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instability of the observed two-dimensional 

. (latitudejheight) January 1979 zonal wind of the mid-latitude ,Southern 

~emispqere. The model used i8 a 10-level, linear, quasi-geostrophlc 450S 

,8-plane channel model, with 30 Fourier harmoniQs in the meridional 

direction and a single harmon~c in the zonal direction. The most uns table 
, / 

mode has a zonal wavelength corresponding to wavenumber 12 at 450S ,,' -- The 

mode corresponding to zonal wavenumber 5 at 450 S is also baroclinically 
'1..':' ~ 

uns table.. Its latitude-height structure bears qualitative resemblance to. , , 

th~ ê)bserved waven~.ber 5 circulation, which frequently dominates ths 

summer Southern Hemi$phere mid-latitude circulation. The latitude OI the . 

. maximum eddy 'amplitude at 500 S is simulated, but the maximum is located . 
"' near the surface instead of aloft. ~Effects of surface dissipation and a 

normal1za.tion of the zonal wind by the cosine of latitude are also 

cons'idered. ( .. 
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Nous examinons l'instabilité linéaire du ve,.nt- longitudinal bi-

dimensionnel (latitudejhauteur) en janvier 1979 d,ns les' latttudes'moyinnes~ 

• 
de 1 'hémisphère sud. Nous utilisons un modèle lin~a1:re, quast-géostrophe 

sur plan 'fJ à 45°S. Celui-ci possède 10 niveaux 'Verticaux, 30 harmoniques 

de surface méridionnales et une seule harmonique longitudinale. Le mode le 

plus insta~le,"',G)~ _une longeur d'onde correspondant au. nombre 
~ -: ç.... 0 

longi tudina1 12 a 45 S.. Le, mode qui correspond au nombrE'! 

d'onde 

d'onde 
~ 

longitudinal 5 à 45°S est de plus baroclinenu!nt instable. Sa structure en 

1atitudejhauteur ressemble qualitativement à celle du nombre d'onde 5 

dériv:ée des observations'. Nous obtenons' bien un maximum d'amplitudes des 

'0 ,. 1 1" perturbation a 50 S mais celui-ci est situe pres de a surface putot. qu'en 

o haute~r. Les effets de la, dissipation de surface et d'ane normalisation dp 

vent longitud!nal par le cosinus de la latitude sont également considérés. 
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CHAPTEll 1 

Introduction 

Medium scale waves. consisting largely of zonal wavenumbers 4-7, 

frequently dominate the Southern Hemifsphere summer,r ~irculation pattern. 
e 

Salby (1982) noted predominant wavenumber 5 patterns are frequently found 

in the te'mpera'ture fields of the lower stratosphere, during the summer 

months of FGGE. These pentagonal features appear' to remain quasi-

stationary or propagate eastward wlth periods of about 10 days. The 

eastward phase 'progression and wave structure in the vertical are 

~ 
consistent with features of a baroclinic instability. with a sharp seale 

selection mechanism in both time' and spacè. Hamilton (1983), using a data 

set of the Australian, Bureau of Meteorology, a1so noted a prominent 

wavenumber 5 peak in the geopotential height zonal wavenumber spectra of 
" 

the 300- and 500-mb surfaces in the Southern Hemisphere summer. S!milar 
(\ 
ç-) • 

findin,gs were also reported by Randel and Stanford (1983), in an analysis 

of National Meteorologieal Center ,NMC) geopotential height fields for the 

1978-79 summer. They suggested that the waves might he maintained by the 

zonal mean kinetic ene~gy. In subsequent observational studies (Randel and 

Stanfor..d, 1985a, 1985b, 1985e) , the same authors found that the 

vacillations in the wave-zonalomean exchange, with a time scale of .10-20 
~ 

days, result from nonlinear baroclinie instability, and identified well-

defined life cycles of baroclinic growth, maturity and ,barotropie deeay. 
<7 

Interference between the bd}~oclinic eastward moving waves and quasi-

stationary medium scale waves was al50 observed. A specifie case of the 

lUe cycle of the baroclinic instability wes examined by Randel and 

Stanford (1985c) using zonally averaged diagnostics. 
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1 Lambert (1986) examined th~, eddy kinetic en&rgy (EKE) budget of the 

d winter and summer Southern Hemisphere drculations during 1979. The data . ~ , 

set used was the- FGGE analyses of the European Centre for Medium Range 

Weather ,Forecasts. . The' terms evalu~ted as a func tian of zonal wavenumber 
o , 

'(m) crwere EKE, conversion C(EAPE,EKE) of rddy avai,lable potet;ltinl energy 
r- , 

(EAPE) to EKE, conversion Q(EKE,ZKE) of EKE to zonal kinetic energy (ZKE), 

the tran~er of EKE!I among waves by nonlinear interaction (L), and the 

- boundary flux (LB) of EKE. The results for January 1979 are shawn in 

Fig. 1.1. We see there i5 a prominent peak in wave kinetic energy at 

wavenumber 5; the dominant terms in the budget equation are ,the convers ion 

p 

of EAilE to EKE, and EKE to ZKE, and probably dissipation. This suggests 

o 
that the wave 5 circulation ~s due to a baroclinic instability. This 

maximum of EKE at ~zonal wavenumber 5 oeeurs at about latitude 450 8. 

Chen et al. (1986) also analyzed the same data set and showed that, 

the medium~cale waves (zonal wavenumbers 4-6) contribute about half of the 

total eddy transport of momentum and sensible heat in the Southern 

Hemisphere summer general circulation. ,1 The developing t:.$.'tl.lges of theso 
• 1 ... 

waves are dominatedJ by baroclinic processes and the decay stage by 

barotropic processes. They thus sugges ted that the waves arc a , 

manifestation of classie baroclinic instabi1ity. 

Charney (1947) and Eady, (1949) first demonstrated that 

baroelinically un~tab1e waves cou1d grow on a mean zonal wind with vertical 

shear. The fastest growing mode has zonal length sealeh of about 5000 k~ 
[1 \ 

and- is maintained'by the release.of available potential ~nergy of the menn " 

state. Brown (! (1969a, b) extended the instabUity analyais using a basic 

--flow with both vertieai and lateral shears using an initial value approafh. 

" He identified unstable modes with sources o~ energy being the zonal 
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FiguTe 1,1 Tetms of the eddy kinetlc budget as a functlon of zonal 
wavenumber(m). The ..;:urves labelled a. b. c. d. e des~ibe -the 
terms EKE. C(EAPE. EKE) t C(EKE, ZIŒ). L. LB respect1ve~ The­
sc ale on the left applies to EKE. whUe the one on the right 
appl1es to the other quantities (adapted from Lambe~t 1986). 
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available potentilll energy or the zonal kinetic energy. , Song (197la,. b) 

examined. the instability properties of similar basic states t using an 
" 

eigenvalue technique. U~stable modes with energy sources associated with 
1'-

the vertical and horizontal shears '!Iere found. -AlI these studies used the 

quasi-geo~trophic equations on a ,8-plane. Lat~r studies by Gall (1976) 

have used th~ -grimitive equations with s~herical geometry and -an 'initial~ 

. vdue approach to investigate th~ llnear instability of two-dimensional 
f, .. h 

zonal mean flows. He found that for the zonal °wavenUhlber range 1--15, the 
. . ~. 

fastest growing modes are wavenumbers 12-15. 
~ J "t 

However, the wavenumbers that 

domina te the intermediate scale transient eddies in a general circulation 

model are longer (wavenumbers 5-7). In addition, the l1near theory 

predicts maximum perturbation amplitude for wavenumbers 5-7 to be near the ,. 
earth' s surface J. while ~e maximum amplitude for waves of simllar scale in 

the gene~al circulation model are located in th~upper troposphere.' Gall 

attributed these discrepencies to nonl1near effects. Fred\r1ksen ~198la) 

êxamirfed ·the instability charact'eristies of observed s-o\1thern Hemisphere 

zonally averaged flows using a l1near sph"eric4l, quasi- geostrophic model. 

He used an eigenvalue technique and Identifled different familles of 

uns table modes. The appropriate uns table modes do have maximum 

streamfunction amplitude and eddy fluxe~ 4t the correct latitudes, but th. 

amplitudes of the streamfunction', .. momentum and heat fluxes are also too 

- \ 

large at the surface when compared to observations. He found that for on ...... ·· 
1 

basic state, the second fastest growing mode, and not the mode with the 

largest g!owth rate, corresponds most c10sely wi th observations. 

Frederiksen made no specifie 8,ttempt to identify the wavenumber 5 

disturbance. Ka1nay and Mo (1986) performed mechanistic experlmenu ,with a 

general circulation model to determine the origtrl of ~outhern Hemisphere 



.,. . 

, . 

- 5 -

s ta t;ionary Rossby waves. In thelr ~easterly deceleration" ~perlment, 

where the initial zonal f10w ls decelerated by adding a~n8gative so1id body 
• 0 .. <9(/ 

rotation velocity of 5 mis at 
c. ~ 

str~cture is ge\rated. They 

the equator. a' pentagonal stationa? wave 
}. 

suggested that thia phenomenon mlght be 

related to the observed wavenumber 5 in the Southern Hemlsphere summer. 

In this studX. we use a lO-level ~inear quasl-geostrophic p-plane 

model to investlgate the baroclinic instabUity of an observed, two­

dimension~l Southern Hemisphere meSn zonal flow, that of ~~nuary 1979. The 

wind and temperature data for the latter are taken from Lambert' s (1986) 

data set. An eigenvalue technlque la used, whlch yields unstable modes in 

addition to the one with the fastest growth rate. The perturbation 

structures are compared t,o observations of the wavenumb~r 5, circulation 

durlng 1979 obtained from Lambert' 8 data set. The resu1ts will show 

w~her 1inear baroclinic instability of the observed zonal mean flow can 
.. 

account for the wavenumber 5 circulation. This i8 of grea.t interest as 

sorne ~f. the observationsl studies already referred to strongly suggest that 

baroclinic instabil1ty is a plausible mechanism for the maintenance of 

these waves. 
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The ~odel and the Basic State 

'A. FOrmulation of the model 

CHArTER 2 

, \, 

l, 

Ye use a 10-level, quasi-geostrophic mid-latitude fJ-plane mod.l. 

The horizontal and vertical sc ales of the wavenumber 5 disturbance are suen 
~... '#"..1 

~' Ifr 

that . qua~i-geostrophic dynamics is -expected to give good results. The 

motion takes place in a cyelie zonal channel with channel walls at y-O and 
~ 

y-1fL in the meridional (y) direction, and of length 2wL in the zonal (x) 

'direction. Tbe Coriolis parame ter f - fo + fJy i8 assumed to --have-- a 

constant meridional gradient 13; fo and fJ are evaluated at 45 0 5 ~ The 

distance 1fL is identified as the ~atitudinal extent of 500 latitude, from 

200 S. to 700S, In the vertical direction, the model atmosphere ia divided 

into ten layers of equal mass, from 0 to 100 mb, 100 - 200 rnb'" - - -, 900 ·1000 

rnb, with fIat top and bottom boundaries. Pressure!a used as the vertical 
/1 

coordinate. Quantities with ,subscripts 0, 2, 4, ---, 20 denote values at 

the full pr~ leve1s 0,100,200, ---,1900 mb respectively; odd values" 

, ..----.-- . -, 

oJ ____ trhê subscript indicate the half pressure levels 50, 150, 950 mb. -' , 
The model geometry in the vertical ia ahown in Fig. 2.1 . 

• The governing quasi-geostrophic equatiolls describe physically the 

conservation of potential vorticity. Hathematlcally, these may .be writt'en 

as 

~ b le - 1, 3, 5, 19 ~(l) 
dt' qk - ---, 

where 
d ..1. + 8 + "'8 - ~ 8x vk 8y dt 8t 

8~ , 8,1,6k k 
~ 8y vk - ax 

,~ ...... 

(v2
_ "'22) 1,61 

2 f, q1 + P2 "3 + 
of. 

'/> 
q 



.. 

• 

C 
~ .. .. ~ 

- 7 -

\ 

• 
LEVE,L 0 . - PO=O 

- -- - .;. - - - - - - - '--[ P. "'1 
w ='0 0 

, . 

.... " 1 

2 2 w2 

---------------- ~'k. 
,3 

'4 P4 w4 -

'. ·1 " 
1 
1 
1 

'" 1 
1 
1 

18 ~8 . w
l8 

-- - --- --~ - - - - ~9 
~ 

20 i 

P20 1 w20 ~ 

0 

-

Figure 2.t-Vertical 4iscretization of the mode!': Pk' "'k' "'le denote 
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(v2 2 ~ P~~l) 2 2 ' 
V>k-2 + f ~3 1 5 1 • - .. ,17 qk - - l''k+l V>k + ~+1 l/>k+2 + Pk-l 

(V
2 

- 1"~8) 
0 

2 
+ f • ql9 - ~19 + P18 1/>17 

f 2 
/ 

2 0 k .. l (- BT 
+ !l.) . k-3,5,---,17 .Pk~l O'kRâp T O'k - Bp CpP k ~ 

The total derivative d~/dt at level k includes 'advection by the horizontal 
\ . 

velocity components in the zonal (uk) and meridional (vk) directions; the 

latter velocities are given in terms of the streamfunction (~). The 
.' 

vertical pressure veloc'ity "'k. - (dp/dt)k has been eli~inated to obtain (1). 
• ~ 2 

The other symbols Ok' R, Ap - !OOmb, T, p, Cp' V denote the stability 
, ''Q; 

parameter at level k, the Ideal gas constarlt, vertical prêssure Increment, 

temperature, pressuré, specifie heat at constant pressure, horizonta\ 
t 

Laplacian, respectively. The Coriolis parameter f - fo + ft y is assumed to 

be constant, except when differentiated in the meridional direction, 

consistent with the quasi .. geostrophic ft-plane approximation. The vertical 

boundary conditions for the inviscid analysis are vanishing vertical 

velocities at the top and bottom boundaries~ Wo - 0 - w20' The bot tom 
. 

boundary condition will be modified when surface dissipation 
, , - J<I 

is included 

later. 
\ 

We us~\{OUrier harmonies to represént varlationà in the horizontal. 

Fol,lowing Lorenz (1963), we choose an appropriate set of orthogonal ,,' 
'\ 

, functions for the channel model: \ 

\ 

.J2 cos jy 
.. 

~oj - 0 

.~ - '2 sin jy COB nx 
j 0 0 

, 

~ 
2

j
sin' jYo sin DXo 

~ , 
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where Xo - x.{L and Yo - Y/L, wlth Jl ~ Xo ~ 2", 0 :S Yo :!:: "'; j and n are 

lntegers representlng the meridional and zonal mode numbers respectively. 

For, the most part of this study, we reso1ve 30 modes 1q the meridional 
~ ,{ 

direction (1 ~ j ~ 30), and the Instability ana1ysis is carried out~ as a 

" ,function ~f a fixed zonal mode,l"number (n-1, 2,·· -) • We thulil do no t' include 

the subscript n in 
\ 

ed~y modes ~j' The 

functions (t!»oj' ~j' ~j') are eigjn:(unctions of 

an orthog,onali ty ,condi tion, and have 

the Laplacian oper~tor, 

satisfy vanishing tangential 

derivatives at the boùndary. The Jacobian of.two orthogonal functions, 

which arises in the advective t~rms, can be expressed as a series invo1vin~ 

the comp1.ete set of orthdgonal functions using interact).on \coe'fficients . 

The streamfunction at each leve1 ~ \s expanded in a series ~f 
"-

orthogonal functions. The boundary conditions ~f-no-~,normal f10w \at' the 
) 

north-south cha~me1 waHs are safisfied, because Qf ,the vat:lishing 
\ 

tangential derivatives of the orthogonal functions at th~ wal1s. In the 

zonal direction, we assume perJodic boundary condi tions . The' total 

s treamfunc tion 1/>t< consists of a basic st~te component (~) and a 

perturbation component (~') : 

., 
" 

"'k - \6k + "'k 
, 

(2a) 

\6k - L2f L t kj 4»oj Uk - .. 
a( 

(2b) .... 8y '4 0 
j. 

2 L (~j ~j!) 
, 

'ut 
~k - L, f -8 ~j + ~/Bkj (2c) 

0 j " 
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• 
The streamfunction amplitudes (.kj' Akj' Bkj). are a11 non-dimensiona1. The 

basic amplitudes lltkj are specified ùsing an observed Southern Hemisphere 

• 
mean zonal flow, (Uk) while the perturbation amplitudes {Akj , Bkj} are 

'ca1~ulated from the 1inearized version of the governing equations (1). The 

latter yields an eigenvalue problem for the nondimensional eigenvalue 

\ À-a/f as a function of the zonal modenumber n: o' 

RX - ~PX (3) 

Here, ~,and E are square coefficient matrice~ while ~ ia a c91umn vector 

consisting of the pe~turbat1on amplitudes, (Akj , Bkj l. To reduce the 

dimensions of the various matrices, the complex amplitude Rkj - Akj + iBkj 

is defined for each 1e~e1 and each meridiona1 mode; theae then make up the 

vector X. The d mensions of ~, E are thus 300 x 300 (10 v~rtical levels, 
. . 

30 meridional 
• whlle ! ,1s 8,300 x l column vector. The elgenvalue ~ 

Is found by (3) using IMSL computer routines. More details of the 

soluti~n pr 
r 

edure are given in the Appendix. Instability results when the 

eigenvalue 0 has, a positive rea1 part, implying exponentia1 growth in time ., 

of the perturbation. 

An equati-oq for the channel averaged perturbation energy May be 

derived as follows: /1 ' ' 

An overbar denotes a channel average in the zonal and' meridional 

directions. The summation is over·odd values of the pressure level index 

k~ The perturbation energies are the .eddy kinetic energy (EKE) and eddy 

available potential energy (EAPE). The two forms of energy conversion are 

the conversion of zonal availab1e potent!al energy (ZAPE) to EAPE, and from 

• 

, .... 1 

f 
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zonal kinetic éne~gy (ZKE) to EKE. The energy and energy conversion terms 

at each level may be expressed as 

o 

EKEk - ! [[::kT + [::kTl 
" , 

(Sa) 

, }2 
tPk+2 (Sb) , 

, atP· --;' 
k 

8y 

a 
ax (Sc) 

'(Sd) 

We see that the baroclinic conversion 'C(ZAPE,EAPE) invo1ves the vertical 

shear of the mean zonal wind and the perturbation Meridional heat flux. 

The barotropic conversion-lnvolves ~he horizontal me~n zonal.wind shear and 

the moment~ transports (Reynolds stresses). Indeed, two usefu1 diagnostic 

quantities are the heat (v'T') and 'momentum (u'v') transports themselves: 
• J 

-:--~.... - ... 
f , e, , 

0 (tP~ tP~+2) B (tP~ + tP~+2) Yk+l Tk+1 - 2R Bx (68) 

1 , 
a~,. aY,k 

~ vk - - ax 8y (6~) 

Explicit expressions for the above quantities in terms of the 

streamfunction amplitudes (~kjl Akj , Bkj ) are given in the Appendix. 

" 

B. Tbe basic Itate 

, ) 

The data used to obtain the basic state are the January 19.79 ECMWF L 

(European Centre for Medium Range Fo.recasts) level I11-b FGGE (Global 

Weather Experiment) analyses, which are available as point values on a 
.' 

\ 
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levels f1.om 10 mb 1.875~ b~ 1.ft7So atitude-longitude grid.at lS 
Il 

to 1000 mb (Lambert, 1986). to obtain the mean ind and temperature 

fields, the data 'were averaged over latitude circles rom 200 S to 700 S, and 

~rojected onto 30 mer~~onal Fourier harmonies, as.well as the 10 pressure 

1evels used in our mO~l. Fig. 2.2 shows the observed zonal wlnd and the 
\ 

model wind field. \le se~ that the meridional and vertlc~l resolutions used 

produce a good ap~r.Xim~\ion to the observed winds. Fig. 2.3 shows th. 

amplitude distribution of ~\e Fourier Meridional modes of the zonal wind at 

200 ·'mb. ':fhe fir.st mode (j \ 1) has by far the larg:st amplitude, and: the 

amplitudes alm~~t vanish for ,ode numbers larger th an 1S (j>15). The model 

winds are constrained to v~nish at the wa11s aty 200 S and 70oS; this 

distortion i~ not expect~d to have a significant effect on the instability 
, . 

analysis as the regions of maxim~ vertical and horizontal wlnd shears are 

" "Ù ( located away from the wa11s. From the obserVed temperature field, we can 
p \ 

calc;:ulate the static stabi\ityo \8 at -pressure level k, re1ated to the 

stability parameter as follows: 

8 _ [_!! ae) 
k ' e 8p k 

.' 
Here Q and e are the specific volume and potential 

\. 

temperature 
~ 

respectively. In Fig. 2.4, we show the{ temperature and static stabi1ity as 

a function of pressure at 4508. The stabliity Increa~es rapidly in th~ 

upper troposphere and lower_stratosphere, as ~xpected. 

-An important parame ter ch~racterlzing the baroclinic instabi1ity of 

a zo~al flow U(p) is the Richardson number, which 1s a measure of the 

relative effects of the stabilizing static stability and the destabilizing 

thermal wind. Fol10wing Gall (1976), we define both a conventionsl 

Richardson ~umber (Ri) for the p-plane model, and a sp~rical Richardson 

number (Ris> appropriate for a sphere. 

.; 
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Here, ~ Is ~atitude and f - 20 sin ~ ia the Coriolis parame ter on the 
1 

.sp~ere; n. Is the angular veloclty of rotation of the earth. This 
. 

mod~ficatlLon to Ri expresses the fact that for a given vertical wind ahear, 
. 

the horizontal tempe rature gradient is larger in the north than in the 
-' 

l ' < 
south, when ,both points are in the same h~isphere. A ae~ond modtflcatlon 

\ 

to Ri, motlv~ted by the fact that sol~d Qody rotation on tre sphere ia jbs . 
o 

dynamlcal, equlvalence of a horlzontally~uniform flow on the p·plane, is 

given below:" 

This 

in 

1.. 

\ . 
modification amounts tô replacing the zonal 

the definition of Ri~. Fig. 2.5 shows a 

wind profile U by _U/cos~ 
T 

ëompa~iaon of the three 
, t) 

Richardson number~ for t~e troposphere. The vertical resolutlon is not 

sufficient to res~lve the rapidly varying static stability in the upper 

troposphere _ and
v 

lower 5 tratosphe-ré. _ The locations of minimum Richardson 

number are similar for aIl three versions, but the latitudinal extensions 

of'relatrvely low values « 60) differ for the cases, with Ris showlng the 

smallest latitudinal extent. These results show that the Richardson numb~r 

criterion describes similar gross ~haracteristics for the growth of 
, 

baroclinic waves in p-plane and spherical geometries. The differences, 

however, do ,fmply that full spherical effects mlght be·important . 

/ 
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CHAPT ER 3 

\ 
J..lnear Instabllity Analysls i Part 1 

() 

,A. 
»' 

Obseryed and model zonal wayenumber 5 eddy structure 

As discussed in the Introduction, observational evidence shows that 
, , 

zonal wavenumber 5 is the maj or component of the January 1979 eddy 
\ 

',." 

circulation, 
" . 

( 

and that this wave might be due to baroclinic instability of 
,,' 

'the zonal meari flow. 
o 

, 
Two important eddy transports for baroclinic waves 

are the poleward transports of heat and momentum. ln Fig. 3.1, we show 

lati tude-press\K'e plots of the zona11y averaged eddy kinetic energy (KE), . 
p01eward heat flux (VT) and poleward momentum (lux (UV) due to zonal 

wavenumber 5. as obtainedo from the January 1979 Sout~ern Hemisphere data. 

set used' by Lambert,' (1986 i private commun1.cation). Ye see that the 

latitudinal strucOtures are relatively simple: the kinetic energy peaks at 

about 500 S while the héat and momentum transports have maxima slightly to 

the north. The lâtitudinal extent in a11 cases is approximatley 200 

lat:! tucfe. The height structure shows a double maximum of' comparable 

amplitudes in the heat transportt) and onlya single maxitnum in the upper 

troposphere for the klnetic energy and momentum transport. These results 

show general agreement with the observational analysis of Chen et al. 

(1986), and Ra.l and S::anford (1985a). The latter examined the 
1 ~ 
Pecember-February seasonal1y averaged medium scale (wavenumbers 

o 

1979/80 

4· 7) 

,latitude-height wave struçture. They found _~hat tbe northward heat flux 

shows only a surfacé maximum, instead of the double maxima shown in Fig. 

3.1. 

We now examine the Unear quasi-geostrophic instabllity propert1es 

of the mode corresponding to zonal wavenumber 111-5 in the mid-latitude 

!) 
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Southern Hemisphere, using the basic zonal flow shown in Fig. 2.2. We 

first note that at "'0 - 4SoS. the wavelength of wavenumber m - 5 1& 5660 

km. Because of the dimensions of the. channel g~metry chosen in our'model. 
c 

the actual zonal wa~number (m) Is related to the model zonal modenumber 
7 

tn) as follows: 

m 
nacos~ o 

L 2.54n 

. Here, a ls ,the radius of the earth. Thus the modenumber correspon~Ung" to 
j 

wavenumber 5 at 450 S is n 2. ln 'Fig. 3.2 •. we show the nondimensional· 

growth rate, 1. e. the real part of the eigenvalue (ur ). for" the uns table 

modes. for 1 :S n $ 10. Alsa shown is the nondimensional frequency 

cprresponding to eastward propagation, given by the imaglnary p~rt of th, 

eigenvalue (ui)' The dimensional e-folding time and period are thus l/O'rfo 

and 2~/aifo rèspectively. 

We see from Fig. 3.2 that the growth· rate is max'imum for mode n-5, 

corresponding to zonal wavenumber 12 at 450 S, . ~ith a wavelength of 

approximate1y 2400 km. The e- folding ~ime is 2 days. typical of Ume' 
, 

scales associ~ted with baroclinic instabUity. 
1 

The n - 2 mode, 

corresponding to zonal wav~number S, has a smaller gro~h rate (e-foldlng 

time of 4 days). However, we can identify two families of unstable modes 

selected according to the real part of the unstable eigenvalue. i.e~ the 

frequency. This is shown in the pottom of Fig. 3.2. Withln each " of < the 

two families, the n - 2 and n - 5 modes are the most unscab\e modfil, even 
1 l' 

though the latter mode hàs a larger absolute' growth ,rate. The period of 
~ . 1 ' 

the n ~ 2 mode corresponding to zonal wavenumber 5 Is just over 4 days; 
• • 
this" ls 'shorter than the observed perlod of about 10 days for the phase. 

propagation of the mode. 
-.' 

In Fig. 3.3, we show the latitude·height sections of the structure 
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of the eddy kinetic energy, poleward heat and momentum tran7orts, in 

arbitrary nondimensional units. The model eddy statistics a11 peak at the 

surface near 500 S, in contrast to the observed peaks in the troposphere 
\ 

away from the surface. This is a weIl known feature of- 11near uns table 
" ... 

baroclinic waves (Green, 1970; Gall, 1976, Simmons and Hosklns, 1977; 

Frederiksen, 1981a). As a result, the double maxima in the heat transport 

is not simulated at aIl. The latitude of 'the maxima are reproduced, but 
l ' 

the latitudinal extent is too small compared to obs~rvations. The regions 

of negative momentum transports are a1so exaggerated in the mode1 results. 

Fig. 3.4 shows the potential energy, conversion from ZAPE to EAPE,~and from 

ZKE to EKE, as a function of latitude and pressure. The eddy statistics 

are aga in confined to the surface near 500S. The energy cycle Is 

characterized by conversions from ZAPE to EAPE, and' from EKE to ZKE, 

characteristic of baroclinic growth and-- baràtropic conversion of 

baroclinically unstab1e waves~ 

tl 

D, Eddy structure of most UDstable mode 

-We see from Fig. 3 , 2 that the most uns table mode occurs at n -' 5, 

and has' a zonal scale which is smaller than that of wavenumber 5. lts 

wavelength 1s about 2400 km, corresponding to wavenumber 12 at 4SoS. This 

. result has ·been found in ear1ier studies of the barocUnic instability o_f 
IJ 

two-dimension~l- basic states (Gall, 1976; Simmons and Hoskins, 1978; 

Frederiksen, 1981a). These studies also show tha~ nonlinear effects will 

stop the growth of these short, shallow modes, and synopé1.c scale modes 

dominate the spectrum at that stage. The eddy structure of the mode n, 

from the model is shown in Figs. 3.5, 3.6. The mode has maximum 

amplitude at about SOoS, near the surface. lts vertical scale is smaller 
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than that of the n - 2 mode examined earlier, i.e. it is a shallower mode. 

We a1so note that the energy conversion C(ZKE, EKE) is positive and has 
( 

maximum amplitude near the su~face. in contrast to the case of n 2, 'Where 

the conversion is negative and is largest aloft. This barotropic 

instability' is probab1y due to th~ sha110w nature of the mode. However, 

this barotropic conversion is small compared to the baroclinic cOHVersion 

C(ZAPE, EAPE). 

ç. Discussion 

Frederiksen (1981a) (hereafter referred to as F) has exam1ned the 

ipst~bi1ity properties' of modes which grow on Southern Hemisphere zona11y 

average~ f10ws for January, Hay and August. The January basic state was 

ob~ained from monthly averages from 1972 to 1976 as determined by the 

Austra1ian Bureau of Met'èorology ana1ys,h. The data set is thus1- not the , 

same as that used for ,our basic state zonal wind. The model used by F 2) a 

1inear 9-1evel spherical, Invlscid, ad~abatlc quasl-geostrophic model. The 

vertical cOaordiqate used i9 the a-coordinate, i.e. pressure normalized by 

syrface pressure. In our model, we use pressure as the vertical 

coordinate. Two differences 'betweert' F's model and ours are 'thus the 

spherical geometry and vertical coordina;e representation. F was not 

seeking explicitly the zonal wavenumber 5 mode, ~ut it is instructive 

nonetheless to compare hl~ results with ours. 

F identlfied several families of uns table modes seleeted a~cording 

to êhe phas~ speed. The most uns table mode occurs at wavenumber 10, wieh 

~n e-foldlng time of about 2 days. This agrees with our results. The 

latltude-height eddy structure was shown only for the most unstable mode, 

which occurs st wavenumber 10, ~ weIl as for the most uns table mode at 
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i 'r ' 
wavenumber 4. Thus no specifie attempt-wasomade by F to examine the 

wavenumber 5 structure. 

The zonally averaged perturbaUon streamfunction. temperature, 

momen~um and heat fluxes were shown as a function of latitude and height 
, , 

for the most unstable mode in F._ The maximum~mplitudes occur at 500 S, at 
.' 

the surface '. This agr~es with our results for the n - 5 most unstable 

'mode. . Secondary maxima in the streamfunction and momentum flux were 'a1st , 

,- found in the upper troposphere. F states that for wavenumber 7, the eddy ~ 

" statlstics show more amplitude in the upper tro,posphere, relative to the 

wavenumber 10 mode, but the primary maximum still ~eQms to be near the 

surface; latitude-height sections were not s~~wn for this wavenumber. 

The closest mode to the wavenumber 5 circulation that F showed is 

the most unstable mode at wavenumber 4. The latter has an e-fold~n~ tlme 

of about 5 days, but ls 'a ,slowly westward-propagating mode; the observed 

d wavenumber 5 circulation propagates eastward with a period of about 10 

days. The maximum eddy streamfunction amplitude 'again oceurs at the , 

surface, but is located at 7JoS."F attributed this behaviour to the face 

that this mode might be propagating in the westward basic zonal flow that 

occurs in the stratosphere and lower troposphere ~etween 700 and 800 S. Thé 

most unstable mode at wavenumber 4, thus bears little resemblance to the 

observed wavenumber 5 circula~ion. 

Ye have exam1.ged the eddy structure of the n - 2 mode, -- whlch has 

the same wavelength -as ,the 'wa'Venumber 5 circulation at 450 S"?' This mode 
j 

sJlows a deep.er vertical structure than the faste~t growing n - 5 mode, wlth 

, t;, 500 Th 1 h maximum .eddy amplitudes at the surface near S. ere s, - owever', an 
'1 

indication of a secondary maximum in the upper troposphere., especlally ln ' , 

the poleward heat and momentum fluxes (Fig. 3.3). The observed wavenumber 
~ 

\ 

• 

.. 
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5 eddy statistics (Fig. 3. ~~ shows the primary maximum to be at about 200 
~ 

rob. This vertical structure problem in linear, frictionless q'uasi-
'Ct 

geo8trophic baroclinic instability has already been discussed ea~lier. The 

latitudinal extent of the model n - 2 wave is too smaii compared to the 

- . 
observed circulation. 'We note that F found the 'same results for the 

latitudinal spread of the poleward eddy heat flux for his most(,~~ù!l~table 
~. . 

.... f 
m~e; he suggested that therè might bê a bro_apen_ing in latitude ib the 

nonlinear regime. 
, 

The 
~ 

~- .. .,JIl' '" 

modël results so far do not show'the appropriate 

selection mechanism. The observed wavenum~er 5 circulation 

zonal scale 

frequently 

dominates the circulation; our results do not show this
J 

sharp scale 

.... 
selection in terms of growth rate. In the next section, we examine the 

effects of surface dissipation and a different normalization of the basic 

:l;onal wind on the scale selection. -. 

./ 
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CHAPTER 4 

~inear lnst.billty Analya!,; Part Il 

A. Surface dissipation and noxmallzation of zonAl ytnd 

We have seen from the results of Chapter 3 that the eddy statistica 

of the n - 2 wave, corresponding to zonal wavenumber 5 a't 450 S, a11 show 

maximum amplitudes' at the -surface. Tha observed vertical distributions . 
show maximum aplitudes in the upper troposphere. Here, we investigate the 

effects of s~rface dissipation, ln the form of an Ekman pumplng inducetl 

vertical velocity, on the perturbation vertical structure. 

The surface vertical pressure velocity induced by Ekman pumping 

\ 
-

Here, the subscript B denotes surface v~lues; p, cg, K ar~ the density, 

gravitational acceleration and eddy viscosity respectively. In our model, 
.10" c 

'" the surface values are taken as 1,6:s -' \b19 ' wB) - w20' In th!s case, the 
. . 

conservation of potenti,l vortlcity expressed by eqs. (1) in Chapter 2 ~r~ 

, modified accordingly:- the corresponding coefficient matrices ~ and ! of eq. 
, 

(3) are al50 changed, with ~ becom.ing a complex matrix., The meridional 

resolution ls reduced from 30 to 20 modes because of the extra compute.r 

storage requirèments of the complex coefficient matrix. This 18 not 

eXp'ecte? to yield much error as the hlghe~ order modes have vanl~hlngly 

smaU amplitudes ln the basic zonal wlnd (Fig. 2.3). Further detai18 are 

contained in the Appendix. We:take two values for the eddy dlffuslvity, K , -

2 2 
,- .5 m Is and K - 10 m /s. These 'values corre&pond to a spin Clown time f' 

:.. H(2/foK) 1/2 6f 6 -"and 4 days respectively for a barotropic vortex of 
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heigh~ H - 10 km. Ye will refero to 'these two cases, as light and heavy 

dissipation respectivalY. 

Ya show the non-dimensional growth rate (or~ as a function of zonal 
D 

modenumber (n) in Fig. 4.1, for ,the 'cases without dissipation (a), and 

light (b) #nd heavy (c) dissipation. Case (d) will be· discussed in the 
o Q 

naxt section. Ya see that surface dissipation decreases the growth rate in 

all· modenumbers" but does not 'appreciably affect the sca1e with the largest 

Q,' 
growth rate: the n - 5 mode remains the fastest growing mode. Thus Ekman 

) 

friction is not the correct satë selection mechanism for the observed 0 

wavenumber 5 circulation. The eddy structure is shown in Figs. 4.2 and 4.3 

for the light' and heavy dissipation cases respectively. The two cases give 

similar results: a secondary maximum now appears in the kinetic energy and 

po1eward heat transport; this maximum is of comparable magnitude as the 

surface maximum. ~,e latitudina1 extent of the kinetic energy a10ft has 

increased, - giving be~te;- agreement with the observed values. The 

Iotitudinal scaies of the heat and momentum fluxes are still too smol1. 

Our model is on the mid-latitude ,8-p1ane. Ye have ~o far compared 

the model results to the observed wavenumber, 5 circulation on the sphere. 

~.7 
Ta attempt ta moke thi~ comparison with spherical geometry more realistic, 

we trOW divide the basic zonal wind profile by the cosine of thl~itUde. 

This norma1ization of the zonal wind is motivated by -the fact th t soUd 

body) rotation OQ the sphere which has' a ve10city profl1~ propo iona1 to 
, ~. J ' 

the' cosine of. latitude. - is dynamically equiv~nt to' a 1atitudinally 
, 

uniform zonal wi,rid on the p-plane. 0 In Fig. 4.1. we show the growth rate as , 

a ftlnetion of zonal modenurnber for this case (d). Ye s~e that the growth 

rate of the largest seales are a1most unaffectedoby this norma1ization, and 

that the scale of the most unstable mode oecurs at n - 3, much c10ser to 

o 
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Figure 4.2 As Figure 3.3 but for the case of'light dissipation. 
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that of ,'wavenumber 5 than the previous cases. Thus spherlcal geometry 

- seems to be very important as a scale selection mechanism. The e-folding 

time (S days) and perlod (3 days) of mode n - 2 corresponding to wavenumber 

5 are relat{~ely unchanged from before. Fig. 4.4 shows the èddy structure 

for thls mode. We see that the kinetic energy now has maximum amplitude 

aloft, with a secondary maximum near the surface. The latitudlnal pos~tion 

1 -

as weIl as the extent of the maximum are both weIl reproduced. However, 

the double maximum vertical structure of the heat transport is not 

reproduced here; the latitude of the maximum is also shifted slightly 

poleward. The momentum transport has maximum amplitQde a10ft, but the 

latitudinal position is located too far poleward and the scale is too 

narrow. 

B! Piscussion 

We have examined the effects, of surface dissipation and the 

normalization of the basic zonal wind by cosine of latitude on the eddy 

structure. The former is parameterized as a vertical veloclty near the 

surface due to Ekman pumping. The latter.normalization is motivated b~ the 

\ \ 
fact that solid body rotation on- the sphere\is dynamically equlvalent ta a 

\ 
li - l~ .. latitudinally uniform wind profile. For rea Istic dissipative time scales 

corresponding to several days in the tropospher.e, the effects of 

dissipation is to reduce the growth rates for aIl zonal modenumbers, with 

no appreciable shift in the most unstable modenumber. The normalized basic 

wind profile gives as the most uns table mode a scale which ls much closer 

to the observed wavenumber 5 wavelength. This suggests that spherical 
\ 

effects might be important for,. the scale selection in the Southem 

Hemisphere circulation. 
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lbe model eddy structures for the n - 2 mode shQW better agreement 
tl, 

wlth the observed wavenumber 5 structure when surface dissipation is taken 

into account. In particular, the klnetic energy shows a secondary maximum 

a10ft which is elongated in the meridlonal directi~ poleward heat . . 
transport also shows a seconday maximum a1oft. However. the primary 

~ 

maximum Is stlll near the surface. The normalized zonal wind profile gives 

an elongated primary maximum~aloft in the eddy kinetic energy at almost ~he 

observed latitude. -This is the best simu1ated case for the kinetic energy 

structure. However, the po1eward heat flux does' not have an amplitude 

maximum aloft. 

The Meridional momentum flux is not well modelled by atl:y of these 

; 

cases. The normal1zed wind yields a primary l poleward flux maximu/n a10ft , 
~ 

and an equatorward flux to the south, in general agreement with the 

obsetved distribution. Howeveri the po1eward maxi..mwn is too narrow in 

lati~ude.tts while the equ,torward' flux Is too strong. An equatorward flux to 

the north of the p01eward maximum is a1so found in the model results; this 

feature is absent in the observed structure. However, we note that F fou~d 

a very similar equatorward-poleward~equatorward momentum flux pa~~rn, in _~ (t: 

one of his linear modes - that of zonal wavenumber 10 growlng on â basIc 

stat~ consisting, of an instantaneous May 1979 zonal wlnd profile. ,He 

• 
attributed this comp1ex structure to the fact that the mode grows on both 

the subtropical and polar jets. 

j 

... 
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CHAPTII. 5 -

Conclusions 
'.1 

We have examined the linear Instability of the observed two-

dimensional January 1979 zonal wlnd of the mid-latitude Southern 

Hemisphere.' The motivation for doing thls analysis 1s to investigate 
1 .. ~ 

whether the" obs~rved Southern Hemisphere wavenumber 5 circulation is a 

linear baroclinlcally unstable mode. The model used Is a lO-level, linear, 

quasi-geostrophic mid-latitude p-plane channel model, with 30 Fourier 
) - -' 

harmonics 1 in the meridional direction', and a single harmonic in the zonal 

direction. With' this horizontal and vertical resolutlon, the latitude­
.9 

height structur:e of the observed ~'O'nal wind is well· reproduced; The 

observational studies strongly sugge~t that the wavenumber 5 circulation Is 

due to baroclinic instabllity, as' it exhibits the characteristic baroclinlc 

conversions and barotroplc decay during its life cycle. The results of our 

study are summarized below: 

'. 

(1) The most unstable mode (n-5) oceurs at a zonal scale whlch i8 

smaller than that of wavenumber m-5. In fact, it corresponds to wavenumber 
) 

12 at 45°S, and has an e-folding Ume of about 2 days. The mode wl th 
1 

wavelength corresponding to wavenumber 5 (n-2) is also barocllnlcally 

unstabie, with an e-folding time of 4 days. lt i8 possible to Identify two . 

families of unstable modes uslng the phase speed given by the Imaglnary 

• part of the elgenvalue, of the modes n-5 and n-2. Witnln each falllly, the 

modes n-5 and n-2 are -the mostdapld1Y growing. The period of-the n-~ mo~e 

1s 4 days. shorter than the observed period of eastward propagation cf 

about 10 days . Th~ 1atitude-height eddy structyf8), of th1s mode shows 
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maxlmÜDI amplltude~ near 500 S at the surface for the ,klnetlc and potential 

energies, poleward heat ,And momentum transports. Compared to the 

observations of '(the wavenumber 5 clrculatfon the latltudinal positi9n Is 

weIl :imulated, but its extent Is too small. The position Is con-s:lstent 

wlth the regions of minimum Richardson number of the basic zonal flow. The 

obs'erved structure also shows the maximum eddy amplitude in the upper 

troposphere, with a secondary maximum present in only the poleward heat 

flux. The energetics show typical baroclinic and barotroplc conversions 

characteristic of baroclinic waves. The eddy' structure of the most 

unstable mode (n-5) shows a shallower vertical structure, with maximum 

amplitudes again near the surface. This yertical struèture o problem ,has 

been dhcussed ln the literature; it is present in models of linear 
" ' 

baroclinic waves. 

(2) Surface dissipation was introduced in àn attempt to improve the 

-
vertical structure of the n-2 motie. This was modedled as a" vertical 

veloclty near the surfàce due to Ekman p~ping, with spin-down tlmes of the 
, 

,order of 4-6 days. We find that the growth rates are decreased for a11 

mo~enumbers. wlth little change in the phase speed' the fastest growing 

mode is still n-5. Thus surface dissipation is not an effective scale 

selection mechanism. The eddy structure of the mode n-2 shows a secondary 

maximum in the upper troposphere of comparable amplitude to the primary 

maximum near the surface., The maximum aloft has an elongated latitudinal 

extent. in agreement with the observed structure; the double maximum in the 

poleward heat transport is also simulated. However, the latitudinal extent 

is too narrow. 

We also Investigated the effects of a normalization of the zonal 

wind by the factor cosine of latitude. This Is motlvated by ~he fact that 

l 
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t 

sol id body rotation on the sphere i5 dynamically equlvalent to a'unlform 
6 

latitudinal structure on the p·plane. The results show that the maximum 

growth rate now occur~ at a zonal scale w~Ch is much closer to that of 

wavenumber 5 than in the previous analyses. lt thus appear~, that apherlcal 

effects are important ,in the-scale selection process. The eddy structure 

of mode n-2 reveals an elongated·primary maximum in the 'upper troposphere-

o at about 50 S, in good agreement with the.obsérved re,sults. However 1 the 
" ; . 

poleward heat flux once again has maximum amplitude at the surface. oIn a11 

cases, the poleward momentum __ flux is fhe least well reproduced. The 

normalized zonal wind profile yields a maximum of this flux aloft; in all 

other cases, the maximum is near the surface. The latitudinal extent is 

too small, with the result that equatorward transports occur both to the 

north and south of this maximum. The equatorward transport to the south of 

t1<le faximum is fOU,d in the obferved transport( "but with much smflller 

magnitude; the transport to the north of the maximum is not present in th~ 

observed values. 
< \ 

(3) Our resul,ts show that baroclinic instabiUty of the observed 

January 1979 summer Southern Hemisphere zonal flow produces an uns table 

mode with qualitative-resemblance to the observed wavenumber 5 circulation. 

However, spherical 
• 'l'y 

effects' might he , a scale selection important as 

,m~ch.anism ~or this circulation as the fastest growing mode. The latitude 
, l' 

height-"'''r> eddy structure ial' not expected to be significaritly modlfied by 

spherical geometry~ Koura v and Stone (1976) examined the_ baroclinic 

instability of simple two·dlmensional zonal wind shear profiles on ~ 

sphere, using a linear 2·layer quasi·geostrophic model. The found that the 

structure of the most unstable modes are qualitatlvely sim!lar to those on 
- " 

a p-plane. For example. the unstable waves far from neut~al stability hàve 

. ' 

.. 
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amplitudes whlch .how a quasi-Gaus.ian behaviour with latitude on both the 

.phere and p-plane; this is what we found with our eddy structure ~n the p~ 

plane. 

Our results also show tnat the unstable modes have the" vertical 

l ' 

structure problem associated with linear baroclinic waves: the amplitude 
n ~ , 

.} 'JI ! 

maximum is near the surfaee whUe observed eddy statistics indicate it 
'" Q 

" should be ln the upper troposphere. This has usually beén attributed to 

nonlinear effects (Gall, 1976; Frederiksen, 1981a). Ye have seen that 

realistic surface dissipation can also improve the vertical, structure in 
( , 

the' linear regime. Frederiksen (1981b,c) has examined the nonlinear growth 

and vacillation cycles of waves in Souther~ Hemisphere zonal flows with a 

multi-level spherical model. He finds that zonal wavenumber .., is the 

dominant wavenumber wi~h amplitude maximum in the upper troposphere, at the 

first peak in ~he vacillation cycle. The initial zonal flow that he used 

- . 
is, the January zonal mean flow profile obtained from 1972-76 monthly 

'averages from the Australian Bu_~au of Meteorology analysis. ~ Hamilton 

~ 
'(1983) examined the Australian data and found a' prominent wavenumber 5 

circulation .during over one-quarter of the summer months from November 

through March 1 1972-1979. , The dominance of this wavenumber was first 

1 

discussed by Salby (1982). Thus Frederiksen was probably not aware of its 
"" 

importance at the time of hi'!:! study. His use of the monthly average 

January zonal flow from 1972 to 1976 might also have somewhat masked the 

dominance of this wavenumber. lt would be of great interest ta first 

repeat the present analysis with spherical geometry and surface 'dissipation 

wlth the observed January 1979 zonal flow, and then to perform a nonlinear 

initial value a~SiS using tHe observed zonal flow and the most unstab~ 
mode 18 Initial conditions. The results would show the potential 

importance of spherical effects and nonlinearity in the selection and' 

maintenance of the wavenumber 5 circulation. 
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-, 
Appendix _ 

The set of linear algebraic equations (3) for t~e 'non­

dfmensiona1 growth rate ~ - q/fO may be obtained from the linearized 

governing equations (1). The linearization is around the basic state 

zonal flow described byequation (2b); the perturbations consi~t of 
r • - • 

the eddy modes described by equation (2c). The streamfunction 

amplitudes of the zonal flow (~kj) a?d of the perturbations .(Akj,Bkj ) 

are aIl non-dimensional. We form the cOlJlpl.ex eddy amplitude Rkj at 
~ 

vertical level k for Meridional harmonic j : 

Rkj - Akj + iBkj 

Substituting the Fourier expansions (2b),(2c) into the 1inearized 

version of the governing equations (1), we p~oject aIl terms into the 

set / of basic functions truncated at the first 30 meridiona1 .. 
harmonies. Rep1acing the eigenvalue q \)y - 10, we then get a set of 

rea1 coup1ed 1inear algebralc equations for the non-dimensioned 

eigenvalue -la/fa,' and the eigenvectors consisting of the eddy 

amp~itudes . (Akj , Bkj ), for the top leve! ( k - 1 ), intermediate 

levels < k - 3, 5, ..... 17 ) and the bottom level ( k - 19 ); these 
• 

, equations are givert be~ow. 

k'- l : 
{ 

(-~) [- ( n2+j2+r~ ) R1j + 

fi 

-I~{ [< 2'22 2] p -q -n)~ - r ~3 lp 2 P 
p,q 

d 

...,' ... " 

, 
-'-

2 r 2R3j ] 
<> 

, 2 J ~ 
CpjqRlq + r2Cpjqtll3q -~ fO R1j 

(Al) 

, _!1-

\ 
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( 
k - 3, 5, ..... 17 : 

p,q 

+ r C tif + r tif C • -n ~ 2 2 } ~ 
k+l p~q kp~+2,Q k-1 kp Pj~~-2,q fa ~j , 1 (A2) 

k - 19 : 

.~. 

~ ::" 
-IJ[ (p2.q2 .• n2

)1'19 ,p .r~811t17 ,p]CpjqR19 ,q +r~8CpjqIlt19;pR17 ,J-n %~19 ,j 
p,q 

«A3) 

"è.' .. 2 
(k-3,S •... 19) is the no~-~imensional value of ~k-l 

and the interaction coefficients Cpjq are given by 

Jtpjq ' - 0 

-

(p+j+q even) 

~pji : at2 ~jqp2 [<P+j';';)~+j-l<i; <P.Jd:+q) <t>+j-q) ]<~h odd) 
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The summations ext,end over the fange 1 :!Ii: p, q :!Ii: 30, : for the c.se 

"' of 30 Fourier harmonies, The coefficient matrices Rand P may be read 
, - ~ 

off from the ab ove " equations after defining the eigenyectot 
, 

consisting of the set of complex amplitudes { Rkj }, 

Thé expres~ions in terms of the eddy amplitudes' (Ak
j 

,Bkj) for 

the various' perturbations energi~s and energy conversions in 
1 

equations (5) and (6) at tlme't - 0 are gi~en below, 

EAPEk+~- L
2 f~ r~+lI~SinpYosinqyo 0[< ~P- ~+2,p) ( ~p. ~+2,q ) 

p,q 

o 

'" 
Ck(ZKE,EKE) - 2)2 i2f~n L!2q cosp~o~injYosinqyo .kP(Bkj~q- ~j8k~) 

pjq 

, . 

.. . 

1 
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V~+1<+1-.2 L3f~n I~SinpYOSinqyO[ ( Bkp+ Bk+2,p>< ~q- ~+2!q) 
p,q 

u~ V~ - - 2 L 2f~n I ~ p S inpyosinqyo ( ~pBkq - Bkp~q ) 

p,q 

With the inclusion of surface dissipation as modelled by an 

'. . 
Ekman pumping vertical velocity, the equation (A3) for the lowest 

" 
JeveJ (k - 19) strearniunction amplitude Is modified 

k - 19 ; 

o \ 

\" 

,1 

• 

o 

,-
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