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Implementation of a First-Order ABC in Mixed
Finite-Element Time-Domain Formulations

Using Equivalent Currents
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Abstract—In this letter, we describe an easy approach to im-
plement the first-order Bayliss-Turkel-like absorbing boundary
condition (ABC) in two mixed finite-element time-domain (FETD)
formulations, namely the Crank–Nicolson FETD (CN-FETD)
and the leap-frog FETD (LF-FETD). The idea is to introduce a
current source distribution on the outer boundary of the domain
such that it cancels outgoing waves. The current distribution is
obtained based on the ABC relation. In addition, we show that the
CN-FETD and the LF-FETD are equivalent to the FETD based on
the vector wave equation discretized by the Newmark- method
in time with and 0, respectively. Having utilized these
equivalences, we demonstrate that our approach to implement
the ABC in the mixed formulations lead to the same result as the
vector wave FETD truncated with the same ABC. A numerical
example is provided to validate our formulations.

Index Terms—Absorbing boundary conditions (ABCs), finite-el-
ement time-domain (FETD) method.

I. INTRODUCTION

T HE finite-element method (FEM) has been successfully
applied to radiation and scattering problems [1], [2].

However, the computational domain has to be truncated in
solving open-region problems. To truncate the domain, there
are three main approaches, namely integral-equation methods,
the perfectly-matched layer (PML) and absorbing boundary
conditions (ABCs). In the first approach, the exterior field is
expressed in terms of a boundary integral known as FE-BI
methods [3]. It is exact and can tightly enclose the structure
under analysis. Although it has been recently extended to the
time domain [4], [5], calculation of BI matrices is computa-
tionally expensive and the FE-BI matrices are no longer sparse.
The PML was originally developed to truncate finite-differ-
ence time-domain (FDTD) grids. In contrast to the FDTD,
PML formulation in FETD is much more complicated and
numerical experiments have revealed late-time instabilities
in the unconditionally stable (US) vector wave equation [6],
[7]. Although PML applied to the conditionally stable (CS)
LF-FETD do not suffer from instability issues [8], we expect
the same problem in the PML for the CN-FETD due to the
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underlying equivalence between this and the US vector wave
equation shown in Section III. Alternatively, ABCs are easy
to implement and do not destroy sparsity of the FEM matrices
nor produce instabilities. The well-known and well-established
Bayliss-Turkel ABC [9], [10] has been extended to arbitrary
order of approximation for electromagnetic problems [11]. The
first-order ABC is widely-used and the second-order has been
recently implemented into the vector FEM effectively [12].
There are two main formulations for the FETD [13]. The

first one discretizes the second-order vector wave equation; we
call it VW-FETD, and the other is based on the two first-order
Maxwell equations, known as a mixed formulation. The first-
order Bayliss–Turkel ABC can be easy applied to the former:
invoking the vector Green’s theorem produces a surface inte-
gral which can be utilized to implement the ABC in a straight-
forward manner. However, to the best knowledge of the authors,
implementation of the ABC in a mixed formulation is not dis-
cussed in the literature. This may be because, in contrast to the
VW-FETD, no appropriate surface integral appears in the de-
riving functional to facilitate implementation.
In this letter, a simple but effective approach is developed to

implement the first-order ABC in the mixed FETD methods. It
is based on applying an appropriate current distribution on the
boundary as a source to reduce reflections. In addition, some
useful equivalences between two kinds of formulations are
shown.

II. FORMULATION

Consider the two first-order Maxwell equations on a domain
enclosed by an artificial boundary , where represents

the outward unit normal vector and denotes an arbitrary
distribution of the electric current density inside (excitation).
Expanding the electric field and the magnetic field variables

in terms of edge (Whitney 1-form) and face elements (Whitney
2-form), respectively, yields [14]

(1a)

(1b)

where and
represent the electric field intensity and the magnetic flux den-
sity, respectively. The incident matrix is a sparse and rectan-
gular matrix consisting of entries and

(2)

(3)

1531-1309/$31.00 © 2013 British Crown Copyright



AKBARZADEH-SHARBAF AND GIANNACOPOULOS: IMPLEMENTATION OF A FIRST-ORDER ABC IN MIXED FETD FORMULATIONS 277

For the sake of clarity, we have assigned a different variable,
, to represent the equivalent current distribution on the ex-

ternal boundary utilized to implement the ABC. We have

(4)

(5)

Utilizing the leap-frog method to discretize (1) in time, and av-
erage value of , one can reach

(6a)

(6b)

where is omitted for the sake of brevity. We call this
formulation the LF-FETD.
On the other hand, we know that the first-order

Bayliss–Turkel-like ABC for the electric field in the free-space
is

(7)

where . Invoking Faraday’s law, one can obtain

(8)

where is the equivalent current
on the boundary. Discretizing (8) at and

using the central-difference, which yields

(9a)

(9b)

one can reach the following equation by simply subtracting
them:

(10)

Since the left hand side of (10) is applied as a current source,
the negative of it should be substituted into (5). Afterwards, the
electric field is expanded in terms of edge elements. One can
obtain

(11)

where

(12)

Finally, the first-order ABC can be easily implemented for the
mixed FETD by substituting (11) into (6a).

III. EQUIVALENCES BETWEEN THE MIXED FETD
FORMULATIONS AND THE VW-FETD

It is well-known that the second-order vector wave equation
in a source-free region truncated with the first-order ABC (7),

expanded in terms of edge elements in space and discretized
with the Newmark- method in time, can be written as

(13)

where setting reduces it to the central difference method
and results in an US time-marching [15].

is the stiffness matrix.
Having combined (6) and (11), the following equation can be

obtained by eliminating the magnetic field variable:

(14)

In addition, it can be shown that for
Whitney elements. Hence, comparing (14) with (13) reveals
that they are exactly the same for . This equivalence,
neglecting terms related to the ABC implementation, had been
used to develop a stable hybrid FETD-FDTD [16].
If the average value of all undifferentiated quantities, instead

of only , is used in the discretization of (1), we reach

(15a)

(15b)

which is known as the Crank–Nicolson FETD (CN-FETD) [17].
Eliminating the magnetic field variable results in

(16)

Clearly, this equation is exactly (13) with . So, we can
come to the conclusion that the LF-FETD and the CN-FETD
are mixed versions of the VW-FETD discretized by the cen-
tral-difference and the Newmark- with , respectively.
This may not only justify stability of the CN-FETD for arbitrary
large time steps in numerical experiments [17], but also help to
decrease dissipation of the US hybrid FETD-FDTD [18]. Fur-
thermore, it shows that our approach to implement the ABC in
the mixed FETD formulations is valid and leads to the same re-
sult as the VW-FETD truncated with that ABC.
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Fig. 1. Computational domain mesh, in meters, along with the normalized
electric field recorded inside the domain obtained from the three different
approaches.

It should be noted that the proposed approach is general and
we believe that it can be utilized to implement high-order ABCs
in the mixed FETD formulations. Particularly, in the case of a
second-order Bayliss–Turkel ABC [19], simultaneous usage of
both edge and face elements may lead to a more accurate im-
plementation of the surface divergence term by adopting appro-
priate splitting of that term into normal and tangential compo-
nents.

IV. RESULTS

To validate the proposed approach, a simple 2D TE
scattering problem has been considered. An egg-shaped
PEC scatterer is illuminated with a magnetic line source
placed at and excited with a differ-
entiated Blackman–Harris pulse with the central frequency
of 600 MHz. The domain has been truncated by another
egg-shaped boundary. Triangular elements with the average
edge length of 2.06 cm are utilized to discretize the compu-
tational domain, as shown in Fig. 1. The electric field along
the y-axis has been recorded during the simulation at

. The time step is equal to ps
which is 90% of the stability limit of the LF-FETD method.
The problem has been solved using all three formulations,
namely the VW-FETD discretized by the Newmark- method
with , the mixed CN-FETD and the mixed LF-FETD.
The proposed approach is utilized to truncate the domain in the
mixed formulations. The normalized ’s obtained from three
methods are depicted in Fig. 1. As can be seen, the CN-FETD
and the VW-FETD have produced exactly identical results.
Because it utilizes another time-stepping scheme, the LF-FETD
solution is slightly different, but still quite close. These results
also verify validity and performance of the proposed approach
to implement the first-order ABC in the mixed FETD formu-
lations.

V. CONCLUSION

A novel approach to implement the first-order ABC in the
mixed FETD formulations has been proposed. The approach is
based on placing a current source distribution on the boundary to
cancel outgoing waves. Having shown the equivalence between
the mixed FETD methods and the VW-FETD, the validity of
the proposed approach has been upheld theoretically. Numerical
results also confirm accuracy and validity of the formulations.
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