',c.d. (dO,d1 ) 

. then f is irreducible., 

has order 1; apply the "rt" part of 2.10 q -' 1 

In the genera1, case (de): ;,: 1), Z .11 may be 

regarded as s~ying that the bran~hes of 'f s~ay 

together thliough the, points "ï.,' .... , q-q' 

l, 

2.1l Th~orem:/ Let f = i j ~ flr- ' 2: f .. x y. E v, ·'= VI' be as in 2.11 •. Recal1 
~J , 

that suc~essive 'app1ièatioh~ .o~ determirie' not. 

only the power serie's rings' tri' 1 '~ ï ~ q" but a1so generato:r;s 

for· them. 

1et'f' = E 

A = d Id . l,a' 

-; 

Let Xl, yI 1 be the "g'e,nera tors for trq so d:termin~d;' . and 

f' ij'Y i y ' j E (Yq be the ~rop.er transform;,'of- ~,'. Let 

B = dO/dOl,-,QA; - roB = '1 = m'B ,Q lA as ·in. 2.7 1) and 2). 

, 1 

'J 
1 
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J, 

o 

Then 

1) f' " =' f, t ' " where 
.1.) 1.) 

, l , ' , d ' , _0 11.' ,+ () J' + (), d' 
1. == m 1. - m) + In a') = JI; ,1(; ,1(; a ' hence 

2) f, ; = f'. " '", whE;re 
1.) 1. J 

i Ir = ~i + mj - m~O' 
Il 

j" = ~'i'+ m' j - ~Jdl' 

3J x' = m' -RI y' = yQx-m, hence x y " 
x == x,Qy,R' , y = x,my,m' 

Proof: 2) follows from'l) upon solvi~g fq~ i,j in terms o~' 
/' 

~ i',j', recall'ing that Q +. Q' = Bl m + m'--= At' and .Qm ' - Q-'m·= 1. 
" a 

b Similarly we need pnly pl;ove the first part o~ 3), • 

d. l = cr d , q = r q1.' as in 2.11. œ- ~a q, , 

suppose'~q' = 2. 
o 

Then f ' ~ f ,i 1 j W h 'd 2 d = ~ , .. d x y . e ave ,0 = l' 
'. ,1, 1.,J-1.+ l' 

dl ::;: da' .Q = ,Q 1 =.m' = l and m = '0; so 1) hdlds. Now suppose 
, 

2. i 't ' l"-i"'j ( 

q > = f, , '+'d x y • 1., )-.1. _ l ~ 

i) dO do 
,... ,... , ,... 

>,2dI ; Put = dO - dl' dI'=,dI , A == A, B-'= B - A .... 

'" By 2. 7, 4) b) and c), if .Il, are defined as were .Q, 
, " ••• 1 

Il - fi m 'm - m '0', -_ (), ,_ m', )1,-)1,-, -,JI; JI. .~. m" ::: mil. We have f,'. : = 
1.,] • 

/' fm, i-mJ'+md ' 
a' 

-/' 

ii) dO < 2di · Pu'ç dO = ,dl' 
,... 

mi, 
,... 

.Q =. m', m = Q 1 - Q 1 = m, 

= f.,. r." 1. ) 

,... 

dl = dO - dl', A 
,... ,... 

m" = Q - m. f = 
l , , 

= L fi .. y 1 l:x r J • 
J 1. ' 

,... 

=, B - A, B == A. 

r .f. ,~iyj 
1.) 

We have 

, . 

then 

--l 

, ' 

1 
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(~-m) i':... (~'-m') j+ (~'-m') da = 
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\ , 

f-mi+m'j+md
a

, Qi-Q'j+Q'd
a

' , and 1) follows. 

tien of cases gives 3). 

The same considera-

2.14 

'b 

Cerollary: Suppose f 

k[[x,y]], 

_ " ,i j ~ 
-, [ f .. x y is irredueible in 

~J 

and: dl = ord f (x, 0) < d = o . 
ord f (0 , y ) < ex>. Then 

, 

, \ 

where da = g. c . d. (d 0 ' dl) . 

~ i j , 
suppose f = [ f .. x y E k [x,y] has one place 

~J 

at infini ty, and let D = d~gyf, d = deg~f. 

Then 

where da = g.e.d. (D,d,). 

o 1 

, . 

, 
• t 

.- , 
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Proof: RecalJ., that if 9 E k>[[x,y]] is irre~ucible, then 1f(g)-
1 

is a power of a linear fornÎ, hence ord ,g = 
,', 

min { o.x;d 9 (x, 0) , ord 9 (O , y), } • Define q as befa.re. If q = 2, 
r-- ~ 

dO = 2dl · One -checks' that ord f(x,O) = ord f (D,y) = dl· By the , 
- ~ 

f = dl; "only if" part of 2.10, f is irreducible. 50 ord and 1) , 

holds. The plZ'oof of ',1) for q > . 2 i5 t.he r~~se of st.eps i >-f 
" 

ii) in the proof of 2.11", together wit.h the cited part of 2.10. 

/ 
New by q - l applications of the "on1y if" part of 2 .10, 

fi = fg'~O'q is irreducib'le, 50 ord fi = ord f'(xl,O) = 
ord f 1 (a, y ') = d • 

a 

-z , 
i+j=d a 

fi . . x' iyl j = 
~J 

50 fi .. 
~J 

= 0 

l/da f' Xl 
da,O 

for i + j < d , an~ ex 

l/da da 
+ f'O d yi ) If 

- 'a 
f'ij = 

fi'jl' then i + j = da ~ iidO + j'dl = dOdl , ,as follows from 1) 

and 2) of 2.13. i j f .. x y = 
~J 

fi .. X 1 iy'I j _ 
, 1.J ' 

llda mda/da +1 ' ' . .e 'd Id '11 da , ·md Id .Q 'dl/da +1 da 
fi Xl y' l a + fi x" a a yi ) = 

da,O a,da 
> 

To see i) and ii), first 
" 

,--suppose D = d. Then i) and ii)- just' ~mount t.o saying t.hat· f' has 

'one point at infinity, which is the case. 50 we m~y assume , 
" .A 

D > d.. Then x =' l/x, 'y = y/x are ~aa:l parameters at t.he point 

at. "·ihfi~ity of f, and f 
~ "D-i-j ~ j A " = L.. f .. x Y E k[ [x,y] ]-is a local 

l.J 

'( 1 
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/ 

( ; 

1 

JI 

. 
equation for f there, hence is irreducib1e. Putf .. = 

LJ 
,~ 

f D ' , '. 
-~-J , J 

By 1), f D ' . 0.; = 0 for iD + j (D - d) < D (D 
-~-J'J 
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- d) , 

Le., f .. 
~J 

= 0 for (D - i - j)D + j (D d) '< D(D dl, ·which 

is i) • Simi1arly -ii) fo11ows from "2). 

1 

, 
Remarks: 2.11 through 2.14 were discove~ed independ~ntly by the· 

l • 1 ~ 1 • 

writer; sorne of these results may have been known for 
1 _ ' 

sorne time. 2.14 =i), for instance, can l;)e found, stated and 
, 

proved dif'ferently, in [1], (11~19), l,lIlder the assurnption that 
" 

char k does not divide g. c.d. (D,d)-. Note that the, second half 

( i'), ii) ) of 2.14 holds for f wi th one ~ational p1,ace at 

infinity over any field k, ,sirnp1y by passing to k. 
,. 

We are now ready ta describe, in s~ages, Sathaye:s family of 
! 

,examples privic1inÇf negative answers to 2.
J

5. • 
, , 

'Ci Ir . 
2.15 Let a, b, ~ , n b~ positive in~egers such that 0- <, 

... 
n 

pi char k = P l. a, Ci ... Ir = p + p r and a + b = 
i=O 

fX is irredueible if and only if À ~ XO• 

(~:, ' In ,the fol1owing long computations we hq.ye tacit1y 

~_ aSS~d th~t ,a,n ~ 1; if a or n = 1 thè reader li,invitéd to 

~trike out the superfluous terrns.) 

" 

" 

• 

"f , 
,\ 

i 
, i 
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1 • 

Proof: Let F, = (X + p + 1. Consider the' automorphisrn (Xx. of 

Now 

k[.[~,y]] defined by y~y, 

n-l 1+rn1' 
. ' \" ai (-1;) a (i+1'), y 
x~x - y"'- [., 

i=O 

1+m n 
- c}.,y 

rot = 
, 1 - 1) and 

We have 
1. 

n-1 . '(' 1) p(l+m.) 
TI a 1 t_1)a1+ y 1 

i=O 
.-J 

since a and,-l are in the prime/fi~ld of k. 

, . 

xa + a~2 (~) (-1) Jxa-j [Y+ n~lai (-1) (i+i)y1+rni + 
j=l J 'i=O 

'~, 

r 

, 1 a-l ( 1) .... 1 . [n -1 . (' 1) 1 +m . ' 'a(";"'l)a- x L: a-;- yQ.- -J î a,1(_1)a 1+ 'y 1,+ 
_ j:;=l J ~ i.=O • 

" ' , 

1 -

(. 

n-l . (' 1) in: m mn (l, + L a 1 {_1)a p+ y 1 + cÀY n) a = l + ac}.,y + 
i=O 

( 



" 
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,. 

ri-2 . (' 1) m· , III '1 
a L: a ~ (-1 ) a ~ + y ~ + an (-1 ) any n - + 

1 
1 

i=O 

~ ('7) 
j=2 J 

(n;l ai (-l')" a (i+l)ymi + c,\ymn ) j 
t.. f\. ' 1 .so, since 

i=O 

a + b + m l == lX + ~ and F = a + b + rn , n- n 

a n-l . (' l) m. -. ' m . 
(_l)aya E (~) (L: al.(_l)a ~+ y ~ + 'hl.Y n) J + 

]=2 J i=O 

j + 
;/ 

! 
, , 

Since p(l + rn") = a + b,"pCI + ,rn } = Ci + f3 o n 

, and p (1 + rn. + l) = m.' +' a + b f,?r 0 ~ i :;:; n - 2, 
• ~ 1...., '. 

/' 

(Xx)xp +yP +xayb) 
j 

/ 

c P 
À 

,/' 

- - . 

1 

... 

1 

1 
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j ) , 

We make a few observations: 

i) 
.r. . and Fare relatively prime. 

ii) 
À = 0 if and only if À = XO' 

iii) , 1) F t (a + b l)p > Fp, and 

(1) (F + 1) + (a + b l)p!:: (F +' l)p. 

'iv) If. xr":{s is any monomial occur~ing in ~ 1 br- L 2' . then., 

rF' + sp > Fp, arid (r,p) + ,(l,atb-l). 

/ 

• e 

(Thé proofs are, omi tted, invol ving as the y do ari thmetic on1y.), 

If À t Ào" then. by. i)., the "only if" in ii), th7 first, 

ihequali ties in iii) and i v), an~ t 12, fX' is irred'ucible.' 
{'''I ~, , \) ! ~ . . 

/ , 

If X = Xo' then by ~he "if" in ii), the sécon4 inequalit!es 
- . 

in iii) and iv), the fact that t = ord fÀ(O~y) ~_F + ~ 
, , 

! 

~d. 

(if t = +ClO, note that p > 1), and 2.1,4 1) an;i 2).!. fX is~,·reducible. 
or 

, 2.16 Observation: Let p be a prime ~ ['hen: . , 

o 

1 
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1) ,> There exist n ~ l, flnd coprime integers B,C such that 

n i n+l. l l < C < B and BC = E p =" P -

i=D P - 1 

/ 
Put A = B -' C. Then 1 ::; A < B - 1. Let ~,m be the uni~ue 

integers such that 0 < ~ < B, 0 S,ID < A, and QA-- mB ;:::; 1. 

, (See' 2 • 7. ) Put 

a = 1 + (Q - m) (p" - 1) B = P + Q C (p - 1) 

We can arrange that 

2) p does not divide a. 

Proqf: If P :;: 2, take e. g. B :;: 5, C ; n = 3. 
J 

(~ ::: 3, m ;:::; 1.) 

r Suppose p is odd. ,If P is not of the form 2 -/1, then 

there exist coprime B,C, f < C < B, such that BC = 1 + p. Now 
/' , 

D < Q ~ p and 0 <,C.( p, s,'o·p.r a. Suppose now'p = 2 r - l~ 

/ 

. Let B :;: p4 + p2 + 1) C =' P + 1 ;; i r , n = 5. Band C are coprime Si(B is odéi. If p 1 ~, then' (Q - m) B i= 1 {-mod p) r so " 

QIn:: ~ (mod p). But Â < B - 1 * Q - m < C, sa Q - ",m = 1. 

. 4 2 
So QC + 1 = (Q m)B = B, so p+l p +p , which is fa1se.-

/ 2 .• 17 Lenuna: 
.' 1 

Let A, B, a, Q, m, n beas in 2.16. Put 
« 

Q' = B '-' Q, m' = A m, b = p(1~+ pn) - a, 
/' 

• a* = am' -'bm + pm, b* = -aQ' + bQ' + PQ' .. Then , , . 
1) a* and b* are positive, and 

2) a* + b* <'pB qnd a*B + b*A > ABp. 
.' ' 

1, __ .~1. \~ 

1 

, , 

, 

î 
r 
t· 

J 
" " ~ 
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Proof: o < 1 = JlA - mB 
~-m m = (Q'- m)A - mC ~ --- > A ~ / C 

, 
~, 

(R '- m)B(p - 1) + Q~m = Q~m( (p-l)BC + 1) > X pn+l 

Since R - m < C, we have a > mpn+l/A, sa a* = aA - mpnTl >' o. 
l , 

.Q > 0 ~ 0 > - Q =>Rp (1 + pn) "> Qp + (pn:!-l, - 1)Q = 

Qp + B(QC{p - 1» = Qp + B(a - p) ~ b* = Qp(l + pn) + B(p - a) -

Qp > O~ Using the first expression for a in 2.i6 'and the fact 

that Jl-- m < C, one checks that a* + b* < pB. The last inequality 

in 2) fo110ws ~rom the fact that J2A - roB = 1. ,...-., 

We can now exhibi t Sathaye' s family of examples. We/ <::all a 

curve f as in 2.18 a curve of Sathaye ~. 

'} 

2.18 P'roposition: Keeping the prec~ing notation,' put 
Il / 

~M =-Bp - a* - b*, N = b*, and let 

" 
f E k[x,y). Put lO = an(_l)a~n-l)+BP(Q-m). Then 

f - À has one place at infinity if and only if À + X;. 

Proof:' By 2. J. 7, f' E k [x., y] and the degree .form' of f is /~p. 
, 

Hence a ~oca~ equation for f 

ls g, = f-À = y,BP -+ x,Ap + x,a*y,b* 
1\. xBp 

~ at its point at infinity 

Àx,Bp, where x' = l/x, 

y' = y/x. We must show gx S,_ ,~[ [x' ,y"]] ;Ls, irreducible ~ À =1= XO· 

( 

, , 

/ -. 
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By thé ~econd part of 2.17 2), and sinee A < Band p = 

g.c.d. (Ap,Bp), this amounts to proving the 5ame for 

f
À 

= Y"p + x"p + x"ay"b - ,ÀX'"CLy ,,(3 E k [ [x" ,y"] ], wh,ere 
'" 

d = Bp(R - m) and t3 = (B - R.)Cp. (See 2.10, 2.13 1) and~)" ând 

2.16.) But this is just 2.15. 

Remarks: 1) By 2.16, curves of Sathaye type exist for k of 

1 
1 

any characteristic p > U; 
2) Examp1e 2.6 is of Sathaye type. (p = ., B = 341;-

~ ; 3, n = 9, ~ =' 227, m = 225, a = 683, b = 343, 

À
, -, 6 3 o = 1.), A specifie example easier to check is ~: X + xy + 

ylO (p = 2, B~~ 5, C = n = 3): as with 2.6, f is a rational curve. 

/ 

Tqe read~r may have noticed that, in 2.4~ 2.6 and remark 2} 

above, the pencil A.(f) has a movabié singularity, tÏ. ~.,' fx and 

fy have a cornmon factor. When k is of characteristid zero, '--
1 " ./ 

Bertini 1 s theo-rem on the variable s.ingular points of. a linea:r 

system ru1es out this eventuality. In view o~ the uniform 

behavior (,0.9) _at infinity,of the members' of the pencil A(f) 

when char k = 0, one might therefore hope'that i~f has one place 
" 

at infinity and the <pep.cil A (f) ~ no movable sing,iléiri ty, '-then 

f 7 À has' one 'place a~ infinity for all À. 

simple: 

The m~tter is not 50, 

/ 

,.,. 1 'k 8 x,6 2 
.G ~ 9 Let char = 2, .f = Y r + + y + xy + 1. For À 1= l, 

" 
Il 

/ 

'1 , 

., 

. ! 
. , 

1 
·1 
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f + À has o~e place at infinity. f + l has two. AlI members of 

A(f) are nonsingular at fini te distance. 

We briefiy explain a wa~ t0 construct such examples: 

Suppose char ~ = p > 0 and p + l has a factor ~, ,1 s A < p, . , 
such that A + 1 and p + 1 are :r::el,atively prime. (We note that 

.., 
for p = 5,41, .... , thére is no such .A.) There exist unique" 

C,O, 0 < C < A + l, 0 < 0 < p + l, such that O(A + l} - CCp + l} = 
~, 

1. Put B = P+ 1 and M = 'D, l::- C. One easily sees·that M > 0, 

o > l, pD > B, and g;c.d. (pD,B) = 1. There.exist u~que Q,m, 
, 

o < Q < pD, 0 ::; rn < pD - B, such that Q (pD - B). - mpD = 1. Let 

, 2' 
. F = Q (-1) (Q-m) (p D-l) Using the abpve facts and most of the 

.-
techniques of this section j" one has 

2.20 -Proposition: 
2D B M / 

L,et f =-yP + xp + xyp . oh Fy + 1. Then 
, 1 

f - À has one place· at in.finity'. À t 1. ' 

AlI f - À 'are nons"ingul~r' at fini tE7 dist~nce, and the" gen\ls' r 

of f J. 
. 
is less than thht of f À', for aIl À-+ 1. - -

'" 

Remarks: 1) In 2.19, we have A = 1; B = 3, C = l, 0 = 2, 

Q = l, m = 1), F = li f - 1 has genus 3" f - À, 

À t- l, has genus 4. 

'2) Suppose f = yBP +,xCP + xMyN is an irreducible 

curve and A (f) h~s no ~ov~b~e singularity. One 
;: 

sees that then max { 
. 

M,N } =' 1. "If f is.' of Sathaye 
/' 

.J '. 



~ 

. , 
1 
~, 

" 

/ 

'\ 

"\ 

~ 

" 

l 

j 

1 

r 
'. 

• 
66 

type, M and·N are positive. 50 M and N must equal 1. So b* = 
(j 

c;nd a* = Bp -" 2. Hence (p - l)BC + l = p n+l = a + b - p = 
, 

é Bq* + Ab* - ABp= BCp - B - C,' so a = BC - B .., - l and 

(8 - 1) (é - 1) = 2, so B = 3, C = 2. Sincr 6 = BC =,; l + + 

~n, 
. 

have 15 + 'la we must p = 5, n = l and f = Y x + xy. Then 

À + À(f) "" f - À has one place at infinity <*. ~ " and has no 

movable singularity.. (f - À- is nonsingul~r at finite distance 

if and only if À + O.) f and f - 2 are rational, and f - À has 

genus~l for À + 0,2. 

3) The .followîng has apparently been an.open 

. question·for sorne time: 
/ 

'< 

Suppose char k' = 0, f E kjx,y], and f -. -À is irreducible 

and J~ansingula~, . at fini t~ distance fok aIl À E k., /' 

Are then aIl ~ - À lines? r 
2.20 g~v~s counterexampies in positive characteristic . 

J 

1 

, 

, ' 

" 

: 

l 

\-

-.' 

., 
1 

î 
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3. Lines in the plane in p~sitive characteristic 

, ./ 

(Unless otherwise stat~d, k,will, throughout this section, 

be assumed to be of cparacter,istic p > O.) 

Most of the resu1ts in the preceding two ~ections'arose in 
\ 

th~ course of attempts to prove or disproy~ the following 

statement: 

k[2] 
, 

3.1 If k is algebraicall'y close,d, and f ~ is a 1ine, 

,then f -, À-is a 1ine for aIl' À E k. 

, 
./ 

(See [28] , Q(1,2).) At the time 
, 

trut'h of of wr i ti1ïg " the 3.1 

. './' , 
has not been established. We remark first that none of the 

~ '/ 
example's o~ § 2 disproves 3.1. For,' by 3.-4 below" if f 'is a 

.. ' 
line, A(f) nas no movable sing?larity -at finite d~s~ance. So 

, , , 

Of/the e~amples .-cit~d, fn~y 2.2~ could possibly co~tradict 3.i. 

~d in 2.~~ no member of A(f) has one'piace a~-infinity and .. , 

genus 0, i. e. , no member is a line. 
\(~ 

~ 

Now we de scribe sorne of the ways qne might try te>' prove· 3,.1. 
" 

We begin by remarking' ,that the most difficu1 t step in the proof . ' 

of the epimor?hism theorem i~n characteristic zero is' the 'fol10w

ing facOt: 

,./ 

3.1.! If f E k[2] has one rational p1p ce at infinity, th en 

,-

50 does f 
> 

A, for aIl A E k. 

! , 

.1 
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! , 
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• J 
ror~ suppose_this ~s granted. One sees fairly easily 

- 1 

general ~ 'E'k, the geo~etric nUmber of places at 

'f - À equals the, degree over k.(t) of t.he residue 

68 

of 

the 

-p~aC?e at .infitl.1ty of f - t, gO this place must be rat;ionaI. 

Since aIl meJ!lbers of A (f) "go through each ?ther"! the orders' of, , 
the divisors of singul'ar~ties at -.tn:finïty of ,f and f - t ai'e' 

" 

the same, sa f -" t is a line, etc. 

Now in positive characteris~ic one has no such argument 

(whatever is left we have used in 3.].4)', but one might have 

hoped ta salva;ge 3.1.1. (k =\k, of course,~) 2.6 shatters this 
/- , 

hope. 2.4 sputtles another possibLe appro'ach 'to 3.l~ If? the 

hope exp~essed-just before 2.4.were ~ot in vain, then 3.1 would 
~ . --

foll.ow. ;(For, t - À' w~)Uld then clearly be a line for general 

'À E k, and one could invok·e 3.14 below.) 

The,_ hypothesi,s of 3.1 c0r:tcerns only one rnember of the 
~ , ~ 

" , ,-
pencil. A(f») the conclusion concerns every member. ,If one, 

"'; 1 1 

perhaps,not unnaturally, ernphasizes the hypothesis on the pencil, 
J 

"that. it have no movable singularity at finite ~istance (again, 
/' , .' - . 
see 3. ) t 'then 2.20 is' discouraging. 

is 

ide.a that,' givert a l,ine f and À ,E ,k, there is an auto-
1 

of the plane ,which carri~s the cutve \T(f) ta V(f À), 

~e~~, by 2.,2. /J 

other possibleq approach'to 3.I'is to use tve charaéteri

zation Ir -1 E r," (r the value semigroup at i.nfinity of f ) 
-. , , 

of a lin~ f. T~e,problem ~i~h this is,that, while one has very 

complete in~~rrna~ion' ind~ed on how to compute~~e v~lue semi9roup 
,/ 

/1 
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under' the ass~pt:ion that the characteristi,c doe$ not divide 
, 

bath the ,x- an,d y-degree of f ( [2), §.7; [1), § 8 ), one seems 
û 

te, have no hold on the semigroup when this assUmption is not , . 
h 

ritet, 'as 1s ,the case with- aIl, linE!s of i~ter'est here (i. e., non" 

coordinate lines). The ,wrîter r s, guess is that an inva~iance 

the&rem liRe 1.2~holds for the-value semigroups, of f - À, for 

generar' .À E k ( f a. c~e "ith 'on~ .rational Plac\. at' infi/lity ), 

and tnat "for general À E k" çannot b,e replaced b~or/all . . ' 
1 

À E k such that f - À 'has one rati-onalf place"at infinity". 

In view, the~efore, both of thé lîmited state o~ knowledge 
. 

concerning the. structure' of valtie semigr~,ùps i~ "il},teresting';: 

cases, and of the exïstence of pathplogical situa,tions '~ike 
o ,/. 

,those in § 2, one i5 led-to consider 3.1'ab~nitio,·rather th~n 

as a statement about a: 'certain k~nd of, ,plane curve ~i th one' 

rati~~al p~ace at ïnfin~ty. 
"

But from this poi~t of v.iew, proving 

3.1,may not be appreciably easier th~n aChieving this'goa 
,/ 

,. 1 

3.2 Find a ,"rec~pe" for aIl' lines in, the' plane. 

(The terminç>logy is ~hyankar 1 s. >' 

l' 

" 

, 
rn this séétion, we present sorne p~~tial results on lines, 

. . 
with an eye ta attacking bath '3.1 and 3.2. We will be"guided by 

~ " ,~ 1 

,t,he kno~ ,e~ampl~s' of lines 1 ~and by' ,the analogi:s Jthe'y suggest 

, wi th the simple,. situation which prevails in characteristic O. 

, , 

" ' 

: 
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field, a: kJx,y] ~ k.[~] a surj~ctive 

rying x and y te u{t) and v{t), 
# 

wi tn kernel f (x, y) k [x, y] • Then there exist,s C E k'" such 

that 

a (fx ) = Cv' (t), a (fy) = ,-Cu' (t). 

(See/ [3], COROLLARY (2.6).) 1 

Proofr Let 9 = g(x,y) e k[x,y], with t = a(g) = g(u(t) ,v(t». 
. ; 

We.have 0 = a(f) -= f(u('t) ,v{t» .. By the Chain Rule, 

1 =, Ci (gx) u' (t) + Ci (gy)v' (t) and 

.. " 0 ,= Ci,(fx)u' (t), + a (fi)v' (t), ,p 

~o ù", v·- E k[t] are relati:v:e}.y prime. We ne,ed only show that' 

'1) Ci'(fx,>' Ci (fy) E k [t'J are relatively' prime. 

'Supposè d.E'k[t] is a. noneonstant common factor p~ a~fx)' 

a(fy ); ~d le~ c~Ë k be' a rogt of d. Put a = u(e), b = 'v(c). 
, ,,' 2 . 

Then f(a,b) "'" 0, and.·fx'(a,l'<l) = 0 = fy(a,b). But V(f)' C Ai{ ~s 

.bire~lar to ~ , he~c~ ïs non,singular, and we have contradicted 
, /' . " 

. :the ~J'acobiah c:J:iterJop.. So 1) holdq • 

f ' .. 

> . /' 

• d> 

" " 

. ' 

/ 
3~3.1 

/ RemafJe:( . Given -x, 'y, f = f (x, y), as in 3.3, s~riding X to 
, 

u = u(Ct)~, y' te;> Y ='v(Ct) give~ a 5urjeeti'on au:k[x,y] ~ 
l ' , !. ~ ,..",-

_~[t] vith kernel (~) .. ~(fx) ~(v', a(f~) = 
"l' 

-ut In ether 

words,',given,a line (,'we 'ean "norma,lize" the parametri...; 
~ 1 1 \ \ , 

zat~on Ci ~o that C = ~ in 3.3 • 

, . 
<, " . 

• ,> >, 

,.f",.. , \!l 
f) 1 • ., , '; 

.• '.r~~~-~r .t-_! • .!"...~.'l::,""--:'I - ~.~ -:-;~- ;-'~ t -' ~~ -'~ " 

l, 

i 

! 
~ 

. 
d 

1 
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3.4 Corollar;:(: Let k be j!1ny field, f E kfx,y] a line. Tnen 

for general À E k, f - À is nonsingular. 

Proof: f E'k [x,y,] is a line. By. 0.4 2) , f - À E k[x,y] is 

irreducible for aIl À E k. Suppose f - À is singular 

at P = (a,b') E k 2 • The~ fx (P) = fy CP} = O. So i!t suffiçes, by 
, 

Be~out's theorern, to show that .fx' fy E k[x,y] are relatively 
-

prime. Suppos~ h E k.[x, y] is a nonconstant common factor of 
.' 
fx' fy,~ . The~ (we have 3.3 wi th k in place of k, 'and in the 

notation the~e) a(~) divides u' and Vi in k[t]. So a(h) = c E k. 

SO f divides h - c =f 0, hence degxh ,2! dègx! and degyh/,~ degyf. Q 

Since' f E k [x,y], fs' irr'educibl~, either.f or 
~ 

fy' say fi.(yis 

nonzero. Then' degx~ S degxh S de9xfx S degxf - l, an abs~ditY. 

/ 
.' . ~ ,are ab~ut -to define, given an f"E R ::: k [2], a- derivation 

Df of J associated to f. Now in ~ characteris,tic, gi ven a 
. -

'~erivation of R one has a .éanonical way o~ constru~ting ~cor~ 

re~pondin'g I!ite~ative, hig~er der~vati~~'" (i. 

derivative) - if D is the derivation4 ' ( ~,Di 
, ~. 

responding higher derivation. In the papers 

e., Has'Se-Schmidt 
'ocv 

) , is the cor-
'i=O 

[20],113],' [19], 

-
derivations and hÏgher derivations are used.to sorne advantage 

-in investigations about p.lanes and linas on them. If 'one looks 
CI> . , ;, 

at some or the proofs 'in, e'. g., [20], l1owevér, one finds that 

,t~ey break down utterly in positive -characterastic. Moreover', 
, 

it is ,not'even cleaJ tftat, h~~~ng defined'the derivation Df~ ohe, 
,,> 

can construct a Hasse-Schmidit deriva'tive whose first order, term 
il ' 

Nonetheless;- one;can get sOl11è'results il!·pdsitive 
~---, , 

, . () ~ , 

J / 

; , 

1 

f 

/' 

1 
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;' / 

characteristic by studying derivations, and this Je p~oceed 
ta do .. ;' 

J-

Definition: Let fER = !<-[x,y). For h ER" J(f,h) = 

Jx,y(~,h) = fxhy - fyhx is the J~cobi~n of f and h. 

Ne define Df : R ~ R by Df(h) = ~(f,h). Clearry, 

Df- E ~erk (R,R). (.of = ,fx ô/a y fy oïax.) 
-

/ :0;. , ~ • , ( 

Remark: Suppose R = k[X',y'], and defi~e D' f : R ~'R by 

D' f (h) = f'i' hy 1 -- fy 1 h x ' ~_ One sees easi,~Y that 

- D' f - CDfl Where C = ~XlY'(x' ,y') E k*. So Df does depend' on the 

, choice, of variables f?r R, Dut ~ot he~vily. 'Every 'statem~nt wé 
, , 

prove about Df '~ill hold for ~D'f' c E, k* .. 

Notation: 
1 

Let'char k = p, R = k[x;y],~ k[2]. For anY',positive 
. - , n n n 

integer n, we def~ne R(P ) to be 'k[xP. ,yP ] = 
r_ E R}]. ' 'R (p) is the set of P th powers of eiements4\ of _ 

R ~ k is ,perféct. ' 

Now let 'f ,E R, ande'let Df~ be t?e.' correspon?ing derivation. 

We denote also hy Di the extensi~n of' Df to a derivation on qtR. 
• / ",' _ _ r ' 

Let Af =' {h' E R 1 D~ nù ::;: O} b~ the ring, of' Df-c(ms'tân~s, . Kf = 
, ~ 

{h E qtR 'Dt (l~) = 0'1 t'he field of Of-constants., 'We have the 

diagram . • r 
1 

l,: =qtR(P) " C L(f) C Kf c qtR 
no'" ~ , 

·U U 'U .U 

R(~)'-C :R (p) Cf] c ~f c R " 

• 1 

.' '" 
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. l' 

3.5' Af is normal, for any fER • 

3.6 

One of the ways, to see this is to note that Af = R n qtAfo 
n 

(If D E Der(B,B), B a normal domain, then the ring B' of ' 

,D~constants is normal, sinee BI = B n qtB'.) 

,. 

Now suppose f Ef .R r> '. Then L ~ L (f) C Kf f qtR, 50 

i 

Kf ,= L,(~) ~ k (~p 1 yif, f) and [qtR: Ki] = p. 

, , 

, l 

, 
.' 3. 7 L'emma : Suppose fER is nonconstant., and A (f) has no , . l' 

" 

mov?ble singularity. Then·the ring of'Df-eon~~~nti' -'" 

A =·R (p) [fI 
f . 

= k[xP,yP,f]. . 1 
l . . 

Proof: Since, f ~,~(.I»_~ Af and R{P) Cf] are' birational Dy '3.6 

.' i j' (p) 
and! (*) ~ Let f = f (x,y) ==~ r ~ijX y. We 'have R Cf] =/ 

k.~~P/yP,f] ",':!. ~[j,y,Z]/{Zp - f(P) ~,y» l "fh~r~, ~(p) (x;y) , 

Now if the, irreducible hyp.er~urfac~' ,zP = f Cp) (X, ',() .,' 
l 

r ' h 

has a singul~rity at (a',b 1 c) E k3 , 'wi th,' c = f (al / p ;'tr1/ p
) 1 

~hen' (f'(P»~(a/b) = (~,{J?'»;.ca,b) == o. 
\ ' 

B~t (f Cp) ) = (f ),,(p) ~tc 
x x ' /"' , 

Ù 

50 the cpndition on a,b is that (aL~P/bl/p) be a ~int cdmmon to 
., ..- ~ " 1 .. • --:''''. 

fx and ,fy' '; .. Sinee there ar~ on~~ .. finitèlY rnany sqch, R (p) Cf] has 

.. ' 

. ., 
i~olat~~ singularities~ 

, 
,By '[29]' 1 proposition ~, p. 'III..,l3', 

./ ' 

normal. . , (It is ·Cohen-Maéa:Ulay', b~ing: a 9ypersurface~J ", ~ 

/ 

, , 
,i'\ 

,/ 1 .... 

" . 

. j 
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1 

Since Af ,is int'egral over R <.p) [f], 3.7 follows. 

3.7.1 Remark:. Under the hypotheses of 3.1, the proof, shows 
"'n 

~that R(P ) Cf] is normal for aIl n > O. 

Now suppose ~ E R = k[~,y] is a line, and let 0.= Of" Pièk 

a surjection a: R.-+- k[t] with kernel fR, sûch that œ is norrnal~,' 

i,zed', in the sense of 3.3'.1. Then 

a 
R -+- k[t] 

~ d/dt: 
1 

3.8 D + 
R :; k.[t] 

a 

" ( 

commutes. "3.8 seems to 
( 

bé the key to studying the derivat~on D, 
, . , 

relating it as i~ does -to the very 
Q ~ ~ - • 

ma~àgeabie d/Œt.' ~s one 
" 

illustration Qf its usefulness, we prove the following 
" . 

, 
3.9 'Proposition: If f G 'R is a line, then R (p) Cf] is factor[al. 

, . 
Proof: AlI the conditi'bns of ['271 / Theo~érn 2.1(a.), 'P. 62, are 

. " 

'~met: . If j- is th~ map from the dïvisGr class group of 

~which ès~als 'R (l') .tf] by -3.4, 3.: 7) '"fé that o~ R, and .. 
~,\.,; 1; 

, " . ;. "D (a) 
{ logarithmic d~rivatives ~ 

. "'.'" . q 

/" . 

• 0 

.,. 
/ 

,'. 

• 
; '.' f 

.. ~ t4 
.' . 



, ' 

1 
/ 

, , 

75 

D(b) in R. Suppose a = frnat , m ~ 0, f ~ a'. Then D(a} = 
, , 

f~{a'), so a' divides D(a') in R. By 3.8,~a(a') divides 

(dO (a'» = d/dt ·(oda 1 )}. So 0: (D (a 1» = d/dt (eda '» = "0, and 

f divides D{a'). Sinpe f,a' are relatively prime, fa ' divides 
. 

D(a'). But D(a'} - fxà ' y - fya ' x ' if nonzero, h,as degree,5,' 

/' dec; f + 'deg a' - ~. Since fa 1 div4des D (a ') , 'we have D,(a) = 

DCa ',) = O. Similarly D (b) = o. Bence 1, = {O}. Since the 

divisor class group of R is fOl, we have 3.9. 

, - II: seems -'::ertain ~at. given'" line fER. the ring R (pl [fl 

is a ,very important object of study. (Note '~hat R(P) [f] is just 

the Frobenius of the k[fl-algebra R~ see e. g: [21], p. 529.) 
.. 7 , , 

We'next formulate a statement involving this subring, ~ue to. 

Peter Russell. 

Suppos~ k i'fi any field of dharacteristic p >. 0, and 
/' 

fER ~ 'k [2] is ,a line. Then:R (p~ [f] is a plane. 

We do not- know if this isOtrue. ~owever, ,something, ' 
, , 

'apparently stron:g~r is true:of al,l knÇ>wn lines f: f ,is a 

cOordinate line plus a pth power in R. (One sees ea~ily that 

,then R'(P) [t] is a plane.) Also, 3'.9 is a' step 1n ,the .right' .. 
direction if one tries to p~ove' 3.10~,. If·3.~~.is· true, it 

should hé of dons~de~able assistance in fiI1dillg' a recipe fo~ ali 

'" lines in t,he .plane. In thi,. ~onp.ecti0I>: we as1<i ahother questi.on .. : 

/' 

1 . , 

.. 

'. /- • 

- , 
1 

1 

': 1 

i , 
, 

, i 
0, "I~ 

l . '.1 
! 



.; 

'. 

/ 

If A CR!::: k [2 l±s a plan.e and R i~/" purely inseparable 

of degree R over A, is R just the result of adjoining. 

to A the pth root of a, variable in A? 
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3.11 Proposition: 3.10 implies 3.1. 

o " 

Before proving.3.ll, we note first that by 1.2 1) we, hav~ 

3.12 If f E 'k[2l has one rational place at 1nfinity, then f07' 
-N 

(k (tn-P- [2] has ,one sorne, N ~ 0, f - t E 

at infinity. 

/, 

, 

- We 'point out the followi!lg more j.~trinsic vers,ion of 3.12, which 

is an, immediate conse'quenê::e of the isomorphi~m (*) mentioned .just 
, 

'before 0: 6: 

3.12.1 ,Suppose f E k[x,y] has,one'~ational place at infinity. / 
-N ' _/" 

Let K = k(f~. :hefi for som~ N ~ 0, the ~ ,-'éurve 

-N 
~p [x,y~ has one rational place,at' infinity. 

/" 

-n n' n 
We note that for any'n ~,o, the map KP ' [x,y] + K[XP ,yP 1 

il 
(-z ~2iP 

" 
is o an isomorphism, and restricts to an i·s.o~<?rphism 

of the base fields. Thus 
,,' '/" 

3.l2~2 Under the conditions of 3~12.l, the k(f)-curve,ç 
N N /e 

k(f) [xP
q ,yP ,] has one rational place at infinity, 

, ' 

o for, sorne' N ~ o. 

c ' 

, ' 

1 

l • 
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... . 
3.13 Lemma: hl Suppose ,f E R ~ k[2] is a 1ine. Then f0r any 

n 
n ~ 0, f is a '1ine in R CP ) Cf]. ' (I. e., 

n n 
R(P ) [f]/fR(P ) [f] ~ k[l].) 

2) Converse1y, suppos'e fER::: k [21 is irreducible 

in k~-n. [2,], and f is a line in R'(pn) [f}. ThÉm 

p -n [2]'. 
f E k _ r ~s a 1ine. 

>Froof: Suppose R ~ k[t:.] is a surjection'with kerne1'fR:. Then' 
'n " 

one easily ~hecks that its restriction to R(P ) Cf] has 

kl[ tpn] 'and' kerne l f' R (pn) [f] • ~m~ge Conversely, given a sur- , . , 

, 1 

n' n n 
':;tP to vltP ), and has kernel fR (p!.) [fJ, one seeis easily that 

r, 

,-n -n -ni 1-0 

kP [x,y] -+ kP . [t1, )X ~ u {p ) 'Ct), y ""+ v (p ) Ct), is a Sl+r-
, 

jection with kerne1 generated by f (under'the 

-n 
assumption-that f 

ls irreduc~b1e in kP · [x,y]). 

.. 
Proof of 3.11: 

1 • 

Suppose f E RO = k[x,y] is a 1ine. "Letting N be 

as in 3.12.2, we have, by N applicatio~s each of 
, N' , 

(with :t;l =-1), that f E ~ = R(P ) Cf] ~ 
A , 

/, 

3.10 and 3.13 1) 

N' N 
k[f#xP ,yP ] = kJ~"Y:N] t:.:' 

. 
k[2] is ~ line, and the k(f)-curve 

k(f) [~'YN] haIS on'e 'rational place at. infinity. By the argument 

'in the pro~~ of 1.17, it follows ~hat ~ E ~ i5.a coordinate 

line.' ,SQ for allA E k, f - À E, ~.is a line. 

, 
" 

. 
. • ._. -/._' - , ' ._~ - '.. j 

By ;Û. 4 ,2), 

f 

"~l 

, 1 f 
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. 
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-N ' , 

f - À E k [x,y] is irreducible over kP By 3.-13 2)' (and sinee 
- N -N 

~. = 'R (p ) [f - À]), f - À E kP [x;y] is a line for aIl À E k. 

In partlcular, if k is algebraically'closed, we have 3.1. 

In closing th-is section, we prove the 

• ~-- ", 

3.14 ProEosition: ~uppose f E k[x,y] ::: k [2] is a line, and 

assume for simplicity that k is algebraic-

tl' 

/ 

ally clased. Then 
0 

the following three statements are equivalent: 

1 

1), f - À E k[x,y]~is a line for aIl À E k. -" 
2) f -<À E k [x, y] is a ;Line for infirr-i tely many 

, n, pn l ,_ 

. 
3) FOr all >.> 0, Op] is plane. n k[f,x, ,y a 

MoreoV'er, 

n n 
4) f is then also a var.iable in'k[t",xP ,yP ] 

fqr 'aIl n >2 O. 

" 

À E k. 

.' 

-

/' 

'/ 
l, 

prodif.': 2) => 3) and 4)': By 1.2 1) and 3), and a by nowjamiliar' 

/ 

1 - ' -n 1 

arguméne involving'genu~, f ~ t E k(tP } [x,y] is a line 
• - q n n-

for aIl: If >'> '0._ 1. e., the k(f)-curve-k(f»)xP ,yJ?], is a line,. 

We refet nOl/l ka Théorem 2. -3 • lof' [25], and replace thé S, k., K, A 

- " 1 ~, • -' n 'n " " 
there by <?ur k[f] - 'JO};: k[f]', k,[~]' k-[f,~.t' '"yP ] respec~ively. 

, ' 
Ne; have just verified eondit'i<;m C,i) of_the theorem. / Of the Ç)ther 

, , 
-/ 

j 
. -

., .. ~~ ..... -
" " 

J, 

, 

l / 
:1 
,\ 
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(six or so) 'conditions, we 'check only the on~ requiring that 

n ,n 
f - À generate a p~ime-ideal in k[f,xP ,yP. l, for aIl À E k: 

By 0.4 2), f - À is irreducible in'k[x,y]. But if h E k[x,y] is 

- n n • 
irreducihle and B ~ k(h,xP ,yP ], then ·hB ,C B is prime. For, 

,,' 1 1 .. 

'hB C B n hk[x,y], and one checks the ~everse inclusion by 

'd;fiect computation. 

Since- aIl the 90~ditionseOD the cited theorem are satisfied, 

n n 
we cc;mclude that k [f ,xP ,yP ] = k Cf] [11, al1d ~) and 4) ,foll.ow. 

/' 
N N 

3) .. i>.: Take N big enough 

N N 

so that k[f,xP ,yP ] is a plane 

and the k(f)-?urve ~(f) [i~o r1P 1 'has a rational· place at 
. pN N '" 

infinity. By 3~13 i), (is-a variable in ~[f,x ,yP J, and' , , , 

we proceed as i~ the proof of 3.11. 
" 1 1 

-, 

. /' 

, 1 1, Jf,trad",-

'. J 
< -
~ u 

/' 

. Il 
j'/ , 

/ 

/' 
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