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A B S T R A C T  ,............., 
The design problem o f  l i q u i d  waste t r e a ~ n e n t  p l a n t s  i n  a m u l t i -  

p l a n t  system along a stream e n t a i l s  the  s e l e c t i o n  o f  a sequence o f  u n i t  

operat ions f o r  each p lan t ,  as w e l l  as the  de terminat ion  o f  each ope ra t i on ' s  

waste removing e f f i c i e n c y ,  so t h a t  - the  d isso lved oxygen standards a long the  

stream are met a t  minimum cost .  The suggested s o l u t i o n s  have so f a r  been 

p a r t i a l  and suboptimal s ince  they consider on ly  t h e  e f f i c i e n c i e s  on  a f i x e d  

sequence o f  u n i t  operat ions,  neg lec t ing  the  quest ion o f  choice among them. 

Th is  paper o u t l i n e s  an e f f i c i e n t  two-phase procedure f o r  complete ly  s o l v i n g  

t h i s  m u l t i - p l a n t  system problem by determin ing f o r  each p l a n t  both the  bes t  

s e t  o f  operat ions and t h e i r  e f f i c i e n c i e s .  F i r s t ,  a  network a lgo r i t hm i s  

developed f o r  generat ing concave c o s t - e f f i c i e n c y  curves f o r  each p l a n t  such 

t h a t  each p l a n t  e f f i c i e n c y  l e v e l  corresponds t o  t h e  opt imal  r a t h e r  than t o  a 

pre-speci f  i e d  f i x e d  sequence o f  operat ions. Second, a 1 i nea r  p rog raming  

model w i t h  concave and separable o b j e c t i v e  f u n c t i o n  i s  employed f o r  a l l o c a t i n g  

treatment requirements among th$  p lants.  The procedure i s  compared w i t h  

e x i s t i n g  ones through an a p p l i c a t i o n  t o  a r e a l  case. 



A SOLUTION PROCEDURE FOR THE DESIGN PROBLEM 

OF A MULTIPLE TREAMENT PLANT SYSTEM ALONG A STREAM 

by D. Panagtotakopoulos, Ph.D. 1 

1. I n t r o d u c t i o n  

Wastes can i n  general be looked upon as undes i rab le  b u t  unavoidable 

loads o r  burdens on var ious  environmental media w h i l e  waste t reatment  

e s s e n t i a l l y  e n t a i l s  reduc t i on  o f  these loads. With regard  t o  l i q u i d  wastes, 

f o r  which the  underground o r  sur face bodies o f  water r e c e i v i n g  them c o n s t i t u t e  

normal ly  t h e  burdened environmental media, one o r  several  d i f f e r e n t  forms o f  

loads can be recognized and d e a l t  w i t h  through var ious,  o f t e n  l oad -spec i f i c ,  

t reatment  processes. Depending upon t h e  l e v e l  o f  t h e  system one i s  dea l i ng  

w i th ,  a waste t reatment  process might  r e f e r  t o  a p a r t i c u l a r  u n i t  opera t ion  

w i t h i n  a waste t reatment  p l a n t  (e.g . , secondary c l a r i f i e r ) ,  t h e  whole t reatment  

p l a n t  cons i s t i ng  o f  a number o f  u n i t  operat ions i n  ser ies,  o r  even a system o f  

such p lan ts  along a stream. The l e v e l  o f  l oad  reduc t i on  a t t a i n e d  by  a t reatment  

process i s  a measure o f  the  e f f i c i e n c y  o f  the  process. 

F igure l ( a )  shows a t reatment  process k which reduces an incoming 

waste load o f  I u n i t s  by e k I  u n i t s  (o 5 e k s l )  w h i l e  x k I  waste u n i t s  a r e  re ta ined.  

An a r c  representa t ion  o f  t h i s  process i s  shown i n  F igure  l ( b )  where a waste i n f l o w  

o f  I u n i t s  a t  node i i s  reduced t o  x k I  u n i t s  along a r c  k; xk i s  c a l l e d  the  

t rans format ion  c o e f f i c i e n t  o f  process k. E i t h e r  ek o r  xk prov ides  a ineasure o f  

t h e  process'  e f f i c i e n c y .  Typ ica l  c o s t - e f f i c i e n c y  curves f o r  a t rea tment  process, 

whether i t  be a s i n g l e  u n i t  opera t ion  o r  a system o f  p lan ts ,  i s  shown i n  F igure  2; 

t h e  process cos t  Ck(ek) i s ,  i n  general, a nondecreasing f u n c t i o n  o f  ek . 
The design and management o f  a waste t reatment  p l a n t  a long a stream 

invo lves  two questions: f i r s t ,  the  choice o f  the  u n i t  operat ions i n  se r i es  

which w i l l  c o n s t i t u t e  t h e  p l a n t ;  second, t h e  chotce o f  e f f i c i e n c y  l e v e l  f o r  each 

o f  these u n i t  operat ions. The o b j e c t i v e  i s  t o  a t t a i n  some d e s i r a b l e  o v e r a l l   plan^ 

ef f ic iency,  w i t h  regard t o  a p a r t i c u l a r  type o f  waste load, a t  minimum cost .  

A t reatment  process cons i s t i ng  o f  a number o f  operat ions i n  se r i es  i s  showr, i n  

F igure 3; if t i s  t h e  t rans format ion  c o e f f i c i e n t  o f  opera t ion  q, t h e  l oad  
q 

The author wishes t o  thank Professor J. A. Buzacott  and an anonymous r e f e r e e  
f o r  t h e i r  h e l p f u l  comments on r e v i s i n g  an e a r l i e r  d r a f t  o f  t h i s  paper. 



fraction removed is 1-tlt2t3 = 1-xk while the process cost is 

Ck(x,) = Cl(tl) + C2(t2) + C3(t3). Figure 4 shows a network model of a 

plan for a liquid waste treatment plant; the waste load is in terms of 
biochemical oxygen demand (BOD). As described in Table 1, this plan is 
identical to that studied by ECKER('), ECKER AND MCNAMARA(~), and SHIH 
and KRISHNAN(~), and is also employed as an example in this work. Each 
path from node 1 to node 6 corresponds to a specific set of unit operations 
or, equivalently, to a specific plant design; the alternatives of "no plant" 
and "only primary treatment" correspond to paths along arcs 13 and 1-12, 
respectively. For a particular path (i .e.. design) p, plant coefficient 
V is defined as, 
P 

V = T T t r  
P (1 

re P 

whereupon the plant efficiency is 1-V 
P 

The derivations of the cost functions for the unit operations 
listed in Table 1 are based on the work by  SMITH(^) while they are further 

(2) discussed and refined by Shih and ~rishnan(~) and Ecker and McNamara . 
The development of the cost-efficiency curve for a treatment plant requires 
the identification of the unit operations and their efficiencies which would 

attain various plant efficiencies at minimum cost. (In case of an existing 
plant which consists of a fixed set of operations, only the operations' 
efficiencies are to be selected.) A mathematical model for this problem is 
as follows: 

From a network plan outlining all feasible 
plant designs, and fcr a minimum desirable 
plant efficiency 1-R, choose a path p and 
determine each tr on it in order to - 

Minimize Cp(Vp) = Cr(tr) 
rf P 

such that 
(vp=)T'rrrcp tr ' R 

and 
o<t~%,ft;'l for each t, 

where [t,,ti] is the feasible range of trvalues. 



The above problem has attracted the interest of many analysts 
over the last decade and it will continue to do so in the future as the 
need for more and better-designed waste treatment plants keeps growing. 
In 1964,  LYNN(^) simplified (I) into a linear programing network flow 
problem by assuming piece-wise 1 inear cost functions; a1 though highly 
unrealistic, that work provided a base C6r future applications of mathematical 
programming techniques to the problem. A few years later. Shih and Krishnan (7) 
employed dynamic programming for solving (I) in an attempt to deal with 
realistic cost functions. The major drawback of their approach is that the 
plant must be broken into sequential stages-a potentially complex exercise 
when more than one operation must be grouped into a single stage; for 
instance, arcs 2 to 6 in Figure 4 cmprise stage 2 while arcs 7 to 11 comprise 
stage 3. Clearly, this is not a straightforward dynamic programing case 
and there can be no generalized solution scheme for any network plan. Finally, 
~bker and ~c~amara'~) used geometric programming to solve (I); the disadvan- 
tages of this technique are, first, that the Cr(tr) curves must be smooth and 
continuous (as given in Table 1) when in reality they are discrete, and second, 
that a separate gemetric program needs to be formed and solved for each and 
every path p of the network plan. 

A simpler, more efficient, and generalized dynamic progranuning 
scheme for solving (I) without any of the drawbacks of the above mentioned 
methods is presented in this paper as a step towards the solution of the 
broader mu1 ti -plant problem that foll ows. 

2. The Multi-Plant System Along a Stream 
When several liquid-waste-discharging activities are operating along 

a stream, a need arises to allocate treatment requirements in order to meet 
stream dissolved oxygen (DO) standards along the stream at minimum cost; that 
is, an authority responsible for maintaining DO standards along the stream needs 
to specify the required level of waste load removal from each polluter's effluent 
(Although DO is not the only measure of stream quality, it is the only one 
considered in this work whose scope is the improvement of existing solutions for 
a classical DO-related problem). Waste discharges are measured in terms of BOD; 



accordingly ,  the  waste t reatment  p l a n t  p lan  o f  F igure  4 can be considered as 

c o n s t i t u t i n g  a l l  f e a s i b l e  choices o f  t reatment  opera t ion  combinations a v a i l a b l e  

t o  each p o l l u t e r  ( w i t h  "no treatment" a poss ib le  a l t e r n a t i v e ) .  

I n  order  t o  develop a p lan  f o r  BOD removal e f f i c i e n c i e s  by each 

t reatment  p lan t ,  i t i s  necessary t o  r e l a t e  BOD e f f l u e n t s  w i t h  DO l e v e l s  along 

the  stream. The d isso lved oxygen sag equat ion es tab l ished by the  p ioneer ing  

work o f  STREETER AND P H E L P S ( ~ ~ )  provides such a r e l a t i o n s h i p  between BOD and 

DO. Essen t i a l l y ,  t h i s  equat ion expresses the f a c t  t h a t  a BOD discharge 

reduces t h e  DO i n  t h e  stream and t h a t  t he re  is:natural replenishment o f  stream 

DO over t ime through reae ra t i on  o r  absorpt ion from t h e  a i r ;obviously ,  a 

reduc t i on  o f  BOD discharge, through treatment,  would r e s u l t  i n  an improvement 

o f  DO l e v e l s  downstream. Several recent  s tudies,  such as those by REVELLE 

e t  a1(6) and € c k e r ( l )  have developed more re f i ned  and exac t  r e l a t i o n s h i p s  - 
between BOD discharges and DO l eve l s .  By d i v i d i n g  the  stream i n t o  sec t ions ,  

c a l l e d  reaches, on the  basis  o f  stream c h a r a c t e r i s t i c s ,  stream q u a l i t y  standard 

v a r i a t i o n s ,  and l oca t i ons  o f  e f f l u e n t  discharges, and by app ly ing  t h e  d isso lved 

oxygen sag equat ion t o  each reach, the  minimum DO l e v e l  a t  each reach can be 

expressed as a f u n c t i o n  o f  t h e  BOD discharges and stream c h a r a c t e r i s t i c s  o f  every 

rea'ch upstream. Thus, as o u t l i n e d  i n  d e t a i l  by ~ c k e r ( l ) ,  t h e  requirement 

t h a t  DO a t  reach i should n o t  f a l l  below a s p e c i f i e d  l e v e l  can be reduced t o  

the  form 

where 

d . .  i s  a p o s i t i v e  constant  depending on t h e  s p e c i f i c  
31 

parameters f o r  reach j (namely, stream c h a r a c t e r i s t i c s ,  

DO and BOD l e v e l s  a t  the  top  o f  the  reach, and DO 

standard),  

and e.  i s  the  waste load reduc t i on  e f f i c i e n c y  a t  reach j; 
J 

t h a t  i s ,  i f  I u n i t s  of BOD would be discharged i n t o  t h e  

jth reach i n  case of no treatment, o n l y  ( I - e - ) I  u n i t s  
J 

a r e  discharged when t reatment  takes place. Clearly, 

waste t reatment  may no t  be necessary f o r  every reach. 



- 5 -  

L e t t i n g  V j  = 1  - ej 
, a  mathematical p rog raming  model f o r  

t h e  design problem f a c i n g  the  a u t h o r i t y  above j s  as fo l lows:  

For each reach j choose a p l a n t  design p j  (i.e.. a  pa th  

pj on the network p lan)  and determine each tr on i t  

i n  order  to ,  

f 

la< 

Minimize zn c j ( v j )  
j = l  

L 

such t h a t  

where: 

< < +  < 
o d i B j  - tr - trSj - 1, f o r  each r i n  every p l a n t  j (8) 

t 
n  i s  t h e  t o t a l  number o f  reaches; ['r,js 'r,j ] i s  t h e  

f e a s i b l e  range o f  tr f o r  p l a n t  j; 

and [ Q . , S . ]  i s  t h e  f e a s i b l e  range f o r  t h e  p l a n t  c o e f f i c i e n t  
J J 

i n  reach j . 
A t y p i c a l  c o n s t r a i n t  o f  type (8) cou ld  be a  techn ica l  l i m i t a t i o n  

on the e f f i c i e n c y  a t t a i n a b l e  a pr imary c l a r i f i e r ;  o f  type ( 9 ) .  a  

r ~ q u i r e m e n t  t h a t  the p l a n t  a t  reach j must a t t a i n  a  s p e c i f i e d  minimum 

e f f i c i e n c y  imposed by l o c a l  a u t h o r i t i e s .  

To date, there  e x i s t s  no successful  a n a l y t i c a l  scheme f o r  s o l v i n g  

(11). even though the problem has a r i sen  and s o l u t i o n  p lans - have been 

developed and implemented. I n  a  number o f  s tudies,  s o l u t i o n s  have been 

obtained f o r  a  s i m p l i f i e d  ve rs ion  o f  (11) where each p l a n t  j i s  t rea ted  

as a  "black-box" character ized by a  C.(V .) f u n c t i o n  corresponding t o  a  
J J 



f i x e d  p lan t  design p; . Thts  s imp l f f l ca t i on  amounts t o  solv ing a "reduced" 

problem (111, w i t h o u t  ( 7 )  and ( a ) ,  for  es tab l ish ing the least-cost  set  o f  
p lan t  ef f ic iencies:  the manager of each p lan t  j i s  then faced w l th  problem 

(I) where the design path i s  f i xed  and R i 5  the establ  (shed l eve l  o f  V . . 
J 

The obvious drawback of t h i s  approach i s  t ha t ,  i n  order t o  determine the best 

p lant  design p .  f o r  each p l an t  j. one "reduced" p r o b l m  (11) and n p rob lms  (I) J 
must be solved for each and every combination o f  p - ' 5  f o r  t h e  n-plant  system. 

3 
f h r W r t d d ~ r o b l w n  of determining a least-cost  s e t  o f  p lan t  efficiencies f o r  

maintaining 00 standards along a Stream Was solved by 5 0 ~ ~ 1 ' ~ )  and REYELLE 

e t  a1 16) using 1 inear programming; L I E B M A ? ~ ( ~ )  and FUTAGAMI ( 3 )  solved t h e  

p r o b l m  using dynamic programming and they appl ied t h e i r  method to  Ai l lameter 

River i n  Oregon and Todo R i v e r  System i n  Japan, respect ively.  Recently. ~ c k e r l ' '  

considered t h i s  problem f o r  several reaches o f  the Upper Hudson River;  he 

employed geometric programing and proceeded 2 s tep  f u r t h e r  by determining no t  

only p l an t  e f f i c ienc ies  but  also, s imul tanewsly,  the e f f i c i enc ies  o f  a l l  u n i t  

operations on the p l a n t  design paths ( i n  other words, he reintroduced ( 7 )  and (8) 
(n to  problem (11). However, ~ c k e r ( ' )  s t i l l  does no t  s o l v e  (11) since h i s  paths 

p .  are f i xed and pre-specif ied, no t  decis ion variables; as he clear ly  states. 
J 

a combinatorial schecrce i s  needed f o r  choosing the best  p -  fo r  edCh of the n p lants .  
3 

I n  t h i s  paper: 1. An e f f i c i e n t  so lu t ion procedure f o r  so lv fng (11) 

I s  out l lned which i s  based on a dynamic programing scheme f o r  solv ing (.I) and 

generating the C - ( V - )  cost  functfons; and 2. This procedure i s  appl ied t o  the 
J J  

(1)  rea l  case considered by Ecker . 

3. The Solut ion Procedure 

The major dranbdck of a l l  ex is t ing  procedures f o r  solv ing ( I t )  i s  the 

need f o r  a ctwnbindtorial scheme t o  choose the b e s t  p .  f o r  each o f  the n plants.  
3 

I n  this work t h i s  drawback i s  completely el iminated through the fo l lowing 

two-phase strategy:  

Phase I :  For each p lan t  j ,  solve ( I )  and obtain C . ( V . )  w lues for  a l l  
J .I 

p lan t  e f f i c iency  leve ls  1-R such tha t  4- W S j .  
3 

A cost-eff iciency curve can thus be generated g i v i n g  the 

minicum cost  C . ( e . )  f o r  a t ta in ing  a p lan t  e f f i c i e c c y  not 
3 J 

less than e.  . The c ruc ia l  charac te r i s t i c  o f  t h i s  C . ( e . )  
J J J  

curve i s  t h a t  each po in t  corresponds t o  the lenst -cost  

p lant  design p j  f o r  a t ta in ing  tha t  p a r t i c u l a r  eff iciency. 



This is accmpllshed vla a Least-cost Plant Coefficient (LPC) 
algorithm. 

Phase 11: Using the Cj(ej) curves just derived, and noting that 

Vj = 1 - e . solve (11) by linear programing techniques 
j 

considering only constraints (6) and (9). since (7) and (8) 
have already been considered in Phase I. Each chosen V 

j 
corresponds to an already determined best design for plant j. 

A. Development of the LPC Algorithm 
An acyclic network corresponding to a plan for a treatment plant 

is glven with nodes 1.2,. . . ,N and each arc (i ,k) corresponding to a specific 
unit operation. A unit operation (i,k) is characterized: 1. by a feasible 

+ 
range [tyk, tik] for the transformation coefficient tik , and 2. by a function 
Cik(t) giving the minimum cost for attaining a removal efficiency not less than 

1 2  1 > 2 1-t. A realistic property of Cik(t) is that, for t < t , Cik(t ) - Clk(t ) . 
The following notation needs to be introduced: 

Ai : the set of all nodes s connected with i through (i,s) 
Wi : a sequential product of feasible values of transformation 

coefficients, one fot each arc. on a path from i to N. 
w;/w~ : The minimum/maximum possible value of Wi 

Zi(w) : minimum cost for attaining a W, not greater than w. 
Thus Z1(R) is the optimal value of the objective function 
in (I), while Phase I calls for a calculation of 

C < Zl (w) over values Q - w - Sj , for each plant j . 
j 

+ + According to the definition of W; and Wi , if Wi and )Ik are known 
for every k€Ai , then 

w; = minimum {tikwij 
kcA. 

and - 1 

+ + wf = maximum { ti kWk ) 
kcAi 



I n  view o f  (9).  (10) and (11) t h e  values of w f o r  which Z, (w) 
< < should be computed are those such t h a t  max{Q.; W;} - w - min  { S  . w;}. 

J j' 
< 

Moreover, s ince  tik - 1 f o r  any ( i  ,k), i t fo l lows t h a t  on a path through 

a rc  ( i  ,k)  a t  o p t i m a l i t y ,  

< < '  < max (Q. W-) 5 W1 - W.- W 
J '  1 1 k  

o r  Qj - Wk ( I 2 )  

and the  range o f  w values f o r  Zk(w) should be 

< + Y, 5 w - Wk f o r  any k> l  

Assuming now t h a t  a l l  Zk(w) values have been obta ined f o r  some 

node k which i s  the  o n l y  node i n  Ai , then 

Zi(w) = minimum {Zk(w/ t )  + Cik(t)} 
t 

(1 5)  

< < +  < < + 
where tic - t - tik and Y, -,w/t - Wk , o r  equ iva len t l y ,  

+ <  C + 
rnax[tik; w/Wk}- t - min [tik; w/Yk} . 

When several arcs leave node i, then 

Zi (w) = minimum (minimum [Zk(w/t)  + Cik ( t ) ] }  
k€Ai t 

'(17) 

where, f o r  each ( i  ,k) , + + < < + 
min(tik ; max[tfk; w/wk]I -, t - min{tik ; W/Y,] (18) 

The m o d i f i c a t i o n  o f  the lower bound o f  (16) i n t o  t h a t  o f  (18) 
+ + +  

i s  necessary f o r  cases where, f o r  some k i n  Ai , Wi > Wkt ik ;  then, f o r  values + +  
o f  w >Wktik . the lower bound on tik would have been w/wkt which i s  g rea ter  

t 
than ti render ing  (16) meaningless. 

Thus, i t  appears t h a t  an a lgo r i t hm can be developed whereby one 

proceeds from node N t o  node 1, i n  decreasing order,  a t  each node k computing 

ZK(w) according t o  (1'3). ( l 7 ) ,  and (18). Th is  resembles a sho r tes t - rou te  

a lgor i thm, Zk(w) being the  l a b e l  assigned t o  each node k ;  i t  i s  a l s o  a 

dynamic programming procedure where a t  each stage (node) a minimum cos t  i s  



computed as a f u n c t l o n  o f  the  p o r t i o n  o f  W1 "remaining t o  be a l l o c a t e d "  

on the  arcs  from k t o  N. A t  the  end o f  such an a lgo r i t hm for  p l a n t  j, 

curves C.(V.) and C.(e.) w i l l  be obtained from t h e  Zl(w) values; repeat ing  
J J J J 

t h e  a lgo r i t hm f o r  each p l a n t  completes Phase I o f  t h e  s o l u t i o n  procedure 

whereupon Phase I 1  can be performed. 

0 .  The Algor i thm 
+ 

Step 1: L e t  W i  = WN = 1 and ZN( l )  = 0 

Step 2: Proceeding from node N-1 t o  1, i n  decreasing order ,  a t  each node i: 

(a) L e t  W,-=minimum { tik ~ i)  
k€Ai 

wf = maximum { tfk W; ] 
kcAi 

Y; = max {aj; w;} 
< < +  < < 

(b) For w values: Y i  - w - Wi f o r  i#l and Y; - w - min { Sj; w;] 

- f o r  i = 1, compute 

Zi(w) = minimum {min [Zk(w/t) + Cik(t)]} , where f o r  each ( i  ,k) 
k ~ A i  t 

> 
(c)  Check tha t ,  f o r  wl< w2 , Zi(wl) - Zi(w2); i f  no t ,  

l e t  Zi (w2) = Zi (wl) . 

(d) For each w considered, record  t h e  a r c  ( i . k )  and the  va lue  

o f  ttk corresponding t o  Zi(w) . 

C. Accuracy vs. E f f i c i e n c y  

L i k e  i n  o the r  dynamic programming procedures w i t h  cont inuous s t a t e  

var iab les ,  a g r i d  method i s  used here f o r  the  computation o f  Zi(w)'s . Each 

Cik( t )  curve i s  replaced by Mik c o s t - c e e f f i c i e n t  p a i r s  (cm.tm)ik , 

m = 1.2. ..., M .  ; i f  a r c  ( i , k )  i s  the rth a r c  o f  the  network, an equ iva len t  1 k 



notation is (~,,t~)~ , m = 1,Z.;. . ,Mr, For a real problem, this replacement 

is not a 'simplifying assumption' since it was from data sets in the form of 

(cm,tm)ik pairs that Cik(t) functions were derived in the first place. The 

cost functions of Table 1 for the example case considered here are replaced 
by the (c~,$,)~ pairs of Table 2. 

Regarding the range of w values. Zi (w) will be computed for a 
+ 

number of w values from Y; to Wi . According to the definition of Zi(w) , 
< < if only Zi(a) and Zi(b) are computed in the interval a - w - b , then for 

any aLw < b , Zi (w) is assumed to equal Zi(a); this ,however, could result 
in cost overestimation. Clearly, the larger the number of w values for which 
Zi(w) is computed, the greater the accuracy. Moreover, since marginal costs 
increase as transformation coefficients decrease, the size of intervals in 

+ + 
which the range [ Y f .  Wi] is broken should be smaller near Y i  than near Wi . 
A possible consequence of large intervals in the w-range is to obtain values 

Zi(wl) < Zi(w2) for w1<w2 ; by the definition of Zi(w), this is unrealistic 

and Step 2c of the algorithm corrects it. 

4. An Application 
The case study on the Upper Hudson River reported by Ecker i is 

now considered and solved. The problem is of the form in (11) involving the 
design of a treatment plant, if there is a need for one, in each of six 
reaches along the river so as to meet the physical stream quality constraints 
implied by the aji values of Table 3. The design a1 ternatives for each plant 

are as in Figure 4 and Table 2. As an added feature of the geometric program- 
ming approach, ~cker(') imposes and handles constraints requiring the product 
of trls over only part of a design path to be within specified bounds 
(e.g., tlt2t6>0.15). Although such a requirement can be easily considered in 

the LPC algorithm. it was left out of this work for simplicity. Thus, the 
(1) example solved here is slightly different than that treated by Ccker . 



I n  Phase I, t h e  LPC a lgo r i t hm i s  app l ied  t o  the  network p lan  

f o r  each o f  the  s i x  poss ib le  p lan ts .  For t h e  network o f  F igu re  4 (which 

i s  t h e  p lan  f o r  a l l  s i x  p lan ts ) ,  and f o r  a  p l a n t  e f f i c i e n c y  range from 0  

t o  0.970, the  a lgo r i t hm y i e l d s  t h e  Zi(w) values l i s t e d  i n  Table 4 ( t h i s  

t a b l e  i s  condensed fran one o f  60 w- in te rva ls ) .  The c o s t - e f f i c i e n c y  curve 

f o r  each p l a n t  i s  shown i n  F igure  5. 

Turn ing t o  Phase I1 o f  t h e  s o l u t i o n  procedure, t h e  IBM's MPSX 

op t i on  f o r  l i n e a r  programs w i t h  separable. concave o b j e c t i v e  f u n c t i o n s  i s  

employed t o  so lve  t h e  model which cons is ts  o f  ( 5 ) .  (6). and (9) w i t h  V j  

rep laced by 1-ej. (For the  case here, t h e r e  a r e  no type (9) c o n s t r a i n t s ) .  

The convex i ty  o f  the  p l a n t ' s  C.(e.) curve f o r  e L 0 . 0 5  may r e q u i r e  a  
J J J 

t r a n s l a t i o n  o f  the  o r i g i n  t o  p o i n t  (18.0) and an adjustment o f  any s o l u t i o n  

e .  such t h a t  ej<0.5; i n  r e a l i t y ,  however, t h i s  p o s s i b i l i t y  does n o t  
J 

a r i s e  since, i f  e.  i s  n o t  zero, i t  w i l l  be requ i red  t o  be much g rea te r  than 
J 

0.05. Extensive i n v e s t i g a t i o n  w i t h  s i m i l a r  problems has shown t h a t  t h e  

opt imal  e.  values are  r a t h e r  i n s e n s i t i v e  t o  minor v a r i a  t i o n s  i n  the  slopes 
J 

o f  t h e  segments o f  the  approximated piecewise l i n e a r  cos t  func t ions ,  e s p e c i a l l y  

when these func t i ons  a r e  i d e n t i c a l  f o r  several  p lan ts ;  t h i s  c l e a r l y  reduces 

t h e  d e s i r a b i l i t y  o f  a  very  f i n e  w-gr id i n  the  LPC a lgor i thm.  

The opt imal  design i s  shown i n  Table 5; w i t h  t h e  MPSX-generated 

e. va lue f o r  p l a n t  j, the opt imal  w - in te rva l  i n  Zl(w) i s  i d e n t i f i e d  along 
J 

w i t h  the  a l ready  recorded bes t  tr values. The i n s i g n i f i c a n t  d i f f e r e n c e  

between e .  from MPSX and 1-W1 becomes even smal le r  as t h e  w-gr id  i n  t h e  LPC 
J 

a lgo r i t hm gets f i n e r .  A requirement t h a t  a  p lan t ,  i f  b u i l t ,  should operate 

a t  ej2.95 y i e l d s  e5=0 and'e.= .95 f o r  j f 5  corresponding t o  tl = .60, t2 = .80, 
J 

? = .lo, and tll = 1.0 f o r  a  cos t  o f  182.3 per  p l a n t .  As a  f i n a l  comment, '6 

the  s ing le -p lan t  design obtained by the  LPC a lgo r i t hm f o r  e .  , 0.971 i s  
J 

almost i d e n t i c a l  t o  t h a t  obtained by Ecker and ~ c ~ a m a r a ( ~ )  and Shih and 

~ r i s h n a n ( ~ )  f o r  the  same problem. 
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TAIJLE 7 : The Waste Trerl tn~ent Plant  

Arc j n  F ig .  4 

{ r )  U n i t  Operation 
Cost Function 

cr(t,) 

1 Primary Clarifier (PC) 19.4 t i  1.47 

2 T r f c k l  ina F i l t e r  (SF) 16;8 t, -1 .66 
- 

3 Activated Sludge af ter  TF ( P S / T )  - 91.5 - t3 -17.30 

4 A c t i v a t e d  Sludge af te r  PC (As/P)  86.0 t4 -0.38 

5 Aerated Lagoon a f te r  PC (AL/P) 45.9 t5 4 . 4 5  

6 Aerated Lagoon a f t e r  TF (AL/T) - 27.n t6 -0.63 

7 '  Coaqulaticn /~ed imenta t ion  / F i l t r a t i o n  152.0 t7 -0.27 
after AS {CSF) 

8 Carbon Adsnrption after AS ( C A )  IZQ.0 tg -0 .33  

-0.37 Coagulaticn /Sedimentatiori / F i l t ra t ion  l i 3 . O  t I 0  
a f t e r  AL 

Arcs S ,  11. 12, 13 correspond t o  Flo TreatElent (M) w i t h  

tr = 1 and c, = 0 



TABLE 2: Cost-Coefficient Pairs (c,tIr 



TABLE 3:  Coefficients aji for Problem (11) 



TABLE 4: Zi(w) Values From the LPC Algorithm 



TABLE 5: The Optimal Design for the Example Case 

Paant MPSX Unit Operation Design 
j - - ej tl t2 t6 t l l  t12 t13 

Actual Efficiency 
1 - W, Plant 

Cost 



FIGURE 1: A Treatment Process Representation 

FIGURE 2: Cost-Efficiency Curves: Minimum Cost For 

Attaining Corresponding Efficiency 

.- . . 

.. - .  ~- 

FIGURE 3: Treatment Process k as a Combination of Processes 



FIGURE 4: A Plan For a Waste Treatment Plant 

FIGURE 5: CostiEfficiency Curve For t ! ~ e  Exaeple Case. 


