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Abstract

1\ novel algehraic mel.hod is used 1.0 del.ermiue I.he inl.erseet.ion bet.ween I.wo

hi-quadral.ic Slll'r,KeS, The underiying idea is 1.0 deal wit.h runct.iouai decom

posit.ion hy l'educing t.he QI'del' or high-degree runct.ions and t.hereby ovel'come

I.I\(' prohlems conlmon to ol.hel' met.hods,

line mél.hode algébrique nouvelle sc servait. de déterminant à l' int.ersect.ion

des deux slll'races quatres, L'idée trait. avec decomJlosit.ion runctionnellc de

l'édni l'ordre de haut. degr,) runct.ions ct ainsi t.riomph de la pl'Obléme que il

a raH des remarques autre méthodes,

i
1
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Chapter 1

Introduction

III I,Cl'seci. iOIl is a fUlldamelltai proccss iIl com putat ioua1geomct.ry, lIeeded to

huild alld illtel'l'Ogate modcls of complex shapes ill the computer. We need

illtcl's,,,·tioll computatioll primarily to evaluate set operations on primitive

VO!tlllil'S ill cl'catillg houlldary represelltations of complex artifacts. Such

capahility helps ill the design represelltation of complex objects, in finite

e1l'IIJellt discrct.i~atiou, ill computer allimation, in feature l'ecogllition, and

ill simulatioll alld control of mallufacturillg processes. Similarly, intersection

is useful ill sciellt.ific visuali~ation to provide mcthods fol' visualizing implic

itly ddilled ohject.s and to cOlltollr multivariate functions representing some

propcrty of a system.

1.1 Background and Basic Terminology

1.1.1 Surface-intersection methods

Agood surface-intersection technique has to balance tlll'CC conflicting goals:

c.llÎâwcy, ro!J l/slll css, and IlCCIII'IlCY•



• CIIAPTEH I. INTHOIH'CTION .,

Typically. a numerical algorithm is <'ilici"nl. huI, is no\. l'ully rullllsi and

SQ Ina)' fail in certain cases. Furt.lll'I"I110n'. dl(' accuracy a 1\1I1lH'ricall\lt't.IHHI

l'an dcli,"er varies with the snrran' d,·gr",·. with th,' 10";d smrac,' g"onIl'\. r.\·

al, the intersection cmve, and with the angle al which ;.h,' smran's inl"rSl'c\..

Aigorithms hased on exact. arithmctic, on the other hand. ar" l'ully ruhust and

accurate, but arc usually slow. Perhaps the goals or <'iliciency, rohustn"ss,

and accuracy cannot be met simultaneously without SOlIH,' compronlis,'s. and

wc might have to negotiate those compt'omises judiciously, appropriaI,,, 1,0

the l'articulaI' application.

Surface-intersection methods can be c1assiried in three main cat"gories:

algebraic, marching, and subdivision. i\'lost of these mdhods were d"""loped

in the context of polynomial smfaces.

1.1.2 Algebraic methods [1] - [7]

•

Algebraic methods rely on the derivation of a goveming e,!nation t1csCl"ih

ing the intersection of two surfaces. For polynomial smfaces, the resnlting

equation is an algebraic curve J(II,V) = D, where J is a polynomial in I,wo

parametric variables 11 and v. This equation can, for example, he obl.ainetl

by substituting the three Cartesian coordinate expressions of a rational poly

nomial surface r = r(u, v) into the equation of an implicit algebraic snrface

f(r) = O. ln theOl'y, we l'an hamlle the intersection bct.ween two rational poly

nomial parametric surfaces by obtaining an algebraic (implicit polynomial)

representation for one of the surfaces, for example, with mct.hods disensscd

by Hoffmann [5] and Miller [6]. The relativcly high degree of this algebraic
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'""I,,",,s,,ntation and th" suhs",!uent suhstitution of the second ratioual poly

nonlial surfaœ into this high-degree e,!uation lead 1.0 an algehraic curve of

"V"" higher d"grce.

n"t."diug t.h" t.opological configurat.ion of a high-degree algebraic curve

wit.h int.eger or l'cal coeflicieut.s is a diflicult problem that wc can approach

wit.h cyliudrical algebraic decomposition. Hoffmann [5] provides an overview.

These methods, implemented in rational arithmetic, arc topologically reliable

hut. il. is not. c1early undel'stood how t.o pr~ccss algebraic curves with general,

l'cal number coeflicients fonnd in practicc.

1.1.3 Marching methods [8] ~ [11]

Marching mct.hods involve generating point sequences of an intersection curve

hranch hy st.epping from a given point on the required curve in a direction

prcscrihed by the curve's local difierential geometry as described by Bajaj

[II]. 110lVever, such methods are by themselves incomplete in that they re

<Juire starting points for every brancll of the solution. Starting points are

nsually obtained using subdivision methods Iike thosc developei.::>y Barnhill

& Kersey [LO]. Marching methods also require a variable stepping size ap

propriate for the local length scales of the problcm. Variablf' step size \Vas

considered by Kriezis, Patrikalakis & Wolter [8]. Incorrect step size might

lead to elToneous connectivity of solution brancil or even 1.0 endless looping

in the prûsenCü of closely spaced features .
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1.1.4 Subdivision methods [12] - [1 ï]

1

•

ln t.heil' mast. basic fol'lu, snbdivision lu<'lhoc!s involv" \'('cnl'siv(' d"COlllposi

t.ion of t.he problem int.o a simpler. similal' pl'Obh'1I1 nnt.il IV(' \'('ach a h'v,,1 of

simplicity t.hal. allows direct. solnt.ion. Unlik,· mal'ching; nll't.hods. snbdivision

t.echniques do not require st.art.iug; point.s. This is an inlporl.ant. adl'ant.ag;l·.

A disadvantagc of subdivision t.echniques Ilsed in illt<.'nil'ct.ioll ClIl'V(' ('vaillil

l,ion is t.hat, in actual imp!cment.at.ions wit.h finit.e snbdivision sl."ps. ClHTt'r(.

counect.ivity of solution bmnches in the vicinity of singnlar or neaT-sing;nlal'

poiuts is dirricult, 1.0 guamutec, small loops lllight be nlissl'd, or l'xl.l'anl'ons

loops might be l'l'l'seul. in the solution approximatiou. FlII'thel'luo\'(" if wc nsl'

subdivision methods for high-precision evaluation of the l'ntil'e int.l'I'sl'ct.ion

set, they lead 1.0 data proliferation and arc conseqnently slow and nnat.t.I'ac

tive. Mauy CAD/CAM applications, for example, t.he on~linl' prog;l'auuuing

of a l'Obotic wc!ding operation which musl, follow a s"'uu l'epresentl'd by t.lw

intersection Clll'ves, require high accumcy. Plll'e subdivision met.hods al'l'

impractical for this pUl·pose.

1.2 An idea to improve analytic methods

1.2.1 Common problem

Common problems of intersection methods include the diflicull.y in handling

singularities and surface overlap, as shown in Figs. 1.1 & 1.2, respecl,iveiy, as

weil as identification of c1osc!y spaced featlll'es and small loops. The above

algorithmic difficulties arc further compounded by the numel'ical l'l'roI' in
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Figure 1. L: Int.ersection Bct.wecn Conc and Sphcrc with Singnlarity

finit.e prccision compl'.t"t.ions.

5

•

A novel algcbraic I1\cthod to ovcrcomc the pl'Oblems is introduced below.

1.2.2 New analytic method

The bricf summary, § 1.1.1 - § LIA, above, implies that algebraic methods

arc more cflicicnt than othcrs. But scrious problcms arise due 1.0 high-degree

cqnations. So a novel approach, based on a l'articulaI' subdivision method,

is proposcd so as to reduce the degree. This new method also relies on the

t!crivation of a l'articulaI' form of governing equation to describe the intersec

tion of I;wo surfaces. The resulting equation is not an algebraic curve equation

(fc(Il, v) = 0), but an equation which represents coincident points on coin

cidcnt, cun'cs, one on each surfacc, which is of the form (fp( ltlllt2) = 0),

where I p is a polynomial in Illllt2. This equation can be obtained by substi-
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Figme 1.2: Intersection Bctween Two Cyclids with Oyerlal'

tution of the three Cartesian coordinate relationships hdwecn two surfacl's

(rl(UI,V,) = r2(u2,v2))' In them'y, we can handlc the intcl'scdion bd,w""n

two polynomial pammetric surfaces by obtaining an algchmic ,'epresentation

for intersecting points betwccn two sets of C\ll'Yes on the sn l'faces. Th" d,,·

gree of a points of intersection equation is only hall' th",t of an algehmic C\ll'V"

equation. For example, say an algebmic clll've eqllatioll descrihing int"rsec

tion of two surfaces is of degree 8. Thal. means that il. has a lllaXilllllln of 8

solutions. But, the equivalent intersecting i)oint e'lliation Ims a degree of '1

and hence a maximum of 4 solutions exist. With titis novel algehmic Illdhod

we gain advantages in addition to reducing the degrce. These inclntie:
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1. Thl'Onl',h t.he introdnct.ion of t.ll'O articnlat.ed rigid body nlCchanis11l fa11l-

ili(~s as surface gell('ratol's~ wc o1>taill cOllsiderable geollletric insight..

This lIIak,'s it. easy 1.0 bnild snrfaces and 1.0 c1assify snrface species

withill pach family. For examplc, wc can set. tlp a sitnpic, variable

l',"·allld,"· Il P lIIeelHlnislll modcl to generat.e rnled surfaces of revolu

tion. lIere and in what. folloll's. t;he abbreviations, R == revolut.e, l' ==

prisllla!.ic, S == spheric, C == cylilldric and U == hooke or bi-revolut.e,

are nsed t.o specify joint t.ype. The species in t.his first. family include

cylinder, cone and hyperboloid. On the oUter hand, ll'e gain insight

nseful in t.he study of c1osed, s011letimes overconst.rained l11echanisms.

FOI' example, an int.ersecting point. equat.ion obtained from a pair of

para.Ilcl connect.ed RR mechanisl111110dcls, of the second family whose

species include cyclids where t.he sphere and torus arc special cases,

describes the motion of a RRSRR c10sed chain or single 1001', Consider

t,hat. such mechanisms may be studied by systematically varying the

RH. 11Iechanism paramet.ers to determine the conditions under which

t.he S joint, is required to furnish less than 3 dof mobilit.y. Such a

st.udy lIlight. provide additional understanding as regards cert.ain types

of overconstmined 6R, 5R and 'iR mechanisms.

2. lt. nmkes it easy to handle singularities and surface overlap. Curves of

intersection are mapped in two steps.The first step is ta solve for Ut (or

112) with the intersecting points equation (J/, (II 1: 112) = 0). The second

st,ep is to solve for Vt (or V2) by backsubstituting into an equation,

ft(lItl = 0 (or 12(112) = 0), which can be obtained in the same way as
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t,Il(' int,<'l's<'ct,Îng points ('<f\liltil>lI. ",IIt'n' fi is a St'ClHlt! dq~l't't' Pl)!Yllolllial

ill l', (or ,,~). Th""l' l'qllatioll" ar" "xplicit.. So "ollltioll hrallch poilll,;

alld other type" of "illgularity 1>0"" 110 l'articulaI' pruhl"III. WIlt'1I tilt'

solutiolls of both equatioll" hav" a l'air of r"p"'\I.,'d ruol". il lu,'au" Ihal.

t.he illt.cr~cctioll curves oVf'rlap or l'l'ossO\'PI'.

:3. The illtersectiou curve" cali he colllputed ,\('Cural"ly alld '1uidd~' Ill'

cause this l11ethod [illds the mot" or equat.iolls din'ct.ly.

It. should ilOt. be overlooked, hOll'ever, t.Imt. t.he lllet.hod ha" a 1',,11' di",,,I

vantages:

1. lt. canllot be applied t.o every l'air of surfaces,

2. For every pairing of snrface speeies, dirrerent. algorit.hnls Im",e t.o be

forl11l1lated, and

3. The code is lengt.hy and l11ay be difliclilt. t.o illlplelllellt. in l11icroCOl1t.rol

crs used for online trajectory generat.ion .
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Chapter 2

The functions of surfaces

2.1 Functions of surfaces of revolution

Ileferrillg 1.0 Fig. 2.1, allY point. d 011 a slll'facc can be foulld whell it.s gener

al.illg CIll'Ve is givclI. The posit.ion vcetor cl is defined as

(2.1 )

•

where (Ue , (3, Z) are t.he cylindrica! base coordinat.es, origin Oc, of t.he

frame ill which I.he gCllcmt.ing curvc is described.

2.2 Functions of surfaces swept by a straight
Hne

Ild()!'l'ing t,o t.he RP mechanism model shown in Fig.( 2.2), point d on a

sUl-race can be l'mUId when the joint variables, (f3 and v), of the surface are

giVCII.

The position veetor cl is defined by eqn.( 2.1) .
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Figurc :1.1: Gcncrating a CUl'vcd SurlilCe of Hot.at.ion

III

Again, Re is t.he l'adius of l'cvo!ut.ion and Z is t.he cylindl'Oaxia.1 cOOl'<1inat.1'

locat.ing origin 0e in framc 0.1.

•

[ ;lie]
[ -V~in.( ]Ye =

Zc /1 COS ~

2.2.1 Cylinder

Fol' t.hc surface of a cylindcl',

Ile f 0
( = 0

2.2.2 Cone

Fol' thc sUl'face of a conc,
Re - 0

( f 0

(:1.:1)
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Figurc 2.2: The Surface of Hypcrboloid, Conc or Cylinder

2.2.3 Hyperboloid

FOI' t.he surfacc of a hyperboloid,

2.3 Functions of surfaces swept by a circ1e

Referring t.o t.he RH. mechanism model shown in Fig.( 2.3), point d on a

surface cau bc found whcn the angulal' displacemcnt pararnctel's, i.c., joint

variables, (fJ and 0), arc givcn. d, thc position vcctol' of d, is defincd by

cqn.( 2.1) whcl'e He is the Icngthof thc cornrnon pcl'pcndiculal' betwccn
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Figure 2.:3: The Snrface of Torns or Sphere

Lhe RR pair's axes and Z is Lhe offset displacemenL of the eqnatorial plan,,,

along the polar axis, measlll'ed from the base franle origin. The point d 011

a circ!e with radius Ru is defined by rotating al'Onnd axis Yu with angle n

in coordinate CI. The coordinate CI l'OLaLes al'Onnd axis '''u with angle )' in

coordinate CI Lo be Lranslated inLo coordinate b, then Lhe cool'<linat.e b l'Otat,,s

al'Ound axis !lb with angle ç in coordinate b to be translaLed into coordina.te

c. So, the pusition d in the coordinate C l'an be defined hy given H,,, n, '/

and ç.

(2.:1)

•
Here Ru

[
Xe] [Ru(COS{l'COSÇ.-Sil~{l'COS"ISiIIÇ)]

e = !le = Ru Slll {l' Slll "1
Ze Ru (cos {l' sin ç+ sin (l' cos "1 ceJs Ç)

is the distance to <l measured perpell'licnlar 1.0 the axis of the
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IlIo"ile revolllt.", frolll 0,,, t."" point. of int.el'"ect.ioll between t.he axi" and t.he

collllllon l'''r(,,'ndicnlar. "1 is an angle which defines t.he a"pect. rat.io of t.hc

cyr/id's 1'01'111. This is t.he angle between t.he planc of t.he circie of radius n,
alld t.he local IlIel·idianal plalle t.hrollgh OC' ç is 11.11 angle t.o defille t.he axial

oriellt.at.ion of I.he eliipt.ical pl'Oject.ioll of t.he ci l'cie, t.raccd bO' d, on t.he plane

(;;", "'e). Not.e t.hat. c is t.he posit.ion vect.or of point. d Illeasmed in t.he l'J'aille

wit.h origin oc'

2.3.1 Sphere

•

l'è,r t.he sllrface of a sphel'e, Il, = 0 and 0 ::; (:J ::; 71'.

2.3.2 Torus and Cyclid

For t.he smface of a t.oms 01' cO'ciid, Ile # 0 and 0 ::; (J ::; 271' .
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Chapter 3

The intersection functions

3.1 Normal function

vVhen considering t.he int.ersection j",t.Wl'en t.wo sllrfal'l's of n'""illt.i"n on,' will

be called t.he primary smfacc. It.s axis will 1", l'olilll'ar wit.h t.IIl' :-axis ,,1' t.IIl'

global Cart.esiau frame aud t.he origin of t.his l'mille will 1.., l'oiu ..idl'nt. wit.h

Odll t.he primary smfacc local origiu. The sl'condary snrl,,,'e origin, "d~, is

locat.ed a dist.aucc Y frolll 0.11 aud t.he line joining t.he origills is t.h,' "Olllln"n

pell,eudiclliar bet.ween t.he snrface axes of re"olnt.i"n. 'l'Ill' allgl" bdw('''11

axes is </J. III Fig.( 3.1) wc sec t.he "ed.ors dl and d~ which lo..at.,~ a t.ypical

poiut, ou t.he cm"e of int.el'section. d, and d~ arc l'e1at.cd ily t.he f"lI"wilig

eqllation.

•

[

''l:dl] [ .'l:d2 cos (p - Zd'l sin (/' ]
iN\ = Yd2 + y
Zdl .1:,/2 sin (p + Z,/2 cos (p

(:1. 1 )
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1 dl (1/ )

1"

'1. dl
1

, 0 d:~

X <II,

X d:

...

•

Figure :1.1: The llclat.iouship Bct.wccu '1'1"0 Surfaces of Revolut.iou

3.2 Parameters, known and unknown

Will'u t.wo surfaces iutersect, if wc obtain the parallleters, f3 aud a(or v), of

auy surface, wc l'an llIap t.he interscct.ing curve. There arc thrcc functions in

(·«n.( :1.1), which arc fl'wer t.han t.he foUI' unknowns, f31 and al (or vd in the

prinmry sUl'facc and f32 and a2(or V2) in the secondary sUl'facc. So, wc have

t.o fix onc of t.hesl' unknowns to solve for three others. There are a nUlllber

of ways t.o do t.his. A direct caiculat.ion Illethod, where the tlll'ee functions

arc rcduccd 1.0 onc so as 1.0 solve for a single unknown, will be introduccd in

nex\. dmp\.er. This Illethod provides good precision in a fast algorithlll .
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Chapter 4

General functions of intersection

4.1 General functions of intersection with
known, 0:2 or U2

4.1.1 Functions

The main point is to c1iminate thc nnknowns of /11 and l', and t" ,,"tain

a fnnction, which inc!udcs thc single unknown, 01(01' IIJl. vVc pl'Occ<'d as

follows.

_Square eqll.( :3.1) to obtain

, 2 2 , 2 2 ..2, ..
:V,1I + 11<11 + =,11 = :Vd2 + 11<12 + =<12 +} +.n 1101' (:1.1)

Sqnare eqn.( 2.1) and substitute into cqn.( :1.1).

= (:Vcl + ReI )2

+ 11;1 + (=cl + ZIf

[( 2 2 ')2 2]X c2 + Rc2 ) + 1Ic2 + (=c2 + Z2 + y
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1'1'011' t.h" t.hircl flllldioll ill "'111.( :1.1) alld t.he t.hircl ill e'lI1.( 2.1),

1"1'0111 t.he Iil'st. alld secolld fUlldiolls ill cqn.( 2.1),

(4.4)

Mult.iply (''111.( 4.2) by sillrP alld l11ultiply eqn.( 4.:3) by 2Y. Then add

alld sllbst.it.ut.e the l'l'suit, into eqn.( 4.4). The funet.ions, which ollly indude

olle lIukllOWII, 0'1(01' vd, cau he wl'ittcn as

•

d, = R~I + Z~ - [(X'2 + R'2)2 +V;2 + (Z'2 +zd +y 2
J . (4.6)

d2 = Z, - (Z'2 +Z2) cos <p (4,7)

da = -[(.1',2 + R'2)2 +V;2] (4.8)

4.1.2 Secondary Surface

I. Fol' t.he slIl'facc of a cydid 01' sphel'e,
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2. For a hyperbolic, conical or cylill<lrical SlII'r'II·('.

4.1.3 Primary Surface

1. FOI' the surface of a cyclid or sphere,

[
Xci] [R"I(COSQlcos Ç.. I. -sin.CtlcOs/ISinçll]
Ycl = R"I S111 QI S111 , 1
Zcl R"I(COSQI sin6 +sinol COS Il cos6)

Substitute eqn.( 4.11) into eqn.( 4.5) and define

0'1
1 = tan

2

Then differentiate the l'esult, 1,0 obtain

( 2 2'2 2 2 . 2nIt + 7121 + 7l3) + 4l' (n'II + nr.1 + nu) S111 (~

+ 4d3y2(12+1)2sin2(~=O

where

nI - R~I + dl - 2R"I(ZI sinÇt + Rcl cos6)

I~

(.I.!))

(tl.I:I)

(tl.ltl)
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Il"! = ..I/!",l'OS"/,(I:, ('()S~, - ad Sill~,)

lia = /l~, +", +:la",( Z, Sill~, +ad cos ~d

/1.,1 = "2 -a", Sill~,

1l!j = 2a", COS"i' cos~,

Un = "2 + a", Sill~,

(..1.1:;)

(..1.1 fi)

('1.17)

(4.18)

('Un)

llili·"r""l.ial.illg "'1".( .'1.1:1) gi,,"s

(4.20)

wllel'(~

'11"·1 = 11~ Sill2</; +.n'211~ +4c/3y2 sin2</;

ilia = 81"2/1.,,'/1., +211211, sin2</;

1U',,! = ..,1"2(2/1611., + 11~) +8c/3y2 Sill2</;

+Sill2</;(21131/.1 + 1/.~)

III, = 2113'/12 Sill2</J +8y'2116'11s

11/0 = '11; sin2</; +4y211~ +4y 2d:1Sill2</;

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

!\cconlillg 1.0 eqll.( 4.12), when 10, 1-+ 7r, which is possible in many

instances of surface intersection, then 1t 1-+ 00. ln such cases wc

cali not obt.aill a sat.isfactol'Y solution with eqn.( 4.20). ln faet, when

1 01 1 is close 1.0 7r the solution will be baclly conditioned. Vnder such

condit.ions, t will be replaced by it.s reciprocaI. In the range

•
01 = 2 aretan(t);

7r Ir
-- < al <-2 - .'. 2 (4.26)
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Il',· will "'"

so as 1,0 oillaill

1 (\ 1- = t.an
1 :!

(I.~j)

(,I.:!~)

0'1 = TL - 2 at'et,a.ll(t)~
ii :\ii
- < n, <
:! - :!

(I.:!!l )

•

2. Similarly, roI' a hyperbolic, cOllical 01' cylindrical Snl'race.

The rcsult obtaincd ily difrerelltiating e'ln.( :1.5) is

2 1 )2 • '> ,'2 2
(I/,Zcl +1l2Zcl +(, SII'- '/' + ,1) (Zcl +d2 )

+ 'lda}?2 sin2
'/' = 0

1/, = 1+ tan2
(,

Din'crcntiation or cqn.( 1.:31) results in

('I.:I:~)

('1.:1:1)
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" , .,
111·1 = ni Si Il'' cp

111.a = 211';(111 Sill
2 cp

III '2 = IIy2 +sin'2 <I>('2r11Il 1 + II~)

111( = 2<11112 sin 2 <1> +8y2d2

'1110 = ri; sin 2 </> +IW2d~ + .'1}'2r13sin 2 </>

(-U.5)

(4,36)

('1.:3ï)

(4.:38)

(4 .3~»)

4.2 Solving for (32

To oht.ain t.he solnt.ion fol' QI (01' 'VI), we nccd 1.0 solve fol' (3201' fil 1.0 map t.he

illtel'sectillg CUl've.

4.2.1 The solution for Y i= 0 and sin ifJ i= 0

frolll C'In.( 2.1) and 4.2), t.he solut.ion of rh can bc wl'it.t.cn as

(4.40)

(4,41)

{

(32 = al'ct.an (!!.L ) j
i':.!

(32 = al'ct.an(;;) + 71'j

Frolll t.he l'esult. of eqn.( 4,42), (32 is choscn as

(4,42)

•

71' 71'__ < (.1" <_.
4 _!J. 4 ' o/'

371' < (3 571'- 2<-4 - 4
(4,43)



• CIIAI'TEH 'i. GENEH:\L FlfNCTIONS OF INTEHSI':('TION ,),)

{
d, =
,f.1:!. =

~ - al'l'I.an( ~):
- '~I

:~" - 'lI'ctan(~ ):
1. .~I

"1 > ()
"1 < ()

1"1'0111 the l'esult. of e'ln.( '1.'1,1). /Î, is chos<'n as

... < ;3 :!....- '1<:1 - - ,1' or
:"lii J Î7i
-<LJ'l<-

'1 -. - '1

4.2.2 The solution for Y = 0 or sin 4' = 0

There arc. in t,his case, \'wo solutions fol' auy given nAo!' v~) so ilS ton Pl'o<!IlCt·

01(01' vil. 1"1'0111 eqn.( 2.1), use

fi,
l = t.an

2

with

wherc

f32 = 2 arctan (l)i
iT" • 1i'

-- < fJ2 <-2 - 2

Ilowcvcr, lise

with

where

J fi2- = tan)'
l :..

Will)

•

/:J2 = 71' - 2arct.an(l)j
71' :171'
-<f32<2 - 2

(~.Ijl)
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1. For V =0,

•

2. FOI' sin '/) = 0,

III~ = -("'c~ + 1102 ) sin ,p - e~

nll = -2Yc'lsitl</)

1110 = ("'02 + Rc~) si n ,p - c~

lU',! = -2YYc2 - CI

1nl = 4Ft'tc2 + Rc2 )

1110 = 2Fyc2 - CI

('1.52)

('1.5:3)

(4.54)

(4.55)

(4.56)

(4.57)
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Special functions of intersection

vVhen <P = 0 and }' = 0 (prinmry slII-racc and secondary snrfa"" share t.lw

same axis), t.he intersecting curves arc cil'c\es, perpendien1<u' t.o t.he axes or

revolution of the two generat.ing Clll'ves. The radins, Il, and ct'nt.re point.s,

0, arc dcfincd as

(ri. 1)

(.'))d ....

•

[
0" ] [ 0 ]Oy = 0
0, Zc\ +ZI

Coordinatcs (xchYchzcIl can be obtaincd by nsing e'ln.( :.\.1) and solving for

5.1 Prhnary surfaces swept hy a straight Hne

(hyperboloid, cone or cyiinder)
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l'è,,' prilllary su rra"" of hyperboloid, COlle or ,"ylillder alld secolldary suface of

hyp"rilOloid, COlle or ,"yiillder, the solutioll for "1 cali be Il'1"iUeli as

1I1'2'pf +U/, VI + 11/U = 0 (5.a)

wll(~)'(~

" ~ 2 ~

(5.4 )"Ill'.! = tall"~, - t.all ~2

'Ill 1 = -2(Z, - Z2) t.an 2
(2 (5.5)

'IIIU = R~I - R~2 - (ZI - Z2)2 tan2 C (5.6)

5.2 Primary surfaces swept by a circle

(cyclids or spheres)

For primary smface of a cyclid or sphere, t.here arc two solutions for QI'

5.2.1 Secondary surfaces swept by a straight Hne

(hyperboloid, cone or cylinder)

For a primary surface of cyclid or spherc and secondary sufacc of hyperboloid,

cone or cylinder, t;11C solution for QI can be written as

•
wlll're 1 is defiued as

QI
1 = tan

2

(5.7)

(5.8)
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wh"l'C'

1 is d"rhwd as

(l, = 2 al'rlan(!):
ii ii

--<nl<-
2 - :2 (;'.!l)

t.o obt.ain

whcl'c

l ",- = t.all
1 2

1 .~ '1

llI ul' + Ill) /' + 1I1~1· + 11I,,/ + III.) = 0

(;'.Ill)

(;'.11)

snch t.hat.

0'1 == ii - 2 éll'ctan(l);
rr :hr
- <0'1 <
2 - 2 (;'.12)

(;'.1:1)

(lU ,1 )

•

and

SI = Z) - Z2 - H", sin /;,

,1)2 = Z) - Z2 +H"I sin /;)

S3 = Z) - R.d siu /;)

S'I = Hel cos 6 + ZI sin /;)

S5 = Hel sin 6 - Z, cos /;)

2 2 ,. 2 2
SG = R,,) + Rel + ZI - /l.e2

(r•. 17)

(5.1 S)

(5.1!l)

(5.20)

(5.21 )

(5.22)

(5.2:1)
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5.2.2 Secondary surfaces swept by a circle

(cyclids or spheres)

·r_1

For a prill",ry ""rrace or cydid or "phere alld "ecolldary "tiraCC or cyclid or

"pher", the "ollll.ioll or 0'1 cali be wril.l.en as

where 1 i" ddined a"
0'1

1 = tan
2

\\'hen~

(5.24 )

(5.25)

1 i" den lied a~

0'1 = 2 a.rct.a.II(l);
ii ii

-- < al <-2 - 2
(5.26)

Lo ohLaill

where

1 0'1- = tall
1 2

(5.27)

(5.28)

SlIch t.ha.t.

0'1 = rr - 2a.rct.an(l);
rr 3rr
- <al <-2 - 2 (5.29)

•

'/"',1 = CO"2", ("2 '1[>2 [>2 ) +8 2
~7 ,2 "'10 -. t fl2 Lc2 !) (5.30)

(5.31 )

(5.32)
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"
1111 = 2·"I"";I:lCOl""''.! +:2.... ;.... '1

'l," )" l") '.= ro'·~,.(8~ -.1/,.,./':., + 8:1_.... li..,.. .

and

(. "");).,), )

(,>.:1'1)

(',.:lli)

(;'.:\7 )

(!",.:IX)

(:; ..Ill)

(" ..II)

(:;.,12)

(:;.·1:1)

(:;.'1 ,1 )

(:;.,1:; )

(:;An)
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Chapter 6

Samples

6.1 Programming Method

ln t.his scdion, ca\culat.ion and drawing of an int.erseet.ion curve will be de

scribed.

6.1.1 Intersection computation

ACCûl"lling 1,0 § " & § 5, givcn one Q2 01'112, up 1.0 eight solutions can be

oht.aincd. So, the main problcm in ca\culating intersection curves concerns

how 1.0 choose the given parameter value and how to organize the solutions,

i.c., so as to generate a sequence of points on th,~ intersection curve.

• Choiee of given parameter:

First. one should denne the parametrîc range, its step size and a min-

...!nmm Humber of intersection points ta be calculated on each loop.

Usually the given paramcter to be independently varied is chosen as

an angle variable, which has a range of (0 ~ 27T). The step must be

small enough so that a small intersection loop will not be ignored. For
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exmnple. if a paralllctric range of () -: ~rr is citmwll. t.1l(' sh'p siz(' Illi~ht

be defined as ;r /180 or 1 degrce. 'l'h" mininlnm nnlnl",r of init'rS('I·I.ion

points requircd depends on being able 1.0 trace a slIlIicientl~' snlooth

intersect.ion curve with the chords joining them.

Then, intersect.ion points are calculated by st('pping tl\(' paramdric

value through the range decided npon \Vith the step si~e <'hos('n. If

a complete cycle reveals no solutions, there is no intersl'dion within

the resolution of the choscn step si~e. If intersect.ion points in a cycle

producc adjacent chords which vary in direction Ily more than son\('

prescribed value, intersection points al. locally rednced step Si~l' may

be calculated and inserted, either explicitly or Ily some sllitable inter

polation scheme.

• Orgalli~ing the solutions:

Except for simple cases of mnltiple loops, like say, intersect.ing cylin<1ers,

which l'an be handled easily, il. is more eflicient to identify interseet.ion

curvc branching online, intemctivc\y, i.e., with hunHtn operator decision

and intervention,

Aeeordingly, a software package using Mat.lab was devcloped (sce Ap

pendix A).

6.1.2 Curve construction

•
Intersection curve data l'an be obtained with the Matlab software package

mentioned above. Beeause AutoCAD supports script files (collllTland list.
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Figlll'e (U: The Intersection between H:'!lel'boloids

:1 )

files), anot.her sortware package was programmed in BASIC to deal wit.h

convert.ing the data into an script, file, which is used directly by AutoCAD.

FOI' el'ample, this was done t.o produce the various pictoria! illustrations like

Fig. G.!. This is documented in Appendil' B.

6.2 Examples

•

Fig. G.I through 6.15 show firteen difrerellt el'ample cases. Fig. 6.Ci & Ci.12

"l'Scribe cllI'Ve overlap while Fig. Ci.13 is an illustration of the special case of

coincident, axes.
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':""jl.;!",}'···· .~::::i;::,"\::::?:";::,:"
T,Ill ( n(JU
Ill-III l'l'Il t \\11 ,l'il':>'

111:-'I.LI1I'(· Il :111, '\ll~h' Itlll

Figure G.2: The Intersection bel.wCl'u lIypnrholoid 1111<1 COU"

•
Figure 6.3: The Intersection betweeu Hypcrholoid ami Cyliucici'
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Figurc 6.:1: Thc Intcrscction bctwccn Hypcrboloid and Sphcrc

Figurc (i.5: Thc Intcrscction bctwccn Hypcl'boloid and Cyclid
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El lorus ,\' ('vlllldl'r (lOI
:-'lld.lIT 1. 1'1 lurl!:'
1:(· : 00; 1\<1 :! 00
'\:':'1 i(); '\\:1 (l

:-illl'f,ll'I' :~. r.\'llIult·!"
1\(' :1 [JO
Ilt'l \\"\'1'11 1Wll ,\\1':-;'

1l1:-:1 <LUt'I' :1 (Ill, ,'"~h' :~(l

Figure 6.6: The Intersedion bct,ween C:ydi<! 1111\1 Cy!ill<!CI'

Figure 6.7: The Intersectioll between Cyclid and COlle

:1·'



• CIIA!'TI':/l Ci, SAM!'LES
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Figure 6.8: The Intersection between Cyclids

Figure 6.9: The Intersection between Cyclid and Sphere
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Figure 6.11: The Intersection hetwccn Sphcrc and Cone
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Figure G.12: The 1nt.crsect.ioll betwecll Sphere and Cylindcr

F'igmc 6.13: The Intersection between COlles
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Figure 6.14: The Intersec.t.ion bet.wœn Con,· illI<l Cyiind"r

Figure 6.15: The Intersection betwecn Cylinders
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Chapter 7

Concluding Remarks

7.1 Conclusion

With this nove! algebraic method we gain advantages, including importaut

",'dud.ion of the polynomial degrcc. These iudude:

• 'l'he dcgl'l'e of the iutersed.ing points equatiou is Qnly half of that of

th" algl·braie C11I've ""uation.

• Siugu\arity and local tangency betwccn slll'faces are easy to hanclle.

• The resulting c:osed forill solutions are 1I10re al'cllrate

• Artieulated l'igid hody lIIechanismmodels which generate surfaces are

introducc,l. This makes il, easy to build surfaces, and easy to classify

groups of surfaces.

• Sdf intersection does not hindel' 01' complicate solutions.

\1. should uot be ovel'Iooked, howevel', that the ll1ethod has a few disad-

vant.agcs:
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• It. CHn he appii('d ollly 1,0 pairs of sllrl'an's of n'\'l)lutillll.

III

• Fol' l'very pairing of SUl'ran' s!H'cips. dilli.'n'1l1 al!!:l)t'iI.IIIIIS ha\'(' tll IH'

forlllulated. and

• The code is lengthy and llIay 1", dillicuillo ilnpleIIH·nt. in nlinol'I>l1II'1lI

ers nsed fol' online t.rajedol'y gen,·rat.ion,

Accordiug to this novcl algebraic IlIdhod. a sd of solutions can lu' obt.ainl'c1

fol' surface species described iu § '1 aud § 5, Thesl' d"snil", t.I'ajl·('\,oril·s of

motiou of some poiut on H rigid liuk of SOllle singk, closl'd 1001' IUI'chanisnl,

There mechHnisllls arc listed iu 'l'abl,, 1.

Prilllary slll'face Secondal'y surfm'e 'l'YPI' of linkage

Hyperboloid Hyperboloid IlI'SI'Il.
Hyperholoid Elliptic tori lll'SIW
Hyperholoid Sphere RI'SU
Hyperboloid Cone Il l'SI' Il
Hyperboloicl Cyliuder IlI'SI'Il
Elliptic tori Ellipt,ie tori IWSIl.Il.
Elliptic tori Sphere llHS!}
Elliptic tori Coue llRSl'1l
Elliptic tori Cylinder Il ilS l'Il

Sphel'e Sphere USll
Sphcre Coue USI'Il

1--."S,.e:p.;:h.::.(,,:.;:.e:....---j----,("';)~,I;;-Îl:.;:I('le-'r--f---,-U;;-Scl'c'"'Il,....--1

Cone Coue RI'SPH.
Coue Cylinder HI'SI'II.

Cylindcr Cylindcr IU'SI'Il.

•

'l'abc 1 : Mecl11ln iSIll types
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7.2 Contributions

• A II('W ;dg"'"'aic ll1ethod has 1>,,,,,, de"doped which cali he applied t.o

variolls clIgilwel'illg prohh~l1l, <'.g., t.he rahl'ica1.ioll or Inecitanical COIll

POI""'l.s which are cOlllposil.('s of slll'faces of l'('vollll.ioll.

• A sortwal'e package (sec Appendix A), which l'an he used t.o solve ill

I.el'sections like the 15 cases listed ill Table l was creal.ed.

• A uscful enhallcemelli. to Advanccd i\'!odeiing Exl.eusioll (AME) in Au

1.0CA D (sce Appendix 13) has hccn designed. lt l'an handle int.el'sect.ion

CUl'v,," he\.ween more complicat.ed slll'faccs than t.hose within the capac

il.y of cOlllnlerdal packages availahle,

• A syst.emat.ic appl'Oach 1.0 study the kinematic geomcl.l·Y of the mot.ions

pl'oduced by 15 kinds of single, c10sed looplllechanisms was devcloped .
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Appendix A

Matlab Progranl

%This fundion is used to caiculate the begining valucs function [tl,t2,t:3,VI]=begin(nr)
ii=[2 2];R=[I/ljO 2]jZ=[0 0]jY=4jxiil=Ojxii2=Ojgal=:30;ga2=0;
ph=Ojli= IOjI2= 10jans=[ii';Y;ph;Z'jR( 1,:)';R(2,:)'];
if ii( 1)== 1, ans=[ans;li; R(l ,2)]; clsc ans=[nnsjgal ;xiil];
end
xii 1=xii 1*pil 180jgal=gal *pil ISOjph=ph*pi/180;
if ii(2)==2,
del!>= 1*pil 180;d!>=2*pijbv=0;ans=[ansjga2;xii2]j
elsc
11=12;delb=llj:lGO;db=ll;bv=-11/2;ans=[ansjll;R(2,2)]j
end
xii2=xii2*pil 180;ga2=ga2*pil 180jxi l=[sin(xiil) cos(xiil)];
xi2=[sin(xii2) cos(xii2)]jgallllllal =[sin(gal) cos(gal )];
galllnla2=[sin(ga2) cos(ga2)];phi=[sin(ph) cos(ph )]j
if phil 1)iO.OOOOOO! & y ==0,
[1' ,z,jj ]=xyzc(i i,R,Z,xi1,xi2,galllmal ,galllma2)
for i= 1:jj,
ans=[ansj[O 0 z(i)J'j;ans=[allSj[r(i) 0 z(i)]'];ans=[alls;[O r(i) z(i)]'J;
elld
choie
[t.I,!.2,t3,t4j= x(ii,R,Y,Z,phi,xi! ,xi2,gammal,galllma2,db,nr,bv,delb);
[ia,ib ]=size(t1)j
if ib==O,
cise
for i=l:ih,ans=[allSjtl(:,i)]; end



•

•

:\l'I'ENIJ/X:\. ~I:\TL:\B l'H()C:Il:\~1

end
[ia,ib]=si~e(t.2);

if ib==O,
e\se
for i=l:ih,ans=[ans;t.2(:,i)J; end
end
[ia,ib]=si~c(1.3);
if ib==O,
e\sc
for i=l:ib,ans=[ans;t.3(:,i)]; end
cnd
[ia,ib]=si~c(tA);
if ib==O,
cise
for i= l:ib,ans=[ans;t4(:,i)]; end
end
end
chdir c:int
save tol,dat ans ascii

% This fnnction is nscd 1.0 solve interscct.ing points (x,y,~)

% in the general cases,

fnnction [rl,r2,r3,r4]=
x(ii,R,Y,Z,phi,xil ,xi2,gallllllal ,galllllla2,dv,1lI',bv,dclb)
Il i=[] ;jj 1=O;nj =[] ;mi=O;mn=1I1';110=[0 0];
\Vhile miinr
r1=[];r2=[];r3=[];r4=[];dcl=dv/mn;ik=O;kk=O;n=O;ll1m=[O 0 0 O];d=hv;
[jj ,1.] =xy( ii,ll,Y,Z,phi,xi l ,xi2,gam mal ,gamma2,d);
if jj==O,
n=l;no(I)=I;
clse
ik=ik+I;lTIm(ik)=mm(ik)+1 ;11=0;
[1' l ,r2,r3,r4,1I1]=r04( t,mm,ikjj,kk,rl,r2,r3,r4,noJj 1,III );
end
d=d+dcl;
for i=l:mn,
kk=jj;[jj,t]=xy(ii,R,Y,Z,phi,xi l,xi2,gammal ,gamma2,d);

·Ili
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ifjj==O,
11= 1;
if iki.O,
II()(~)= 1:
..Is..
('lId

d:-i('

ifll==I,
il,=ik+ 1;11=0;
(·I~()

('lId

111111 (i k)=1I1111( ik) + 1;110(2 )=0;
[1' l ,1'~,I':1 ,1"1,11 1J=1'0'1 (t ,Illlll,ikjj ,kk,r l ,r2,r:l,r4 ,1I0jj l ,III );
"1 ".J.J =.1.1;
('lId
d=d+del;
('lId
III i= III ill (Illlll( 1:ik) );ma=nlax( mm( 1:ik)); mil =11111*2;
if 111<1.==0 & dclidclb,bl'cak,end
elld
if 110(2)== 1,
[lIi( 1),lIj( 1)]=si;:c(rl );[lIi(2),lIj(2)]=si;:c(r2);
[Il i(:1) ,lIj (:1)1=si;:e( 1':3) j[II i(4) ,lIj (4)] =size( 1'4 )j
il =lIlaX( IIj );i2=i 1+ 1;[rl ,1'2,1':3,1'4]=1'05(il,i2,1' 1,1'2,1'3,1'4,nl);
dse
elld

% This fllllct.ioll is lIsed to solve thc intcl'secting point (x,y,z)
% ill the gellcm\ cases.
fllllction [kk,t]=xy(ii,R,Y,Z,phi,xil,xi2,gammal,gamma2,v)
t2=xy;:a(i i(2),2,H"xi2,ga Illllla2,v);
ifii(I)==I,
[jj,tt.]=xyz2( t2,H,Z,y ,phi,xi I,gammal)j
elHe

lU ,t.t.]=x)'z\ (t2,H"Z,Y,phi,xi I,gammal);
elld
ifjj==O,
e1sc
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for i=I:.ij.
lil=xy~a( ii (1), 1, Il,xi I.ga nnna I.lt( i)):
,,1 (i )=( til( 1)+ Il( 1,1) )":1+( l'I(2W:1+( t·1 (:1 )+Z( 1))"2_( t2( 1)+ Il (2.1 ))"2
-(1.2(2) )"2_( 1.2( a)+Z(2) )"2_Y"2;
e2(i )=t:I(:l)+Z( 1)-( 1.2(:l)+Z(2) l'phi(2);
end
if y==o 1 phil 1)==0,
ifjj==I,
if 1'==0,
c=[-e2-phi( 1)*( 12( 1)+ H(2, 1) );-2'phi (1)'1.2(2);-..2-I-phi( 1)'( 12( 1H- Il (2.1))1;
cise
c=[-e 1-2*Y*t2(2);4*Y*(t.2( 1)+1l(2, 1));-e 1+2*Y*1.2(2)];
end
qa=[c]';qal =[qa(3) qa(2) qat 1)J; bet.O=[[root.s(qa)]');hct.l =[[l'Ool.s( 'la 1)J');
cise
if 1'==0,
c=[-e2-phi( 1)*(t,2( 1)+H(2, 1) )j-2*phi( 1)*1.2(2) -2*phi( 1)*1.2(2);
-e:1+phi( 1)*( t.2( 1)+1l(2, 1)));
cise
c=[-e1-2*1'*1.2(2);4*1'*( t.2( 1)+ 1l(2, 1)) '1*\'*( 1.2( 1)+ H(2, 1));-e 1+2*Y*1.2( 2) 1;
end
qa=[c( :,1 )]'jqb=[c( :,2)]';qal= [qa(:l ) qa(2) qa( 1)];qh 1=[qh(:I) '1h(2) qh( 1)1;
beLO=[[root.s(qa)]' [root.s(qb)]'];hct.l =[[root.s(qa 1)]' [rool.s( 'lb 1)]']j
end
[ij ,be)=r02(beLO,bet.1)j
cise
qa=cl *( t.2(1)+1l(2,1) )*phi( 1)-2*\'*t.2(2)*e2;
qb=el *t.2(2)*phi( 1)+2*Y*(t.2( 1)+R(2, 1))*..2;
beLO=qa.fqbjbet.l =qb.fqaj[ij,beJ=roa(beLO,bet 1,qa,qb)j
end
end
xd=( t.2( 1)+R(2,1) )*cos(be)-t.2(2)*sin(be)i
yd=( t.2( 1)+R(2,1) )*sin(be)+t.2(2)*cos(be)j
zd=t.2(3)+Z(2);x=xd*phi(2)-~d*phi(1);y=yd+Y;
z=xd*phi (1 )+zd*phi(2) jt.=[x;y;z] j[lI,kk] =si~e( 1.) i
end

%This fllnct.ion is lIsed 1.0 solve t.he int.ersect.ing points of x and y
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IX, wit.h Z 11'1",,, a"gl" of phi ""d Y bot.h al''' """1' t.o zero 01' t.h"y bot.h
% an' iI,(!I'O.

f""l'.Lio" lij,ij,L]=xyz(ii,H.,Y,ï"plti,xi 1,xi2,gall\llntl ,gamllla2,het.a 1)
if ii( 1)==1,
a( 1,1 )= 1:,,( 1,2)=0:1I( 1,:1)=0;,,( 1,:1 )=.. (Il( 1,2))"2;a( 1,5 )=2*( H( 1,2))"2*Z( 1):
,,( 1,U)=( bda( 1))"2-( H( 1,1 ))"2-( R( 1,2) )"2*( Z( 1))"2;
,.(') 1)= l "'('} '})--')*"".(') ")=1]'f . ... , le ... ,'" -... 1 l" ... ,.J l

a(2,:1 )= (ph i (1))"2-( R(2,2) )"2* (phi(2) )"2:
a(2,5)=phi(2)"(2*bet.a( 1)*phi( 1)+2*( R(2,2) )"2*(bet.a( 1)*phi( 1)+Z(2))):
a(2,U)=( beta( 1))" 2* (phi(2) )"2-( H(2,1 ))"2
-1-( R(2,2) )"2*(bct.a( 1)*phi( 1)+Z(2) )"2+Y"2:
d~e

a( 1,1)= (xi 1(2) )"2*(gamma1(1))"2+ (xi 1( 1)*gammal (1)*betal (2)
-gamma 1(2)*bct.a1( 1))" 2:
a( 1,2)=-2*H( 1,1 )'( (xi 1(2) )"2*(gammal (1) )"2*bet,t1 (2)
-I-xi 1( 1)*gamtlHtI (1 )*( xi 1( 1)*gamma1(1 )*betal (2)-gammal (2)*betal (1))):
a( 1,:I)=2*(xi 1(1 )*gammal( 1)*betal (2)
-gallltlta 1(2)*betal (1) )*( xi 1(1 )*gammal (1 )*betal (l)
+gamtltal(2)*bctal (2)):
a( 1,'1 )=( xi 1(2) )"2*(gammal (1 ))"2+(xi 1(1 )*gammal( 1)*betal ( 1)
+gallllllai (2)*bet.al (2) )"2;
a( 1,5)=-2*H( 1,1 )*( (xi 1(2))"2*(gammal (1) )"2*bctal (1)
+xi 1(1 )*gamtlHtI (1 )*(xi 1(1 )*gammal(1 )*betal (1 )+gammal(2)*betal(2))):
a( I,U)=( H( 1,1) )"2*(xi 1(1) )"2*(gammal (1))"2
+( xi 1(2))"2*(gammal (1) )"2*( (H(1,1 ))"2-( R(1,2) )"2);
""'(')) 11 11 ... == ,
si =Z( 1)*xi 1(2)*gammal(1 )-R(I,1 )*xil (1)*gammal(I):
s2= (phi(1))"2-( H(2,2) )"2* (ph i(2) )"2:
s:l=betal (1 )*gammal (1 )*xil (1 )+betal(2)*gammal(2);
s4=bctal (2)*gammal( 1)*xi 1(1 )-betal (1 )*gammal (2):
a(2,1 )=(xi 1(2))"2*(gammal (1) )"2*( (phi(2) )"2
-( H(2,2) )"2*(phi( 1) )"2)
+2*( 1+( R(2,2))"2)*phi( 1)*plti(2)*xil(2)*gammal (1)
+s2"2*s4"(2):
a(2,2)=2*( (R(2,2))"2*Z(2)*s4*plti(2)
+s I*xi 1(2)*g,unmal (1 )*( 1+(R(2,2) )"2) )*xil (2)*gammal(1)
-2*( R(2,2) )"2*Z(2)*plti( 1)*(xil (2) )"2*(gammal (1))"2+2*sl*52*54:
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a(2.;I)=2"(~2"~H(1+( H(2.2))"2)'phi( 1)'phi(2)'xi 1(2)'!!,a 1111 lia 1(1) )'~:l:

a(2,.1 )=(xi 1(2) )~2"(galllllla 1(1 ))~2+~2"~;V2:
a(2,5 )=2* (~ 1*~:2*~:l- y* (xi 1(2) )~ 2" (!!,a III ilia 1( 1))~2
+( H(2,2 ))"2*Z(:2)*~:\" phi(2)* xi 1(2)"ga III Il III 1(1 )l;
a(:2,Ci )=( xi 1(:2) )~2* (galllllla 1( 1))~2"(Y~2-( H(2, 1))~2
-( Z(2) )~:2* (H (2,:2) ]A2)
+ 2*( H(2,2) )~2*Z(:2 )"~ l "phi(:2)*xii (2 )'ga1111 lia 1( 1)+~2'~ 1~ 2:
l'Ise
~ 1=Z( 1)"'xi 1(2)*galllllla 1(1 )-H( 1,1 )"xi 1(1 )'gaIl Il lla1 (1 ):
~2=( (H( 1,2))"2-( Il(:2,2))"2-( H( 1,1))"2
-(Il(2,1 )t:2+(Z(2)t2-(Z( 1)t2)*xi 1(2)*gallllllill (1 )
+2*sl*(Z(1)-Z(:2)*phi(2));
53=bct.al (1 )*gammal (1 )*xi i ( 1)+ hdal (2)"galllllla 1(2);
s:I=2*(R( l ,1 )*bct.al ([)-Y)*xi 1(2)*gallllluti (1 )+2*~;I*(Z( 1)-Z(2)*phi(2));
s5=bct.al (2)*gamlllal ([ )*xi 1( 1)-bct.al (1 )*gamllla 1(2);
sCi=2*(R( [,1 )*bct.al (2)-Z(:2)*phi( 1) )*xi 1(2)*gamlllal (1)
+2*s5*(Z( i )-Z(2)*phi(2));
s7=s5*phi(2)-phi( 1)*xi 1(2)*galllllml( 1);
s8=51 *phi(2)-Z(2)*xi 1(2)*galllll1al (1);
a(2, 1)=(56"2+4*( Il(2, [) )"2*s7"2)*(galllllla2(2) )"2
+(2*Il(2, [)*s7*xi2(2)-56*xi2( 1) )"2*(gall1ll1a2( 1))"2;
a(2,2)=2*(s2*s6+'1 *(R(2,1) )"2*58*~7)*(galllllla2(2))"2
+2*(2*Il(2, 1)*s8*xi2(2)-52*xi2( 1))*(2*R(2, 1)*~7*xi:2(2)
-s6*xi2( 1) )*(gamma2( 1) )"2;
a(2,3)=2*(2*Il(2,1 )*s7*xi2(2)-sCi*xi2( 1))*(2*R(2, 1)*~:I*phi(2)*xi2(2)
-s4*xi2( 1) )*(gamma2( 1) )"2
+2*(s4*s6+4*s3*(Il(2, [) )"2*s7*phi(2) )*(galllllm2(2) )"2;
a(2,4 )=(s4"2+4*( R(2,1) )"2*s3"2*(phi(:2) )"2)*(galllllla2(2) )"2
+(2*R(2, [)*s3*phi(2)*xi2(2)-wl *xi2( 1))" 2*(garllllm2( 1) )":2;
a(2,5)=2*(52*s4+4*(R(2,1) )"2*s8*s3*phi(2) )*(galllllm2(2))"2
+2* (2* R(2,l )*s8*xi2(2)-52*xi2( [))* (2* R(2, [)*~:j* phi(2)* xi2(2)
-s4*xi2( l) )*(gamma2( 1) )"2;
a(2,6)=(s2":2+4*( R(2,l) )"2*s8"2
-4*(Il(2,2))"2*(R(2, 1) )"2*( xil(2) )"2*(gamll1al (1) )"2)*(galllllla2(2) )"2
+(2*Il(2,1 )*s8*xi2(2)-s2*xi2( 1))"2*(gamllla2( 1))"2;
end
end
a[x,Y,JJ]=l'Ol(a)
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il' jji.O,
Xl' 1=)' 'I",ta 1(1)+x'l",ta 1(2)- B( 1,1 )i)'l' 1=y'l",ta 1(2)-x"betal (1);
~ 1="p'l.( (B.( 1,1) )"2-xc 1."2·yc 1."2);
~2=-s' p.t.( (B( 1,1))"2-xcl."2-ycl."2);
1'1 =ycl'galll IlIH.I (2)-( (x I-Z( 1))'xi 1(2)-xc l'xi 1(1 ))'gamma 1(1 );
1'2=ycl'galllllla1(2)-( (x2-Z( 1)l'xi 1(2)-xc l'xi 1( 1))'gaIl IIl1a 1( 1);
il' ahs( 1'1 )iO.OOOO 1 &. abs(l'2)j(J.OOOO l,
1_[,.. " ..·1 ..··)1·)·)· -').
'-0'1./1'" 1".... ,.- ... '

('I:"i(~

ij=l;
il' a.bs(1'I )iO.OOOOI,
1.=[x;y;~I];

e1s"
1.=[x;)';:'.2);
"lId
"lId
e1He

'i =Oj
"Ild

% This l'llllet.ioll is used to solve the single panuncters(al) of the
% illt.crseet.ing poillts of t.wo rot.at.iollal qlladrat.ic surfaces with
% primaI')' surface heillg a cyclid or a sphere.

fUIlet.ion lU ,t]=x)'~ 1(t2,R,Z,y ,phi,xi,gamma)
dl =( R( 1,1) )"2+(Z( 1) )"2-( t2( 1)+R(2, 1) )"2
-(1.2(2) )"2-( t2(3)+Z(2) )"2-Y"2;
d2=Z( 1)-( t2(3)+Z(2) )*phi(2);
d:I=-( 1.2( 1)+ R(2, 1) )"2-( t2(2) )"2j
Il 1=( R( 1,2))"2+dl-2*R( 1,2)*(Z(1)*xi(1)+R( l ,1 )*xi(2));
112=4*Il( 1,2)*gmnma(2)*(Z( 1)*xi(2)-R( 1,1 )*xi( l))j
Il:1=( R( 1,2) )"2+dl +2*R(1,2)*(Z(1 )*xi( 1)+R( 1,1 )*xi(2))j
Il'I=d2-R( 1,2)*xi( 1);n5=2*R( 1,2)*gamma(2)*xi(2)jn6=d2+R( l ,2)*xi(l)j
c( 1)=111 "2*(phi( 1))"2+4*Y"2*1I/1"2
+/I*d3*Y"2*(phi( 1))"2j
c(2)=2'n2*111 *(phi( 1) )"2+8*Y"2*n5*n4;
c(:l )=4*y"2*(2*n6*n4+n5" 2)+8*d3*Y"2*(phi (1) )"2
+(phi( 1) )"2*(2*n3*nl +n2"2);

,,\
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e( '1) =2' Il:1'112' (1' hi( 1))" 2+~'y "2' ",,' lI(i:
e(,,) = Il:1''2' (1' hi( 1))"2+ l'Y" 2' lI(i"2
+:l'd:PY''2'(phi( 1))"2:
cl ( 1)=c(" );c\ (2)=<tl );e 1(:l)=e(:l);e 1(;1 )=e(2);e 1(:l)=e( 1);tll= roots( e);
1. 1=roots( cl ):[jj,t]=ro2(tO,t 1);

% This fllllct.ioli is lIsed 1.0 solV<' th,' r.(el) of illtl'l'Sl'dilll!; poillts of
% rotatiollal qlladratic slll'faces \Vith Ill'inlal'Y snrfan' Ill'inl!; a II..
% a cone or a cylinder.
fllnct.ion [jj,t] =xyz2( 1.2, R,Z,y ,phi,xi ,ga1111lla)
dl =( R(I, 1))"2+(Z( 1))"2-( t2( 1)+ R(2, 1))"2
-( t2(2) )"2-( t2(:l)+Z(2) )"2-Y"2:
d2=Z( 1)-(t2(:I)+Z(2))'phi(2);
d:3=-( t2( 1)+ R(2, 1))"2-(1.2(2) )"2;
Il 1= 1+( R( 1,2) )"2;n2=2*Z( 1);
c( 1)=nl "2*(phi( 1) )"2:
c(2)=2*n2*n 1*(phi(l) )"2j
c(:3)=4 *Y"2+(phi( 1) )"2*(2*d 1*111 +n21\2);
c(4)=2*d 1*n2*(phi( 1))"2+8*Y"2*d2j
c(5)=dlI\2*(phi( 1))"2+4*Y"2*d2"2 +'1 *d:l*Y"2*( phil 1) )"2:
tl =l'Oots(c)jnn=\ength( t 1)jkj=Oj
for i=l:nn,
if abs(imag(tl(i)))iO.OOOOOI,
t 1(i )=rea\( t1 (i)):
e1se
end
if imag(t1(i))==O,
kj=kH1jtt(kj )=tl(i)j
cise
end
end
nn=\ength( tt )tij=Oj
for i=l:nn,
if i==I,
jj=jj+1jt(jj )=tt(i)j
cIse
ks=Oj
for k=i:-l:2,
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il' al!S( tI(i )-1.1.( i-l ))jll.lllllllllll,
/;s=l;
,dsl'

''i''1
"lId

il' ks== l,

.i.i=.i.i+ 1;1.(jj)=I.I.(i);
1'1,,1
l'ild

l'lId

% This 1'1I11c1.ioll is IIsed 1.0 calclllal.e t.he valucs 01' [x( c2),y(c2),z(c2)]
% 01' allol.her slll'face of a cyclid, sphere, IL,
% COIIl' or cylillder.
rlllictioli t,2=xY1.a(ii,ik,R,xi,gatnma,v)

I.~=[];

irii==2,
alpha( 1)=sill(v);alpha(2)=cos(v);
t.~( 1)=R(ik,2)*(alpha(2)*xi(2)-alpha( 1)*gamma(2)*xi( 1));
t.2(~)= R(ik.2)*alpha( 1)*gamma( 1);
1,2(:1)= R(ik,2)*(alpha(2)*xi( 1)+alpha(! )*gamma(2)*xi(2));
dse
t.2( 1)=O;t.2(:I)=v;t.2(2)=v*R(ik,2);
l'lId

% This l'ullct.ioll is used 1,0 solve t.he iut.ersect.illg point. (x,y,z)
% ill I.he gl'Ilerai case.
Fllllct.ion [jj ,t.]=xyzb(ii,R,Y,Z,phi,xi! ,xi2,gammal ,gamma2,alpha2)
1.2=xyza( ii(2), R,alpha2,x i2,gamma2);
ifii(I)==I,
tI=xyz2( t.2,R,Z,y ,phi,xi l,gamma!);
dse
\.t,=xyz 1(1,2,R,Z,y ,phi,xi! ,gamma! );
end
jj=ll;
for i= 1:4,
il' imag(H(I))==O,
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j.i =jj + 1:t:l(jj )=Il( i):
ds(~

('nd
end
irjj==O,
cise
rOl'i=l:jj,
t.5( 1)=si n(t.:I( i) ;t.5(2) =cos( 1.:3 (i); lJI (: ,i) =xyr.a( ii( 1), IU5,xi l,ga nI nlil 1);
el (i )=( til( l ,i)+ Il( 1,1) )"2+( t4(2.i ))A2+(!'1 (:l,i l+Z( 1))"2
-( t.2( 1)+ Il(2,1))"2-( t.2( 2) )"2-(1.2(:3)+Z( 2) )"2-Y"2;
e2( i) =1.'1 (:I,i )+Z( 1)-(1.2(:1) +Z(2))* phi(2);
end
bet.=(el *( t.2( 1)+1l(2,1)"'phi( 1)-2*Y*t.2(2)*<,2)./
(e 1*t.2(2)*phi( 1)+2*'{*( t.2( 1)+1l(2, 1) )*<,2);
bet.=at.an(bet. );bct.a2( :,1 )=sin(bct. );bet.a2( :,2)=cos( bel.);
xd=( t.2( 1)+1l(2, 1) )*cos(det. )-t.2(2)*sin( bct.);
yd=( t.2( 1)+1l(2,1) )*sin(det. )+t.2(2)*cos( bet);
r.d=t.2(:I)+Z(2);x=xd2*phi(2)-r.d2*phi( 1);y=yd2+Y;
z=xd2*phi( 1)+r.d2*phi(2);t.=[x;y;r.];
end

%This rnnct.ion is used 1.0 solve int.el'sect.ing cil'des wlien
% phi=O and Y=0
function [1' ,r.Jj]=xyr.c(ii,Il,Z,xi 1,xi2,galllnml,galllllla2)
vI =[] jrx=[] ;l'd=[]jl'=0jr.=0;x=[]jy=[] jbe= [] j
if ii(l )==1 & ii(2)==1,
c=[( Il( l,2))"2-(R(2,2) )"2 2*( B(2,2) )"2*(Z(2)-Z( 1))
(Il( l ,1 ))"2-( 1l(2,l) )"2-( R(2,2) )"2*( Z( 1)-Z(2) )"2];
vI =t'Oot.s(c)jjj=lengt.h(vI );l'c= Il( 1,1 )j
if jji.1,
fol' i=2:jj,
l'c=[rcjll(l,l)]j
end
end
rd=[rc R(1,2)*vl vl+Z(l)J;
cise
Of "'«}) .1 n _ ==1,
sl=Z( 1)-Z(2)-R( 1,2)*xi1(1 )js2=Z( 1)-Z(2)+ Il( 1,2)*xi J (1 );
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s:I=Z( 1)-Il.( 1,:!j'xi 1(l );s'I=Il.( 1,1 j'xi 1(:!)+Z( i j'xi 1(1);
s;;= Il.( 1,1 j'xi 1(1 )-Z( 1)*xi 1(:!);
s(i=( Il.( 1,:!))"2+(R( l, 1) )"2+(Z( 1) )"2-( H(2, 1))":!;
c,= [s(i-:!' Il.( 1,:! j's'1-( H(2,:!) )" :!*s l":!-s:3":!
-'l' Il.( 1,:!)*gamllla 1(:!)'( xi 1(2j'( (1l.(2,2) )"2*s 1+s:l)+s5 )J;
c=[c :!'s(i-:!'( (11,( 1) )":!-( H( 1,2) )"2'( xi 1(1))"2)
-~ '(Il( 1,:!) )":!' (ga III ma 1(2) )"2*( xi 1(2) )"2
-2*( Il.(:!,:!) )":!*(s l*s2+2*( H( 1,2))"2*(gallllllal (2) )"2*(xi 1(2) )"2)];
c~lc -II JH.( 1,:!)*gamlllal (2)"(s5+xi 1(2)*(11,( 1)+ H( 1,2)*xi 1(1 )
+( Il.(:!,:!))''2*s2))];
c=[c s(i+:!* H( 1,:!)Js~_( R( 1,2)*xi 1( 1)+11,( 1))"2-( H(2,2))"2*s2":!];

si :!=( R( l,:!) )"2+( H( 1,1) )"2+(11,( 1) )"2-( H(2,2) )"2
-( H( 2,1 ))"2_( 11,(2) )"2;
si =11,( 1)-Z(2)+H( 1,2)*xi 1(1 );s2=Z(! )-Z(2)-H(l,2)*xil (1);
s:l=s 12+2*H( 1,2)*(11,( 1)*xi 1( 1)+R( 1,1 )*xi 1(2) )-2*Z(2)*s1;
s/l='1*R( 1,:!)*gmllmal(2)*( (11,( 1)-11,(2) )*xi 1(2)-H( 1,1 )*xi] (]));
s;;=s 12-2* H( 1,2)*(11,( 1)*xi! ( 1)+R(l,I )*xi] (2) )-2*Z(2)*s2;
s(i=2* H(2, 1)*s 1'xi2(2)-s:3*xi2( 1);s7=2* H(2,! )*sl 'xi2(] )+s3*xi2(2);
sS=:!*H(:!, 1)*s2*xi2(2)-s5*xi2( 1);s9=2*R(2,] )*s2*xi2(] )+s5*xi2(2);
si 0=:1 'H(:!, 1)* H( 1,2)*gammal (2)*xi 1(2)*xi2(2)-s4*xi2( 1);
sil =:I*R(2, 1)* Hfl ,2)*gammaI (2)*xi](2)~xi2(])+s4*xi2(2);
c=[(gamma2(2) )"2*(s9"2-4*(R(2,2) )"2*( R(2,]) )"2)
+s8"2 2*s 10*s8+2*s9*s II *(gamma2(2) )"2J;
c=[c 2*s6*s8+sl 0"2+(2*s7*s9+s11 "2
-8*( R(2,2) )"2*( H(2,!) )"2)*(gamma2(2) )"2];
c=[c 2*s 10*s6+2"s7*s 11 *(gamma2(2) )"2 (gamma2(2) )"2*(s7"2
-'1 *(H(2,2) )" 2* (R(2,1) )"2) +s6"2];
"lId
el=[c(5) c(:I)J;
il' abs(c(3) )+abs(c(2) )+ahs(c(]) )i,0.000001,
el =[c! c(3)];
(,lId
il' ahs(c(2) )+abs(c(l) )i.O.OOOOO],
el =[c1 c(2)];
"lId
il' abs(c(l) )i,O.OOOOOI,
cl =[cl c( 1)];

55
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('lId
IH'I 1= l'Ools( r ); 1)('12= rools( ri); l.ij. h,· 1= ,'02 (1)('\ I.lll't 2);
ifjj==O.
l'Isl'

fOI' i= 1:jj.
l·x=xyza(:U. H.xi l.gallllllill.1>l'( i) ):rd( i.:)= rX-I-[ H( 1.1 ) Il Z( 1)];
elld
l'nd
end
ifjj==O.
else
x=rd(:,1 )iy=rd( :,2);r=s'lrl( x."2+y."2):z=rd( :.:l)i
end

% This fllnct.ion is IIscd 10 solve Ihe x and y of Iwo '1l1adralir
% fllnet.iolls (fJ (x"2.x,xy,Y"2,y )=O,r2(x"2,x,xy,y"2.y)=0)
% with parallletcrs a(iJ). (i=2, j=H)
fllnet.ion [x,y,jj]=rol (a)
if abs(a(2,1))jO.OOOOI
cise
t=a(2,1 )i
fol' i=I:6,
a(2,i )=a( 1,1 )*a(2,i }/t-a( l,i)i
end
end
c( 1)=-a( 1,3)*a(2,3)*a(2,4 )+a( 1,'1 )*a(2,:I)"2+a( 1,1 )*a(2,4 )"2;
c(2)=-a( 1,2)*a(2,:3)*a(2,4 )+a( 1,5 )*a(2,:1)"2+2*a( l, 1)*a(2,'1 )*a(2,!i)
-al l ,3)*a(2,3)*a(2,5)-a( 1,:I)*a(2,2)*a(2,:\ )+2'a( 1,'1 )*a(2,2)*a(2,:I);
c(:3)=a( 1,4 )*a(2,2)"2+a( 1,6)*a(2,:1 )"2-a( 1,3)*a(2,:I)*a(2,H)
+2*a( 1,1 )*a(2,4 )*a(2,6)+2*a( 1,5)*a(2,2)*a(2,3)-a( 1,2)*a(2,2)*a(2,'I)
+a(1 ,1 )*a(2,5)"2-a( 1,2)*a(2,3)*a(2,5)-a( 1,:3)*a(2,2)*a(2,r»i
c(-1 )=-a( 1,2)*a(2,2)*a(2,5)+a( 1,5)*a(2,2)"2-a( 1,3)*a(2,2)*a(2,li)
-al 1,2)*a(2,3)*a(2,6)+2*a( 1,6)*a(2,2)*a(2,3)+2*a( 1,1 )*a(2,5)*a(2,H);
c(5)=-a( 1,2)*a(2,6)*a(2,2)+a( 1,6)*a(2,2)"2+a( 1,1 )*a(2,li)"2i
q=roots(c);jj=Oj
fol' i=l:-1
if imag(q(i))==O
jj=jj+1iy(jj )=q(i);
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dsl'
('1" 1
l'n ri
v-_(.,(·) :1)·'\' A')-j_' (') "})'V+-,(') (}-)) 1(' (') '»)+-,(') '1)'\')'... - c ... ~ ~.... cl _,' J f· _~ • cl _,_ c _.' .. ~

% 'J'his rnndion is IIs"d ta sol"e 1, and 111,
rllndion Uj.anl]=ro2(t.O,tl)
l' n= jCIIgth (W); ki =0;
roI' i= 1:nn.
ir abs(illlag( tû(i)) )iO.OOOOO l,
W(i )= l'cal (W(i));
dsl'
(,11l1

ir illlag(lO(i))==O
t.O( i)=atan (t.O( i));
ir W(i)i.-pi/:1 & W(i)j=pi/4
ki=ki+ 1;tt2(ki)=W(i);
ds('

"nd
dsc
"nd
end
ki=Oinn=length( t l)j
roI' i= 1:nll,
ir ahs( i11lag( t 1(i)) )iO.OOOOO l,
t 1(i)=I'"al(t 1(i));

elld
ir i11lag(tl(i))==0
t 1(i )=(pi/2-atan( t1 (i)));
ir t.I (i)i.pi/4 & tl (i)i=3*pi/4
ki=ki+ 1;tt3(ki )=tl (i)i
dsc
end
dse
end
end
tt.=[tt.2 tt3]illn=length( tt );j.i=O;

5ï
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for i=l:nll.
if i== 1.
jj=jj+ 1:alll(jj )=2'u(i);
c1~e

if abs( u( i)-tt.( i-l )) jO.(JOOOO l,
cise
jj=jj+ I;a III(jj)=2't.t( i);
end
end
end

% This function is used to solve t and I/t
function fjj,anl]=ro:J( W,tl,s 1,s2)
nn=length( W);ki=O;
for i=l:nll,
if abs(imag(W(i)) )iO.OOOOO 1,
W(i )=real(W(i));
else
end
if imag(W(i))==O
if s2(i)1.O
tO(i)=atall( tO(i));
if tO(i)1.=-pi/4 & tO(i)i=pi/4
ki=ki+1;tt2(ki )=tO(i);
cIse
end
else
tO(i)=atan(W(i) )+pi;
if tO(i)1.=:3*pi/4 & tO(i)i=5*pi/'1
ki=ki+1;tt2(ki )=tO(i);
clse
end
end
else
end
end
ki=O;nn=length( t1);
for i=l:nn,
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if <l.I>s( i111<1.),\( 1.1 (i ))) jll.OOOOO l ,
Il (i)=I'I,.,I(1.1 (i));
..iSl'
('1111

if illl.,~:(I.I(i))==O

if si (i Ji,O,
Il (i )=pi/~-al.all( 1.1 (i));
if 1.1 (i)i,pi/'I &. 1.1 (i)j:I*pi/'1
ki = ki+ 1;1.I.:1( ki )=1.1 (i);
cdsC'

"11l1

cise
1.1 (i )=:I·pi/~-al."l1( t 1(i));
if 1.1 (i)i,5*pi/,1 &. tl(i)ji*pi/:I
ki=ki+ 1;1.I.:1(ki)=( 1(i);
eh-ie

"lId
(~lId

c1s{~

end
"lId
(t= [1.1.'2 1.1,:11 ;1111 =IClIgl.h (tt ) j,ij=O;
fè)1' i= 1:1111,

ifi==I,
jj=jH 1;alll(jj)==I,t(i);
dse
ks=O;
fol' k=i:-I :2,
if al>s(l.l.(i)-t.1.(I,-I))iO,OOOOOI,
ks=l;
cise
"lId
"ml
ifks==l,
cise
jj=jH1;alll(jj )=I.I.(i);
elld
clld

5n



Al'l'EN J)1.'\ A. ~1:\TL:\III'H()(;Il:\~1

'X, dIis fllnetion is ttl'SI"lln lIpdal,' in:"l'st'cling; point.s(x.~·,,,).

fllnet ion [rI.I'~ ,1':1, r'l.lI 1] =1'0'1 (t,lIlIlI ,i i.jj, kk,1' 1.r~. 1':1. r·l.no.jj 1. Il 1)
ni=[];lIj=[];
[nit 1),nj( 1)]=si~c(rI );[ni(2),nj(2)]=si~l'(I'~):

[n i(:1) ,nj UI)] =si~c( 1':\): [n i(:1) ,nj (:1)J=si~l'( l''i ):
nm=n1<1.x( nj)+ 1;n~=nl:
if mm(ii)==l,
ri (:,nm+:3)=I(:, 1):1'2( :,nm+l)=t.( :,1 ):nl = 1;
if jji,l,
1'2( :,1'111+:3)=1( :,2):
ifjji,2,
1':3 (: ,1lIl1 +:3) =I( :,:1) ;1'4 (:,II l1l +:1 )=1.( :,:3);n 1=0:
if jji.a,
r4( :,nm+:3)=l( :,:1):
end
cnd
end
if ii==1 & no(I)==I,
il=nl11+:I:i2=1lI1l+2:[r 1,r2,r:3,r:I]=t'05(i l ,i2,rI ,1'2,1':1,1':1,111 ):
1I0( 1)=O:c1se
if ii==I,
cise
il=nl11+:I;i2=lIm+2:[r l ,r2,r:3,r:l]=1'05(i l ,i2,I'1 ,1'2,1':\,1':1 ,III):
il =nl11-1 :i2=llIn;[r l ,r2,r:3,r:l]=t'05( il ,i2,r 1,r2,ra,r/l,1I2)j
clld
end
cise
if kk==I,
r2( :,nm-l )=1'1(:,nm-I );kk=2;
end
if kk==:I,
d=[]: .
d=abs( l'1(1 ,nm-l )-1.( l ,:)) +abs( l'1(2,nm- Î)-1.(2,: ))+abs( l' 1(:\,nlll-i )-1.(:1,:));
[y,k 1] =llIin(d(1:jj));
d=[]j
d=abs(r2( l,nm-1 )-1.( l,:) i+abs( r2(2,lIm-1 )-1.(2,:) )+abs( 1'2(:I,III1l-1 )-t(:\,:))j
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[y,k~I=llIill(rI( 1:jj));
if 1.1==1,
if k~==~,
1"1(:,11111-1 )=1':1(:,11111-1):
ds{'
1''1 (:,11111-1 )=l'~( :,11111-1);

""ri
dse
if 1.1.==2,
if k~==I,
1"1 (: ,11111-1 )= l':l( :,IIIU-I );

dse
1"1 (:,11111- 1)=rl (:,11111-1);
elld
cise
if k2==~,
1"1 (:,11111-1 )= 1'1 (: ,11111-1 );
dsc
l"I(:,lIlu-1 )=1'2(:,lIm-l);
eud
elld
end
kk=/l;
l'Ild

ifjj==I,
1.(:,2)=1.(:,1 );jj=2;
l'Ild

ifjj==a,
if 111==2,
[1' l ,1'2,1':3,I''1,k l ,k2,111]=1'O7(l.,nmJj,1' l ,1'2,ra,r4,2,O);
cc 1=1.(:,k1);cc2=1.(:,k2);
fol' i=1 ::3,
if i =kl & i =k2,
1.(:,1 )=1.( :,i );1.( :,2)=1.( :,i);
end
l'Ild

1.( :,a)=cc 1;1.( :,/I)=cc2;
cise

fil



:\l'l'END/X:\. 1\'I:\TL:\IlI'H()GH:\~1

[1' 1,1'2.I':I.I"1,k l ,k2,n I} = 1'07( t..nlll.jj. l' 1.1'2.1':I.1"l.I.O):
ccl =1.( :,k 1):cc2=t.( :,k2):
for i= 1::3,
ifi =kl "= i =k2,
t.( :,:J)=t.( :,i ):1.( :,'1 )=t.( :,i);
cnd
cnd
t.(:,1 )=cc 1;t.(:,2)=cc2:
cnd
jj=:1;
end
if kki,2,
if jj==2,
[rI ,1'2,1':3,1':1 ,kl ,k2,n1J=l'oï( t.,nnIJj,1' 1,1'2,1':3.1':1 ,0,0);
[1'1,1'2,1':3,1':1,kl ,k2,n1J=roï( t.,nlll ,jj ,rI ,1'2,1':I,I':l ,ni, 1);
i2=nm-l;
[1' 1,r2,r:3,r:lJ =ro6(2,m1 ,1l12,i2,n III ,t. ,1' 1,1'2,1':1,1"1 ,nI );
cise
[r l ,1'2,1':3,1':1 ,k1 ,k2,nlJ=roï( t.,nmJj ,1' 1,1'2,1':3,1':\ ,0,1 );
cnd
cIse
[r1,r2,r3,1':1,k1,k2,nIJ=1'07( t,nm ,jj,r 1,1'2,1':1,1':1 ,ni, 1):
if jj =2,
for i=I:4,
if i =k1 & i =k2, ml=i; cml
end
for i=I::1,
if i =kl & i =k2 & i =ml, m2=i; end
end
i2=nl11-1; [1' 1,r2,1'3,r4J =ro6( l,ml ,m2,nll1,i2,t,1' l ,1'2,1':3,1'4 ,ni ):
end
ifkl==k2,
for i=I:2,
if i =kl,
if nl==I, r2(:,nm)=t(:,i); end
if n1==2, r4(:,nl11)=t(:,i); cnd
end
end

( .. )

'-
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('11l1
('11l1
('"d

% I.his f"ndion is Il,,scd 1.0 updal.c inl.cl'scding poinl.s(x,y,~),

fllndion [1' 1,1'2,1':1,1'1]=1'05(i 1,i2,rI ,"2,1':3,I"I,n 1)
if ni ==2,
else
1'2( :,i2)=1'1 (:,i 1);1'1 (:,i2)=1'2( :,i 1);
end
ifnl==I,
e1se
1"1 (: ,i2) = l':l (:,i 1);l':J(: ,i2) =1"1 (: ,i 1);
end

% I.his fnncl.ion is ucscd ta update intel'secting points(x,y,~).

fnndion [1' l ,1'2,1':J,1'1]=1'06(ld ,ml ,m2,i 1,i2,t,ri ,1'2,ra,1'1,nl )
if nl==I,
ifld==I,
":1(: ,i 1)=1.(: ,ml );1"1 (:,i 1)=1.(: ,m2)i
end
,':1(:, i2)= "4 (:,i 1);1'4 (:,i2)=ra(:,i 1);
cise
ifld==I,
l' 1(:,i 1)=1.( :,ml );r2( :,i 1)=1.( :,m2);
end
ri (:,i2)=r2( :,i 1);r2( :,i2)=rl( :,il);
end

% I.his fUllction is uesed 1.0 update illtersecl.ing points(x,y,z).
fUlldion [1'1,1'2,1':1 ,1'4,k 1,k2,no]=1'07(t,nmJj,r1,r2,ra,r4,nl,lI)
if 111==2,
cI!o;c
d=[];
d=abs( l'1(1 ,um-I )-t(1,:) )+abs(rI (2,lIm-l )-t(2,:) )+abs( rl(3,nm-l )-t(3,:) l;
sI =norm(d);[y,i]=mill(d(1 :jj));
if 11==1, rI(:,lIm)=t(:,i); end
kl=i;d=[];

\'



:IPPENlJ/X:1. ~1:\TL:\11 l'HOtiH:\?l1

d=a bo( r2( l,llIn-1 )-1.( l ,: ))+abo( r2( 2,llIn-1 )- 1. (2.: ))+a bs( r2( :1.11111-1 )-\(:1.: )):
s2=norlll( d);[y,i]=lI1in( d( 1:jj));
if n==I, r2(:,lIll1)=I.(:,i); l'nd
k2=i;
end
if 111==1,
e1se
d=[];
d=abs( r3( 1,nlll-i )-1.( l,:) )+abs( 1';1 (2,nlll-1 )-1.( 2.:) )+ ahs( 1':I(:l.n1n-1 )- t.( :1,: ));
s:3=norlll (d); [y,i] =111 in(d( 1:jj));
if n="= l, r3(:,nlll)=I.( :,i); end
kl=:i;d=[];
d=~abs( 1':1 (l, nll1-1 )-1.( l,: )) +abs( 1':1 (2,nll1-1 )- t(2,:)) +abo(1':1 (;I,nlll-i )-1.( :1,: ));
s:l=norm(d);[y,i]=min(d( 1:jj));
if n==l, r:i(:,nm)=t(:,i): end
k2=i;
end
if 11==0,
lIo=1:[y,i]=min([sl+s2 sI+s3 sl+s:1 s2+s:J s2+s/l o:H-wlJ):
if i==(i, ,
1'1'( :,: )=1'1 (:,: ):1'1(:,: )=r3( :,: ):r3( :,: )=1'1'( :,:):
1'1'(' ,) -1'')(' ')'1'')(' ')-1'/1 (' ,) '\',1 (, ') -1'1'(' ,),.,. - .... ,., ... "0 - .,', "0 - "0'

end
if i==5,
1'1'( :,: )=1'1 (:,:):1' 1(:,:) =1'4(:,: );1'4 (:,: )=1'1'(:,:);
end
ifi==4,
n( :,: )=1'1 (:,: ):1'1(:,: )=r3( :,: ):r3( :,: )=1'1'( :,:):
end
if i==3,
1'1'(' ,) -1'')(' ,) '1'')(' ') -1'4(' ') '1'4 (, ')=1'1'(' ')'"0 - ... "0 , ... "0 - "0' "0 "0 1

end
if i==2,
1'1'(' ')-1'')(' ,) '1")(' ') -1'3(' ') '1"'(' ') -1'1'(' ')'"0 - ... "0 , ... "0 - "0 1 \J "0 - "0'

end
cIse
110=n1:
end

Iii
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Appendix B: Solution Verification
Program

(BASIC)

1000 OPEN "i",#l,"tol.dat"
lOlO OPEN "o",#2,"in.scr"
1020 INPUT #1, 'l'Il
10:.1llINPUT #1, '1'12
10'10INPUT#1, YY
1050 INPUT #1, F
10(illINPUT il, ZZl
1070 INPUT #1, ZZ2
1080 INPUT #1, RCl
100lO INPUT il, RAI
1100 INPUT il, RC2
IlIllINPIJT #1, RA2
1120 INPUT #1, GAI
1130 INPUT #1, ITl
1140 INPUT #1, GA2
1150 INPUT #1,1'1'2
Il(iO NI=I:PI=3.1415926#:1F ABS(YY)+ABS(F)=O! THEN Nl=2:
GOTO 1170
1170 PRINT #2,"LAYER In 1 In 2 In 3 crIn 4 cg In 5 ":PRlNT #2,
'"_S UIU'TA B1 32"



:lI'I'ENDIX B. SOLUTION VEHIFIC:\TION l'HOGH:\~I lili

liDO IF TIljl.5 'l'liEN GOTO 1:1;!lJ
1:100 l'HINT #:1,'''_SUHFT:\Il:1 :1"
1210 XI =HC 1+R:\ l'COS( 1'1' 1'1'1/ 1~O):YI =ZZ 1+H:\ l'SIN (1'1' l'1'1/ 1~(J):
ZI=O
12:10 PRINT #2, USING "__ELLlI'SE c #.####1VMI\.#.#####I\"M
@#.#####l\l\l\l\j#.#####I\I\M r #.#####1\1\1\1\"; Il(: 1, ZZ 1, Il:\ 1.
1'1'1, GAI: GOTO 12GO
12:30 GAI=GAI/2: XI=RCI:X2=HCI: YI=ZZI+GAI: Y:1=ZZI-(;:\I:
ZI=-GAI*ITI: Z2=-ZI
1240 GOSUB IDIO:PRINT #2, "'_SUHFTAB2 :12"
1250 IF HC1=0! 'l'lIEN l'HINT #:1, "!lOTATE;\D 1y -DO":XI=-ZI:ZI=(J!:
GOTO 1260
12GO N=:3:GOSUI3 Hl20:PRINT #2, USING "JU;VSUHF #.11-####1\1\1\1\,
#.#####I\I\M, #.#####I\I\M 0,0.2,0 "jX l ,Y 1,1',1
1270 N=2:GOSUI3 1920:N=:3:GOSUB W:IO:N=I:GOSIJI\ l!l;\()
1280 X1=0:l'l =2:ZI =0:X2=0:Y2=-2:Z:1=0:GOS UB 1DIO
1290 IF TI2j1.5 'l'lIEN GOTO 1:3:30
1:300 PRINT #2,'''_SURFTAI32 2"
mo X1=RC2+RA2*COS(IT2*PI/ 180):Y 1=ZZ2+HA:1*SIN( 1'1'2*1'1/ 1~O):
ZI=O
1:320 PRINT #2, USING " __ELLIPSI~ c #.#####1\1\1\1\, #.####11-1\1\1\1\
@#.#####/\/\/\/\j#.#####1\I\1\1\ r #.#####/\/\I\I\"i Re:1, ZZ2, RA2,
1'1'2, GA2: GOTO 1360
13:30 GA2=GA2/2: XI=RC2:X2=RC2: YI=ZZ2+GA:1: 'l'2=ZZ2-GA2:
ZI=-GA2*IT2: Z2=-ZI
1:340 GOSUB 191O:PIUNT #2, "'_SURFTAB2 :32"
1350 IF RC2=0! 'l'lIEN PIUNT #2, "1l0TATE:3D 1y -!}O":XI=-ZI:ZI=O!:
GOTO 1360
1360 N=4:GOSUB 1920:PRINT #2, USING "JlEVSUIU' #.#1f-iI-##I\I\I\I\,
#.#####/\/\1\1\, #.#####1\1\/\/\ 0,0.2,0 "iXl,YI ,Z 1
1370 PRiNT #2, USING "MOVE 10,0,0 #.#####/\/\I\I\,O,O";YY
1380 IF F=O! TImN GOTO 1400
1390 F=-F:PRlNT #2, USING "ROTA'l'E:m 1x #.#####MI\I\"iF
1400 N=5:GOSUB 1920:N=4:GOSUB 19:10:N=2:GOSUB 1!l:1lJ
1410 NM=O:M=O:MM=O
1420 IF EOF (1) 'l'BEN 16:30
1430 INPUT #1,Z1
1440 INPUT #1,X1
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1'1:'0 INPUT #I,YI
l'IfiO IF NI=I TIII·:N e:OTO 1:'20
1'170 N~I=N!vI+I:1F N1vI=1 'l'liEN X2=XI:Y2=YI:Z2=ZI:GOTO 1510
l'IHO IF NM=2 TlmN D=AIlS(ZI ):COTO 1510
l'I!JO N~'I=O:I'IUNT #2, USINe: "aU,OI'lIs #.#####M\M,
#.####ir~M,#.#####MM #.#####~M~0.05180 18":
Z2,)\2, Y2, D
IWO l' RI NT #'.!., "IWTATE:m 1x -!JO"
1:'10 COTa 1'120
1520 IF AIlS(XI)+ABS(YI)+ABS(ZI)=O! 'l'lIEN COTa W20
15:\0 IF IVIM=O TIII~N X2=XI:Y2=YI:Z2=ZI:MM=I:COTO 1'120
15'10 X=X I-X2:Y=YI-Y2:Z=ZI-Z2:D=SQR(X*X+Y*Y+Z*Z)
1550 IF Z=O! 'l'liEN ALI'2=!J0*(l+SCN(X)):COTO 1570
15GO ALI'2=ATN(XjZ)* 180jl'l+SCN(Z)*!JO
15ï0 IF Y=O! 'l'liEN ALPI=!JO!:COTO 15!J0
1580 ALI' J=180jPI*ATN(SQR(X~X+Z*Z)jY)+!J0*( I-SCN(Y))
15!J0 PRINT #2, USINC "INSERT tlll'b 0,0,0 0.0.5 #.#####MM,
#.#####AMA"j D,ALPI
((i00 pIUNT #2, USINC "ROTATE3D 1y #.#####M\M"jALp2
IlilO plUNT #2, USINC "MOVE 10,0,0 #.#####M\M, #.#####MM,
#.#if###M\M"j X2, Y2, Z2: X2=XI: Y2=Yl: Z2=ZI: COTO 1420
l(i20 MM=O:COTO 1420
l(i:lO N=:I:COSUB HJ40:N=4:COSUB l!J40
l(i'1l1 CLOSE # 1
1(i50 CLOSE #2
((iliO OPEN "0" ,#2,"in.txt"
1li70 INPUT "fig nnmbcr:" ,NUl'l'l$
IliSO IF Tlli.!.5 'l'liEN COTO mo
1(i!l0 IF RCI=O! 'l'lIEN TITl$="Conc":COTO Ina
1700 IF ITI=O! 'l'lIEN TlTI$="Clindcr":COTO Ina
ELSE TITI $=" lIypcrboloid": COTO 1no
1710 IF RCI=O! 'l'lIEN TITI$="Sphcrc":COTO H30
1720 TITI$="I~Ltol'lls"

17:10 IF TI2i.!.5 'l'lIEN COTO H60
17'10 IF RC2=0! 'l'liEN TIT2$="Conc":GOTO 1780
1750 IF IT2=0! 'l'liEN TIT2$="Clindcr":COTO 1780
ELSE TIT2$="lIypcrboloid": GOTO 1780
17liO IF RC2=0! 'l'lIEN TIT2$="Sphcl'c":GOTO 1780



.·\l'l'END!.'\ 13. SOLUTION \îo:llIFI(':\TION l'llm:ll:\~1 ti~

1770 '1'1'1'2$=" EUorus"
1780 l'HINT #2, '1'1'1'1$" ,'\.~ .. '1'1'1'2$" " NU~I$

l ''()O l'I'IN'I' #., "S ·f· ., 1 '''l'I'I'I~ "."1 • \, l ..... tl t c\l L • '1.

1800 l'HINT #2, USING "Hr=##.##: lla=##.#iF':IlCl.I\:\ 1
1810 IF TIljl.5 OH HCI=O! 'l'liEN COTO 18:Hl
1820 PRINT #2, USINC "A.ga=####; A.xi=####";C:\l.ITI
18:30 PRINT #2, "Surface 2, "'1'1'1'2$ ":"
18:10 PRINT #2, USINe "Hc=##.##; Ha=##.##":HC2,1l:\2
1850 IF TI2jl.5 OH HC2=lJ! 'l'lIEN C:O'l'O 1870
18(iO l'HINT #2, USINe" A.g<l=####: A.xi=####";GA2,IT2
1870 PRINT #2, "13cLwccn \'wo axcs:"
1880 F=-F:pRINT #2, USINe "Dis\'ance=##.##; An/!,I,,=###";YYY
1890 CLOSE #2
WOO STOP
1910 PRINT #2,USING "LlNE #'##### AAAI"#.#####AA~\

#.#####AAAA #,#####AAAA, #.#####MAA, #.#####MAA";
XI, YI, ZI, X2, Y2, Z2: RETUHN
1!}20 plUNT #2,USING "LAYER s # ";N:IŒTUHN
!!}30 PIUNT #2,USINe "LAYER f # ";N:RETURN
1940 pRINT #2,USINe "LAYER t. # ";N:Il.ETURN




