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Abstract

A novel algebraic method is used Lo determine the intersection between two
bi-quadratic surfaces. The underiying idea is to deal with [unctional decom-
position by reducing the order of high-degree functions and thereby overcome

the problems common to other methods.

Une méthode algébrique nouvelle se servait de déterminant a 1” intersection
des deux surfaces quatres. 1,7 idée trait avec decomposition functionnelle de
rédut [ " ordre de haut degré functions et ainsi triomph de la probléme que il

a fait des remarques autre méthodes.
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Chapter 1

Introduction

[ntersection is a [undamental process in computational geometry, needed to
build and interrogate models of complex shapes in the computer. We need
inlerseetion computation primarily to evaluate set operations on primitive
volumes in creating boundary representations of complex artifacts. Such
capability helps in the design representation of complex objects, in finite-
clement discretization, in computer animation, in feature recognition, and
in simulation and control of manufacturing processes. Similarly, intersection
is useful in scientific visualization to provide methods for visualizing implic-
itly defined objects and to contour multivariate functions representing some

property of a system,

1.1 Background and Basic Terminology
1.1.1 Surface-intersection methods

A good surface-intersection technique has to balance three conflicting goals:

cfficicncy, robustness, and accuracy.
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Typically, a numerical algorithm is eflicient, but is not [ully robust and
so may fail in certain cases. Furthermore, the accuracy a numerical method
can deliver varies with the surface degree, with the loeal surface geometry
at the intersection curve, and with the angle at which the surlaces intersect.
Algorithms based on exact arithmetic, on the other hand, are fully robust and
accurate, bul are usually slow. Perhaps the goals of efficiency, robustness,
and accuracy cannot be met simultancously without some compromises, and
we might have to negotiate those compromises judicionsly, appropriate to
the particular application.

Surface-intersection methods can be classilied in three main eategortes:
algebraic, marching, and subdivision. Most of these methods were developed

in the context of polynomial surfaces.

1.1.2 Algebraic methods [1} - [7]

Algebraic methods rely on the derivation of a governing cquation describ-
ing the intersection of two surfaces. For polynomial surfaces, the resulting
equation is an algebraic curve f(u,v) = 0, where [ is a polynomial in two
parametric variables u and v. This equation can, for example, be obtained
by substituting the three Cartesian coordinate expressions of a rational poly-
nomial surface r = r(u,v) into the equation of an implicit algebraic surface
f(r) = 0. Intheory, we can handle the intersection between two ralional poly-
nomial parametric surfaces by obtaining an algebraic (implicit polynomial)
representation for one of the surfaces, for example, with methods discussed

by Hoffmann [5] and Miller [6]. The relatively high degree of this algebraic
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representation and the subsequent substitution of the second rational poly-
nomial surface into this high-degree equation lead to an algebraic curve of
cven higher degree.

Detecting the topological configuration of a high-degree algebraic curve
with integer or real cocflicients is a difficult problem that we can approach
with cylindrical algebraic decomposition. Hoffmann [5] provides an overview.
These methods, implemented in rational arithmetic, are topologically reliable
but it is not clearly understood how to precess algebraic curves with general,

real number cocellicients found in practice.

1.1.3 Marching methods [8] - [11]

Marching methods involve generating point sequences of an intersection curve
branch by stepping from a given point on the required curve in a direction
preseribed by the curve’s local differential geometry as described by Bajaj
[11]. However, such methods are by themselves incomplete in that they re-
quire starting points for every branch of the solution. Starting points are
usually obtained using subdivision methods like those developei.jby Barnhill
& Kersey [10). Marching methods also require a variable stepping size ap-
propriate for the local length scales of the problem. Variable step size was
considered by Kriezis, Patrikalakis & Wolter [8]. Incorrect step size might

lead to erroncous connectivity of solution branch or even to endless looping

in the presence of closely spaced features. RS
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1.1.4 Subdivision methods [12] — [17]

In their most basic form, subdivision methods involve recursive decomposi-
tion of the problem into a simpler, similar problem nntil we reach a level of
simplicity that allows direct solution. Unlike marching methods, subdivision
techniques do notl require starting points. This is an important advantage.
A disadvantage of subdivision techniques nsed in intersection curve evalua-
tion is that, in actual implementations with linite subdivision sleps. correct
connectivity of solution branches in the vicinity of singular or near-singular
points is difficult to guarantee, small loops might be missed, or extrancous
loops might be present in the solution approximation. Furthermore, if we use
subdivision methods for high-precision evaluation of the entire intersection
set, they lead to data proliferation and arc consequently slow and unatirac-
tive. Many CAD/CAM applications, for example, the ofl-line programming
of a robotic welding operation which must follow a scam represented by the
intersection curves, require high accuracy. Pure subdivision methods are

impractical for this purpose.
1.2 An idea to improve analytic methods

1.2.1 Common problem

Common problems of intersection methods include the difficully in handling
singularities and surface overlap, as shown in Figs. 1.1 & 1.2, respectively, as
well as identification of closely spaced features and small loops. T'he above

algorithmic difficulties are further compounded by the numerical error in
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Figure I1.1: Intersection Between Cone and Sphere with Singularity

finite precision compittations.

A novel algebraic method to overcome the problems is introduced below.

1.2.2 New analytic method

The brief summary, § 1.1.1 - § 1.1.4, above, implies that algebraic methods
are more efficient than others. But serious problems arise due to high-degree
cquations. So a novel approach, based on a particular subdivision method,
is proposed so as to reduce the degree. This new method also relies on the
derivation of a particular form of governing equation to describe the intersec-
tion of two surfaces. The resulting equation is not an algebraic curve equation
(fe(x,v) = B), but an cquation which represents coincident points on coin-
cident curves, one on each surface, which is of the form (f,(u1,u2) = 0),

where f, is a polynomial in w;, 2. This equation can be obtained by substi-
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Figure 1.2: Intersection Between Two Cyclids with Overlap

tution of the three Cartesian coordinate relationships between two surfaces
(rr(tg,v1) = ra(uz,v2)). In theory, we can handle the intersection belbweon
two polynomial parametric surfaces by obtaining an algebraic representation
for intersecting points between two sets of curves on the surfaces. The de-
gree of a points of intersection equation is only half that of an algebraic curve
equation. For example, say an algebraic curve cquation describing intersec-
tion of two surfaces is of degree 8. That means that it has a maximum of 8
solutions. But, the equivalent intersecting point equation has a degree of 4
and hence a maximum of 4 solutions exist. With this novel algebraic method

we gain advantages in addition to reducing the degree. 'These include:
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Through the introduction of two articalated rigid hody mechanism fam-
ilies as surface generators, we obtain considerable geometric insight.
This makes it casy to build surfaces and to classily surface species
within cach family. Vor example, we can set up a simple, variable
parameter RP mechanism model to generate ruled surfaces of revolu-
tion. Here and in what follows, the abbreviations, R = revolute, P =
prismmatic, 5 = spherie, C = cylindric and U = hooke or bi-revolute,
are used Lo specify joint type. The species in this first [amily include
cylinder, cone and hyperboloid. On the other hand, we gain insight
useful in the study of clesed, sometimes overconstrained mechanisms.
For example, an intersecting point equation obtained from a pair of
parallel connected RR mechanism models, of the second family whose
species include cyelids where the sphere and torus are special cases,
describes the motion of a RRSRR closed chain or single loop. Consider
that such mechanisms may be studied by systematically varying the
RR mechanism parameters to determine the conditions under which
the S joint is required to furnish less than 3 dof mobility. Such a
study might provide additional understanding as regards certain types

ol overconstrained 6R, 5R and 4R mechanisms.

It makes it easy to handle singularities and surface overlap. Curves of
intersection are mapped in two steps.The first step is to solve for u; (or
up) with the intersecting points equation (f,(u1,12) = 0). The second
step is to solve for vy (or vp) by backsubstituting into an equation,

Di(2) = 0 (or fa(vy) = 0), which can be obtained in the same way as
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the intersecting points equation, where f; s a second degree polyuomial
in e {or ). These equations are explicit. So solution branch puoints
and other types of singtlarity pose no particular problem. When the
solutions of both equations have a pair of repeated roots, it means that

the intersection curves ovetlap or crossover.

3. The intersection curves can be computed accurately and guickly be-

cause this method finds the roots ol equations divectly.

It should not be overlooked, however, that the method has a few disad-

vantages:
1. It cannot be applied to every pair of surlaces,

2. For every pairing of surface species, dilferent algorithims have to be

formulated, and

3. The code is lengthy and may be difficult. to implement in microcontrol-

ers used for online trajectory generation,



Chapter 2

The functions of surfaces

2.1 Functions of surfaces of revolution

Referving to Fig. 2.1, any point d on a surface can be found when its gener-

ating curve is given. The position vector d is defined as

T (e + Rc)cos B~ yesin B
d= |y | = | (2c+ R)sinfB + y.cos F (2.1)
24 A A

where (., 8, Z) are the cylindrical base coordinates, origin o, of the

frame in which the generating curve is described.

2.2 Functions of surfaces swept by a straight
line

Referring to the RP mechanism model shown in Fig.( 2.2), point d on a
surlace can be found when the joint variables, (8 and v), of the surface are
given.

The position vector d is defined by eqn.( 2.1).
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Figure 2.1: Generating a Curved Surface of Rotation

Again, R, s the radius of revolution and % is the eylindroaxial coordinate

locating origin o, in {rame oy.

e 0
Yo | = | —wsing (2.2)
Ze wneos(
2.2.1 Cylinder
For the surface of a cylinder,
R. # 0
{ =0
2.2.2 Cone
For the surface of a cone,
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Figure 2.2: The Surface of Hyperboloid, Cone or Cylinder

2.2.3 Hyperboloid
For the surface of a hyperboloid,
R, # 0
¢ # 0
2.3 Functions of surfaces swept by a circle

Referring to the RR mechanism model shown in Fig.( 2.3), point d on a
surface can be found when the angular displacement parameters, i.e., joint
vartables, (@ and a), are given. d, the position vector of d, is defined by

eqn.{ 2.1) where K, is the length of the common perpendicular between
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\\ Nd

Figure 2.3: ‘The Surface of Torus or Sphere

the RR pair’s axes and Z is the offset displacement of the equatorial plane,
along the polar axis, measured from the base frame origin. ‘I'he point d on
a circle with radius R, is defined by rotating around axis y, with angle o
in coordinate a. The coordinate e rotales around axis @, with angle 4 in
coordinate e to be translated into coordinate b, then the coordinate b rotates
around axis ¥y with angle £ in coordinate b to be translated into coordinate

c. So, the pusition d in the coordinate ¢ can be defined by given Ry, o, v

and £.
2, Ra(cos avcos € — sin acosysin €)
c= |y | = R, sinasiny (2.3)
LR R, (cos ovsin € + sin e cos v cos €)

Here 12, is the distance to d measured perpendicular Lo the axis of the
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maobile revolute, from o, the point of intersection between the axis and the
commaon perpendicular. v is an angle which deflines the aspect ratio of the
eyclid’s form. This is the angle between the plane of the circle of radius 12,
andd the local meridianal plane through o.. € is an angle to defline the axial
orientation of the elliptical projection of the circle, traced by d, on the plane
{z4, w). Note thatl ¢ is the position vector of point d measured in the frame

with origin o,..
2.3.1 Sphere
For the surlace of a sphere, B, =0and 0 € g < .

2.3.2 Torus and Cyclid

For the surface of a torus or cyclid, 2, # 0 and 0 < 8 < 2=,
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The intersection functions

3.1 Normal function

When considering the intersection between two surlaces of revolution one will
be called the primary surface. s axis will be colinear with the z—axis ol the
global Cartesian frame and the origin of this rame will be coincident with
on, the primary surface local origin. The secondary surface origin, og, is
located a distance Y from og; and the line joining the origins is the common
perpendicular between the surface axes of revolution. The angle hetween
axes is . In Fig.( 3.1) we see the vectors dy and dy which locate a typical
point on the curve of intersection. d; and dy are related by the following

equation.
T Tga COS h — Zyppsingd
Y Yo+ Y (3.1)
0 Ty SN + 24 cos
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Figure 3.1: The Relationship Between Two Surfaces of Revolution
3.2 Parameters, known and unknown

When two surfaces intersect, if we obtain the parameters, @ and a{or v), of
any surface, we can map the intersecting curve. There are three functions in
equ.( 3.1), which are fewer than the four unknowns, 8, and o) (or v;) in the
primary surface and B; and az(or v,) in the secondary surface. So, we have
to fix one of these unkunowns to solve for three others. There are a number
of ways to do this. A direct calculation method, where the three functions
are reduced to one so as to solve for a single unknown, will be introduced in

next. chapter. This method provides good precision in a fast algorithm.
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General functions of intersection

4.1 General functions of intersection with
known, as or us

4.1.1 Functions

The main point is to eliminate the unknowns of #, and B and to obtain
a function, which includes the single unknown, o (or v;). We proceed as

follows.

Square eqn.( 3.1) to obtain

2 2,02 2 4.2 .2 2y oy
Tntyntin=Tntyptept Y +2Y v (4.1)

Square egn.( 2.1) and substitute into eqn.( 4.1).

ey = 2Yyp
= (:L'CI + Rcl)z
+ ¥+ (za+4)?

- [(-1"::2 + Rc2)2 + y:z + (zc'z + Z2)2 + Yz] (4'2)
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From the third function in eqn.( 3.1) and the third in eqn.( 2.1),

Oz = Eg2SING = Iy — Z4pCOSd
= Za+ 74— (:c2 + Zl) COS(}) (‘1'5)

From the lirst and second lunctions in eqn.( 2.1),

5y + Yy = (w2 + Re2)® + 9% (4.4)

Multiply eqn.( 4.2) by sin¢ and multiply eqn.( 4.3) by 2¥. Then add
and substitute the resull into eqn.( 4.4). The functions, which only include

one unknown, a(or v)), can be written as

[ + 2 + 24 4+ 2WRaza + 2% 20 + 4P sin® ¢
+ AY? (2 + dg)? + 4d3Y?sinf p =0 (4.9)

dy = B+ 22 ~[(va+ Ra)+ 95+ (Ga + 22 +Y?Y]  (46)

dy = Zy—(z2+22)cos¢ (4.7)
d:l = _[(3:::2 + Rc2)2 + y:2] (4‘8)

4.1.2 Secondary Surface

1. TFor the surface of a cyclid or sphere,
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Ee2 Raa(cos aacos & — sinaacos 3 sin &)
Y | = 1240 510 G si0 o (-1.9)
Ze2 Ra2(cos azsin & + sin ag cos Y2 cos &)

2. For a hyperbolic, conical or cylindrical surlace,

P 0
Yea = -y s c'_! (l“))
Te2 1 COS G

4.1.3 Primary Surface

I. For the surface of a eyclid or sphere,

Tel Ryi{cos a; cos & — sinay cos ¥, sin §y)

Ya | = Ry sinapsiny (4.11)
- R.ilc H wae v g £

Zet w1(COs oy sin €y + sinag cos y cos é))

Substitute eqn.( 4.11) into eqn.( 4.5) and define

4}
L= tan— (1.12)

Then differentiate the result to obtain

(it? 4 ngl 4 ny)? +AY*(ngl® + nsl + ng) sin®

+ AdY*( 4+ 1) sinp =0 (1.13)
where
n = Rﬁl 4+ dy ~ 2R (7, sin &y + R cos €)) (4.14)
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e = Al cos (A cos ) — Rasinéy) (4.15)
ny = K, +dy 20020 sin€s + R coséy) (4.16)
ng = dy— Ry siné (4.17)
ng = 2, cos i cos € (4.18)
ng = dy+ Ry sing (.19}

Dilferentiating eqn.( 1.13) gives

gt + gl ol me =10 (4.20)

where
my = nisin® @+ 4Y2nd 4+ 4dyY?sin? ¢ (4.21)
my = SY%ngny + 2nen, sin® (4.22)

my =AY (2ngng na) + 8dsY sin® ¢

+ sin? ¢(2nany + n3) (4.23)
my = 2ngnysin® o+ SY  ngns (4.24)
mg = nisin®@+4Yni4+4Y2%dysin? ¢ (4.25)

According to equ.( 4.12), when | a; |—= =, which is possible in many
instances of surface intersection, then | ¢ |= oo, In such cases we
can not, oblain a satisfactory solution with eqn.( 4.20). In fact, when
| @y | is close to = the solution will be badly conditioned. Under such

conditions, { will be replaced by its reciprocal. In the range

oy = 2arctan(t); -

M
IA
2
A

v
=
o
=
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we will use

)

— = tan -
50 as Lo oblain

mu!" + mlln + n:g!"‘ gl iy =10

37

[

oy =7 — 2arctan(!); <oy <

[N |
h:.]

2. Similarly, for a hyperbolic, conical or cylindrical surface,

el 0
Ya | = | —osing
el 1y cos

The result obtained by differentiating eqn.( <.5) is

(2% + mazg +d))sin®d + AY (2 + dy)?

+ AdzY sin =10

ny = |+ tan*¢
neg = 274,

Differentiation of eqn.( 4.31) results in

m,;zgl + maz‘c’, + mngl HFmyzg g =10

20

(:1.29)

(1.30)

(4.31)

(4.32)

(4.33)

(4.34)
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my = nisinto (4.35)
my = 2nan, sind (1.36)
ma =AY £sin* ¢(2diny 4 n3) (4.37)
my = 2dynysin® ¢+ 8Y3d, (4.38)
my = disin® ¢+ 1Y dE + Y dysin® ¢ (4.39)

4.2 Solving for 5,

To obtain the solution for a;{or v;), we need to solve for &, or 3, to map the

interseeting curve,

4.2.1 The solution for Y # 0 and sin¢ # 0

from cqu.( 2.1) and 4.2), the solution of fy can be written as
i '

81 = eyey + Heo)sin g — ey Yy (4.40)
83 = ey sing + 2erY (v + Re2) (4.41)
B2 = arctan(2); s2a>0 )
{ B = arctan(%) + 53 <0 (4.42)

From the result of eqn.( 4.42), 8, is chosen as

T T 3= 5w
L ep, . . L o
4_/32<4, or = <pB< 1 (4.43)
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Fy = I —arclan(); sp >0
o i cla (,;“) ' > (L)
By = =L~ m'vt.an(;l-): sp <
From the result of eqn.( L.44). 82 1s chosen as
T An b i -
T S [32 < —1: or _] S ‘H-_l < T (‘1.'1;})

4.2.2 The solution for ¥ =0 or sin¢ =0

m a oy rer ) l‘ H a - .y e . . .
['here are. in this case, two solutions for any given as(or ) so as to produce

a{or v;). From eqn.{ 2.1), use

_ . B ' e
[ =tan 5 (4.46)
with
mat® gl +mg =0 (4.47)
where
T . w
B2 = 2arctan(l); -5 <M<y {1.18)
However, use
] i
I jkad A AL
;= tan 5 (1.149)
with
mol> b +my; =0 (4.50)
where
T 3
By = m — 2arctan(l); 5 Sh< 4 (1.51)
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I, Vor ¥ =0,

2. For sing =0,

my = —{(xa+ LBeo)sing — ey
my = =Yg sing

my = (@ + RBe)sing — e

my = =2Yya—e
my = AY (20 + Ra)

mp = 2Y ¥y — e
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Special functions of intersection

When ¢ = 0 and ¥ = 0 (primary surface and secondary surface share the
same axis), the intersecting curves are circles, perpendicular to the axes of
revolution of the two generating curves. The radius, R, and centre points,

Q, arc defined as

R = /(2o + Ba )2 + v (5.1)

O, 0
o,|=] o0
O'.: Tl + Zl

Coordinates (:1,¥c1,%01) can be obtained by using eqn.( 3.1) and solving for

aj(or vy ).

5.1 Primary surfaces swept by a straight line

(hyperboloid, cone or cylinder)
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o

IFor primary surface of hyperboloid, cone or cylinder and secondary suface of

hyperboloid, cone or eylinder, the selution for #; can be written as

‘m-_ru'f Famney+mg =10 (5.3)
where
ms = tan® ¢, —tan® (5.4)
ny = *Q(Z[ - Zg) t;an2 (_:2 (:).5)
‘ _ N AV TR T =
Hy = R’cl - R‘c‘z (Al /52) tan® (s (06)

5.2 Primary surfaces swept by a circle

(cyclids or spheres)

For primary surface of a cyclid or sphere, there are two solutions for «.

5.2.1 Secondary surfaces swept by a straight line

(hyperboloid, cone or cylinder)

For a primary surface of cyclid or sphere and secondary sulace of hyperboloid,

cone or cylinder, the solution for a) can be written as

mal' st i+ mt +mp =0 (5.7)

where 1 is defined as

t = tan ﬂ (5.8)
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where

f is defined as

to oblain

where

such that
mny
my

(15

T,
my

and

o = 2arctan(t): -

. : 2
mglt + mgyl b4 il = gl 4+ my =0

T I
ap = — 2arclan{{); -<a < —
9 L=

&y — ‘S:l! tilll2 f;-g - .S:-";' - 2”.,,[-‘\‘4
~4 Ry cos vy [cos & (s tan® G + s3) + s5]
256 — 227 — R sin®€)) — AR, cos? 4, cos* &

. IR ! : 2 .
—2(s182 + 21, cos® vy cos® €)) tan® G,

—4 R cosy [s5 + cosE{Z) + Ry sin &y + sqtan® )

8g + gﬂul""-l - (Rul sin El + Zl )“2 - "ﬁ Ln“‘ﬁ, C2

sy = A1 — 4y — Ry sing
Sp = 4y —Zp+ Rysing
s = Z)— Rysiné

4 = Regcosé + Zysin€
85 = Resiné) — 4, cos €

s = R4+ RL+7:— I,

26

(5.13)

(5.14)

(h.15)
(5.16)
(5.17)
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5.2.2 Secondary surfaces swept by a circle

(cyclids or spheres)

For a primary surface of cyclid or sphere and secondary suface of cyclid or

sphere, the solution of oy can be written as

gl F gt F ot gt +me =0 (5.24)

where £ s defined as

[ = tan % (5.25)
where
oy = 2arclan(l); —g- La < % (5.26)
[ is defined as
=t S (5.27)
Lo oblain
mott 4 omy P et gt +my =0 (5.28)
where
oy =7 — 2arctan(l); % <oy < .3)_71' (5.29)
stich that
my = cos” Yoty — AR R%) + 52 (5.30)
my = 281189 + 2870810 c05% (5.31)

e = Dsesn Ao o2 2 (9 2 g _ .
My = 28389 4 87, + cos® 1285810 + 7, — SR, RL) (5.32)
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3
Ny o= 2sgspacost 4y 4 2ags

g =

and

5y
S10
S

)12

cos® ya(s — L RE) 4 &3

“a

I LR T | A 4

nd

(IS

= Ao+ g sin &

Ay — Zy— Hasing

sy 2Ra(Zysingy + R cos &) = 22us,
4l cos{(4) = Za)cos & = I, sin &l
s1 =200 (Zrsinéy 4 Beycos€)) = 2 /sy
2R a8 cos &y — sy8in &y

2Repsy5in &y + sy cos€a

:ZRL-'.,’-,N';; cos E-_: — S sin E-g

2Rsysin £y + sgcos &y

AR Ryy cos vy cos &) cos & — spsin &

4R Ryy cos ) cos € sin €y + 55 cos &,

28

(D)

(5.35)
(5.36)
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Samples

6.1 Programming Method

In this section, calculation and drawing of an intersection curve will be de-

scribed.

6.1.1 Intersection computation

According to § 4 & § 5, given one as or ug, up to cight solutions can be
obtained. So, the main problem in calculating intersection curves concerns
how to choose the given parameter value and how to organize the solutions,

i.e., 50 as to generale a sequence of points on thﬁ‘p intersection curve,

¢ Cloice of given parameter:
First one should define the parametric range, its step size and a min-
it number of intersection points to be calculated on each loop.
Usually the given parameter to be independently varied is chosen as
an angle variable, which has a range of (0 — 27). The step must be

small enough so that a small intersection leop will not be ignored. For
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exaimple, if a parametric range of 0 = 2 is chosen, the step size might
be defined as #/180 or | degree. The minimum mumber ol intersection
points required depends on being able 1o trace a sulliciently smooth

interscction curve with the chords joining them.

Then, intersection points are calculated by stepping the parametric
value through the range decided upon with the step size chosen. 1f
a complete cycle reveals no solutions, there is no intersection within
the resolution of the chosen step size. If intersection points in a cyele
procduce adjacent chords which vary in direction by more than some
prescribed value, intersection points al locally reduced step size may
be calculated and inserted, cither explicitly or by some suitable inter-

polation scheme.

¢ Organizing the solutions:
Eixcept for simple cases of multiple loops, like say, intersceting eylinders,
which can be handled casily, it is more cflicient to identify intersection
curve branching online, interactively, i.e., with human operator decision

and intervention.

Accordingly, a software package using Matlab was developed (see Ap-

pendix A).

6.1.2 Curve construction

Intersection curve data can be obtained with the Matlab software package

mentioned above. Because AuloCAD supports scripl files (command list
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’ Hyperbolod & Hypetbalowd 001
Surleee 1, Hyperhalosl:

feo o Tanme 10D
Sieloee 2, Hyperlolon

e I3 Tanc 055
Hetween two aves

istanee 1460, Augle 0

[igure 6.1: The Intersection between Hvverboloids

ltles), another soltware package was programmed in BASIC to deal with
converting the data into an script [ile, which is used directly by AutoCAD.
For example, Lhis was done to produce the various pictorial illustrations like

IYig. 6.1. This is documented in Appendix B.

6.2 Examples

Iig. 6.1 through 6.15 show fifteen different example cases. Fig, 6.6 & 6.12
deseribe curve averlap while [Fig. 6.13 is an illustration of the special case of

coincident axoes.
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Hyperbulowl & o 001
Surface 1 v perbolund

We 2o Tane 140
Surface 2 Vone

Towe OG0

Between twe ases

M=tanee (30, Anule  HOO

Hyperholoid & Cylinder 001
Surfvee B Hyperboloid:

Reo 2000 Tane 10D
Sirfaer 2 Cvlinder,

Ree 00

Hetween Two axes:

W Distimee 0000 Ande Gl

-‘r- 1 ]
g 'fvi /I}/

L

Figure 6.3: The Intersection between Hyperboloid and Cylinder

32
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B ,'/ Ilvpertioloid & Sphere #iH
v/ Surfaer 1 dyperbolod;
Re 2000 Tane 100G
Surloce 20 Sphere.
R T TP T
FITY Helween two axes:
Thstanee 2000 Angle- ()

Hyperholow & H torus- -00F
Snrface 1, Hyperboloid:

Res 200 Tane - 100
suefoee 2, H lorus:

Res 400 Ia- .50

Agas 4 Axis 45
lielween bwa axes:

Distonce= L00; Angle= 1D

Figure 6.5: The Intersection between Hyperboloid and Cyclid
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Bl lorus & Cvhinder 001
Swrfaee 1.0 E lorus

Re 300 Ra 20
Aoe T Axi 0
surlace 2 Celindey

Re 3 0f

Belween two axes:
Disbanee 3000 Angle 220

Cone & Bl torns 001
sSurfaee 1, Come

Ton¢ 040

Surface 2, ¥ ioras:

Re o 00, Haoo200
Apa 7 AxE 0
Between Lwo axes:
Msticnee O50; Angle 80

Figure 6.7: The Interscction between Cyclid and Cone



CHAPTER 6. SAMPLIES

S50 R forus o B lorns 001
£ Surfere 1, Bl toras:

Re .00, It 200

Ath 70, At 30

Surlace 2, Bl torus.

Re 200, Ra 050

A B, AN 1]

Relwern twe axes

Istanee (050 Anele  HH

Figure 6.8: The Intersection between Cyclids

BL tarns & Sphere - 003
Sutface 1. B tors:
Re 1O B 200
A T Ax 20
Surfuce 2, Sphere:
R 2400
Between two axes:

- e p oy Distiee LG Anele - 0

13

Figure 6.9: The Intersection between Cyclid and Sphere
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Sty Ra
k]

300

\

N

}
)

Sphere & Cone
Surface 1, Sphere:

0.70

Sphere & Sphere Q01
Nurfaee 1 Spheve
REUY

Py \, \ \\\.Slll'fiu‘c' 2Spliere

VoA \I Al

BRIl
HlUetween 1wa aves

D Dislanee S0 Augle 0

0ol

surface 2 Conee
i Tan ¢
Helween two axes:
Mstanee:

LO0; Angle 0

Figure 6.11: The Intersection between Sphere and Cone

16
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Sphere & Cvlinder 001
Surface 1, Sphere:

[ 200

surfiace 20 Cvlinder

Re 200

Zory Belween two axes:
el i Dislanee 10K Angle 0
L #7000 i’
T
:i"ii:i':'!l'i
R R R
HE O A 'lllo
!|| S A R
AERREERERE
S P S T

Cone & Cone- -6

Surluee 1, Cone

Ton¢ 140

Supface 2, Cone:

Tane - 075

Between Ine axes.
Distomer - 000 Angle: 0

Figure 6.13: The Intersection between Cones
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Cone & Cvhnder 00
Surface 1, Cone

Tane (M0

Sarface 2 Cvlinder
(N

Helween [wo axes.
Diglance  0H0, Anele B

Figure 6.14: The Intersection between Cone and Cylinder

NG ST S Cvlinder & Cylinder D01
T S0 A Surlaee |, Cylinder
Sk Re .00
A Surlace 2, Cylinder
Re 200

flelween bwo axes
Distanee 130, Angle 00

Figure 6.15: The Intersection between Cylinders
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Concluding Remarks

7.1 Conclusion

With this novel algebraic method we gain advantages, including important

reduction of the polynomial degree. These include:

o I'he degree of the intersecting points cquation is only half of that of

the algebraic curve equation.
e Siugularity and local tangency between surfaces are casy to handle.
o The resulting ciosed form solutions are more accurate

¢ Articulated rigid body mechanism models which generate surfaces are
introduced. This makes it casy to build surfaces, and ecasy to classify

groups ol surfaces.
¢ Sell intersection does not hinder or complicate solutions.

It should not be overlooked, however, that the method has a few disad-

vantages:
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o 1t can be applied only to pairs of surlaces of revolution,

o lor every pairing of surface species, different algorithms have 1o he

formulated, and

o The code is lengthy and may be dillicult to impleent in microcontrol-

ers used for online trajectory generation.

According to this novel algebraic method, a set of solutions can be obtained
for surlace species deseribed in § 4 and § 5. These deseribe trajectories of
motion of some point on a rigid link of some single, closed loop mechanism.

There mechanisms are listed in Table 1.

| Primary surface | Secondary surlace | Type ol linkage |

Hyperboloid Hyperboloid RPSPR
Hyperboloid Elliptic tori RI'SRR
Hyperboloid Sphere RIPSU
Hyperboloid Cone RPSPR
Hyperboloid Cylinder RPSI’R
Elliptic tori Elliptic tori RRSRR
Elliptic tori Sphere RRSU
Elliptic tori Cone RRSPR
Elliptic tori Cylinder RRSPR
Sphere Sphere LSt
Sphere Cone USPR
Sphere Cylinder USPR
Cone Cone RPPSPR
Cone Cylinder RPSPR
Cylinder Cylinder RPSPR

Table 1 : Mcchanism types




CHAPTER 7. CONCLUDING REMARKS 11
7.2 Contributions

e A new algebraic method has been developed which can be applied to
various engineering problem, e.g., the labrication of mechanical com-

onerts which are composites of surlaces of revolution.
! I

o A soltware package (sce Appendix A), which can be used to solve in-

tersections like the 15 cases listed in Table 1 was created.

o A usclul enhancement to Advanced Modeling Extension (AME} in Au-
toCAD (see Appendix B} has been designed. It can handle interscction
curves between more complicated surfaces than those within the capac-

ity of cominercial packages available.

¢ A systematic approach to study the kinematic gecometry of the motions

produced by 15 kinds of single, closed loop mechanisms was developed.
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Appendix A

Matlab Program

% 'I'his function is used to calculate the begining values function [£1,62,t3,64]=begin(nr)
1i=[2 2[;R=[1 4;0 2];Z=[0 0); Y =4;xii1=0;xii2=0;gal=30;ga2=0;
ph=0;li=10;12=10;ans=[ii"; Y;pIs 2% R(1,:)5R(2,:)];

i ii(1)==1, ans=[ans;li;R(1,2)]; else ans={ans;gal;xiil];

end

xiil=xii*pi/180;gal=gal*pi/180;ph=ph*pi/180;

il ii(2)==2,

delb=1*pi/180;db=2"pi;bv=0;ans=[ans;ga2;xii2};

clse

N=12;delb=I[1/360;db=Il;bv=-11/2;ans=[ans;ll;R(2,2)];

end

xi12=xii2%pi/ 180;ga2=ga2*pi/180;xil=[sin(xiil) cos(xiil}];
xXi2=[sin(xii2) cos(xii2)];gammal=[sin(gal) cos(gal)l;
gamma2=[sin(ga2) cos(ga2)];phi=[sin(ph) cos(ph)};

il phi(1);0.0000001 & Y==0,

[r,2,0] |=xyze(ii,R,Z,xil,xi2,gammal ,gamma?)

for i=1:)j,

ans=[ans;[0 0 z(i)])'];ans=[ans;[r(1) 0 z(1)]');ans={ans;[0 r(i) z(i)]’];
end

clse ,
(L1.42,3,14])= x(ii,R,Y,Z,phi,xil xi2,gammal,gamma2,db,nr,bv,delb);
[ia,ib |=size(t]);

il ib==0,

else

for i=l:ibans=[ans;t1(:,i)]; end
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end

[ia,ib]=size(12);

if ib==0,

clse

for i=1:ibans={ans;12(:,i)]; end
end

[ia,ib]=sizc(t3);

if ib==0,

clse

for i=1:ibans=[ans;t3(:,1)]; end
end

[ia,ib]=sizc(t4);

il ib==0,

clse

for i=1L:ib,ans=[ans;t4(:,i)]; end
end

end

chdir c:int
save tol.dat ans ascii

% This function is used to solve intersecting points (x,y,s)
% in the general cases.

function {rl,r2,r3,rd]=
x(ii,R,Y,Z,phixil,xi2,gammal ,gamma2,dv,nr,bv,delb)
ni=(];jj1=0;nj=[];mi=0;mn=nryno=[0 0J;
while mijnr
rl=[];r2=[};r3={[];r4=[];del=dv/mn;ik=0;kk=0;n=0;mm=[0 0 0 0];d=Dv;
lij,t]=xy (i, R, Y, Z,phi,xi ,xi2,gamnial gamma2,d);

if jj==0,
n=1;n0(l)=1;
else

ik=ik+1;mimn(ik)=mm(ik)+1;n=0;
[r1,r2,r3,rd,nl]=rod(tmnm,ik,jj,kk,r 1,r2,r3,rd,n0,jji,nl);
end

d=d+del;

for i=1:mn,

kk=jj;[ij,t]=xy(ii,R,Y,Z,phi,xi1,xi2,gammal gamma2,d);
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if jj==0,

n=l;

il k0,

no(2)=1;

clse

ened

clse

if n==|,

ik=ik+;n=0;

clse

end

mmf{ilk)=mm(ik)+l;no(2}=0;

[r1,r2,e3,04, 01 ]=rod(t,mm,ik,j) kk,e1,r2,r3,rd nojjl,nl );

JiT=ij;

end

d=d-+del;

end

ti=min(mm( L:ik) ma=max(mm(1:ik});mn=mn*2;
if ma==0 & deljdelh,break,end

end

il no(2)==

[ui(l) 1( )]_svc {r1);[ni(2),n3(2)]=size(r2);

[ni nj(3)]=size(r3) [m(!) nj(4)]=size(rd);
1-—nm x(nj);i2=il41;[rl,r2,e3,04)=rob(il,i2,r1,r2,r3,04,n1);
else

end

% This function is used to solve the intersecting point (x,y,z)
% in the general cases.
.. function [kk,t]=xy(ii,R,Y,Z,phi,xi1,xi2,gammal ,gamma2,v)

t2=xyza(11{2),2,R,xi2 ,g,dnmm‘),v)

if ii(1)==1,
[ij,tt]=xy22(t2,R,Z,Y,phi,xil,gammal );
clse

[il,tt]=xyz1(12,R,Z,Y ,phi,xil,gammal );
chd

if jj==

clse
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for i=13jj.

t.fl=xyza(ii(l),l,l{,xil.gamm:ll.t.l.(i));

(') (l1(l)+R(l,l))"2—|—(L-’I(‘_’))"‘.2+(1‘-I(3)+'/,(l))"“_’-(t‘..’(I)-|-H(‘.3‘l))"‘_’
222 (2372 2V

e2(V)=1A(3)+Z( -2 +Z(2)) phi(2);

end

il Y==0 | phi(l)==0,

il jj==1,

il Y==0,

e=[-e2-phi(1)*(t2(1)+R(2,1))-27phi(1)*02(2) -2k phi( D) (20 D -HR2, 1))
elsc

e=[-e1-2RY=2(2)A%Y *(12( 1)+ R(2.1))i-e | -H25 Y *12(2));

end

qa=[c];qal=[qa(3) qa(2) qa(1)];bet0=[[roots(qa)]’];bet 1={[roots(qa)]’];
else

if Y==0,

c=[-e2-phi(1)*(t2( 1)+ R(2,1));-2*phi( 1 }*42(2) -2%phi(1)*12(2);
-e24+phi(1)*(t2(1)+R(2,1))];

clse

e=[el-27Y*2(2) 4R Y= (120 )+ R(2,1)) A*Y*(2(1)+R(2,1))-e 1424 Y *12(2);
end

qa=[c(:,1)]qb=[c(:,2)]sqal=[qa(3) qa(2) qa{l)];qbl=[gb(3) qb(2) qb(i)}
bet0= [[loots qa)]’ [mots(qb I'l; b(,l.l—[[roots(qal)]’ [roots(qb1)]];

end

[ij,be]=ro2(bet0,bet1);

else

qa=el*(t2(1)+R(2,1))*phi(1)-2*Y*t2(2)*e2;
qb=ecl*t2(2)*phi(1)+2*¥Y*(12(1)+R(2,1))*c2;

betO=qa./qbsbet 1 =qb. /qa;[ij,be]=to3(bet0,bet i, qa,qb);

cnd

end

xd=(t2(1)+R(2,1))*cos(be)-t2(2)*sin(be);
yd=(t2(1)-+R(2,1))*sin(be)+t2(2)*cos(be);

zd=12(3)+Z(2 ),‘(—Xd*phl( )-7 d*phl(l),y—yd+Y
z=xd*phi(1)+zd*phi(2);t={x;y;);[1],kk]=sizc(t)

end

% This function is used to solve the intersceting points of x and y
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% with z when angle of phi and Y both are near to zero or they both
Yo are zero,

fnn(llun [l 11,0 =xyz(1, R, Y, 7, phi,xi [ xi2,gammal ,gamma2 betal )

ifi(l)=

u([,l):l;n(l 2)= ,.L(I DN=05a(1,:0)=-{R(1,2))*L;a(1,5)=2"(R(1,2))2%7%(1);
a(1.6)=(beta( 1))A2-(R(1,1)A2-(R(12)M2HZA(1)) %

;]'(21l)= a'L('-'az)=')*Y:‘l(2vi)=l

a(2,)=(phi(1))*2-(R(2,2))"2%( Pl“( N2

a(2,5)=phi(2)*(2*beta(1)*phi(l ) 2*(R(2,2))"2%(beta(1)*phi(1)+24(2)) )
af2,6 )=(l)vld (1))~ (p]n(l)) 2-(R(2,1))"2

+(1R(2,2))"2* (beta(1)*phi(1)+7% ( )) 24+Y72;

else

a1, D)=(xi1(2))*2*(gammal (1))*2+(xi1 (1 }*gammal (})*betal (2)
~gammal (2)*betal (1))02;

a([,2)=-2*R(1,1)* (\11(‘))) 2*(gammal(1))*2*betal (2)

+xit (D Fgammal (1*(xil(1)*gammai(1)*betal (2)-gammal (2)*betal(1)));
a(1,3)=2%(xil(1)*gammal(l)*betal(2)

-gammal (2)*betal (1))*(xil(1)*gammal(l)*betai(!)

+ganmmal(2 )*Imtal(?));

a(LD)=(x1 12N 2% (gammal (1)) 24 (xi 1 (1)*gammal (1)*betal (1)
Fgammal (2)*betal (2))42;

a(1,5)=-2*R (1, 1 }*((xil(2))*2*(gammal (1)

$xi{ D Fgammal (1)*(xil{1)*gammal(1)*b eta,l( J+gammal(2)*betal(2)));
a(1,6)=(R(1,1))"2*(xil(1 ))"”"(g.,amm.tl(l))

F(x1{2))2* (gammal (1) 2*((R(1,1))*2-(R(1,2))*2);

ifii(2)==I1,

sl=2A(1)*xi1( 1)"‘gammal(l)—R(l,'I)"‘.\'il(l)"‘g,'ammal(1);

o (1 - (R (i)

sd=betal (1)* g,‘unma,l(l)*\l 1{1)+betal(2)* gammal(2);
sd=betal (2)*gammal{1)*xil(1)-betal (1)*gammal(2);
a(2,1)=(xil(2))*2*(gammal (1))*2*((phi(2))"*2
(RE2)P2(phi())2)

+2¥(1H(R(2,2))2)*phi( 1)*phi(2)*xil(2)*gammal (1)

+s5 )'\‘)*54’\( ))

a(2,2)=2¥((R(2,2))2°2(2)"s4*phi(2)

st (2)*gammal (1)*(14+(R(2,2))42))*xil(2)*gammal(1)
S2¥(R(2,2) )M 2*Z2)*phi(1)*(x11(2))*2*(gammal (1))*24+2*s51%52%sd;

)A2*betal(l)



APPENDIN AL MATLEADB PROGRAM

a{2.3)=2%(s2%s A+ (1 (RE2.2)M2) pa (1) phi(2) X 1{2) "gannaa L (1)) s

n('.Z.;’I):(xl (2N 2% (gamma L (1))M 242372

a(2,5)=2%(s1*e2%3- V¥ (XU 2DA 2% (gainnmma 1 (1) )42

(R (2,2)M2%A4(2)* 3% phi(2)* 11 (2) gammal (1))

a(2.6)=(x11(2)"2*(gammal(1))A2¥ (Y 2-(R(2, I )"2

-(4(2))"2%(R(2,2))"2)

25 (R(2,2))M2¥Z(2) s 1*phi(2) xi 1 (2) gaomma L (1) 45255172

else

sl—/J(l)"‘\ll(’) ganmal (1)-R{1, D)1 gammal (1);
(RN R (12

(R( Iy A2)* X L(2) gammal (1)

A(2)phi(2));

2
+)“‘sl (Z(1
Ly*gammal(1)*xi1(1)+betal (2)*ganunal (2);

-){-(Z("))"” (4(1))
s3=betal(l)*

sA=2%(R(1,1)*betal (1)-Y)*<i1(2)*gammal (14253572 1)-Z202)* phi(2));

sbh=betal(2)*gammal (1)*xi[{1)-betal (1) *gammal (2);
s6=2%(R(1,1)*betal (2)-Z(2)*phi(1))*xi1(2)*ganmumal (1)
+2¥$6%(Z(1)-4(2)*phi(2));

s7=s5*phi(2)-phi( 1 )*xil{
s8=s1*phi(2)-Z(2)*xi1(2)
a(2,1)=(s6"24+4%(R(2,1))"2

Jrgammal(l);
E,dmnml( ¥

A2)*(gamma2(2))*2

()*R(‘) 1)*s7*xi2(2 )b()*m)(l))" P*(gamma2(1))"2;
a(2,2)=2%(s2%s6+4*(R(2,1))* 2%s8*sT}*(gamma2(2))*2
4 2% (2%R(2,1)*s8*xi2(2)-s2%xi2(1))*(2*R(2,1 ) *sT*xi2(2)
-s6*xi2(1)}*(gamma2(1))"2;
a(2,3)=2%(2*R(2,1)*sT*xi2(2)-s6*xi2( [))*(2*R{2, 1)*s3¥phi(2)*xi2(2)
-547xi2(1))*(gamma2(1))*2
+2%(s4*s6+4*s3*(R(2,1)) 2*s7*phi(2))*(gamma2(2))"2;
a(2,4)=(s4"244*(R(2, 1))"“7*33" 2*{(phi(2))*2)*(painma2(2
+(2*R(2,1)*s3*phi{2)*xi2(2)~s4*x12(1))* 2* (gamma2(1))"2;
2(2,5)=2%(s2%sd+-4*(R(2,1))" 2*s8*s3*phi(2) ) * (gamma2(2) )2
+‘2*(2*R(?.,l)*58*x12(2)-s?.*x'1‘7( JPF(2*R(2,1)*s3* phi{2)*xi2(2)
-s4*x12(1))*(gamma2(1))"2;
a(2,6)=(s2"24+4%(R(2,1))"2*s872
-4*¥(R(2,2)) 2*(R(2,1))"2%(xi11(2))"2* (gamnml(l)) 2)*(gamma2(2))"2
+(2¥R(2,1)*s8*xi2(2)-s2%xi2(1))A 2% (gamma2(1))*2;
end
end

a[x,y,jj]=rol(a)

2
*

)"
"

Al
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il jji. 0,

xel=y betal (1)+x*betal (2)-R{1,1 )iyet=y*“betat (2)-x*betal (1);
zl=sqri{(R{1, 1)) 2-xclM2yel M),

z2==-5eprL((R{1, 1)) 2-xe 1M 2-ye ] A2);

fl=yel“gammal (2)-((21-2(1))"xil (2)-xe™xi (1)) *gammal(1);
E2=yel*gammal (2)-((22-Z(1))*xil(2)-xcxil (1)) "ganmal (1);
if abs(T1;0.00001 & abs(2);0.00001,

L=[x:y52 225 =2;

else

=1

il ahs(M1);0.00001,

t={x;yszll;

clse

t=[x;y522];

end

end

else

=0

end

%% This function is used to solve the single parameters(al) of the
% intersecting points of two rotational quadratic surfaces with
% primary surface being a cyclid or a sphere.

function [jj,t]=xyz1(t2,R,2,Y phixi,gamma)
dI=(R{1LINA24(Z(I)N) 2-(12( 1)+ R(2,1))*2
-(12(2))M2-(t2(3)+7(2))"2-Y"2;
d2=7(1)-(t2(3)+Z(2))*phi(2);
did=-(1 "(|)+R( NN 2-(42(2))72
nl=(R(1L2)Y24d1-2%R(1,2)*(Z(1)*xi(1)4R(1,1)*xi(2));
n’—fl*R(l,2) samma(2)* (L( Y*xi(2)-R(1,1)*xi(1));
n3=(R{1,2))*2+d+2*R(1,2)* (/,(‘) i(1)+R(1,1)*xi(2));
nd=d2-R{1,2)*xi( ! )no-?."‘R(l *pamma(2)*xi(2);n6=d2+R(1,2)*xi(1);
e(1)=n122%(phi(1))*24+4*Y 2% 472
FA¥dI*FYA2* (phi(1))42;
e(2)=2%n2%*n1*(phi(1))*24-8*Y*2*n5%n4;
¢(B)=4*YA2*(2*n6*nd+nH"2)4-8*d3* Y4 7*([)113(1))"‘2
+(phi(L)*2*(2*n3*n1+n272);



APPENDIN A. MATLAB PROGRANM

c(-D)=2%n3*n2%(phi(1 )" 248 Y425 ub:
e} ))""I A2 (Phi( 1)) 241V A2 A2
+ARAIEVA2* (phi( 1)) 2

cl{D=c(B)iel(2)=c()cl(B=c(I)cl(N)=c(2):ic I {D=c(1 ) 10=roots{c);

tI=roots(cl);[jj.t]=ro2(10,01);

% This function is used to solve the z(cl) of tersecting points of

% rotational quadratic surfaces with primary surlace being a 1.,
% a cone or a cylinder.

function [jj,t]=xyz )(t2,R.,Z,Y,phi,xi,ganuna)

cll—-(R(l INA24(Z(D) ) 2-(L2(1 - R(2,1))2

) A
d2=7(1)- (L)(J) +7(2))*phi(2);
d3=-(62(1)+R(2, ))“’ (42(2))"2;

nl—l+(R(l_)))"‘7 n2=‘2*7_,(l);

¢(1)=n1*2*(phi(1))"*2

¢(2)=2%*n2%*n1*(phi(l )) 2:

e(3)=4*Y"24+(phi(1))*2 *()*dl"nl+n)"2);

c(4)=2*d 1*n2%(phi(1))*2+8*Y"2*d2;
e(5)=d172*(phi(1))*244* Y 2¥d2"2 +il*d3*Y"2*(phi( 1))
t1=roots(¢);nn=length{t1);kj=0;

for i=lmn,

if abs(imag(t1(i)));0.000001,

ti(iy=real(t1{i));

clse

end

il imag(t1(i))== 0,

ki=kj+1;0t(kj)=t1(i);

else

end

end

nn=length(tt);jj=0;

for i=1:nn,

if i==1,

=i+ Lt )=t i)

else

ks=0;

for k=i:-1:2,

%
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i abs(UL(3)-11(5-1));0.000001,
ks=1;

else

(?“(I

ened

if ks==1,

else
di=ii-LtGi)=10);
end

end

end

% This Mnction is used to calculate the values of [x(c2),y(c2),2(c2)]
% ol another surlace of a cyclid, sphere, H.,
% cane or eylinder.
Munction t2=xyza(ii,ik,R,xi,gamma,v)
t2=[J;
ili==2,
alphia()=sin(v);alpha(2)=cos(v);
L2(D)=R(1k,2)*(alpha(2)*xi(2 )dlplm( YPFgamma(2)*xi(1));
12(2)=R(k.2)*alpha(l)*gamma(1);
£2(3)=R(il,2)*(alpha(2)*xi( 1) +alpha{]l ) *gamma(2)*xi(2));
else
£2(1)=0;12(3)=v;t2(2)=v*R(ik,2);

end

% This function is used to solve the intersecting point (x,y,)
Y% in the general case.
I'unctmn lij t]=xyzb(ii,R,Y,Z,phixil xi2,gammal ,gamma2,alpha2)
L2=xyza1i(2),R,alpha2,xi2,gamma?);
lf ii(1)==1,
Lt=xyz2(12,R,Z,Y phi,xil ,gammal };
clse
M=xyzl (t2,R,Z,Y,phi,xil,gammal };
end
Ji=0;
lor i=1:4,
il imag(tt(1))==
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Ji=lit =)

clse

end

end

il jj==0,

clse

lor i=13j),

15(1)-51:1 H( )it3(2)=cos(13(1);td (. D=xyzalii(1).R.4Hx1] gammal);
el(1)=(14{1,1)+R{LI)A24(14(2.0)) 24+ (L4(31)-FZ4(1))2

( 2(1)4FR2,1))A2-(12(2))2-(12(3)+A(2)) A 2-Y A2
(I) U+ 1)-(E2(3)-H2(2)) phi(2);

enc

bet=(cI™(12(1)-+R{2,1)*phi(1)-2¥Y™12(2)*c2)./

(el® 17 ) phi( D)+2*Y*(t2()+R(2,1))*e2);

beta2(:,1)=sin(bet);heta(:,2)=cos(bet);

(
bet=atan(bet);beta
xd={t2(1)+R(2,1))*cos(det }-42(2)*sin{ bet);
yd=(12(1 )-{-11(2 1)* sln(dct)—H)( )*cos(bet);
zd=t2(3)+%(2);x= \d)*phl( )-zd2%phi( 1 );y=yd2+Y;
A—\d.’.*plu(l)+/(l7*|)lu( st=[x;y34);
end

% This function is used to solve intersecting circles when

% phi=0 and Y=0
function [r,zjj]=xyzc(il,R,Z,xil,xi2,gammal gamma?)

vi= []3”*_[]11(1'_'.‘[]!1_[]!/-[] x=[lsy=I[libe=[};
if ii()==1 & ii(2)==1,

c={(R(1,2))"2-(R(2,2))"2 2*(R(2,2))"2*(2(2)-7(1))
(R(1,1))"2~(R(2,1))*2-(R(2 -))"3 (Z(1)-4(2))"2];
vl=roots{c);jj=length(v1);re=R(1, )

il jjgl,

for 1=2:j],

re=[re;R(1,1}];

end

end

rd=[rc R(1,2)*vi v1+Z(1));

else

if 1i(2)==1,
s1=2(1)-Z(2)-R{1,2)*xi1(1);s2=Z(1)}-Z(2)-FR(1,2)*xi1(1);

ol



et}
i |
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s3=A(1-ROL2) i (1 sd=R(1,1) il (2)47(1 ) xiL(1);
sH=R(L LY H{)-A( 1) xi1{2);
s6=(R(1,2))"24+(R(1,17)"2+(Z4(1))"2-(R(2,1))"2;
e=[s6-27R(1,2)%sd-(R(2,2))" 2717 25372

-ATR(1,2)*ganunal (2)* (XII("‘) ((R(2,2))"2%s1+s3)+s5)];

e={c 27s0-2%((Z(1)) 2-(R(1,2))M2*(xil (1))"2)
-4”(“.(l,‘.’.))"‘:l*(gmmnnl(2))")‘(\1l()))“

27 (R{2,2))7 2% (s 172427 (R(1,2)) 4 2 (gammal (2)) 2% (xi1(2))*2)];
e=le ~A*R{12)*gammal (2)™(s54x11{2)* (Z(1)+R{1,2)*xi1(1)
+(1R(2,2))"2%s2))];

e=[e sG4+2%R1L2)*sd-(R(1L,2Y*xi 1 (1) 4+ Z( 1)) 2-(R(2,2))"2*s272];

olse

s12=(R(1,2))" 3+(R(1 1)"2+(2(1))"2-(R(2,2))"2

~(R(2,1))2-(Z (3) 2

sl =2(1)42)+R(1,2)*si1(1)ss2=2(1)-4(2)-R(L,2)*si 1 (1);
s3=s [ 242%R{1L2)*(Z(1)*xil( D)+ R(1,1)*x11(2))-2%Z(2)*s1;
sd=A*R(1 -)*Bdnmnl(‘.l) ((Z(1)-Z(2))*xi1(2)-R(1,1)* \ll(l))
sH=s12-2¥R{L2Y* (A1) *xil (D + l(l l)*\ll(?.)) 2*7(2)*s2
sO=2%R(2,1)* 5[ Xi2(2)-s3*xi2(1);57=2"R(2,1)*s l*xi?(l)+s3*xi2(2);
s8= ’*R(’ 1)*s2*x12(2)-s5*xi2 (l)b —7*‘{(" 1)*s2*xi2(1)+s5*xi2(2);
s10=4*R(2,1)* R(l,2) gammal (2)*xi1{2)*xi2(2)-s4*xi12(1);

sil=4*R(2 l)*R 2)*gammal (2)*xi1(2)*xi2(1)+s4*x12(2);
(—[(bdmllld ))"‘)*(s()"‘ 24%(R(2,2))2%(R(2,1))*2)

+s872 2¥510%s8-+2%59%5 11 *(gamma2(2))*2);

c=[c 2%56*58+510M 24 {2*sT*s9+51172
-8*(R(2,2))"2*(R(2,1))"2)*(gamma2(2))*2];

e=[c 2% 10%s6+2%sT*s1 1*(gamma2(2))" ‘2 gamma2(2))"2%(s7T"2
-IHR(2,2)7M2%(R(2,1))42) +s672);

end

cl=[e(5) e(1)];

if abs(e(3))+abs(c(2))+abs{c(1));0.000001,

cl=[e! ¢(3)); ‘

end

il abs(c(2))+abs(c(1));.0.000001,

cl=[c! ¢(2)];

end

if abs(c(1));0.000001,

ci=[el e(1));
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end

betl=roots(c)ihet2=roots{cl ):[jjbe J=ro2(bet Lbet):
il jj==0.

else

lor i=11]],

ex=xyza(2. 1L R.xiLgammal be(i)rd(ia)=ex-+[R(1.1D) 0 Z(1)];
end

end

e

il jj==

clse

x=rd (e, 1 )iyv=rd(5,2)r=sqri(x. 24y 2)=rd (2, 3):

end

% This function is used to solve the x and y of two quadratic
% functions (I1{x*2.x,xy, Y2,y )=0,2(x"2,x,xy,y*2.v)=0)
% with parameters d(lJ) (i=2, j=6)
function [x,y.jj]=rol(a)
il abs(a(2,1));0.00001
clse
t=a(2,1);
for i=1:6,
a{2,0)=a(l,1)*a(2,i}/t-a(1,i);

end

end

c(1)=-a(1, 3)*a(2 ) *a(2,4)+a( 1, 0)*a(2,3) 24a( 1, 1) *a(2,4)™2;

c(2)=-a(1,2)*a(2,3)%a(2,4)+a(1,5)*a(2,3)* 24+2%a(1, | )*a(2,4)*a(2,)

-a(1,3)*a(2,3)*a(2,5)-a(1,3)%a(2,2)*a(2,4)+2%a( 1,4)*a(2,2)a(2,3);
c(3)=a(l,4)*a(2,2)"24a(1,6)*a(2,3)*2-a( 1,3V a(2,3)*a(2,6)

+2*a(1,1)*a(2,4)*a(2,6)+2%a(1,5)%a(2,2)*a(2,3)-a(1,2)*a (..,..) (2,1)
Fa(l,1)*a(2,5)  2-a(1,2)*a(2,3)*a(2,5)-a(1, S) a(2,2)*a(2,h

c(4)=-a(1,2)*a(2,2)*a{2,5)+a(1,5)*a(2,2)"2-a(l, 3)*4(.2,.?.)*&(.,,())

"1(112) "(0 3)*d 96)""2 l(],ﬁ)*ﬁ(?,?)*ﬂ.(g, ) .)* : )*' ('-'a'J) A 31(’)3

Y2

c(5)=-a(1,2)%a(2,6)*a(2,2)+a(1,6)*a(2.2)" 2+a(1, l)*
q=roots(c);jj=0;
for i=1:4

if imag(q(i))==0
Ji=ii+Ly(ii)=q(i);

6)"2

A
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olse
endd
enel

x=-{a(2,4)" v 24a{2.5)"y +a(2.6))./(a(2.2) +a(2.

Y This Minetion is used to solve t and 1/t

funetion [jjanl]=ro2(t0,t1)
nn=length(t0);ki=0;

for i=1:mnn,

if abs(tmag(10(i))){0.000001,
LO{1)=real(L0(1));

else

end

il imag(t0(i))==0

10 )=atan(10(i));

H L0()-pi/4 & 10(i)j=pi/4
ki=ki+ 1;t2(ki)=t0(i);

(?15(3

end

else

end

end

ki=0;nn=length(ti);

for i=1:nn,

il abs(imag(t1(i)));0.000001,
Li(i)=real(ti{(i));

clse

endd

if imag(t1(i))==0
tH(1)=(pi/2-atan{t1(i))};
FLL(i)pi/fd & L1 )|=3 pi/4d
lu—l\|+l stt3(ki)=t1{i);

clse

end

clse

cnd

end

tt=[tt2 tt3]snn=length(tt);jj=0;
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{or i=1:nn.

ilfi==1,
ji=ii+Lanl(jj)=2"1(1):

clse

il abs(tt(i)-tt(i-1));0.000001,
clse

Ji=ij+ Lanl(ji)=2=0e(i);

end

end

end

% "This function is used to solve t and |/t
function [jj,anl]=ro3(t0,t1,51,52)
nn=length(t0);ki=0;
for i=1:nmu,
if abs(imag(t0(i}));0.000001,
t0(1)=real(t0(i));
else
end
il imag(t0{i))==0
il 52(i);0
t0(i)=atan{t0(i));
if t0(i);=-pi/4 & t0(i)j=pi/4
ki=ki+1;t2(ki)=t0(i);
clse
end
else
t0(i)=atan(t0(i))+pi;
if t0(i);=3%pif4 & 10(i);=5*pi/4
ki=ki+1;tt2(ki)=t0(i);
else
end
end
else
end
end
ki=0;nn=length(t1);
for i=1:nn,

N
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il abs(imag(t1(1))};0.000001,
ti(i)=real{t1{i));

Q']H('

end

i imag(t1 (1) ==0

if sHi);0,

LI =pi/2-atan(t1(i));
iFLG)pi/a & t1{i)3 pif4
ki=ki-+Lu3(ki)=t1(i);

olse

end

else

L1(i)= i"‘])i/ 2-atan(l. l())
iFLL(iy 0% pif4 & 1) T*pifA
ki= '\l'{"l 118 s(l\l) L[(l),

clse

ened

end

clse

end

end

L=[142 t13)nn=length(it);))=0;
for i=lmn,

if i==1,
Ji=iiBanl(ji)=tt(i);

else

ks=0;

for k=i:-1:2,

il abs(t1(i)-tt{k-1});0.00000t,
ks=1;

clse

end

end

il ks==1,

clse

di=iitLanl(jj)=tt(i);

end

end
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end

Y this function is uwesed to update intersecting points(x.vz).

function [rlae2edlnl]=rod(tanmiiijjkkela2adanogi )
ni=(]inj=[};

[ni1},ni(1)]=size(rl);[ni(2) u;(’]--.sm
[ni(3),nj(3)])=size(r3);[ni(1).nj{4)]=s m(l l
nm=max(nj)+1;n2=unl;

il mm(ii)==1,

rl(cnm43)=t{, 1);2(:,nm+3)=t(. 1 }ni=l;

if jjil,

r2(:,nm+3)=t(:,2)

if 112,

30 nmE3)=t0,3)sed Gam4-3)=t(:,3)5n 1 =0,

il jji3,

r4(r,nin+3)=t(:4);

end

end

end

if ii==1 & no(l)==1,
il=nm+3;12=nm+2;[r,r2.63,04)=rod(i1,i2,r 1 ,r2,08,r4,01);
no(1)=0;else

if ji==1,

else

il=nm+3;i2=nm+2 ,[tl r2,r3,1)=ro5(il 12,1 Lr2,e3,r4,n1);
il=nm-1;i2=nm;|rl,r2,r3,r4]=rod(il,i2,r1,r2,13,r4,n2);
end

end

else

il kk==1,

r2(:,nm-1)=r1(;,nm-1);kk=2;

end

il kk==

d=[];

d=abs(rl(1,nm-1)-t(1,:))+abs(r1(2,nm- f)-t(?,:))+al)s(rl (3,m=1)-4(3,) )%

[y,k1]=min(d(1:}5));
d=[);

d=a.bs(r2(l,nm-1)-t(],:)}-}-al;s(r?(‘z,nm-l)—t( :))+abs(r2(3,nm-1)-t(3,:));

GO
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[y,k2]=min{d(1:j));

if ki==lI,

il k2==2,
r(civm-1)=r3(z,nm-1);
clse
rA{s;nm-1)=r2{:;nm-1);
end

clse

il klk==2,

if k2==I1,
eA(snm-1)=r3(:,nm-1);
clse

e (,nm-1)=ri(:,nu-1);
end

clse

if k2==2,
rA(:,nm=-1)=rl(:,nm-1);
clse
rd(snm-1)=r2(x,nm-1);
end

cnd

end

kkle=A;

end

if jj==1,

2= D=2

enel

il jj==3,

if nl==2,

[r1,r2,rd,04, k1 k2,0l ]=ro7(t,nm,jj,r1,r2,63,r4,2,0);
cet =10,k };ce2=4(:,k2);
for i=1:3,

if i =k} & 1 =k2,

L, D) =t(e,1)50(,2)=t(2,1);
end

end

L(:,3)=celst(: A)=ce2;
clse '
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[l‘l,l".Z.t'iS.l'-‘l,lil,l{‘l._nl]=r07(l..nm.j_i.rI.:'2.1‘3.1‘-‘1.1.0)t
cel=t(:,k1);ec2=t(:,k2);

for i=1:3,

if i =kl &1 =k2,

1‘(:~3)=t’(:~.i);l’(:1‘1)=t‘(:71);

end

end

t(:, 1 }=celst(:2)=ce2;

and

Ji=4

end

il kk;2,

if jj==2,

[r1,02,r3,04, kL, k2,01 J=roT(t,nni3j,rb,r2,03.04,0,0):
[r1,r2,r3,r4,k1,k2,n!]=ro7(t,nm,jj,rl 12,03, r4,n1,1);
|2=nm-l
[r1,r2,r3,rd]=ro6(2,m1,in2,i2,nm,i,rk,r2,:3,r4,n1);
else

[1,r2,e3,04,k§,k2,nl}=ro7(t,nm jj,r1,02,13,r4,0,1);
end

else

[r1,e2,r3,rd,k1k2,n1]=ro7(t,nm jj,r1,r2,r3,rd,n1,1);
if jj =2,

for i=1:4,

ilfi =kl & i =k2, ml=i; end

end

for i=1:4,

ifi =kl &i=k2&i=ml, m2=t; end

end

i2=um-1;{rl,r2,r3,rd)=ro6(1,m1,m2,nm,i2,t,r1,v2,r3,rd,n1);

ok

end

il k1==k2,

for i=1:2,

if i =k1,

il nl==1, r2(:,nm)=t(:,i); end
il n1==2, r4(:,;nm)=t(:,i); end
end

end

6.

12
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end
end
ened

Y% his funclion is uesed to updatle intersecting points(x,y,z).
function frl,r2,03,rd]=rod(il,i2,rl,r2,r3,r4,nl)
i nl==2,
else
r2(:,i2)=ri(:,i )] (:,i2)=r2(:,il);
end
ifnl==l,
clse
ed(:,12)=r3(:, 11 );033(:,12)=rd(:,il);

end

% this function is uesed to update intersecting points(x,y,z).
fanction [rl,02,e3,r4]=ro6(ld,m1,m2,iL,i2.t,rl,r2,r3,r4,n1)

if nl==l1,

ifl(l==[

e (: L( ;ml)ed(z,il)=t(:,m2);
(n(l

r3(:,12)=rd (i 1);rd(5,12)=13(:,i1);
else

if ld==1,
ri(sil)=10,ml);e2(:,il)=t(:,m2);
end
rl1(:,i2)=r2(:,i1);r2(:,i2)=r1(:,il);
end

% this function is uesed to update intersecting points(x,y,z).
function [r1,r2,r3,r4,k1 k2, nol=ro7(t,nm,jj,r1,r2,r3,rd,n1,n)
il ni==2,
else
d=[];
d=abs(rl{1,nm-1)-t(1,:))+abs(r1(2,nm-1)-t(2,:))+abs(rl{3,nm-1)-t(3,:));
sl=norm(d);[y,i]l=min(d{1:j}));
if n==1, r1(:,;nm)=t(:,i); end
ki=i;d=[];
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d=abs(r2(L.nm-1)-101.:))Fabs(r2(20m- -1 2:) Fabs(r2(3nm- D103
s2=norm(d);[y.i]=min(d(1:)));

if n==1, r2(:;um)=1(:,i); end

k2=i;

end

il nl==l,

clse

d=[J;

d=abs(r3(1,nm-1)-t(1,:))+abs(r3(2,nm-1)-4{2.:)) +abs(e3(3nm=1)-4(3,:));
s3=norm(d);[y,i]=min(d(!:jj));

if n==1, r3(:,;nm)=t(:,i); end

kl=i;d=(];
d==abs{rd(L,nm-1)-t(1,:))+abs(r4(2,nm-1)-1(2,:))+abs(r4(3,nm-1 )4 (3,:));
st=norm(d);[y,i]=min(d(1:jj));

if n==1, v4(s,;nm)=t(:,i); end

k2=i;

end

if n==40,

no=L;[y,i]=min([sl+s2 s1+s3 sl+s4 52453 52454 s3-4s));

il i==6, ‘
rr(s)=rl(s )il oy
e, )=r2(:,: )5r2(:,:
end

il i==3§,
rre(zy)=rl(ee )il (e )=rd () )ird () =rr (e )
end

if i==4,

rr(s,)=rl ()i 1(6:) =300, 50300 ) =re(2,2);
end

il i==3,

e, )=r2(,:5020, ) =ed () ()= (cy2);
end

if j==2

1'1'(:,:)=;'2(:,:);r2(:,:)=r3(:,:);1‘3(:,:):1'1'(:,:);



Appendix B: Solution Verification
Program

(BASIC)

1000 OPEN "i",#1,"tol.dat”

1010 OPEN "o”,#2,”in.scr”

1020 INPUT #1, Tl

1030 INPUT #1, TI2

1040 INPUT #1, YY

1050 INPUT #1, F

1060 INPUT #1, 271

1070 INPUT #1, 272

1080 INPUT #1, RCI

1090 INPUT #1, RAI

1100 INPUT #1, RC2

[110 INPUT #1, RA2

1120 INPUT #1, GAl

1130 INPUT #1, IT1

1140 INPU'T #1, GA2

1150 INPU'T #1, I'T'2

1160 NI1=1:P1=3.14159264:1F ABS(YY)}+ABS(F)=0! THEN Ni=2:
GOTO 1170

1170 PRINT #2, "LAYER m I m2m 3 crm4 c g m 5 ":PRINT #2,
"' _SURFTAB1 327
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1190 IF TH;1L5 THEN GOTO 1230

1200 PRINT #2," SURFTAB2 27

1210 XI=RCIHRATCOS(ITIPI/IS0):Y =271+ RATSIN(IT TP/ 180):
71=0

1220 PRINT #2, USING "__BLLIPSE ¢ g A54E 400NN L Jofldhtt L ANA
Qoft FEFFFHN N SRR v FFFEFRESNNT RCL, 2L, RAL
1, GAl: GOTO 1260

1230 GAL=GAL/2: X1=RCEN2=RCl: YI=Z414+GAL: Y2=/71-GAL:
Z1=-GAIXITE: 72=-71

1240 GOSUB 1910:PRINT #2, ””_SURFTAB2 32"

1250 IF RC1=0! THEN PRINT #2, "ROTATEID | y -00":X1=-71:71=0k
GOTO 1260

1260 N=3:GOSUB 1920:PRINT #2, USING "_REVSURE st -4,
# FFFFHENN FFESFREFN 0020 XYL

1270 N=2:GOSUB 1920:N=3:GOSUB 1930:N=1:GOSUD 1930

1280 X1=0:Y1=2:Z1=0:X2=0:Y2=-2:72=0:GOSUB 1410

1290 IF T12;1.5 THEN GOTO 1330

1300 PRINT #2,”" SURFTAB2 2”

1310 X1=RC24+RA2*COS(IT2*P1/180):Y 1 =722+ RA2*SIN(IT2* 1/ 180):
71=0 -

1320 PRINT #2, USING " __ELLIPSE ¢ . A5 AN | 4L Jb ALt JAAAN
Q# FFHFFFN NS FHRFFE N v FFRRERRHETRCL, 272, RAL,
IT2, GA2: GOTO 1360

1330 GA2=CGA2/2: X1=RC2X2=RC2: YI=4L2+GAZ Y2=172-CA2:
Z1=-GAP*IT2: 72=-71

1340 GOSUB 1910:PRINT #2, ™ SURFTAB2 32"

1350 IF RC2=0! THEN PRINT #2, "ROTATESD | y -00":X 1=-%1:71=0:
GOTO 1360

1360 N=4:GOSUB 1920:PRINT #2, USING " _REVSURF 4. ffE L4 LA,
FFFFEFEFENN, FFHFRHMN 0,0.2,0 XYL

1370 PRINT #2, USING "MOVE 1 0,0,0 . #4444 0,07 YY

1380 IF F=0! THEN GOTO 1400

1390 F=-F:PRINT #2, USING "ROTATESD | x .-t AN |0

1400 N=5:GOSUB 1920:N=4:GOSUB 1930:N=2:GOSUB 1930

1410 NM=0:M=0:MM=0

1420 IF EOF (1) THEN 1630

1430 INPUT #1,21

1440 INPUT #1,X1



APPENDIX B SOLUTION VERIFICATION PROGRAM 67

FA50 INPUT #£1,Y1

1460 11 N1=1 THEN GOTO 1520

1470 NM=NM4 LA NM=1 THEN X2=X1:Y2=Y1.72=21:GOT0O 1510
1480 [I° NM=2 TIHIN D=ABS(Z1):GOTO 1510

1490 NM=0:PRIN'T 42, USING "ai.torus #.gFH#HF N,
TEAERARGERNT, A HF A FF A 0,05 180 187,
72.X2,Y2.D

(500 PRINT #2, "ROTATE3D | x -907

1510 GO'TO 1420

1520 1P ABS(X1)+ABS(Y1)+ABS(Z1)=0! THEN GOTO 1620

1530 11" MM=0 THEN X2=X1:Y2=Y1:722=71:MM=1:GOTO 1420
1540 X=X1-X2:Y=YI-Y2Z=71-Z2:D=SQR(X*X+Y*Y +7*%)

1550 IF %2=0! THEN ALP2=90*(1+SGN(X)):GOTO 1570

1560 ALP2=ATN(X/Z)y*180/P14+SGN(Z)*90

1570 IF Y=0! THEN ALP1=90:GOT'0O 1590

1580 ALP1=I80/PI*ATN(SQR(X*X+Z*Z)/Y)+90*(1-SGN(Y))
1590 PRINT #2, USING "INSERT turb 0,0,0 0.05 # .44 F4F N,
AT DALPL

1600 PRIN'T #2, USING "ROTATE3D 1 y #.FFHHHFEMNMALP2
1610 PRINT #2, USING "MOVE 0,0,0 #t. FkFhfr MM S b L ANA
F AN XD, Y2, 72 X2=X1: Y2=Y1: Z2=71: GOTO 1420
1620 MM=0:GOTO 1420

1630 N=3:GOSUB 1940:N=4:GOSUB 1940

1640 CLOSE #1

1650 CLOSI 42

1660 OPEN "o 42, in.txt”

1670 INPUT "fig number:",NUM$

1680 1 'T11;1.5 THEN GOTO 1710

1690 1F RC1=0! THEN TIT1$="Cone”:GOTO 1730

1700 IF I'T1=0! THEN TIT1$="Clinder”:GOTOQ 1730

ELSIE TI'T1$="Hyperboloid”: GOTO 1730

710 I RCI=0! THEN TIT1$=="Sphere”:GOTO 1730

1720 TIT1$="Eltorus”

1730 IF TI2;1.5 THEN GOTO 1760

1740 [F RC2=0! THEN TIT2$="Cone”:GOTO 1780

1750 [F I'T2=0' THEN TIT2$="Clinder”:GOTO 1780

ELSE TI'T28="Hyperboloid”: GOTO 1780

1760 IF RC2=0! THEN TIT2$="Sphere":GOTO 1780
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1770 TIT28="Fl_torus”

1780 PRINT #2,TUPIS ™ &7 TIr28 ™ 7 NUMS

1790 PRINT #2. "Surface 1. " TI'T1$ ™"

1300 PRINT #2, USING "Re=#+. 44 Ra=#4#47RCLRA|

1810 IF TH;1.5 OR RCI=0! THEN GO'TO 1830

1820 PRINT #2, USING "A.ga=##7##; Axi=df4#470A LT

1830 PRINT #2, "Surface 2, ™FIT28 ™"

1340 PRINT #2, USING "Re=##.#4#; Ras##4 4647 RO2RAL

1850 11* T12;1.5 OR RC2=0! TIEN GOTO 1870

1860 PRINT #2, USING "A.ga=###H4 Axi=#4447GAZ I

1870 PRINT #2, " Between two axes:”

1830 F=-F:PRINT #2, USING "Distance=#+t.#4; Angles=Ft4E4£7 YY1
1890 CLOSE #2

1900 STOP

1910 PRINT #2,USING "LINV k. F#F4EHF MM b bbb finonn

T FRFFREN G AFFFRENN, FAFFREN, AR TS
X1, Y1, Z1, X2, Y2, Z22: RETURN

1920 PRINT #2,USING "LAYER s # ";N:RETURN

1930 PRINT #2,USING "LAYER T # ";N:RI“TURN

1940 PRINT #2,USING "LAYER ¢ # ";N:RETURN





