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ABSTRACT 

Based on the creeping motion and lubrication oqQations, a theor,r 

for the behaviour of a straight chain consisting of a number of rigid 

spheres in shear flow 'Ws developed. When the spheres are in contact vith 

one another, the chain should behave like a single r1gid rod; Q.uantitative 

cont'innation was provided at low velocity gradients b7 experiments with 

chains of spheres formed in an electric field. At high gradients the 

chains broke. The periodic stretching of chains with non-zero gap width 

vas in Q.ualitative agreement with the theor,r. 

Chains of spheres held together by l1Q.uid menisci behaved l1ke 

flexible threads and formed disordered aggregates at high velocity gradients. 

Aggregates of dises (rouleaux) behaved like deformable rods and vere easily 

broken as the dises elid apart. Fore-aft a,mmetrical chaine of non-uniform 

spheres and ~etrieal but non-linear aggregates of spheres and aggregates 

of rods were also studiedo 
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FOREMORD 

This the sis describes one ot a coDliinuing series of ~vestigations 

conducted. in this laboratory on the behaviour of 'VII.$us suspensions to 

provide basic lmowl.edge on the rheoJ.ogy and stabil1t7 of a variet7 of 

important suspensions such as fibres in water (used. in papermaking) and 

blood. The present work extencls the etudies fram singl e particles and their 

interactions to ordered aggregates of rigid partieles possessing various 

degrees ot fiexibil1t7 in shear flow. 

The arrangement of the the sis requires some exp1 anation. The 

or:lgfnal subject of the thesis research vas coalescence and aggregation in 

two-dimensiona:L dispersions of fJ.uid drops (Appendices III and IV).. U~or­

tunately, this work did not turn out to be as successful as was expectedo 

An interesting experimental teclmique vas developed, nevertheless, and some 

useful experimental and theoretical work vas done; although not considered 

to be publishable as 1t. now stands it has been wr1tten up for record purpoaes 

and. is presented in Appendices In and IV. The related st~ (The Measure­

ment ot Intertacial Tension from the Shape of a Rotating Drop) 1a given as 

Appendix V in which form it is being published in the Journal of Colloid 

and Interfacial Scienceu 

The main body of the thesis (Parts l to IV) is concerned. JII8.inly 

with chaina ot particJ.es in shear fJ.ow 0 Parts n and. nI have been wr1tten 

in a form. suitBble for publication in a scientitic journal withlittJ.e or 

no further moditicationo Thus, each ot this two parts is compl.ete vith 1ts 

own abstractg introduction, discussion and reterenceso Certain additional 

details which will not be published are give..n in Appendices l and IIo 
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PART l 

GENERAL INTRODUCTION 

Pqsical. properties of suspensions such as . their rheology and. 

stability depend on the behaviour of single particles and. their inter-

actions vith one another. In very dilute suspensions of neutr~ 'buoyant 

particles, the particles are far apart and there is llttle partiele 

interactiono With increasing particle concentration, however, the ~ensions 

are intlueneed both b7 interactions and by' aggregate formation. The main 

bod1' of this the sis deseribes theoretiea1 cmd. e.xperimental investigations 

of ordered aggregates of rigid particles in simple shear Couette flow 0 

Earlier studies in this laboratory have deal.t with the transla­

tional and rotaq motions and orientations of rigid spheresl ), rods2,3), 

and discs4) in Couette flowo Numerous experiments have contirmed Jetfery' s 

theozo;) for rigid ellipsoide, provided that the true partiele axis ratio 

r p ls replaced by an expe~entaJ.J.y determined equivalent ellipsoidal., axis 

ratio r e 0 Interactions of rigid sphere;n and. rods2) and. the behaviour of 

fiexible fibrea6-8) and deformable drops9-11) in Couette .t'low have also 

besn studied; these works have reeently been revietred in detail by 

Goldsmith and MasoJ2) 0 The present investigation deals pr1mari,4r with 

chains of particles sueh as spheres and dises sU,spended in a liquid having 

zero stiffness and zero tensile strength. These chains were provided with 

a f:1n1te tensUe strength by bridging the gaps between the spheres with 

menisci of a second immiscible liquide The aggregates thus for.med are of 

intereat in eonnection with various aspects of the flow of suspensions, 

non-separating doublets ~f sphereS3), the bending of fibres8) and br~aking 
ot macromolecules13,14} in shear fiow and other rheological. properties of 

such systems. 

1. 



A theoretical. treatmel;lt of the behaviour of chains of spheres 

in shear Couette fiow 1s presented in Part II. The theory is based on the 

Navier-Stokes equation in the creeping tlow regime, where .inert1al effects 

are negligible and the fluid is incompressible 

)7vJ!= 0 ; 

p is the pressure in the fluid, 110 the fluid viscosity and ~ the fl.ui.d. 

vel.ocity. In this regime of fl.ow the squations are also represented by' 

the 1'qdrodynamic J.ubrication equations15-1. 7) • 

If the spheres are in contact with one another» the theory 

predicts that the chain should ro'tate as a rigid body, without relati.ve 

rotation of the spheres and without bending, in a spherical elliptical 

orbit similar to that predicted by Jeffe~) for a rig1d prolate spheroid. 

When there are smaJ J gaps between the spheres, the chain length should vary 

periodicallt between a minim1"DD. when the chain 1s oriented at right angle 

to the direction of shear flow and a maximum when parallel. to it while chain 

bending should be progressive ~ general. When a second immisc1ble liquid 

is introduced to bridge the gaps, both chain stretching and bend1ng increase 
/ 

with decreasing viscosity of the fluid introduced at any given gap width. 

No attemptwas mades howevers to take into aceount the effect of interfacial 

tension. 

Part III provides an experimental. test of the theory of rotation 

of linear chain of spheres developed in Part II and» in addition, incl.udes 

studies of more complicated. aggregateso Except for the breakage at high 
.. 

vel.ocity gradients» chains of spheres rotated l.ike rigid rods and in accord 

with the theory developed in Part II. In addition» there was qualitative 

agreement between the theory and experiment for chain stretching. 

2 



Chaine of spheres hel.d togather by intertacial. tension behaved 

like flexible threads or .1'ibres in Couette tlow; the 1'lexibility increased 

with increasing velocity gradient and the number ot spheres in the chain. 

However, the experimente were limited. to lov veloci.ty gradients s~ce 

three-d1mensional aggregates tomed. at h1gh gradients. 

Aggregates .0.1' discs rotated like deformable cyl1nders. They were 

distorted trom l1nearity in shear flow and f:ina l1 y broken as the dises slid 

aparto Aggregates of rods and. non-l1near ~ sy.mmetrical aggregates of 

spheres vere also studiedo 

General discussion, suggestions for further research and ela1ms 

to original research .t'orm the last section (Part IV) of the main body of 

the thesis. 

3 
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PART II 

CHAINS OF PARTICLES IN SHEAR FL(lol I: 

RIGID SPHERES (THEORETlaAL) 

ABSTRACT 

It has been shcnm on the basis of the creepiDg motion 

equatioDS and lubr1catlon theo17 that a straight chain conslst1ng 

of a number of" rig1d spheres in contact vith one another should 

behave in plane Couette flov like a single" rigid bCXV' and that a 

chain of spheres vith non-zero gap ~dth should. stretch periodically 

and in general beDd. progress1'V"~. Such a chain provides an inter­

esting pbysical model of threads. rouleaux of rad blood ceJ.ls and. 

other linear flexible structures. 

5 



~o INTRODOOTION. 

When an eJ.ectric field 1s applied to a suspension ot apheres in 

a dieJ.ectric l.1qu1d, . the apheres become arranged in Hnear chaine a11gned 

in the direct10n of the f1eJ.d~,2) 0 It . occurred to us that a st~ ot 

ordered. aggregates ot part;1~es" prepàred in th1s and other W'a7s which va 

subsequ~ dev1sed. would tbrow saine light on severàl. rel.ated prob~ems 
\ 

in suspension rheol.ogy such as the behaviour in shear .tlov ct non-separating 

doub:Lets ct sphere;S7.4). ot roul.eaux ot red-bl.ood cells;) and nex:i~e 

threads6-S) 0 Prel1m1nar;y exper1ments showed surpris1~ that l1near cba1ns 

ot spheres rotated in shear .tlow.llkè dng:Le r1g1d bodies even. t.hougb. Stlch 

aggregates as a whole ha.,e ne1ther tensUe strength nor stittnesso 

On the basis ot the creeping motion equat10ns and lubriçat10n 

6 

. theo1'7 11'8 have been. able to demonstrate theoret1ca.J.q that a straight chain 

consisting of a number of spheres.1n contact with one another shoUld rotate 

as a rig1d body, without rel.at1ve rotat1on of thé spheres and w.lthout 

bending, in a spherical ellipt1cal. orb1t similE.r to that predicted by' 

Je.ttery9) for a rigid prolate spheroido For chains of spheres with non-zero 

gap w1dth 11'8 have derived equat10ns tor chain stretch1ng and beruHng; the 

chain ~en.gth should. var.r. between a m1nimum. when the chain 1s . perpend1cular 

to the direct10n ot shear nov and a maximum when. parall.el. to it» wb11e 

the bend1ng should. gen.eral.l1' be progressive. It should be pointed out that 

al.though det1n1te equat10ns are obtained tor such quaD,t1ties, the eqaa.tloDs 

conta1n unknown constants so that seme of the concJ.usions are qualitativeo 

Tests ot the theory and experiments on more campl.1cated partic~e 

. ~O) 
chains are consid.ered in the follaw1ng Part 0 



... 

2. THEORETICAL PART 

(a) GeneAl. 

Consider the motion ot a:tr3 aggregate of neutraJ.,q bUO)"Sll't; 

part,icl.es in plane Couette fiON' where the creeping motion eqqations are 

va.l1do 1t then tollows t1"Q1ll the linear1ty ot these equatioDS that arq 

change in the va:Lue ot the shear changes proportionateq- the values ot the 

llnear and. angular velocities ot the part1.cles and. that a reversal. of the 

shear reverses these motions. Thus" whether or DOt the. aggregate breaks 

up depends DOt on theshear 'bu1; on the initial positions ot 1ts member 

particl.eso 1t can be shawn b.Y ~r,y that in Couette tl.ow a pair ot 

spheres either separate tram each other or tom a permanent doubJ.et in 

periodic motiOD. 

(b) Forces and. Couples 

Consider a rigj.d sphere B moving 1I1th a linear vel.oc1ty 

~ = ('D:L1 ~D l1:3) at 1ts centre and angular velocity $,.= ("1.1 (&)2,9 (&)3) in 

c10se proximity to a stationar,y &phere A (Figure la). Then according ta 

1ubrication theorfU-13)" the torce.! :;: (t1.', t 2J1 t 3) and Coupl~ !. = (8J..t g2" ~) 
acting on sphere B about 1t8 centre due to the relative motion are given b.Y 

(1) 

and 

as h --70 

(2) 

7 
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(a) (b) 

~'_--hi 

Figure 1 Chain of 2 spheres (a) and n spheres (b). 



where b ls the radius ot the two spheres" %la the viscositl' ot the 

surrounding tl.uid" and h «<b) is the gap width between the two sph8!"es. 

It foUows fran (l.) and (2) that keeping f and. g finite and l.ettiDg 
"M MI\,. 

h-:)O" U;t" ~" ~" (&)2 and. (&).3 aU. tend to zeroo Thus, for zero gap width 

there cau be no relative motion betveen the two spheres except possibq 

a relative rotation of the spheres about a l.ine jo1ning their centres. 

Bence for an initial.:b' straigbt. chain ot a.rI3' number of spheres 

(net neces~ aU.. ot the same size)" if each sphere touches its ne1gh­

bouring spheres" then in shear or aD1' other nov where the fiu1c1 velJ)eity 

satlstles the creeping· motion equations, the chain must rema1n stra1ght 

and cannot break up. The onq possibl.e relative motion ot the spheres is 

a rotation about the chain axis. 

(c) Couette Fl.ow 

We DOW conslder a straigbt. chain of n spheres &ll. vith the same 

radius b and. take as or1gin of coordinates its geam.etric centre (Figure l.b). 

Such a chain ls placed in a tl.uid. undergoing plane Couette tl.ov for which 

the lllldisturbed tl.uid. vel.ocitl' !. = (Ul.' U2" U.3) taken relative to l1.6 X2' ~ 

coordinate axes fixed in space ia given bl' 

with 

A:3? = '1 and. otheI'Wise 

'1 being the vel.ocitl' gradient. 

A =0" pq 

It bas been shawn above that when h = 0 the ~ possibl.e 

reJ.ative motion ot the spheres ls a rotation about the chain axiso We 

aSS1lDle DOW' that no such rel.ative rotation exists. A coordinate BY'stem. 

(.3) 

9 



"'ft (JC]., ~, ~). JIJlJ:3' nov be chosen such .tœ.t·it is f:1xed. in and ~. w:1.th 

the chain of sphe~s,.the ,,~s coi,ncidiDg 1d,th the chainax1s (F~ lb). 
, . . . 

Th~ spheres in the chain are thenlabell~l., .2~ 3, ••• , .. D inthe':'negative 

dire~tiOD of the chain 8x.ls, and tlle 11il1gap de:t1ned. to be the. gap beWeen 

the 1th.aud (i+l.)thspheres. 

The tvo coordiDate systems .(X:!.,~,~)and (Jt:L'~~Xj) B.l'8 .. 
i' " . : ,,' 

reJ.ated. .b7 

~=" X., .. ' .... 31. j 

vhere ".01. "" c:: " ..... " " == S .. ,,· and . . . ... p · .. P .t- Pol . ....,.. 

"u = coae . ~ 

"22 == - ~a1D. + cosecos~cos, , 

"23 == - s~cos, - cosacos~sin. , 

"3l. == s1Das~ j 

"32 = cos~s1D. + cose~cos, j 

"33 == cos~os, - cose~~int i 

a, ~ and • beiDg the three Eal.er angl.es (Figure 2). 

, . 
. .(S). 

(6) 

The ~c force t and couple i are de:t1Ded to be the 

force and couple acting upOD the firet to the ith spheres incl.usive as a 

:10 



: \ ~ 

X2 

Figure 2 

.::' 

. ",'-, 

, . 

A!-............... ~~~ ........ xJ . 

The rèlati ve orienta.tions or thet'ixed coordinate system 
Xv X21 X3 ot'thé Couette t'low field and the particle . 
coordina.tesystems Xi ,Xj/" x~and X~, X~, X; so. chosen 0 

t.ha.tX1 = xi coincideswith the axis ot'symmetry alid Xz 
axis lies in the XI x1 plane~ ~a:nd a ~re the polar .'. 
coordinates with respect to X1 ~s the polar axis,' while 

. ~ 1s the angle be:t.weenx~ and X;!, axes,' .. . 



resul.t of the flu1cl mœ.~~vherel.9cal.force8 and C~8 :ln the ne:' gb­

b~h~of:the ~th.gap (1.e~.,1;ho8eforce8 aœ..~ouples:aris1Da tra.u .. the 

relat1ve mot:Lonof the~th: aÙd . (.i+l)th. spberesl have beaCBDitt.ed.. Th~ 

1.2 

. coup"le't. .ii5_ .• relat~ye to'thepoin1; ofn~~llt&ctn atthe'~th gap~::It 
mq tbenœ Ûl1t1D.14)tran.tlle·~eari~70fthe éreep1lJg.mot1Gn~t1ons . 
·th.at~t1~~;~t~ the~I~.·~axEtS~- thetorcet&Di.coÇîe·:I~'~veil . 

'. " .. ' "."", .' . 

b7 

4" ~1!2 {T [çkê"3l.":z2)+~~ (~t'2l.1I +~"'J} (7) 

5 = \,bZ {TI4.a(""J~"2a>+ ck(""J3~)]-~"'2} 

ai~Jlo~ [-mk(~2.u23 - "3JG.22) + ~fLJ.] 

~ = \,y (-r[uke"Ji'2l) - nke"J~"~)] +~} eS) 

s; = \,..? {T[nke"JJ."22) - lf2Jl.e"Ji'2J.)] + ~} , 

where ~, Cl)2'W.3 are the camponentsof the aragularveloclty ot the chain 

alcmg the~. ~, X:3 axes and where the tensors .al , Jl.1, b,.i aœ. t 14) 

depend on 1 and n ~. 

If the 1nert1a ot the chain 18 neglected then the total. force 

and couple on the entire cbain must vanish: 

Subst1.tuting (8) into (9) gives the toll.ow1ng expressions for the three 

angul.ar veJ.oc1ties: 

(9) 



~~ + 1Ifl123("3i'2J - "33a.22~ - 0 

~2 + '\'(~1."33a.21 - n;J.i'31.a.2J) == 0 (1.0) 

E1 1m;lna1;:t.ng "1.1 and (1)1 trœL (7) and (S)·b7 usiDg (6) and (1.0) and introduciDg 

a new coordiDate qstem.~ .. ~, X; such that 

~ == X;acost - ~s1n" (u) 

o . 
Xj == ~s1n. + ~cos .. 

l.ead. to the final.. equations for the components of the ~c force 

t and coupl.e f!1 (&Pout the point of contact 'at the1th gap) aloDg ~. X; .. 
X; axes: 

and 

G; == !lo'lb3~ s1n9ooses1n!6oos~ p 

where the Aift s depend on i and n ~) 0 

(l2a) 

(l2b) 

(120) 

(l3a) 

(l3b) 

(l30) 
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In plane Couette fl.c:nr a chai n at e = 0 rotates about the :x:t.-axis 

witJrangular vel.oc1ty 1/2~the couple Gi then being zero for aU 1 s1nce 

the shear 1s equivalJmt to a rotaMon of 1/2 together lIith a .f'law wh1ch 
. . . 

cannot procluce 8Z13' couple on arI3' sphere in the chain. 

and hance 

Gi =-0 for aU e and 1. 1. . 
. . 

Th18 shOlfS that the assœnpt;1on made earl.1er that. there 18 no rel.at1ve 

rotation 'of the spheres about the chain ax1s 1s lDdeed correct. 

(l.;) 

It shoul.d be obsened that vhUe (l.0) vas obta1ned for a chain 

of equal. s1zed Spheres~ the arguments could neYertheJ.ess be used to proTe 

(l.0) for gen.eral ax1~rJ.c bod1.es vith fore-aft S)'lDIIlBtrr. S1m1Jarq~ 

(12)~ (13). (14) and (15) cau al.sobe sh01m to a~ to stra1ght chains of 

&pheres of ditferent mes so l.ong as the cbain as a lihoJ.e pOssesses fore-

(d) Rotat1onot Chain 

SiDce the position of thé cbain with respect to the lJ.. 12. ~ 
axes is determined b7 the angles e. f> and ... 1t 1s couvenient to express 

the cba1n's equat10R of motion in terme of these quarit1ties al.oneo Tlms6 

uJX:lll ditterentiat1.Jlg (6). with respect to Ume t and 8xpress1ng d(~ij)/dt in 

terms of (J)i one ~ transtorm14) (10) 1nto the form 

de 1 (~23l. - lf:31.2) 
- = .s:inecose~cos; 
dt ~ . 

(l.6a) 

(J.6b) 



e·· Si [~1...n 2..n 2] dt == 'Tcose ~ - ~ (Uj12s11i llJ + ui31.cos J}) • 

The spin ot the chain about ;. -a.x1.s is given by 

~ 
"'J. = dt/dt + cos9(cIII/dt) = .;: cos9 • 

It can be show further14) that the above equations ot motion 

mq be put in the fol'm 

where 

If we 1.et 

de . 
dt = 1B.J. sin9cosesintJcos~ , 

f = 'T(B2s:1n2gS + B3cos2gS) • 

'T 
~ = 2 cose g 

then it can be shcnm14) that 

2 
r - 1. _ e 

B.. - ~ 
-.L r 2 + 1. 

e 

(1.6c) 

(1.7) 

(lSa) 

(!Sb) 

(18c) 

(1.9) 

(20) 

(21.) 

The equation ct motion (18) for the chain then becCIDles identical to Jeffery' s 

equations9) tor an eJ.lipaoid. ot axis ratio re. One theretore retera to this 

~ quantity ra as the equ1val.ent elllpaoidal. axis ratio ot the chain of sphereso 

Like (1.0)0 (18) al.so applies to general ax:l.~ric bodies with tore-aft 

symri:tet17 0 

1.5 



{el phain Stretcb1ng and Bending 

We DOW cons1der a s1ira.1glIt; chain. of spheres in wh1ch the member 

spheres are separated b;y small but finite gaps. We l.et. hi ( « b) be the 

1-6 

gap wi4th bet1l8en the ith and {i+l.)thspheres. If the 1nert.1.a of .the cha1n 

is neglected, there cau. be no net. force or couple acting on the cha1n. or 

au;y part; of it and therefore the ~c force r and. couple G
i acting 

NI'\ IIM. 

on 8.D1' section of the chain fram the firs1i to the ith spheres must be 

balanced b;y the torce r and coupJ.e t i (about the po1Dt ot Itcon1iactlt at the 

ith gap) due ta the relative motion between the ith and the (i+l.)th spheres: 

(22) 

i+t=o. 
The torces and couples al.ong the ~, ~, X; axes due to the 

relative motion of the ith and the (i+l.)th spheres are known tram l.ubrication 

theorfU-13) : 

~ = 1tfJob [(vi - ~+l.) - b(~ + c5+l.)] ln hi (23b) 

~ = 1t%Job [(V; - ~+l.) + b(~ + ~+J.)] ln hi (23c) 

as (24&) 

(24b) 

(24c) 



where vi, ~, v;- and ni:J' ~, ~ are the respectlve ~, ~, X; components 

of the add1t1onall:1near and augal.ar ve1oc1tles of the lth sphere (taken 

at 1ts centre) due to the relative motlon of spheres in the c:ba'n. 

The forces t and couples ri: acting on a cba1n vith zero gap 

width have al.res.dl' been given b7 {12} and (13)1I but thq can aJ.ao be used. 

as a good apprmdmation for cba'ns vith f!1!1811 gap width. Thue, b7 subat1tùt1ng 

(12) (13) and (~) (24) into (22) one obta
'
ns sets of equat10ns vh1ch determ1ne 

the state of the chain. 

B7 bal ancdng the forces if and 'Î given b;y (l2a) and (~a) 1"8S­

pective:q, and noting that the gap width ~ 1s related. to the relat1ve 

veJ.oc1t.;y of the 1th and (1+J.)th spheres along the ~-axis~ 1.e., 

(2S) 

one can show14) that 

where (ho) 1 1s h1 at ~ ... 0 and C ls a constant of integratlon ldent1cal. to 

the orbit constant in Jetfery' s theor'T9) for rig1d ellipso1dal. particJ.eso 

It follows fram (2&) that the chain J.ength for e ... 'IT./2 or C = CD 1s given Dy 

- 1 
n-J. B.5.. 

A ... 2nb + ) (h) ( 3 ) 31$J. (27) 
f=i 0 1 B3cos2fJ + B2s1n2~ 

with 

k
1 

Amin = 2nb + (h )1 
. 1= 0 

at ~ =m'IT. .(28) 

1.7 



nere vi, ~, vi and ni. ~, ~ are the respe~t1ve ~, ~, X; components 

of the &d.d1t1onal. l1near and augalar ve:Loc1ties of the ith sphere (taken 

at 1ts centre) due to the relative motion of spheres in the cha1n. 

The forces t and couples ~ acting on a chain vith zero gap 

width have aJ.reactr been given by (12) and (J3)g but they cu also be used 

as a good apprax:1mation for chains vith sma:u gap w1d.th. Thus, b7 subst1tutiDg 

(12) (J3) and (23) (24) into (22) one obtains sets of equations which determ:1ne 

the &tate of the chain. 
B7 bal a"cing the forces !f and ~ given by (l2a) and (23a) res­

pectivaq, and. noting that the gap width ~ 18 related to the re4t1ve 

veloc1ty of the 1th and. (1+l.)th spheres alèmg the ~-axis, i.e., 

(25) 

one can show14) that 

(26) 

where (ho)1 is hi at tJ &:: 0 and C is a constant of integrat10n 1dent1cal to 

the oroit constant in Jeffel'7' a theo179) for rigid ellipao1dal. part1cl.eso 

It follows from (26) that tbe ehB"n. ~ength for e &:: fr./2 or C &:: co 1a given b7 
. 1 

n-l. B Aï 
/, &:: 2nb + )' (h) ( 3 ) 31tB1. (27) 

~ 0 1 B3cos2~ + B2Sin2~ 

with 

f6 &:: mfr. (28) 
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and 

at 2m + l. 
~= 2 n. 

A s1mpl.er alternative model. is to consider the chain to behave 

(29) 

as a r1gid prolate spheroid. and. to calculate the an el f'orce ri: f'ram 

Jeff'err' s equations, and. f'ram this to calcULate ili turn the rate of approach 

of' the ith and. (i+l.)th spheres usiDg the l.ubrication equation f'or this 

case1.5). Hovever, altho'agh such a method gives a value for AÎ, lt possesses 

a number of rather arbitr&rJ" assumptions. 

From the balance of' the ~ and X; eomponents of forces givan by' 

(12) and. (~) and. of coupl.es given by' (1.3) and (24),' the equations for chain 

bending ~ be ded.uced14). Thus it l1SB.7 be shawn that in ganeral. there, exists 

bending in both the ~ and .x; directions. For the particular case of 

C=œ or e = n/2 

and 

f'or lil f; , 

it can be shown14) that 

and 

=0 

!. 
d(d!)i = ~ T _-,_2", + U 2", :2 L' ' i,1D.1oU P i,lcOS p 

(30) 

(3l.) 

(32) 

where (~)i and (~)i are the rel.ative displacements of' the ith sphere 

with respect to the '(i+1.)th sphere in the ~ and x.3 directions respectively 



and Tij and Uij are (m x m) matrices14) J .. m. be1ng n/2 for n even and 

(n-~)/2 for n odd. F1.nall..v.I) it can be shown tha.t (32) 11&s the fol.l.owing 

so~ution: 

(~)i 
li = ~an-~(retang) + QifJ » 

where pi. and. Qi 14) depend on i J n and (ho) i o~. 

When there 1s a second 1"luid of viscos1t7 Il f1Jl1ng the gaps 

between the spheres. (27) and (33) become 

and 

However. for such a case one wouJ.d expect (34) and OS) to be mod1f1~ as 

a resuJ.t of the f'orces between sphe!'es aris1ng f'ram interfaciù tension 

effects. 

30 DISCUSSION 

It 1s shawn above for a general aggregate of part1c~es in Couette 

fl.ow that on the bas1s of the creeping motion equat1o~ (1) the motion is 

reversible under a reversal of shear and. (2) the existence or non-existence 

of aggregate break-up 1s independent of the shearo 

The motion of a straight chain of' spheres with zero gap widths 1s 

shawn on the bas1s of' lUbrication theory to be 1dent1cal to that for a 

single r.ig1d b~ except for a possible re~tive rotation of the spheres 

:19 



about. the chain ax1a. However, fram symmetry considera.tions and. tram. the 

linearity of the creeping motion equatiC?ns it is seen that aven S'4ch 

relative rotation ia impossible. 

20 

When the gap widths are not zero, the chai n is then capable of 

stretching and. bending. Equation (27) 1nd1catesthat stretch~Dg 1s period1c 

with a trequency tvice that ot the rotation about ~ -axis and. that the cha~ n 

leugth reaches a maximum wen the chain 1s parallel to the d.1recUon ot nov 

and a m1n1DnJJ1l when perpend1cular to it. 
.' ...., 

In contrast to cha1n stretcb1ng, the cha1n bending as given by' 

(.33) 1s generaJ..l.1' progressive; since (~)1/b increases by' 21t(pL + Qi) when 

fJ increases by' 21t. If tor aU 1, pl + cf = 0, however, the chain then bends 

period1c~" each sphere CQID~n.g back to its exact original position whenfJ 

changes by 2n. In another special case: pi = Qi = 0 for all i, there is no 

bend~ Dg . at aU. On the other· band, (31) shows t~t if a. chain 1s or1ginal.ly 

in the Xi'J plane (e = 1t/2)" it will alwq-s rema1 n there. 

Because of the variation of hi' there must ex:Lst large pressures 

within the gaps. These pressures. positive or negative (relative to the 

pressure at 1ntinit,.) according to whether the chain ls under ~ompression 

or tension, ~ be calculated tram. lubrication theory by maJdng use of (26). 

Thus it ~ be shawn that the orcier of magnitude of such a pressure Pp is 

givenby' 
flo1b 

p -.J - , 

P ho 

where h is a typical value of (h li. S'mil ar~ it ma.;y be shawn from o 0 

(36) 

lubrication theory that due to the relative rotation of the spheres and. of 

the velocity of the spheres normal. to the chain axis large pressures Pn are 

produced whose orcier of magnitude :La given by 



2:1 

For very sma" ho.Pn is much greater than Pp' ~ow:l.ng tbat the greatest 

positive or negative pressures in the gaps are of an order of magnitude 

given b;y (:37) e It is sean that as ho ~ O. this pressure tends to infinit;y, 

1nàicating tbat for very sna ]' gap widths,one JDight expect the above 

theory to be no longer valid as a' result of cavitation taki Dg place in the 

gaps between spherese, 

When there is a second. imiscible i'l.uid between the spheres, 

chain bending should increase with decreasing viscosity- Il of tbat fluid if, 

the gap widths are assumed. constant e 

r, 
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Ai" A2" ••• 
Aij.t aij 

c 

Fl." F2" F3 

fl." f 2.t f3 

:Jil." :Ji2.t ~3 

Gl." G2" G3 

gl..t ~.t ~ 

Wl.' ~" '3 

J 

n 

LIST OF SIMBOLS 

== defined"by (1-l.5) 

= second-order tensora ~ch define the nov in (X:!..t ~.t ~) 

and (X;L.t ~.t ~) coordiDates 

== detined by' (1.9) and (~) 

0:: radius of sphere 

== orbit constant 

0:: ~c forces in (X:!.. ~. 13) coordinates 

= ~c forces in <X;L" ~. ~) c60:rd1Dates 

= forces along ~" ~.t X; axes due to the relative motion 

of spheres when hi> 0 

= ~c couples about X:!..t ~ and 13 axes 

= ~c couples about X;L" ~ and ~ axes 

= coup1.es about ~" ~ and X; axes due to the relative 

motion of spheres when hi > 0 

== gap width betlfeen the ith and the (i+1.)th spheres at 

9)=9) and 9)== 0 

= chain l.ength 

== J(9) - J(n!4) 

= total. number of spheres in a chain 

= pressures in the gap generated by' rel.ative motion of 

spheres in the directions normal." and. parall.el. to the 

chain axis 

= defined by (1-34) 

= equivalent ellipsoidal" and true axis ratio 

= time 
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T 

lJ.,~,~ 

X;:, ~~.X; 

= period or rotatlon or the chain about lJ. axis 

1: tluic1 vel.oclty aloDg JS.~ ~ and. ... ~ axes 

- acid1tloœl l1near veloclty along ~. ~ and X; axes 

when hl > 0 

= coordinates rixec1 in space 
o . 

- partiele coordinates vith li as the axis ot s;ymmet17. 

see (ll) 

= coordiDates tixec1 in ~lcle vith JI],. a8 the axis of 

81JIIIIl8t17 

. (~)l, (~)l = .~t1ve displacemeDts between the lth and. (1+1)th 

spheres in ~ and X; c11rectlons 
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"ij 1: a tensor relating (JS.. ~. ~) and. (JI],., ~. ~) coordinates. 

, 

e, ~, t 

a 

see (6) 

= vel.ocity gradient 

II: viscoslty of suspend1ng mec11um., of a ssccmd. :1mm:1scible 

tluic1 in the gaps 

== Euler angles 

== interracial tension 

1: additlonal angular vel.oclty about ~, ~ and X; axes 

when hi:> 0 

== angular veJ.oclty about .:&J.. ~ mut :IJ axes 



PART III 

CHAms OF PARTICIES IN SHEAR FLGl II: 

SPHERES. DISCS AND RODS (EXPERIMENTAL) 

!he bebaviour 01" ordered aggregates Of r1gid spheres, 

dises' and. rods in plane Cov.ettef'lov ·W8sstlu1.1ed. 

Chainsof'sPheres torDïed'1n.an eleetrie ~ieldbehaVed like 

rigid . rods 'and good agreement' ;Vith theOry 'was obtâ.ined exeept . f'or 

breakage . of' the chains at highveloeity gradients;. Chams 01". Slheres 

held together b,.Uquid menisei behaved like ·f'lexibletbre&ds and 

formea. disorderedaggregates at higb graC11ents. 

Aggregates of dises (rouléaux). behaVed llke def'orJIIL'ble' 

rodsand were easily broken as the dises sUd âpart. SYJlillletrieâl' 

but' nOl1-linear aggregates est splieres rOtated like . siilgle spheres at 

low velocitygradients. 

It "ts shown that breaksge 01" thechaiDs of" spberes . iDrq 

reSult f'rom.eavitatiOl1·· of the l:tquid between spberes. 
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1. INTRODUCTION 

On the basis of the creepiDg motion equations, it has beau shown 

in the prececl1rJg paper1) that a stl'&1ght cba1n consistiDg of n. spheres in. 

contact vith each other behaTes in shear tl.ow l1ke a ~e rig1d b0d7 

even when there 18 no force ho1d1Dg the spheres together. Its motion 1s 

descr:l.bed b7 the equàtions* 

de dt -= ~ smecose~os~ , (1) 

26 

f -= -':(B2sin2g} + B3cos2~) , (2) 

-.: 
~ == 2 cose 

with 
2 r . 
e (l •. ) 

For camparison w1th e.xpel".iment, howeYer, 1t 1s more comen1ent to use the 

1ntegrated foms of (1) and (2): 

(5) 

(6) 

'Where C. the sphericaJ. e1liptical. orbit constant, takes val.ues fram. zero 

to infinity as e changes from 0 to "'2 and where T, .the period 01' rotation 

about the X:J.-ax1s, i8 given by 

* AU symbols have the same def'iD1tion 'as in referen.ce (1). 



A chain wit~ non-zero gap width 1s also capable of stretching 

and bending. The stretching or the chain at e a:: 'It/2 (c = CD) 1a giTen by 

and the bend1ng by 

(8) 

Equation (8) applies to smaJJ stretch1n8 Ollq (1.e.~ (.1 - 2nb) «2nb) 

wb1lst (9) applies ~ to snalJ chain bendingl.). It should alao be 

~ed out that altn.o1Jgh AÎ depends on :i. and n onq and pl and Qi depend 

on i, n and (ho> 1 Ollq ~ they are all UDknovn. 
1 

A number or ordered aggregates of spheres, discs and. roda vas 

studied in plane shear Couette nov. First, straight chaine or metal 

coated spheres vere romed" in an el.ectric field. to provide thread-l1ke 

part1cles or zero stittness and. zero tensi Je strengt;h. The chains or 
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spheres vere then given some tensil.e strength by introducing a l1qu1d 

:immisc1bl.e in the suspend' ng med11DIl such as water so. that a men1scus bridged 

the gaps between the spheres. The chai ns fomed in. an electric field rotated 

in Couette now like a rigid bOd1'2,.3) and good agreement vith the theor,yl.,4) 

was obtained, .though the.v were broken at sutric1errlilT high velocity gradients. 

The chains held together by interfacial tension" hawever, behaved like 

f'l.exibl.e tbreads5-7) except that~ instead or brealdng at high vel.ocity 

gradients, they fomed three-d1mensional aggregatee. While the theoretical 

aquatione did not allow quantitative comparieon with exper:iment tOI" chain 



stretching and bending because ot 1mknown quan1ii1iies in 1ihe equa.1iions, 

1ihey neverlib.eless pro'Vided iL quaJ.i1ia1iiTe explana1i~n. 

Stacks ot dises ro1;a1ied llke deformabJ.e rods; 'lihey ben1i ~siq 

and. ti DaJ Jy broke apart; by 1ihe sl1ding ot 'liheir faces ovez. one another. 

Aggrega1ies ot rods also behaved l:1ke rigid bodies. Sœne non-linear bu1; 

~rical aggrega1ies of spheres rot.a,1ied about. 1ihe ~ -axis a1i an angul.ar 

veloci1i;r ot 1/2 as for s1ngle rigid spheres2). ' .. 

Most ot 1ihe experiments vere c0nduc1ied in 1ihe Coue1;1ie Mark 2 

appara1i~), consist1n.g ot two steel. concentric c;rl1nd.ers, el.ec1irical.ly 

insulated tram one another and ro1;a1iing in opposite directions 1io establish 

a known 1 in 1ihe liquid in 1ihe anrmlus2). ' The c;rlinder speeds could be 

adjusted so that 1ihere vas no translational. motion ot the aggrega1ie cen1ire. 

Observations vere made by viewing along the ~ -axis and. pho1iograph1ng the 

field n1ih a still or a ciné camera; wen necessary a microscope vas also 

used. 

The aggregates formed w1th poqstyrene spheres and discsS) and 

ny~on rads vere suspended. in a so~ut.ion of Dow Corning silicone fiuid 

(densi1iy 0.97 g/cm.3) and Du Pont Freon-U3 (~.;6 81cm.3 ) whose density 

was ma1iched. to 1ihat ot the part.ides lc.f.o ~.O; g/cm.3) so that there vas 

no appreciable sedimentation in the course ot an experiment; the viscosit;r 

110 ot the solution vas about 30 poiseso 
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3. RESULTS AND DISCUSSION 

(a) Rigid Chains of Spheres 

Ci) General. 

B.Y a~ an e:lectric field of about 2 kY 0/ cm. across the 

Couette apparatus with the cyl1nders stopped, spheres lIiOVed. towards one 

another as a reS1Ùt ot mutual. e:lectl'Ostatic attraction and. became al igned. 

paralleJ. to the ~-axis; the pl'Ocess vas tacU1tated by coat1ng the 

spheres 'With alumin:I:um to give them. a large electrical con.ductivity and. 

by using a 60 cop.s. a1ternating field to prevent el.ectl'Ophoretic DIOTe­

ment. In this 1181' straight chains ot up to 20 spheres tormed. With the 

el.ectric fiel.d oft and shear field on, the chai ns rotated at low l' as 

rigid bodies2,:3) in acco:rdance with the theor.Y' presented earlier1 ); when 

l' vas 1ncreased the chains broke (Figure 1) 0 Most exper1m.ents vere carr1ed 

out with the chaine in the horizontal. X:lJ plane (e:: 1t/2) and at 'Yalues 

ot l' at which the chai ns did not break. 

(11) Rotation 

The angular velocity of the chain ciP/dt reached a maxinnm when 

the chain vas perpendicular to the direction ot nov, i.e., p = m7t and a 

minimum. nen parallel. to it, i.e., p = .(2m+l)7t/2, as can be sean tram. 

Figure 2a where the curve represents (6), re being calculated tram (7) with 

experimental.q measured T and 1'0 When tanS6 was plotted againat tan(21di/T). 

a straight Une vas obtained with.it.s slope equal to re' giving experimental 

verification ot (6) 0 This shows tbat such chains of spheres bebave veI7 

sim1'ar~ to rigid rods. 

The relationship between the two angles e aIid'$lS for a cha.1n of 

6 spheres not in the X:lJ plane is shawn by Figure :3 where the curve was 

calculated tram (5) with re determ1ned. tram (7). Fair~ good agreement 
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Figure 1 Linear aggregate ot spheres tormed. by a:p~ an e1ectric 
tiel.d in the vert.ical (X,t) direction (1). Atter removing 
the tiel.d and start.ing Couette t1ow, the aggregate rotates 
counterc10ckwise (2,3); at a sutticient~ high value ot 1 
(0.6 sec.-1 ) it buckles (4,5) and breaks apart. when 
o < f)~ ft/2 (6). n = 8, b = 0.48 JIDIl. 
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4 

Figure l. 

.. :.- ' .. 

6 

Linear aggregate of spheres formed by a:ppl.ying an el.ectric 
field in the vertical (Xz) direction (l). Ai'ter removing 
the fiel.d and starting Couette fl.ow, the aggregate rotates 
countercl.ockw1se (2,3); at a sufficiently high value of 'r 
(0.6 sec.-1 ) it bucldes (4,5) and breaks apart when 
o ~ ~ ~1t/2 (6). n = 8, b = 0.48 mm. 
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Figure 2 The variation ot ~w.ith t torvariousaggregates. 

'&gregate type" l' T 
~egend CUl"Ve n sec;1 sec. 

a chain,ot spheresto~ 8 0.0263 158.6 .. 
înèlectricfieJ.d. 0 ' 0'::520 81,5 V" 

31 t~ A'I'Iirn1 A"') 0.108 122.8 0' 
orderedaggregates 41 tetrahedraJ.l 0.0795 1.66.1 • 0, 

b ot ,spheres 06 t w4 À.nl7bl.R;" }, '0.125 '. '91.8' 6. 

7 hèXagonaJ.) 01>104" 117.6 ... 
c rouleau ., . ' 12 0.0547 259.0 0 

., 

The C11rVes, repr8sent ,(6) vith re= 6052. 1.00 and l..65 for a, b and 
c, respectiveli.o' ' " ' 

3:1 
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00 0 0 
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."/8 ."/4 

The variation of e with ~ for a chain of spherès not in 
the X~X3 plane (e F n/2). n = 6, re = 5.05,1 = 0.170 sec:1 

and C = 0.53. The. curve tor C = 0.53 was calculated. trom 
(5) with re 1'rom (7). Di1'terent symbols (circles, triangl.es, 
squares and diamonds 1'or the tour quadrants) were· used to 
shmT the trend 01' decreasing C; this is 1'urther illustrated 
in the inset where the open circles (C == 0.93) were obtained. 
at several revolutions earlier than the c10sed circles 
(C = 0.53) tor the same chain and under otherwise ide~tical 
conditions. 
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between the the0r7 and theexpe~ts vas obta1ned.. aJ.though the orbit 

constant C calculatedtrom. (S) ahowed a tendenq to decrease (Figure 3)0 
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It is kn.ownS) that for a a1llgl.e r1g1d rod. C is constant vhereas for a 

.tl.ex:ibl.e thread C clrifts to e1ther zero or iDtinit;y. Thua, in this respect 

the chain ot spheres ia rather s'miJar to a .tl.axI.bl.e thread, a1.though no 

noticeabl.e bendiDg ot the eha1D vas observed. It ehould. be pointed out 

tbat arq periodical èbain stretch:1ng can onq- cause a per;1~cal. change ot C. 

For such a cha1Dnot in the ~ plane. it vas fOUJ!d-tàat the 

Tariation of fJ vith t satiatied. (6) and tbat a spin ~ ot the chain about 

its ax:l.s ex:isted. The theorètical. prediction that Cl)".", 0 tor a chain :ln 

the ~ plane (e = ,q2)was contii'med b7 exp~r.lments us1ng partialq 

al.um1nium coated sphereso 

(111) Eguival.ent axia ratio 

For a g~eral. axiB1Jlllll8tiric bod1' the true axis ratiorp is det:l.ned 

as the ratio ot the max1nmm bod1' dimensions 'measured paraJ.J.el. to its ax1.s 

ot symmetry to that measured perpendicular. For the chainot spheres, the 

~tion between the equivalent ell:1psoidaJ. ax:l.a ratio re and rp. equaJling 

n, is shawn in Figure 4 where everr point stands for an average value of r eO 

Soma results obtained for rigid qllnders b7 others9) are included for 

camparisono 

(i v) chB.iil l.engt;h 

As expected trom (8) 1 the chain l.ength varied pe~odicaJ.4r between 

the maxima at fJ = (2nttl.)"/2 and the minima at fJ = Dm, when the chain l.q in 

the ~ plane. Since the chanse in iength vas small (Tabl.e I) the data are 

presented in a pJ.ot ot t:.·l(fJ)/ t:.~(O) against fJ to illustrate the periodieal. 

variation ot the chain l.ength vith fJ (Figure Sa). However sinee .the quantities 

(ho)i and 4 in (8) are unknOWll, no quantitative camparison vith experiment~ 



Figure 4 

· 1-0 . eA 

0·8 

2 4 8 10 

The relation between re (calcul.ated from (7) using the 
measured T and ~) and rp(= n) for chains of spheres of 
equal size formed in electric field. All points are Mean 
values with standard dev:l.ations less than .3%. The solid 
circle represents a singl.e sphere. For comparisonl the 
data forrigid cylinders9) (triangles) are shownl 

including the value (rp = 1.7) at which relrp = 1. 
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TABIE l 

VlU"iat1on ~f l.ength of· J1near cha:1n of spheres 

1 
Il sec. -l. ("max- "min )/Jmin• 

% 

0~245 4.3 

5 l..248 5.8 
, 

2.263 . 5.5 

6 . O.~l. 3.8 

0.27l. 2.3 

7 0.514 2 •. 4 

0.592 3.7 

0.263 3.l. 

0.347 2.8 
8 

0.440 3.3 

0.520 3.8 

0.246 3.6 
9 

0.654 5.9 
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(a) The periodic change in length for a chain of s:pheres 
formed in an electric field. I:J. (~) = t (~) - t{n/4J, 
n = a, l' = 0.263 - 0.520 sec·l • . 

(b) The variation of chainlength with ~ for a chain of 
four spheres held togethèr by 0.1% Aerosol AY solùtion. 
Closed circles for l' = 0.226 sec-li T = 101.3 sec, re= 3.34 
and open circles for l' = 0.479 sec-l, T = 50.7 sec, ra= 3.59. 
In~reased bending reduced the chain leneth (end-to-end 
distance) at- higher '(. 
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. " . .. " ,. ~ 
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cm b.e made. These exper1ments vere pertom.ed in the Couette Mark 4 

apparatus10) arranged f~r simultaneous ùew:l.ng al.9ng the ~ and ~ 
d1rectio~s to ensure tbat the chain vas indeed horizontal (e = '1'1/2, 

0-1 = 0)" and tbat the change in length RS real and. DOt me~ due to 

foreshort.ening ai;e < '1'1/2, as the particle rotated in the omit given 

by (5). 

Equat~on (8) al.so predicts that forgiven {ho)i chain stretching 

is independent of 'r. This vas contUmed experimentaJ.:q in the sense tbat 

no defiDite correlation between the variation ot the· chain 1Emg1ih and. 'r 

vas toup.d (Table 1). 

For a r1g1d parliicle the product T'r is independ~ ot 'r b7 (7). 

However, sinee deformation varies with 'r tor a f'lexib1e particle, T'r 

(:if the' mot1Qn ot the parliicle 1s periOd1c to malte T mean1ngtul) JIJIJ:T 

&lso varr vith ~~ The constancy ot T'r 1I'&S there.tore used by Hason.!1 ~-7)· 
as a test tor the flex:lbilit7 of the particle. For aU the chains ot 

spheres studied, the standard. deviations for both re and T'r were found. to 

be less than .3%, o:ttering another iDdication tbat such chains bebaved 

like rigid partoicles. 

However,. the chains broke at suf:ticiently high 'r, the brealdng 

~s being preceded by chain bend1ng as a rule ne&r the centre. 

Although bending started when the cbain vas under cœnpression (-'lt/2~ ~~ 0), 

breakup al.wqs occurred wen it 1I'&S under tension, i.e., when 0 ~ ~ ~ 1t/2o 

Longer chains were more easil.1' broke!l. 

Bending vas neither gradual nor smooth. . The chain rotated 

vithout a.uy noticeable bend1ng until :imm.ediately before its breakage when 

a segment suddenl.y bent awa:y :tram. the chain axis (Figure 1). Such chain 
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breakage cannot beexp' ai ned. on the bas1s of the creeping motion equations 

since 'it has beau shoIml ) that the absence of breakage at 3.011'. 'r ~ 
iID:pq that there vould be no breakage for aro- value of ''r •. It, RS turther 

observed that it the shearwas reversed. atter the break! Dg of a chain, 

the motion vas not reversib3.e in that thetwo pa~s of the chaindidnot 

reattach themseJ.ves. The absence ofbend1ngin r.lg1.dcha:fns at 1011' 'r 

desp1te 'the app~c1ablechain st.Ntcbin8woul.d suggest.that m(9), pi and. 

(v) Fore-aft SPIIlet17 
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Several tore-att QDIIIletr.l.cal chains . (Table n). formed in an 

e1ectric f1e1d w:Lth~wo sizes ot a1.mn1n'mn coated. sphereswere, also. st1ld1ed.. 

They rotated in Couette flov l1ke a r1g1d rod; good agreement .vith theory 

and plots s:fm:fl ar to Figure 2 were obtained. Thus the exper1ment.al. resul.ts 

cont1lmed the theoret1calpred1ction that a .tore-att syDIIletricBJ.chain 

consistiDg of unequ8J. s1zed spheres should behave l1.ke a chain o.tun1torm 

spheres, .it the spheres are all in cont.act with one another. It 1s noted 

however that the ratio r /rp .tor these fore-aft symm.etrical. chains (Table II) 

vas very close to UDit;y as thq (especia"'" the last 3 in the table) re­

sembled prolate spheroids more closelty tlian chaine of Uti1torm spheres. 

(b)Fiex:f.blè Chains' of Spheres " 

(i) General. 

When a l1quid immisc1ble vith the suspend:fng medium _s :f.ntroduced 
, 

in the gaps to bind. the spheres together by interfacial. tension, the chains 

became very flexible. The large bend1ng probab13 resul.ted from (1) the 

low viscosit;y of the tluid introduced, (2) a possible1ncrease ot the gap 

w:Ldth and. (3) the interfacial tension causing the chain, once bent, to 
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1 

TABLE II 

L1.nearcba1 pa· with fore=att· 4f:IIIIIIBIaT 

aphere diameters: 0.,92 DIIl. (B) and 0.58 mm.(s} 

raDgeot l' 
* - ;Jr~ chai D structure -1 rp re 

sec,. . 

BsssaB 0.0701 - .0.1008 4.53. 4.54 1.00 

aBa 0.0252 - 0.S461 2.26 2.22 0.98 

saBss 0.0334 - 0.,6747 3.52 3.98 1~13 

sBaBs 0.0666 - 0.5001 . 3.89 3.95 1.01 

* r p : (eud-to-end distance)/(d1ameter of big sphere) 



b8nd even more. Large stretching or breakage was. hcnrever.1mpeded by 

interracial. tension. nè effectiveness of the interfacial-tensiQn a in 

holding the cbain together iB detem1nedby the Bize ot the dimens10nless 
1. .. 

~ameter al f!ob'r .. wh1.ch wasot the order of 1.0· tor the exper:l.1leDta:L 

conditions. 

Unl.eBB otherwise stat.ed the nu1d used to hold 'the &pheres 

together vas a 0.1% aqw;IOUS Aerosol. AY (Americau C;yanam1 d) sol.ut~, cQOSeIl 

to p~e good ve1&t1Dgot thespheres. ~. chains cons1etW of tl"Qlll 2 

to 6 spheres vere etudied :ln detail..as large aggregates tend.ed ~ be"C1D8 

three-d1mens1onaJ.. 

Short; chains (n=2 or 3) vere obserYed to be quite etUt and 

showed reasona.bly good agreement vith the theory tor rig.1.d. part,ic1es.a 

pl.ot siml1ar to Figure 2 be1ng obtained. For n '> 4. the chains bm sa 
• - '1 

much tbat the measurement of fJ became meani ng] esse 

The distance betveen adjacent &pheres in a tlexl.b1.e cbain vas 

seen to V8l"J'" wh:Uet the chain length as measured by its end .. to-end distance 

vaded w:l.th fJ (Figure Sb) :ln a mazmer s im1Jar to tbat tor a r1g1d cha:fne 

Hovever, tor large 'r, a greater variation of chain 1.ength (Figure Sb) 

resul.ted tram l.arger cba1n bend:fng. 

(11) Per.Lod of rotation 

The orbit ot a fJ.exib1.e chain .depended on both n and 'l, the latter 

being llmited by-the, formationot non-l.inear aggregate and cha1n breaksge •. 

Mason ~ !Jl-7) have termedthe orbits of fJ.ex:Lble fibres as "rig1d., spring'. 

snake or S-turn and complex" in orcier ot increasing fibre fJ.exibil.1ty. 

According to their te:nn1nology' and within the range of 'l l1mited by the 

e fomation of the three-dimensionaJ. non-l.inear aggregate, the orbits of the 

flexib1.e cbains vere al.Wys rig1d. for n = 2. but could be spring' for n -= 3. 
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~~ tums (Figure 6) becameposs1ble when _ n ~ 4 and S-tums _ wnen n ~ 5-. 

Thus •. the flex1b~ty increased ~ vith n. . 

For 1Dcreasing 'f~. the flexible c~s vith n = 2 showed' an. 
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:1ncrease in the produc:t T'f (Figure 7) simiJ ar to that fQr tléx1.ble ~B5-7) .. 

For louger chaiDs.however,either-at h1gher 7 or atter proloDgedsh~ 

at 10w 'f, a point coul4 eas:1:q he reached where the non-ne:1ghbour1ng &phares 
. . . . 

were brought 80 cl.oseq together bythe band1ng of the ~ .that they1iel'e 

1U1:1ted.. b7 water· and ·nner separated. aga1n (Figure· 8) 0 The to~n of ~ch 
:' ." .' ".' 

~linear aggregata made it 1mpossible t~ test the -con~ of T7 tor . 
. ', 

lœiger cba1Ds of spheres,.. 

(11:1) Ef'tect ot an elect4 field 
. ' r 

In seme cases (for n > 4) anel.actric fieJ.d vas suparimposed. on. 

the shear fieldo The eJ,.ectric f1aJ.d helped to keep the cha.ins in the 

hor,;Lz~ .Xil, plane and ta pre:vent the fo:rma.tion of non.:.Unear aggragÎites 

(F:lgnre 9).. At a l.ow electric field strength;, the rotation of the chai DS 

was retarded. in the firet and third quadrants· and speeded. up in the secoud 

and. fourth quadrants. The net effect,however, vas an increa.se of the 

period of rotationll)" At sutficientl.1'bigh electr.1c field st~h, the 

rotation of the chains could ba impeded.so t.ha.t they- no longer execut.ed. 

cam.pl.ete rotat10nso Further increase of the field strength could cause the 

wate.r bridges betwecm the spheres to burst and split the cbaino 

(:i.Y) other bridWg l1gui-.s! 

Cha1ns Or spheres held together by Ucon lubricant 50HB260 (fi ::= 1 

poise" Union Carbide and Carbon Corporation)11 ~cerol (8 poise) and. cycle­

hemn.ol phthalate (230 poise) were tormed in the seme 'tf'Ç'" though with 

greater d,itfiC1lltYI as those held together by watero Surpris~.9 these 

chains all e:x:b1bited tlex:LbUity ccmpa.rable t.o those with watero The more 



Figure 6 Rotation of a ~ong nexib~e chain of spheres bridged by 
aqueous menisci which can be seen in the photographe 
The capability of independ.ent movement by the two" ends 
of the chain is characteristic of the snake tum bJ • 

n = 61 ~ = 0.0986 sec;1. 
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Figure 6 Rotation of a long flexible chain of spheres bridged by 
aqueous menisci which can be seen L~ the photograph. 
The capability of independent movement by the two ends 
of the chain is characteristic of the snake turn b

). 

n = 6, 1 = O.~06 sec~l. 
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.Figure 7 ,Tht3va~iationof (a)' Ti and (b)r~ -tdth Tfor a' 
. flexible chain consisting· of2spheres bridged by 
~meniscu6.'l'hedashed lines repre~ent the average 
values.o1"TTandre for rigidcha1nsof 2 sphères. 
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Figure 8 Formation of a non-linear aggregate by a ~hain of spheres 
bridged by menisci. n = 5, ., = 0.170 sec •. .. .. ) 
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Figure 9 Rotation of a flexible chain of spheres in a combined shear and electric field. 
n= 6, 1 = 0.129 sec;1, T = 311.2 sec. and ~ = 0.5 kY/cm. 
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v1scous nuids, however, showed a much stronger tendeDC7 than water to 

unite non-neighbouring spheres and fom. non-l1near aggregates. 

Chain bend1ng was DOt reveraibl.e; eTeD. wha the nov was reversed 

before the formation of non_Jinea:!" aggregates" the chains did DOt resmne 

their initial. shape (Figure l.0) 0 

As the three abave l.1qu1ds are much more viscous than _ter" lt 

became ext:remeq difflcULt to keep the amount of the l1qu1dto the bare 

minimum just enough to hold the chain together. It vas obsened t~t when 

there vas too.much nu1d. the cha1ns bent and tormed. aggregates eTen at , c: O. 

Thua, the excess l1qu1d present between the &pheres JDight be expected to 

increase the nex1b1l1ty of the chains and so atfers same explanatlon for 

the unexpeetedly h1gh tl.ex:l.bUity observed experimenta.J.q 0 

(e) Non-J.1ne&r .Aggregates of Sphere.B 

Tetrahed.ral. and same planar tr1angular and hexagonal. aggregates 

of spheres hel.d together by aqueous Aerosol. AY sol.utlon vere brief'q studied. 

They all. rotated in Couette now nth almost eonstam. angul.ar vel.oclty 

(Figure 2b) behaving l1ke rigid spheres or dises at C c: CD. A't h1gh " 

however, they vere distorted and became disorderedo 

(d) Aggregates of Dises (Houl.eaux) 

Boul.eaux consisting of fram S t.o 14 dises vere studied; their 

orig1 nal rod-11ke shape vas constantl.y distorted. by the shear nov and they 

exMb1ted a definite tendency to l.eave the horizontal. XiLJ planeo Thus, 

no ~sis of the dependence of roul.eau l.ength on ~ vas made. 

When a roul.eau vas o~ slightly distort.ed from l.1nearity. lt 

_ rotated in a manner quite s:fml1ar to that for a rod. (Figures 2e and ll)o 
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Figure 10 Irreversible rotation of a chain of 5 spheres held togetherby Ucon 50HB260. 
Flow reversed at (4); (1)-(4) counterclockwise and (4)-(7) clockwise rotation. 
'r = 0.0733 sec:1 • These drawings are tracings of ciné pictures at intervals 
of 20 sec. 
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Figure Il Rotation of a rouleau in Couette :t'low. n· 9, 
., = 0.0251 sec-l, T = 526.2 sec, :re • 1.38. 
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Atter prolcmged sheariDgl bmrever, a rouleau eould be broken at 'T as low 
. . 

-1 as 0.0,3 sec. and the higher the 'T, t.he sooner tt broke. It might therefore 

be eonjeetured that tb1s t,pe of break-UPI preeeded by gradual sliding of 

the dises OTer one another, is e:xp'a1nable on the bas1s soleq of the . 

ereep1ng motion equat10ns and hence 1s of an entire:q different nature to 

the breakage of a chain of spheres. A rouleau appeared. to be beœ whenthere·. 

vas relative sl1d1ng between al.l ne1ghbour1ng dises (Figure 12), but this 

vas rare:q observed exper1men'taJ.q. Ii vas far more eœ:mon for two or more 

segments (each eons:lsting of a few dises) to· s11de against each other and 

fi nal J;y break aparl;. 

Because of the eonstaul; d1stort,ion and the ease with wb1eh 

rouleaux broke, experiments vere l1m1ted to a narrov range of 'T and. thus 

the variation of T'T with 'T could DOt be used e.tfect1veq as a measure of 

..tlex:l.b:U1t;y, although the l1m1ted expel"'imen:tal data (Table III) d1d show 

a general trend of 1ncreasing T'T vith 1ncreasing 'T. 

(e) Aggregates of Bods 

For the sake of eampl.eteness, aggregates of rods vere aJ.so brie~ 

studièd. Two ldnds of aggregates vere .possible: end.-to-end or s1de-by-s1dea 

the former being very ea~ broken (Figure 1.3a) and. attempts to measure 

tts period of rotation faUed. The side-by-side aggregates were less eaa~ 

broken; they rotated :ln Couet;te ..tlov like rigid rods (Figure 1.3b). plots 

Si mi 1 ar to Figure 2 being obrtoained. 

Aggregates eonsisting of :3 or more rods were formed but they were 

eas~ broken and no detail.ed study vas earried out. 
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Figure 12 Bending and breaking-up of a rouleau in Couette flow. 
~ -1 n a 11, 1 a O.O~7 - 0.172 sec. 
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TABIB III 

,disc d1rnNldon: diametel" 0.79 BID.; th1cJmessO.l3 DIIIl. 
,'.. , . . 

*' range of ,. nmge of o.r1', range ot rJr ' n rp 
-1 . ' P,-

'-sec. 

8 1.32 0.026 .;. 0.067 ~.S -14.J. 0.92 - 1.23 

9 J..4S ,'O.02S - O.l.6O ~.7 ~ 14.~6 0.78'- J..19 

J.O 1.65 ' 0.024 - 0.096 13.,5 - J.S.3 0.89 - J. .. 16 

11 "J..81 0.02S - 0.08l. 13.7 - J.S.S 0.84 - J..08 

12 J..97 0.028 - 00128 13.7 - 16.4 0.77,- J..09 

13 2.14 0.022 - 0.038 J.4,..0 - J.S 03 0.75 - 0.89 

14 2.3J. 0.022 - 0 ... 230 J.S.7 - 16.8 0.87 - 0097 
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F1gure13 Ca) Brealdng-up otend-to-enttaSsregate of. rods.· 
n =2,,'1' =·0.02.37 sec;1.. .. . . . .... 

. 
Figure 13 (b) Rotation of side-by-side aggregate of roda. 

n = 2" '1' = 0.185 sec:1 " T = 226.8 sec." re = 6.54. 



Figure 13 

Figure 1.3 

(a) Breaking-up of end-to-end aggregate of rods. 
n= 2~ 1 = 0.0237 sec;1. 

(b) Rotation of side-by-side aggregate of rods. 
n = 2, 1 = 0.1.85 sec:1 , T = 226.8 sec., re = 6.54. 
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. 4. CONCLUDING REMABKS .. 

The chains of spheres formed in an eJ.ectrie field. behaTed llke . 

r:l.gid l'Od.:s, there be1ng good. agreement betwean .the e:çer1mentaJ. resul.ts 

and. the theoret1cal equa.tions of IIlO'Uans. Hc:nreTer, sueh a r1g1d chain 

differed from the si n gl e rlg1d rod. b;y (~) the dr:l.ft of C tcnrard zero, 

(2) the period1e w.r1a.t.ion of the chain lengt;h v:l.th ~ and (3) the brealœge 

at h1gher ". It vas observed that ainee the chain cmJ..y broke at h1gll ,. and 

aince the motion atter break1ng 'RS not reversible, the breskage caDDOt be 

The 

cbain breakage might be due to one or more of the tollowiDg affects: 

(1) surfacerougbness of the spheres; (2) non-Newton:1an behaviour of the 

f'luid due to the vers- large velocit;y grad.1ent cperienced in the gaps; 

(3) cavitation and fluid compress1bility due to the vers- large negative and 

positive pressures ex:lsting in the gaps; (4) tluid inertia; (S) the mole­

cular nature of the :f'l.uid witbin the ve-q narrov gaps; and. (6) othe:?:" surface 

effects. 

It bas been shownl ) tbat for emau gap 1fidths the relative motion 

between neighbouring spherea causes in the gaps large positive and. negative 

pressures, wose order of magnitude is givan b;y 

JI -rt?/2 
o 

Thus, va ~ expect ca:vitation of the fluid when this pressure becom.es 

equal to the atDlospher.ic pressure. (minus tlu:1d vapeur pressure). Under our 

experimentaJ. conditions this ~uld ocèur at ho -- 10-S cm.. a value of sphere 

ID separation which could. quite re&sonably have occurred. so that ·rupture b;y 

cavitation ia feaaible. 
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The chaine ot spheres heJ.d together b7 a l1quid behaved l1ke 

n.exib~e threads; a1.though an 1mproved. ~themat1cal. treatment to take into 

account. the ettect ot the intertacial tension woul.d. be verr compl1cated" 

such aggregates provide ua~ pb;ys1cal. modela ot nex1b~e thread.s 7) and 

roulea~ otred b~ood cells12) which 1t 1s propoaed to stucO" turthero 
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PART IV 

CONCWSION 

10 GENERAL DISCUSSION" 

Since various specU'ic aspects of this research have alreaci1' been 
" " 

discussed in Parl#s II and. III" onq- some general. s:lmll arities betweenchains 

of p&rt;1cles and. flexible threads"macramolecules and' roUleaux of red blood 

cells rema1n to be discussedo 

Direct comparison has alreac:l1' been made between chains of spheres 

held together b7 liquid menisc1l ) and flexible threads2-4); the;y are 

s1milar except for chain stretching and. for.mation of three-dimensional 

aggregates b7 the flexible chains. W1th 1ncreasiDg veloc1ty gradient and. 

the number of spheres in a chain" the flexible chains of spheres become more 

tlex1ble# and spenc:i an increas~ larger portion of the period of rotation , 

in a posit1on aligned near the direct10n of tlow. 

57 

It has beenknownfor some t1me that the viscosity of a poly.mer 

solution can be reduced by h1gh speed stirring as a result of mechanic&l 

breakage of long-chain moleculeso In their study of mechanical degradat10n 

of polymers (polystyrene and. DNA (deoJqribose nucle1c: acid) in various 

solvants) b7 coœ-rolled ~ro~c shear,," Harrington and ZimmS) ahowed .that 

the important quantity in the degradat10n process 1a not v:i.scosity &loDe but 

the product of shear rate and. viacosityo "This 1s to be expected on the basis 

of the force equat10ns developed in Part IIo Furthermore# Harrington6) also 

indicated on the basis of the ~~c theory of lami nar bou.nda.ry layers 

that po~er chains breald.ng in a h1dro~c shear field are virl#ua.J.q 

complet~ extended along the streamlines of tlowo This 1a in qual.1:tative 



agreement with the etudies of ~exible thread.s in Couette nov by Forgacs 

and Masoa'3 :,4). Although the degradat10n of po~rs 1s !urther compl1eated 

by non-Newtonian behaviour of the po~er solut10n and the coil-l1ke 

molecular structure.!) exper1ments on the breakage of chains of p&rt1cles in 

Couette flow ~ prov1de further insights into the ·meohan1811l of breakup 

of po~r moleculeso 

The aggregates of r1g1d dises can be considered. as plv'sioal. models 

of rouJ.eaux formed b7 red blood cells (Figure 1). Human red blood cells are 

flexible biconcave discs haviDg a diameter of S.; :t 0.41 microns?) and of 
. + + 

maxinmm. and. m1ninmm thickness of 2.4 - 0.13 microns and 1.0 - O.OS microns. 
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It is of interest to note that GoldsmithS) has recen'tl1' found. that the 

undeformed rouleaux of red blood cells rotated in orbits pred1cted tor rigid 

sphero1ds by JeZfery's theo~) withre < 1 for n < 4~re~ 1 for n = 4 and 

re, > 1 for n> 48 n .being the number of cells in the rouleauo These tJnd1ngs 

are in qualitative agreement with the st~ of aggregates of r1gid dises 

described in Part III .. 

GoldamithS) &1so observed bending of ro:uleaux of rad blood cellsJl 

espec~ at higher velocity gradients and tor rouleaux consisting of a 

lArge n"Cllllber of cella; they benà under the com:press1 ve force and then 

straighten out 1U1Cler the tensile force in the succeeding qwldrani; 0 The 

striking sim1J.arity in the bend.ing of rouleaux and of flexible fil>res is 

illustrated in Figure 2. Goldamith's resultsS) indioate that bending for a 

rouleau can occur at a velocit;y gradient 10-7 t:imes that. f~r a dacron filament 

of the same diameterg indicating a bend1rlg. modulus 10-7 that of' dacron. 

?-.. SUGGESTIONS FOR FURTHER RESEARCH 

10 To study more extensive];y bending and breaking of chain of spheres", 

especi~ under conditions of' prolonged shear1ng at constant velocit;y 



):. 

, 
--------- -----'-'---"'-'-'-'-

- -"-' ... -.. -,----. -- .--- .... - .. - .. -.- .. --.-- ----.--:--- ----··-·.--···-·-1~-····--··-----·--·-----···-· -~--'--7'-------"-' 

Figure 1 ... Phot~crogra~s or rouleaux or human r~ b~ood~ells 
showing two· sePa,rate aggregates (upper) and Detwor~· 
or roul.ea~, (l.ower ).dourtesy -Cff Dr.B.L. Go~th. 

.see also Figures.11 imd 12,' Part.:aI. far COJlll)8riSOD 
witb aggregates or rigid dises. -

, 
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Figure l 
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Photomicrographs of rouleaux of human red blood cells 
showing two separate aggregates (upper) and networks 
of rouleaux (lower). Courtesy qf Dr. H.L. Goldsmith. 

. See also Figures il and 12, Part III for comparison 
with aggregates of rigid dises. 
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Figure 2 StriJP.ng s:Lmilarity in the bending of fl.erlblefibre 
and of rou1.eau of human red bl.ood cel.l.s inshear fl.ow. 
Courtesy of Drs. O. L .. Forgacs and H. L. Go~mith. 
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, gradient and for chain cons1st1ng of non-uniform epheree. 

2. To study varioueother kinde of tJhains of particlee such as (a) chaine 

'\';of l.1quid drops, (b) chaine of l.1quid drops held together by meniscus of 

a tb1rd 1iquid phase, (c) chains of rigidspheres he1d together by flexible 

threads, (d) stacks of d1scs hel.d. together by l.1quid bridges and (e) llnear 

aggregates of rods held end-to-end bymenisci. 

:3 0 To stud7 the behaviour of linear aggregat~s of particles in combined 

shear and electric fields • 

. 4. To study the interaction and collision of l1near aggregates. 

J. CLAIMS TO ORIGINAL RESEABOH 

61. 

10 On the basis of the creep1ng motion and lubrication equations a theory 

for the behaviour of a straight chain ofspheres in shear flow vas developedo 

The equations of motion for a chain of spheres in contact with one another 

vere experiment~ verified. 

20 A variety of ordered aggregates of rigid particles simulating fibres 

of zero stiffness, linear po~er molecules and rouleaux: of red blood cells 

were formed and their beha.viour in Couette flow studiedo 

:3 0 A ce.'1.trifugal bubble ceil vas designed and built for the study of 

defor.mation of a monolayer of bUbbleso Theoretical equations for smBÛl 

defor.mations were derived and solved numeric~ and confirmed exper:1mental.lyo. 

4. A method of measuring interfacial tension from the shape of a rotating 

drop was deve1oped. Vonnegut 1 s approximate solutions were extended to lower 

speeds of rotation b.1 numerical solutions of exact equatione and a rotating 

drop apparatus was des1gned and conBtructedo 
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APP.ENI)IX l 

~HEORI OF CHAINS OF S~: HATHEMATICAL DETAlU3 

(See Part II) 

(~) Derivation of (7) and (8). 

It cau be sbown frcm the l1near:lt7 of the creep1Dg motion 

equa.t1ons that the force and couple about the ~-axls for a section of the 

cba:1n fram. the firet to the 1th spheres :lncl.us1ve are giV'eD b7 

(1 .:. 1) 

(1 - 2) 

whare 

Cl)j == angal.ar Veloc1t~ of the chajn about xf°axl.s. 

ajk = the second order tensor Ajk (see (.3» taken relative to 

,.. ~. ~ coordiD,ate qstem, 

Ci"k == a th:lrd-order true tensor, 

D~"k == . a tbird-order pseudotensor, 

1 
~1" == a second-order pseudotensor, 

~ - a second-order true tensor, 

1 1· 1 -~ 
. and C1jk' D1"k'. ~1j and Mi" clepencl on the Cbain geam.et17 OIÙ.1'o 

of the body shape 1t mq be shawn that for 1 ~ (n-1): 

i 
(1) Ci"k = O#' except 

Ci Ci = Ci Ci Ci ~-~ Ci == Ci • 
lll' 122 1.33' 212 - .31.3 a.w.i. 22J. 331) 

(1 - 3) 



~ W 

(11) ntk = 0" except 

~ = - %211 %l c- - ni21 and ni12 - - D~; 
(111) Li, = 0" except % = - rS"2; 

(iv) ~j = 0" except MÎl and ~ = Mj.3; 

and for 1 = n: 

(1) ctk c:: 0; 

(11) ~jk :: 0, except 

~ = - nt29 ~l c - n321 and n;12 = - ~; 
n: (11i.) 1;13 = 0; 

(lv) ~ = 0" except ~ and ~ =-~.3 • 

Maldng use of the tensor transfo1"JQB.tlon formula 

and. substituting (4) for Couette .tlow into (1 - l) and (1 - 2) giva 

...i. 2 1 i li = flob ('TCijk~j"2k + Lij(l)j) 

and. 
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(1 - 4) 

(1 - 5) 

(1 - 6) 

(1 - 7) 

(1 - 8) 

(1 - 9) 

(1 ..;. 10) 

(1 - U) 

(1 - 12) 

which ltith the a:1d of (1 - .3) - (1 - 6) can be rewritten as (7) and (8). 

(2) Derivation of (12) and (lJ) and the quantities Ai. 

Substituting (lO) and (6) into (7) and (8) leads to 



and 

..1. 2[ ( :1. ~»312) %2= ~o1b C212 - ~ siD9~(- ~s1n. + cosecos~cost) 

i . 

. + (ek + ~)_Sf!I(OOSf!laint + OOs9ain1laint>] 

ti œ 'Ia'lb2[(e~ - %tls1JlBainIl(~st - cosEl~t> 

+ (ek + ~~I-Sf!I(c .. ost - COs9ain1laint>] 

~ = ~o,v[ (nk -~~ s1JIBooSf!l(coSf!lco.t - cos9ain1laint> 

+ !~12 - ~121aineainll(ainIlco.t + COs!lcos)laint>] 

sj = 'la 'lbJ [( ~~ - ~~l s1JIBcoSf!l(-co~aint - cos9ain1lcost> 

+ (D~12 - ~121 sinIlainll(-ainIlaint + C0s900s)lcost>]. 

wb:l.ch C~~ be s:l;mp' i lied to (12) and (13) by changing fram X:L~ x2~ ~ to 
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(1 - 13) 

(1 - 14) 

~. ~~ X; coordinates defined by (11). The quantities Ai are then given by 



(3) Derivation of (16). 

where 

It bas been shawnl.) that 

(JJ.t = angular veloclty of the chain about xJ,- axis, and 

+ l, if (1 j k) ls an even pexmutatlon of (1 2 3) 

e1jk = - l, if (i j k) ls an odd permutation of (1 23) 

O~ othemse. 
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(1 - 15) 

(1 - 16) 
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It tollows then that 

which becam.es 

(1- J.7) 

when (1)2 and (1),3 are el 1minated vith the aid of (J.O). 

DifterentiatiDg (6) yields 

(1 - 18) 

which cau then be CQlllbined vith (1 - J.7) to give (J.6a). 

SimiJar~ one can obtain 

d(Ga ) 'T [ 
dt. = ~ ~J. (Ga~J.) (~3.3 - ~".32) + 

(1 - J.9) 

D~12(CI,3J.au)(CI~~2 - 0.220.,33) + n;12a;J. (~a22 - "l.2a~)] 

and. 

(1 - 20) 

which tinaJ] y lead to (16b) and (16c). 
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t (4) DeriT8.tion of (lac). 

At e = 0, the chain rotates vith an angularvelocity lI).. = "(/2. 

Thus .trom (17) 

(1 - 21) 

li). c: ~ cose 

.tor aU e. 

(S) Derivation or (2.1.). 

It .tollows .tram. the de.tin1t1on. ot the quantities .~~ ~land 

~that 

-•. 

and hence tram (19) 

B2 + B.3 = 1 and 

If one lets 

~ 2 B c: re _ 
2 

then by solving (1 - ~) and (20) simultaneous4r one obtains (21). i.e.~ 

2 
r - l 

B == --,e~_ 
1 -2 • r + l e 

(6) Derivation ot (26). 

B == 1. 
2 .,.2 + "1 • -e ... 

r 2 
B - e 

.3 - 2 • r +1 e 

(1 - 22) 

(1 - ~) 

(20) 

Subst1tuting (l2a) and (~a) into (22) and combining the resul.ting 

eqaationw.ith (25) give 

i 2_. l 1 ~ 
"Aïsin'-e~cos~ == 2 K iï ~ · 

. i --
(1 - 24) 
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Vith the hel.p ot (lS). e and S!l cau be el1m1nated .tram (1 - 24) which then 

integrates to yiel.d AÎ 

[
(02a3 + B2)sJ:n.2-YBi33 'ft + (0

2+ 1)B2cos2y BzB3 "t~31tBl 
hi = (ho)i 2 • (1 - 25) 

~~+~ . 

When hiis expressed in terms ot S!l. (1 - 25) becomes (26). 

(7) Derivation ot {31} and (32). 

The quantities (~ - ~+l) and (vi - vi+1) canbe expressed in 

terme ot d(xj)i/dt and dt/dt by the relations 

d(X~)i i St ~ 
dt = - (X;) dt + 112 

d(xi)i 0 i St ~ 
dt 0::: + (12) dt. + V3 • 

Thus. upon using (1 - 26) and substituting (l2b) (12c) (~b) and (~c) 

into (22) one obtains 

[d(AI~)i . l 
1dnhi ~ + (~)i ~ - b(C;- + ~+l)J 

= - 'lb~sinecose~cos~ 

whUe siml1arq .tram (13) and. (24) 

(1 - 26) 

(1 - 27) 

(1 - 28) 



70 

where 

(~)1 = (~)1 _ (~)1+1 

C~)1 c CX;)1 - (X;)1+1 0 

(1 - 29) 

If there 1s t'ore-aft symmetr,y with regard. to the gap widths and 

the chain contains n = 2m spheres, then in (1 - Zl) and. (1 - 28) there are 

4m;·1ndependent variables: C~)16 C~)1, ~ and n; t'or l ~ 1 ~ m. Since 

(1 - 28) 18 trivial. t'or 1 ca m, there are onl.y (ltm - 2) independent 

equat10ns in (1 - Zl) and. (1 ... 28) 0 The extra two equat10ns necessar;y 

for the determinat10n of the 4m. variables are. 

wh1c~ also serve to der1ne the straight line joiningthe centers of the 

mth and (m+l)th spheres as the x:r-axis t'or a bent ·chain. 

From t'ore-a1't symmetlT· 

• 

and t'rom (1 - Zl), (1 - 28) and (1 - 30) one can obtain the following 

solutions t'or ~ and ~: 

and 

(1 - 30) 

(1 - 31) 



7:1 

Substituting (I - 3~) back into (I - Z/) and. (I - 28) ~eads to 

d(~)i 0 1 Si _ ~m ..Ji!.. 
dt - (~) dt - . lnh (Sijsin9cose~OsS!J) 

.' j=1 j 

(I - 32) 

which can be rewr1tten vith the aid of (~6~ (18~ (21) and (26) as 

d(~)i 0 il' ~ - 2(B2Sin
2
fj + B3cos21J) } 

dt - (~) 1.2[(02:s
3 

ok, B
2
sin21J + B3cos21J)<B2sin~ +'B3cos2~)]î/2 

= t {(B2sinllp + B:,cos2'/J)î/2(~2a:, + B2sin2'/J + B:,cos2'/J) 

and (I - 33) 



Sij~ Tij and Uij being (mx m) matrices. 

By 1mpos1ng the restrictions (.30) 1 (1 - .3.3) redT.4C8S to (.31) and 

(.32). .Integration of (.32) thengives (.3.3) vith· 
• "t • 
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and (1 - .34.) 

1. CoX, RoG., .Ph.D. Thesis, Cambridge University, 1964. 



APPENDIX il 

DETAIIS OF EXPERIMENTS WRH CHAINS OF PARTICms 

1.. COUETTE APPARATUS 

The Couette Mark 2 apparatus consisting of twocounter-rotating 

cylinders has been described previous~1,2), but torthe sake of complete­

ness·a brief description is given hereo 

.It cao. be shawn that the transverse velocity V of the fluid in 

the armular gap between the cylinders iegiven by 

(1) 

where l1. and ~ are the ra41i and ~ and ~ the augul.ar velocities of the 

inner and outer cylinders respec;tivel1' (Figure 1)0 Thus at the stationary 

lay'er for which V = O~ the local velocity field ma:y be shawn te; be eqUi­

valent to a simple plane shear of value 'T given by 

'(2) 

Hence if a particle, small. com.pared with the ammlar gap width, is plaeed 

at the stationary layer, it will experience a fluid motion which ie a 

plane shear of value 'T given by (2) 0 Since cylind.ers of l1. = 130344 Cm. 

and R2 = 1'0222 omo were used in most experiments (2) cao. be written as 

'T = O.6950Nl. + O.9044N2sec:-\ (3) 

where Nl and N2 are the RFM of the inner and outer cylindere. As the 

two cylinders are driven by two separate and continuous~ variable motors, 

'l:J. and ~ cao. be changed at will to make the stationary layer coincide 

. with the centre of a particle aggregate for prolonged study. 
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Figure 1 Principle of the Couette apparatus. (After Trevelyan and Mason3» 
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A photograph of the Couette apparatus is show in Figure 2. In 

the centre are the two cylinciers and. the adjustable common support for ~ 

the microscope and camera above and the microscope illuminator below the 

cylinders. The outer cylind.er has a sealed glass plate bottom to permit 

illumination of the field from. below. The mot ors ana gear boxes are at 

either side ot the Couette dence. B,y means ot three sets ot reduction 

worm gears a ride range ot velocity gradients (0 to 40 sec. -1) can .be . 

obtainect. The speed controls and. the tachomet.ers are mounted on the right 

band panel, whUe the variable a.c. and. d.c. voltage supplies and a 

chopper device tor timing are on the left band. panel. 

Though simn arto Mark 2 Couette apParat:us in principle, the 

Mark 4 device 1s more versatlle and precise. Difterent sises ot trans-
. . 

parent (lucite or epooq Nsin) cyllncters or discs c~ be mounted on two . , . 

accurately machined concentric counter-rotating vertical spindles to allow 

observation along both 11. and X:a directions.. The cylinders or discs can 

be machined in situ with ?. built-in lathe and. the radial position of the 

microscope mounted on a trame assembly can be determined accurately with 

a dial gaugeo In the experiments discussed in the taxt, the chains ot 
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spheres were suspended in the annulus between two concentric lucite cyl1nderso 

Two Qopper strips -- one inside the inner cylinder and another outside ~he 

outer cylinder -- acted as the electrodeso 

2 2 PROCEDURES 

(a) Formation of the Aggregates 

Chains of spheres formed in electric field 

Aluminum coated polystyrene spheres were introduced into the 

Couette apparatus and manipulated with a needle probe to be as close 

together as possible along the X2-axis. They vere then al1gned in an 

~ .. -
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Figure 2. Phot6graIil' or Couette .Marlt 2 aPiiaratua. 
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electric field. created b7 a potential difference of up to ,7 kv. betwé~ 

the gap w.1th a 6.0 C7Cle a.c. power suppl;T. When necessar,y the mADipulation 

and electric allgnment vere repeated untll a satisfacto~ straight cbain 

of spheres was formed. For fore-aft S1DDJ.etrical chains of unequal shed 

spheres~ they must be arranged in the proper order before a.l1 gnment b7 

el.ectric field. 

Chains of spheres held together b;y a fluid 

Poqstyrene spheres vere completEÙ1' wetted vith a fiu.1d and then 

arrq'ed. w.1th a needle probe into a chain at the edge of a microscope slide .. 

Care was taken to ensure that there was Just enough fluid between the 
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spheres since too much fluid olten reSUlted. in the formation of non-11near 

three-dimensional aggregate vtdle t~ little fluid macle ~e .cba1il eas1q 

broken.. The chain of spheres .as then transferred into the Couette ~tus 

b7 gentq dipping. the slide into and rais1ng it out of the suspending medium .. 

Non-linear aggregates of spheres 

Tetrahedral and some planar triangular and hexagonal aggregates 

of spheres vere formed b7 arrang;Sng a suitable number of spheres~ all. 

enclosed. in a drop of .0 .. 1% Aerosol AY solutionJj into the desirable onter on 

a microscope slide vith a needle probe. Evaporation "fIaS aJ.lowed to proceed 

until only a trace of water vas left between the spheres and. then the 

aggregate was slowq and. careful.l:y slmffled into the Couette apparatus from 

the slide. 

Aggregates of dises 

The dises were wetted with the suspending medium and then pU.ed 

up one b7 one on a microscope slide vith a needle probe. Extreme care vas 

takel;1 to keep the rouleau as straight as possible.. The rouleau was then 

stuck to a needle probe sid~s and dipped nearq horizont~ into the 



suspend.ing medium. Upon rais1Dg the probe vith some light jerldng the 

rouleau vas left in the Couette apparatus. 

Wregates ot rods 

Alnminum coated. rod.s vere iDtroduced into the Couette apparatus 

and drawn together end-to-end with a needl.e probe. The;y vere then aligned 

in an electric tield. as described earUer tor f'orming a chain w1th metal 

coated. spheres. Side-b;y-side aggregates ot rods vere more easil;y f'ormed.. 

(b) Measurements ot f. e and t 

The orientation of' an aggregate 1s detiDed. b;y its reference line 

which tor chains ot spheres f'ormed in an electric field 18 the chain axis. 

For a flexible aggregate this rete~ce liüEî ls an imagina17 straight line 

joining the centres of the t'WO particles at both ends and for all the non­

linear aggregates studied. it is &n1' straight line passing through the 

centres of 2 or 3 spheres •. The camera was aligned with one ot its trames 

parallel to the 12-a.x1s so that the angle ~ could readily be measured from 

the photographe 

Since the camera looks down aloll8 the 11. -axis, the photographs 

show the projection of an aggregate on the XiLJ plane. Then, for 6. rigid 

aggregate 1t follows by def1nition that 

A 
sine =:p. 1 

o 

where Jo 1s the true aggregate length and .J
23 

the length ot the projection 

of the aggregate on the X:zXJ plane. 

An electrollic timing device called a chopper cuts off the light 

path and registers on the movie film as dark frames at a suitable and 

constant time interval and thereby provides a time scale. 
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APP.ENDIX III 

ROTATDn BUBBLE RAFTS 

ABSTRACT 

A cell vas designed B.DA constructed in which a hemgoual.q 

packed horizontal ~er (or raft) ot ~orm bubbl.es coulà be rapic:Uy 

generated. and then campressed. b7 centripetaJ. torce. The deformation ot 

individual. bubbl.es and. ot the ent1re bubble raft vas stuàied experimental.l7 

and. tairq good. agreement vas obtained witha theo17 derived and. solved 

numeric~ tor SIIIal, detormations. 

1.. INTRODUCTION 

The stabUity ot suspensions is ot considerable academic and. 

practical interest. In this laborato1"7 this problem has been approached 

by a series ot investigations1.-l0) on the coalescence of pairs ot tluid 

(gas or liquid) drops suspended in a llquid 1ngrav1ty~. electric and. shear 

tields and. combinations thereot. The present work is an mension ot the 

etudies ot drop coalescence phenom.eœ tl'Olll systems consisting ot two 

part.icles to mul.tipart.icle systems particularq under conditions ot high 

particle cl'Olftiingo In order to simpl.ity the qstems, experiments were 

conducted vith the drops in a monolqer. In this connection the stud1es ot 

bubble ratts as ·models ot C17stal behav10ur tiret suggested b7 Marsha"ll) 

and later extended by Bragg and. othersl2-1.8) _ra verr helptal. 

Five cells vere designed. and built in mun.erous attempts to bring 

about coalescence ot bubbles by compression. However~ the experiments , . . 
performed vith them ~ proved to be abortive because ot multilayer tormation 

or leakage ot bubbles tram the cells; t 1nally a centr.1tugal. bubble cell was . 



dasigned and co:q.structed which made it possible to generate and then 

compress by' centripetal force a hexago~ packed monolayer (or raft) of 

lUliform bubbles. Two solid surfaces contined the bubbles into a single 

layer while compression of bubbl.es by' centripetal force instead of a piston. 

e11m1nated bubble l.eakage. Although liqui.d/liquid S7etems can also be 

studied by replacing the gas nth the lighter liquid. this work was 

hindered by the difficulty in finding a suitabl.e qstem. which neither wets 

nor chemicaJ.l.1' attacks lucite of which the ceJ.l vas made. Consequent.l.y 

onl.y works on gas/liquid S7stem ~ describ.ed here. 
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Although bubbles could be made to coalesce sjmpq by increasing 

the speed of ceJ.l rotation" the etudy of coalescence vas UDSUccessful. It 

is known2-4) that the rest t~e of a fl.uid: drop at a flat interface betwee.n " 

two :l.mmiscible fl.uids follows a l'011ghq Gaussian distribution even for a 

single given S7stem. For a bubble raft" however.ll in addition to the distri­

bution of "reet t:1m.e", there 1s also a distribution of the origin of 

coalescence. Another cqm.plexity a~~es fram the fact that once coalescence 

occurred, it spread out rapi<il1' and drasticaJ.l.1' altered the experimental 

conditions for further coalesc~ceo A brief ~tative description of the 

work dona on coalescence was" howeverJ g1 ven in Append1x IV. 

The cell neverlheless has a number of interesting featlllr8s and 

ws used to study the deformation of bubbles and bubbl.e rafts and its use 

for this a.pplication is discussed in detail. here and in Appendix IV. 

It was found that .. bubbl.e defomation i.ncreased. nth i.ncreasing 

apeed. of rotation w, bubble radius Ro' bubbl.e raft radius J~, the distance 

between the piston and the cover h, but with decreasing radius of rotation 

r.; and. that w pred.ominated all the other factors. By asauming that s1ight~ 

deformed bubbles were mainly spherical" theoretical equations vere derived 



and. solved numerical.ly. Fair~ good. agreement between the theorr and the· 

experiments was obtained for low detormation (at CI) < 10 RPM). 

2. EXPERIMENTAL PART 

The centritugal. bubble ceU is a disc-like cylinder mainl1' made 

of.lucite (Figures l and 2). Af'ter the cell ns filled. up vith the 

continuous phase l1qu1d" aslJlaJV' as 15,,000 bubbles vith radius of l DIIIl. 

could be generated from a series of lJ1podermic needles witbin 100 seconds 
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by pumping air into and. eucking liquid out of thecell simultaneously at the 

same constant rate vith an intusiol'l/vitbdraval. pump (Harvard Apparatus Co." 

Dover"Hasso). To contine the bubb1es in a monolqer, the p~ston ns raised; 

the distance between the 'lover and. the piston h RS measured. with a built-in 

micrometero In the rotating celJ." the bubb1es vere compressed.·&8 .they 

moved radi~ imrard. and the continuous liquid phase radial J y outward. 
, : . 

because of the density ditferenceoPhotographs of bubbl.~s under campression 

we~ made through. the transparent cover for <ietailed ans.:qsis; two e1ectronic 

flashes with flash duration less than 10-4 second vere used. to arrest the 

motion.. Further detailed description of the cell 1s given in App~ IV 0 

As the continuous phase the ver.y stable foaming solution used by 

Bragg13) was prepared (composition: oleio acid.ll triethanolamine" g~cerine 
w..d. distmed water); its surface tension '1: was 2.5 09 and 2.5.7 cJ:rnes/ cm. 

measured at 2.5°0 b7 a du Nuoy tensio,meter and by the pendant drop method" 

respectively and. its density p vas 1.027 g/ml. 

The bubb1e diameter was measured from the average distance between 

the centres of two neighbouring bubb1es along the three axes of symmetr.y; 

the assumption that film thickness ws negllgib1e in comparison to bubb1e 

diameter vas proved e:xperiment~ 0 The size ot the bubb1e raft could be 
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.F1sVe 1 . BlotograIh or centr1:f'ugaJ. bubb1e cell. 





o 5 10 
1 1 

cm. 

Figure 2 Centrif'ugal bubble cell (schematic). 
A: gas escape B: caver 
D: gas channel E: liquid channel 
G: hypodermic needle 

C: cylinder 
F: piston 
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measured in terms of the total volume V and number N of ~he bubbles and 

the radius of the bubble raft 1.. Since air is compressible, V was measured 

from. the volume of the liquid . sucked out;. J, vas simpJ.y measured from the 

photographs of the circular bubble raf~. 

It was found experiment~ that 1. decreased with increasing speed 

of rotation 00, but at constant w~ ~,reached a constant value ver" rap1dly 

(Figure 3). It 1s evident. that there could be no relative motion between . 

the liquid and the bUbbles under eqailibriuœ conditions. Hencetorth the 

radius ot.the bubble raft 1s takeD to· be the. equilibrium. valueo 

As 00 increased f'rom zero. tlledecrease inJ vas initial.ly verr 

rapid, then· slowed down graduall.y· and then 'i#creased (Figure 4)0 Fhoto­

graphic evidence showed that coalescence occurred at and af'ter the point 

where J dropped suddenly. If' 00 vas kept belOw the critical speed" there .. ws 

no coalescence and the compression of' the bUbble raft was reversible, as 

illustrated b;y Figure 5. 

On the basis of' these prel i mina17 experimenta, detormationas a 

f'unction of the variables involv~ was studiedo When possible, only one 

variable vas changed at a. time 0 

30 RESULTS 

At 00 = 0, the bubbles can be considered as spherical, each being 

surrounded b;y six others in a hexagonalarrq. Whenoo > 0, however, the 

bubbles are compressed. horizont~ b;y the centripetal f'orce and as a 

conse~~ence the,y expand vertic~ allowing 1, to decreaseo Bach detor.med 

bubble has s1x:fla.t circles of' contact which grow vith increasing 00 until 

fina.lly a llmiting detormation 1s reached where a bubble becomes a c;ylinder 

with hexagonal cross section and of' height ho Although the exact shape of 
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Figure 3 Change of radius of bubb1e raft with time. Initially 
J = 12.78 cm. at li) = 8.76 RPM when li) "18.S suddenly 
increased to 52.59 RPM. Zero time ia the moment when li) 

was suddenly. changed. 
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Figure 4 The variation of bubb1e raft size with lI). 
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Figure 5 The reversibility of' compression ~ the bubb~e raft. 
C~osed and open circ~es for increasingr and decreasing 
w, respective~. 
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a deformed. bUbble 1s 'üft1oult té determine, a s:implit1ed model basedon 

the exper.imental observations is shawn·in Figure 6. 
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The most readiJ.y measurable quantitieswhich ref'leot the de:tormation 

are .t and the distance between the centres of two neighbouring bubbles 2DR ... . . 0 

(Figure 7); their :variation vith cois givan in Table l. lt is, however, 

more oonvenient to use (1 ~ 1,/'0) and (1 - D) in displaying the results, 

since both increase w1thincreasing.deformation. 

The deformation increased. with inèreasing co,. Ro' '0 andh, but . 

with decreasing radius of rotation r(Figure ~). The rate of increase of . 

deformation, however, decreased vith inoreasing COandf~approaches 

zero at high co. The etfects ot r and Jo were .most pronounced at medium co, 

while the erfects of Ro and h vere alwqs enhanced by increasing co. 

These results canbe readiq expl.ained. Increas:1ng co, '0 and 

decreasing r increased the force acting on the bubbles. and therefore .the 
,. 

bUbbles sut'fered more deformation.Deformation increased withincreasing 

Ro' becauae big bUbbles are more easiq deformedthan amaJJ ones. lt ahould 

be pointed out that in stll.Cly:lng the etfeot of Ro' h vas alao changeda Thua, 

these two effects were superimposedo Increasing h allowed the bubbles to 

expand vertic~more fre~ so that the,ymoved oloser together, resulting 

in greater deformationo 

The speed of rotation is, however, the predominating faotor. At 

low co, all other variables .had ll.ttle effect on deformation aince the bubblea 

were onq slightq deformec:l.o At medium co, these· effecta became more .pro­

nounced aince a vide r.ange of detormat10n became po a aible 0 The effecta of r 

and Ao vere masked. at high w" aince there cotü.d be no turther detormation 

after the bubbles assum.ed the limiting shape of hexagonal. cylindero On the 

otherhand, the affects of Ro and h:were al~a enhanced by increasing w, 



Figure 6 

(a) (b) 

( c ) (d) 

Shape of a bubble at various stages of deformation. 
(a) Each bubble has six circles of contact which grow 
with increasing w. The bubble is still mainly spherical 
with radius RRo (R > 1). The distance between the centres 
of two neighbouring bubbles is 2000 (D < 1), Ro being the 
original bubble radius' (btibble volume v = 4~R!/3). 
(b) The six circles of contact just touch one another. 
The two parameters Rand D are related by R = DI cos 30°. 
Cc) The bubble, having a hexagonal section in the middle, 
can no longer be considered as a sphere. 
(d) An extremely compressed bubble has the shape of a 
cylinder with hexagonal cross section and of height h. 
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8.75 (b), 22.20 Cc), 35.72 (d), 49.42 (e) and 63.81 (f); Ro =0.184 cm. 
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and (f) nea:rly approaches Figure 6do (.0 
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]ripe 8 ~~~tiOD:~ iudi'V'1duallnlbbl.eBàDa,~:b,~b1e~art.' , 
, <al Bf'tect 'ff4 'llo ,on the def'orat101iof':lD4iVidual bub'b1eB. 

, ,,' , B,,(ClLl Ao{em.}, " b(C1Il.l ZRo/b 
'0 ' 0.1ll10.1' "O~250 '0.8'5 
A, 0.,120 10.50~3qo 0.800 
• 0.1.63 10.6 0.400 0.,815 

,All àt :r - 3.15 ca. ' , , ,,', ' 
(b) Btteet of' ,r On the' ~,!:xnBt1ODot .• indiv1duaJ. b'Ubb1eB. 
llo= 0.158 CIL" .10 -1.22 eIa." h=' 0..110 CJJi.,' " ,:. 
w(BJ.IK):,o 8.11., A 21.64, .,34..~,.1I8.55;X 61.J4.1. 
,(cl 'Ettect of '0 on 'tbe,det .. tl,Oil' (It'1Iid1v14llJaJ. blibb1eB. 
~~o.162 CIIl., b =0.1t.o C1L,'Z':::2.75 cm. ' ' , ' 

, 4(ClL.): 0 6.506 A 8.61, ., U.30~" " " 
(a) Ef'f'eCt ot4on the defor-tion attheb12bb1e raft. 
:~-O~i61 ca. ' 'b= 0.40 cm. ' " " ' . 
Ic)I(cm.): 06.80,. AS.76, • 11.30. ',' 
(e)Bf'f'eëtaf' 11 on·the det'o:r-.t1on of 1n,d1Vidœl.·biabb1eB. 

, llQ';~ 0.151.CJL,4 =10.30 ,CJL,' r == 3.75c..··· 
'~(~):. 0.'30, A 0 .. 3J4., 0 .. 0.38, .•. 0.42., , 

(f' l Ef'f'ect of' bon def'~t1OD. of the b1ib'b1e ratte 
Bc:=0.108 CJL, .10 =11.3 cm. 
b(.~): • 0 •. 200? A 0.225, 0 0'.250. 
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because the 'l.1m1ting shape ot the extrem~ detormed. bubble itse)..f varied 

vith Ro and. ho 

In conclusion it mq be" sa.1d that small bubbles are DlOre rigid, 

that a small. bubble ,raft 1s less detQmable and that bubbles near the 

centre are more deformed than those close to the ecige otthe bubble raft. 

40 ' DISCUSS~ON 

The relative rad1al. DIOVEIIlent be1;wsen the bubbles ,andthefoaming , 

solution in thecentrifugal f1eld caused. (1) compression &nd dEttormation 
- , 

ot the individual bubbles and. (2), th:J nn1 n.g ot the' tilm separatill& the 

96 

bubbles. Although bothprocesses contributed. to 'the experiment~" aeasured 

detomàt1c..n, it cau be shOlftl19) that the affect of tilia tbinning is neg1igibl~ 
b;y c01D.p&l:'isono 

A knowledge 'ot the shape ot the detormed. bubble ià essential tor 

theoretical. a.nalys1s ot the defomation process.In the simplitied model, 

illustrated b;y Figure 6, the bubbleat low detormation «a) and (b» 'is 

approx:1ma.ted b;y a sphere vith six identical. segments eut Qft at 60°-angle 

interval. and. at high d.etomation «c) and (d» the bubble beeames more llke 

a cylinder tban a sphereo For small deformations~ ~he shape ot the defor.med 

bubble can be calculatedo 

It can be shown19) trom (1) the constanc;y ot bubble voll1Jlle before 

and during ~etor.mation (since the pressure in the l:1quid generated by 

centrifugation and the excess pressure in the bubble are neglig:1ble in 

camparison to the atmospheric pressure), (2) the balance of the torces acting 

on' a single fiat ciJ:.cle ot contact under equilibrium conditions and (3) the 

constancy of the total number of bubble,s.in the raft (when the~ is no, 

coalescence) that 



~ - 9R2n + 3D3 + 2 = 0 # 

.e 

Jn!!: 
2 ' o D 

(~) 

(2) 

(3) 

where RRo 1s the radius of the deformed. bubb~e, 2DRo the distance between 

the centres of two ne1ghbouring defor.med bUbb~ee, 4P the dens1ty difference 

between the bubble and the foaming so~ution and all other s,y.mbols have 

already been defined. 

Though theae e~t1ons cannot be ao~ved exact~, becaus~ both 

D and R dep~nd on r, they can be reduced, by makin.g soma approximations19) $ 

to 

w.i.th 

~ {1 e-
r2/Kr... J} 1/2 . 

~ = - 5 + 25 + 2. 5Kr lF (1) - F (r ) :1 (5) 

5 21+1 
F(r) = L r. 1 ' (6) 

i=~ (2i + l)KJ.- (i - l)! 

O.llO ~~ >0 ; 

a.=R-~, 0.027 ~a. >0 ; 

(8) 

(9) 

(10) 
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ID Equations (8) and. (9) define mathematicall1' the reg10n ot emaJ] detomation 

where the theol7 is valid. 

Equation 0 .. ) was solved. numeric~ v.lth the results pl.otted in 

Figure 9 to give a picture ot the complicated. relatiODships between. the 

variab1.es. 

98 

In Figure 1.0, JI Jo 1mS plotted against (.0" in (a) and. (b) tor two 

bubb1e ratts. The agreement vas gOOQ at 1.011' fI), but at higher fi) the theor,y 

predicted1.ess tban experimeDt~msasureddetor.mation. The detor.m&tion ot 

the individual bubb1e 13 vas pl.otted against fi) in (e) and (d) tor two rIs and 

against r in (e) for (j) = 8.71. RPM, all data being t.en from a single 

experiment. It ean be sean that I3theo• > l3exp. at small r, but I3theo• < l3exp. 

at l.arge r. 

Al.though the theor,y is not in per:teet agreement w1ththe 

experimental. results, it does give correct qualitative rel.at:ioDships 

between the variables (Figure 9). .It lDB.7 be noted that h does not appear 

in the theoretical equation.s, as there i8 ver,y little vertical. expansion 

in the stage ot ;Law de.tormation (trom. 2Ro to 2.054Ro' sinee 1.027~ R > 1) 

and the experimental conditions were such (h> 2.25R ) that there vas al.ways o 

enough room. for tree vertical expansion. 
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Figure 9 'Wumeri,cal evaluations of. Equation (11.) tor ., = 25. 8 dynes/cm. 
. end A f = 1. OZ( g/ml. 

(a) Ef'tect of Jo on the detorma.tiou ot individual bubb1es. 
Bo= 0.150 cm., . r ::s 3.75 cm. '. 
,,(C9Il.): (1.) 5.00, (2) 7·.50, (3) 1"O.QO. 

. (b) Ef'tect' of Jo; on the detormatiou. of the bubb1.e raft. 
Ro ... 0.1.50 cm: 
.Bo{cm.): (1.) 5.00, (2) 7.50, ('3) 10.00. 
(c) Ef'tect of r. (aJ ~ 7. 50 BPM, Ro = 0.1.50 cm. 
Jo (cm.): (1.) 5.00, (2) 7;.50, (3) 1.0.00. 
(d) Etf'ect of r. (aJ = 10.00 BPM, "0 = ,7.50 ,cm. 
~(cm.): (1) 0.100,,(2) 0.1.50, (3) 0 ... 200. ., '. . 
(e) Ef't~ct ot Ro ou' the. def'01'JI8tion',ofindividual bubb1es. 
/'0 = 7.50 cm., r = 2.75 cm~': '.' 
Ro(em.): (1.) 0.1.00, (2) 0.1.50, (3) 0 .• 200. 
(t) Eftect of Bo ou the def'ormation of the bubb1.e raft. 
J.,= 7.50 cm. 
Bo(em.): (1.) 0.1.00, (2) 0.150, (3) 0.200. 
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Figure 10 Comparison between theory (curves) and exper1ment (points). 
Deformation ot bubble ratt:' (a) Bo .. 0.163 cm., -'0:11 8.61 cm.; 
(b) Ho = 0.1r;n cm., 10. = 11.30 cm. 
Deformation of ,inc11.vidual. bubbles: Be = 0.158 cm., Jo. 8. 08 cm. 
Eff'ect ot (a) torr :a O~75 CL, {c} and r = 2.75 cm. ,(dl. 
Ef'teet of r tor (a) :: 8.71 BPJ(! (e). 
It shoul.d be pointed out that the theofY 1s Valld only tor 
small detormation (~~: OI.110) and cons~uentl.y there were 
very few experimentaJ. points available-' tor Compar1SOD in 
this region. ' 
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APPENDIX IV 

DETAIIS OF APP.ENDIX III 

1. CENTRIFUGAL ~UBBLE CELL 

The cell (Append1x III, Figures ~ and 2) bas an inner cliameter 

of 30 cm. and a depth of 3 CIn. On the bottom surface ot the transparent 

lucite cover a series ot concentric circl'es l, cm. apart wasengraved to 

tacilitate the measurement ot r. While an O-ring between the cC)ver and the 

cylinder randers the cell air tiglit" a gas escape in the centre. of the cover 

provides an exit for air and the undesirab~e toam generated in till1ng the 

cell~ 

Two, interchangeable pistons vith diameter ot 24 CIn. are aval1 able; 

one made of lucite to all.ow transmitted illumination and another made of 

carbon black ep~ resin to provide a background of high contrast tor 

incident illumination. The cylinder, the piston and the cover ail. rotate 

as a unit so that there is no shear stress between them. The position of 

the piston is adjusted by turning the micrameter thimble and h can be read 

orf direct~ tram the micrameter to 0.0,5 mm. A key mechaniem all.ows the 

piston to be moved up or down even during cell rotation. 

Two separate channels wera tunneiled through the ceil fram two 

stationary inlets to the movable inner part ot the celio The 16 nozzles,9 

connected to the gas channel and evenly distributed around the cylinder, can 

be fitted with different sizes of' ~de~c needles for the generation of 
, , 

gas bubbles of desirable sizeso By means ot rotary saal. the two channels 

rem~jn open even when the ceU is rotating. 

The centrifuga! aggregation cell i8'driv~ ~y a Bepco variable 

speed doco motor with a speed range of 300 - 3,000 lUM and maximum output 



of 1/4 HP. The speed of the motor ie regulated by' a controller, the scale 

reacU Dg of which ie l1nearly proportioDAl to the motor speed throughout the 
. -

entire. speed. ra.uge. Through two d1l'terent combiDations ot ~~e two 

1.05 

ranges ot cell speed of rotation are ava118~le, one fram 0 to 150 REM and 

another from 0 to 300 RPM. The tachometer i8 connected. to a reductiolL.pulley 
. . J . 

eo that tI) C8A be measured. to 0.03 lUH. 

To carry out an exper1ment, the Cellie f'irst cleaned. thol'01l8hl1' 

&Ild then f:UJ.ed up nth the tOM!t~'ag. solution.. The bubblee are leJJ.erat.ed by' 

pumpiDg air into and sucking liquid out ot the cell eimultaneousq at the 

same conetQJ?t. _ rate. When enough bubbles are generated., the piston 1~r&1.sed. .. . . . 

to a distance sHgb~ greater than 2Ro below the coyer. The bubbles are 

then compressed by rotatiDg the .cell. Photographe ot the bubbles are taken 

at various stages ot compression for detaUed ~s1s. 

2. THE RELATIVE 'DŒORTAmE OF BUBBLE 

DEFORMATION AND FILH THINNING . 

The packing of' a monolayer o~. UDiform bubbles contiDed between the 

piston and the cover is equivalent to that ot the c1rcles on a planel ,2). 

It can be shawn that for hexagonal. packing the number of c1.rcles per unit 

area 1s 

n= 13 
. 2 ' 6a 

(1) 

where a 1e the radius of the circleso If' there are N bubbles of radius ft . . 0 

in a bubble raft, then the total volume of the bubbles ls 

v= N.~· 3 0 

and the area necessary for hexagonal. .. p&cking of all these bubbles 1s 

A' = N = 'ft/.2 · , 
n 0 

(2) 

(.3) 



where Jo 1s the radius ot the st.at.ionary bubbl.e ratte 

and (3) leads to 
9V 1/2 

J = ( ) 
o 2ffh 

o 

and 
6NR2 :·1/2 

J = ( 0) • 
o ''13 'ft 

Comb1ning (1), (2) 

( 
r 

(4) 

(5) 

The radius ot the bubble . raft. reaches min1wœ when the bubbl.es 

:l06 

are extremely campressed and they cm be considered as C7linders w:lth.hexa­

gonal c~ss section and vith the height equal to h. Ii tbe total vol'!Dle ot 

the bubbles 1$ tixed, then 

(6) 
...... ,. 

and. hence 
V 1/2 

Amin = (7th) • (7) 

Dividing (7) by O.) gives . 

J min 2.y31tRo 1/2 2&0 1/2 --r- = ( 9h ) = O.778(T) • 
o 

(8) 

In the special case when h = 2&0 (8) becomes 

J
min --r- = 0.778 .. 

o 

Thua" when h = 2&0' Amin 1s about 78% ot Jo and it h > 2Ro' "'min can be 

reduced still turther .. 

Ii' the distance between the centres ot two neighbouring bubb1es 

in a atat10nary bubbl.e raft ia 

RI = (1 + S)R , 
o 0 

(10) 

where &Ro ia the tilm thickneas at zero speed, then the bubble raft can be 



considered. as' a rait of N ,,,,ircles with radius RIo at the stationa17 etate 

and Ro at the extirem.e state of film th:1lming~ It follows from (S) and (10) 

that 

J -fR = {l + 8)-1 • (11) 
o 

~ -2 It is clear tram Table l tbat even wen Q = 10 , i.e., a film thicknes,s in 

:t07' 

the o~er cf 10-3 cm., sinee Ro in al.l experiments is in the order of .~o-lcm., 

the maximum possible decre&se iD J due to film tbinning alone is o~ 1$. 

Thus the change iD J due to the defomation of the, individual 

bubbles is obvi~usJJ Dnlcb more important in comparison with that dueto film 

thinning. In fact, the effect of film tbinning is negligibl.e. 

,3. DERIVATION AND APPROXDfATE SOLUTIONS 

OF THE BUBBIB RAFT DEFoRMATION EQUATIONS 

(a) Derivation 

Under our experimental conditions the pressure in the liqui~ 
1 2 ' 

generated by centrifugation (max. 5600 dynes/cm. ) and the ex:cess pressure 

in the bubble (maxo 520 dynes/cm.2) are neglig1ble in comparison vith the 

atmospheric pressure. Furt.hermore the temperature fluctuation duriDg an 

experiment ws l.ess than l.°0. Thus, the vol.ume of the bubble remains constant 

during detonnation. 

Acco~ to our simpl j 'iad. model of adeformed bubble (Figure. 1) 

the volume of the deformed bubble is given by 

(12) 

where 

(13) 
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TABLE l 

Etfect of film tb1nning 

& 0 10-4 10-3 . 1,(f"'2 10-1 

1+& 1 1.0001 1.00J. 1.010 1.100 

(1 + &)-1 1 0.9999 0.999 0.990 0.909 



~ 
~ 

(a) NON-DEFORMED BUBBlE 

AE= EB= Ro 

(b) DEFORMED BUBBlE 
Il IBI A F = F = R Ro t R ~ 1 

AI El = Elal = 0 Ro • 0 ~ 1 

(c) VOLUME CONSTANCY 

434 3 1 -."R = - .,,(RR ) - 6v 3 0 3 0 
3 

1 ."Ro 2 
v = - (R - 0) (2R + 0 ) 3 

Figure 1 Definition of dimensionless parameters D and Rand constancy of bûbble volume. 

" 

,V 1 

~ o 
~ 
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. Equating (12) with v = 4ttRJ/:l and aimpl.ifying the resulting equat10n .. 0 

. give (nI - 1) 

JJi3 - 9R2n + 3n3 + 2 - 0 • (In - 1) 

It must be pointed out thrAt· (III - 1) 1s valid on4r when the 

six circ1es of contact of the seme bUbb1e are 1solated fram one another. 

The limiting &tate of defomat1on 1s reached when the c1rc1es of contact 

Just touch one another (Figure 6b, Append:1x In), 1.e., wen 

D 2D 
R = cos30o =.fj · (1.4) 

By solving (In - 1) and (14) simultaneousq one obtains the foll.owiJJg 

llmiting values of D and R: 

D = 0.8896 R= 1.027 • (15) 

Thus, the range of low defonnat1on can be exactq defined by 

1 > D >0.8896 or (16) 

If a ring with radius r and w1.dth dr 1s cons1dered as an element 

of the bubb1e raft, then the number of bUbble5 in 1t 1s 21trndr. Since the 

centr1petal force acting on a bUbble radial.ly inward 1s 4ruÇllPoo2r/3, the_, 

force acting on the peripher,y of the ring element 1s 

Since the ring 1s also being pushed by the bubbles outs1de of 1t, the 

total force acting on 1ts peripher,y 15 
J, 

F = ~~. bpoo2 J nr2dr • 

r 

The force acting on a single bubb1e at a distance r fram the centre of 

the ceU 15 

(17) 

(18) 

(19) 



~1.1. 

The error introduced. by this approx.ùnating f'actor 2DR 12Tr.r is less than . a 

one per cent when r >- ;Ro, and less than one-tenth. of' a per cent wen 

r ;>lORo• 

In a rotating bubble rat1i, one can cons1der the def'ormed bubbles 

as circles of' variable sizes, 0JÜ.1' the distance. between the two neighbouring 

bubbles 2DRo becOIIles the diameter of' the circle. The number of' bubbles per 

unit area 1s theref'ore given by 

n= n 
6D2rl- • o 

Subst1tuting (20) into (19) f'ina".,. 7ields 

fr 2dr 
2 • D r 

(20) 

(21) 

Since the excess pressure in the bubble 1s. given by Ap = 21/RRo 

and the area 01' the f'lat circle 01' 'ç~ntact is 1tR~'"<R2 - D2) (Figure 1), the 

1'oree acting on a single f'lat circle of' contact f'rom inside the bubble 1s 
. 2 2 

there1'ore 2Tr.'l'Ro(R - D )fR. 

Since there 1s no shear and (Roi /'0) «l, the f'orce 1s isotropic 

and consequentl;y the six c1reles 01' contact of' the sam.e bubble . are equal in 

area. Furthermore, (21) ind1cates that in a rotating bubble ra1't the bubbles 

at equal distance away 1'rom the centre 01' the raft exper1ence centripetal 

1'oreeo1' equal magnitude. Thus1it 1s per.m1ssible to consider a bubble lying 

on one 01' the axes of symmetry instead. 01' an;y arb~trary one ~ on the 

c1rcum1'erence. This greatl;y simpli1'ies the geometry involved. 

For a bubble lying on one 01' the three axes 01' symmetry, the 

radial direction f'rom bubble centre to raft centre is perpendicular to one 

01' the 1'lat circle 01' contact. The force acting on a single bubble l' and 



that on a single fiat circle of contact F f 1s then related b;y the following 

equation 

(22) 

1-1.2 

In the equillbrium. state, the force acting on a single flat circ le 

of contact must be balanced. Hence fram (21) and (22), 

.1 2 2 2 

J~ = 9'lr(R - D ) • 

D2 "'6 R bÇJw2nR r 0 

(III - 2) 

For a stat10nary bubble raft w:lth radius Jo' the total number of 

bubbles is J 
o 'JtV3l-

N = J 21trndr = . 6R~ , 
o 0 

(23) 

since n = "/3/6R!~ is independent of r. For a rotating bubble raft, the 

number of bubbles per unit area is given b;y (20) and therefore 

J 
1i..J! J rdr . 

N = 3R2 · D2 • (24) 
o 0 

However, as ~ong as there 1s no coalescence, N is a constant. Equations 

(23) and (24) can therefore be equated to give 

.e Z ·. J, 

...Q... = J.I!!!: 2 2· . D 
(III - 3) 

o 

The rema1Tling problem is to solve equations (III ~-3) simuJ.taneously' 

for the three unknowns R, D and J. The main dif'ficul.ty lies in the inte­

grations appearing in (III - 2) and (III - 3), since both R and D are 

functions of r. 



1.1.3 

(b) ApproŒ1mate Solutions 

If we 1et 

et=R-1 (III - 9) 

and 

~=1-D~ (III - 8) 

then according to (16) the- range of 10w deformation is defined e.:x:actq by 

0.027 ~ et> 0 and 0.1l0 ~ ~. ~ 0 • 

and 

R2 =1+2a., 

~ = 1 + 3et. 

if- = 1 _ 2~ + ~2 , 

rY = 1 - 3~ + 3~2 , 

D-2 = 1 + 2~ + 3(32 , 

(III - 1) can be rewritten as a l.ineij.r equation of et: 

The solution of (31): 

(25) 

(26) 

(27) 

(28) 

. (29) 

(30) 

(31) 

(III - 10) 

directl.y' relates the two parameters; consequentl1' it is DOW sufficient to 

use ~ onqo After replacing R and D vith 13. (III - 3) and (III - 2) become 

A2~: J 

~ = J (1 + 2(3 + 3~2)rdr (III - 4) 
o 

and 

(32) 



respectiv~o However, these two equations are much too complicated to be 

so~ved as integral equat1~-6). In tact, even the ditterential. equat10n 

obta1ned by ditferentiating (32) with respect to r is too complicated to be 

so~vedo Further s:l.m:pl.itication i6 therefore necessary .. 

Equation (32) can be rewritten s.s 

.B 

J (~ + 2(3 + 3(32)r2dr = ,~8'rr [f(~)l :: (33) 
"''3R /),pw2 1. r VJ 0 

where 

and 

f(~) = ~ [g(~)] 

g(~) = 2 - 46 + 38
2 

• 
2 + 8~ + 9~2 

(34) 

(35) 

It can be shawn .that in the region O.llO ~ ~ > O. g(j3) can be replaced by 

a linear function of 13 without introducing any signif'icant error.. 'When a 

plot of g(j3) vs. 13 is madeJ' a straight line can be drawn to aubstitute for 

the real curve and the slope of the straight line i8 found to be 205. The 

plot i6 shawn in Figure 2; the error introduced by this approximation is 

shawn in Table II to be ~ess than one per cent in most cases.. Thus$ 

g(j3) == ~ + 2 .. 5~ $ (36) 

and (33) becomes 

Differentiating (37) ~th respect to r and ~etting 

(III - 7) 

lead to 



-CQ. -

Figure 2 The approximation for g( t3). The slope of the substi tuting . 
straight line is 2. 5. 

:1:15 
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TABLE II 

The approximation S(6) = 1 + 2.56 

.(3 g((3) 1 + 2.5(3 abso1ute re1ative 
error error (%) 

0.0000 1.0000 ~.OOOO O~OOOO. 0.00 . 
0.0l.00 1.0205 1.0250 0.0045 0·44 
0.0200 1.042l. 1.0500 0.0079 0.76 

0.0300 1.0648 ~.0750 0.Ql.02 0.96 

0.0400 1.0888 1.1000 0.01l2 1003 

0.0500 1.1140 J..1250 O.OllO 0.99 

0.0600 ~.1407 1.,J.5oo 0.0093 0.a2 

0.0700 101689 1.1750 0.0061 0052 

0.0800 1.1986 1.2000 0.0014 0.12 

0.0900 1.~02 102250 - 0.0052 - 0.42 

0.1000 102636 1.2500 - 000136 - 1.08 

O.llOO 1.2990 102750 - 000240 - J.08; 



Though (38) cannot be solved analyticaJ.ly by the wall mown 

methods for ditferential equations of the first order and of the firat 

degree7,8), it cm be reduced to an exact differential. equation by' intro­

ducing the approx:J mation 

1+ 2j3 + 3j32 .:. l + 2j3 + 5j32 .9 

which 1s quite reaso~e, ~ce 0.1l0~j3 ~ O. Then the solution of 

(38) becames 
2 2 2 . 

Jr2er /Kdr + Kj3rer IK + 2oSj32rer IK = conat. 

Subatituting the boundary condition that 

13=0 when r = J, 

into (40) and letting 

lead to 

F( J) = conat. 

Substituting (43) into (40) and solving for 13 then yield 

2 

P = _ ~ + {~.+ f;t[F(ll - F(rl1} V2 • 

(40) 

(41) 

(42) 

(43) 

(III - 5) 

The values of j3 at two special. cases can be obtained tram (III - 5) 

even though F(r) 1s stUl. unknowo (1) When r = J, F(r) = F(I)" 13-= 0; 

(2) when (j) = 0, K-,) CI:) , r2/K~O, e-
r2

/ K = l, l/K~O.9 13 = O. The first 

case 1s the boundar.y condition and the second case states that there is no 

defor.mation for stationary bubble raft. 

After Dl8.1V unsuccessf'ul attempts to integrate (42) by parts and 

by various transfor.mations and after fruitless searches through the tables 

of integrations9.1)lO), integration b;y series ws adoptedc> Thue, 



· (44) 

and 
CD 

f 2,2/K \' r2i+l 
F(r) = r er dr = L' .. 

i=l (2i + 1)Ki -1(i - 1)! 

As can be proved with the ratio test7), the series F(r) converges 

rapidly J especial.ly at small r and la.rge K. The approximation reached for 

F(r) when r= rmax and K = Kmin is therefore adequate for all other possib1e 

values of r and K.. Under,our experimental conditions, ."t = 25.8 dynes/cm.~ 

~ = 1.027 g/ml.J rmax = 10.0 CUl. J (Ro)max = 0.200 cm. and "'max: = 20.0 RPM = 
2.09 rad/sec. According to (III - 7), K = Kmin wh~n Ro = (Ro)max and 

'" = "'~ thus 

and. (45) becomes 

or 

(li) 

r' 2 2 
K ~10 cm •. 

103 
F(r) = L: 

i=1 (21 + 1) (i - 1)! 

1 

.. 

If the ith ter.m is less than one per cent of the first ter.m» then 

or (2i + 1)(i - 1)[ > 300 0 

(46) 

It can be seen from Table III that only the 1'irst five terms need 

to be summed up and hence 

5 21+1 

F(r) = ~1 (2i + 1);~~1(i _ 1)l 0 

(III - 6) 

The three equations derived earli~r have been reduced to 

(III - 4) 
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TABLE III 

The approximation sum ot the series FCr) 

i 2i+~ (i- l)l (21+ 1)(1- 1)! 103 L 103 
~2i+ 1)~1- 1)1 i t2i+ lHi- 1)1 

1 J 1 J J3J .. J J3J.J 
~ 

2 5 1 5 200.0 5JJ.J 

J 7 2 14 71 .. 43 604.73 1 

4 9 6 54 18.52 62,3.25 

5 li 24 264 J.788 6270038 

6 13 120 1560 0.64-10 627.679 

7 15 720 10800 0.09259 6270772 

8 17 5040 85680 0.0ll67 627.78J 
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2 
~ {~ e-r /K [ ,}1/2 

~ = - 5 + 25 + 2.5Kr FeJ) - F(r~ ~ (III - 5) 

where. 
5 2i+~ 

F(r) = I: __ -.::r--!-~ __ _ 

- 1=~ (21 + ~)Ki-l(i - ~)! 
(.UI - 6) 

and K = 1S'J' • 

Vf Ro/JfJW
2 (III - 7) 

Substituting (lU - 5) and (III - 6) into (lU - 4) and integrating the 

resulting equation give 

(47) 

wb1ch can be so~ved for J: 

/, = f
2

(Jo1 K) • (48). 

By substituting (48) into (lU - 5) the final. solution for f3 can be 
, 

obtained: 

(49) 

For aqy given bubble raftl the quan~it1es APs TI ROI and /'0 are 

knOWDI then J at a.ny value of w can be calcuJ.ated from (48) and f3 at a.n,y 

values of w and r fram (49)0 However» the steps invo~ved here snch as the 

integration in (III - 4) and the so~ut1on of (47) are 60 complicated that 

only a nmnerical so~ution is possible. 

The basic requirement iil the computer programming was to find out 

for a given bubble raft at a given w a suitab~e value of /, such that the 

relative difference between the ~eft and the right band sides of (III - 4) 

was less than one per cento With this accepted value of J 1 the values of 

f3 at different radii of ratat;i.on were then calculated from (III - 5) 0 The 

entire programme was then repeated for other desirab~e values of Wo 
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40 COALESCENCE IN CENTRIFUGAL BOBBIE CELL 

Two attempts to st~ coal.eacence in the centri.fUgal aggregation 

ceil vere made: :L) coal.escence ot air bubb:Les at air/llquiclintertace in the 

rotating cell and 2) coal.escence of bubb:Les in rotating bubb:Le ratto 

AJ.though the;y have not been successtw.~ a brief SlDDIIIa17 is given hereo 

(a) Coalescence or Air Bubb:Les 

at'the Air/Ligûid Interface 

According to a theo17· whi~h Chappe:Lear~) advanced tor the approach 

ot a t:Luid drop to a llquid/llquid intertaces the rest time ot the drop 

should increase when the force pushing them together is inçreased. This RS 

tested in the· centrifugal aggregation .cell sinee the centntugal aece:Leration 

ean easily' be ehanged by varying the speed of rotation and the radius of 

rotation 0 

Unf'ortunateq the use of llquid/llquid systems RS found to be 

impossib:Le because one ot the llquid pair càused the ceU to :Leako When . air 

and aqueous Aeroso:L AY (American Cyanamide) solution vere used as the two 

t:Luid phasess the rest tfme ot air bubble at air/Aeroso:L AY so:Lution interface 

could be measured under certain eonditionso 

Air bubb:Les vere generated at a constant rate ot n bubbles· per 

second 0 The.y then travelled through the aqueous Aeroso:L AY so:Lution becauae 

ot the density ditference and fjnaJ1 y reached tho air/llquid intertaeeo 

When a steady atate na reached" the number ot bubb:Les reaehing the interface 

waa equal. to the number ot bubb:Lea d:1sappearing (by co~escenee) at the 

interface and the net number ot bubb:Les rem8ini~ at the interface Nbecame 

a constanto Then one has the relation 

't'=H" n 

where ,; is th~ average rest time 0 



1-22 

If' the concentration of the Aerosol. AY sol.utions. the speed. of 

rotation of the cell and the rate of the generation of ~ubbl.es were properl1' 

chosen. the reet time of the air bubbl.e coul.d be "measured. otherwise. 

bubbles might coal.esce vith one another on their W8T to the interface or form 

lqer thicker thàn one bubbl.e at the interfaceo ~e onl.y pral im1 na17 

results were obtained. fram these eteady etate measur_ents because of the 

clifficulty in the proper choiee of experimental. conditionBs thq indicate 

agreement vith Chappel.ear' 3 theo17. 

(b) Coal.escence of ]iubbl.es in ItotatingBubbl.e Raft 

A rotat1J;lg camera technique vas devel.oped for the experimental. 

etudy of coal.escence of bubbl.es in rotatiDg bubbl.e raft 0 A l.6 mmo Bol.ex" 

mone camera vith a special. vide angl.e l.ens (angle of via > 120°) and a 

circul.ar tl.uorescent lamp were mounted directl1' on the centrifuga! aggregation 

cell (Figure 3) so that there vas no rel.ative motion between the bubbl.e raft,\l 

the camera and the l.ight source (Figure 4) 0 Coal.escenoe of bubbl.es in bubbl.e 

raft was fOWld to be very compl.icatedo 

The critieal. speed of rotation of the cel.l. for coal.escences defined 

as the speed bel.ow which no coal.escence of bubbl.es took pl.ace,9 was not sharpo 

It coul.d be better described as a critical. speed. zone vith latitude of about 

5 RPMo 

The first instance of coal.escence eoul.d oeeur at di.fferent l.ocations 

in the bubbl.e raft and after di.fferent t:i.mes of cel.l. rotations but the 

probabilityof eoal.escenee was greater at smaller radii of" rotation and with 

increasing duration of oeli rotationo Once a l.arge bubbl.e vas formed by 

eoaJ.escenee.9 it vas DIUoh more probabl.e that further coal.eseence woul.d oceur 

between the l.arge bubbl.e and the neighbouring small bubbl.es than between 

two ident.ical. sma:u bubbl.es elsewhere in the bubbl.e raft 0 Thus s one instance 



Figur.e 3 !l'he arrangement for mounting the ci~é camera and the 
circular fluorescent lamp directlyou the' centr1f''Uga1 
bubble celle 
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Figure 4 Photographs of a bubble raft in the centrifugaI bubble cell taken wi th the 
rotating camera technique. As cell speed increases from 10 RPM (a) to 
133 RPM (b) ~ the bubble raft Il shrinks ll and finally coalescence takes place 
at about 3 minutes later (c). Distortion was caused by the wide angle lens; 
the ·series of concentric c:ircles are actually aIl l cm. apart. The white 
circular belt is the reflection of the fluorescent illumination lamp. 
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.' of coalescence 1ed. to auother anà.coalescence spread. out .tram an origine 

AlthOugbcoalescence wasoccasioDal.q observed. tO.:talce place in 1solat10n 
. -" \ '. '. -, '. '.,' 

w.1th l1ttle or no turther . coalescence' in· the surround1ng.area~ .1t verr 

. olten' spread.out ':iJDmed1ateq&Dd verr rapidq' fora', verr short; per10d or 
t:lme frca . the ox1.g:lna].···pe,:lDt,ôfco8J.e8c~e: a few thouêand. .blmb~es ·cOUl.d. . . - , ' .: _.,'.. .'.' .. " " ' . ..,~ ,- . ". , 

1.26 

,~, 'eœiJ.esce with1n10 second8~ ,The d.1rect10~ of spreadccrald be e1t."erradiaJ:1y 
. ,"..' .. " , ; '. ',' ,0'- •. :, _"; _ _ ','.' ;' • 

'1nward0r Olltward,oralonga circ\1lDfereiléeor a~.sp1ral. TJterec,~be more 

, ~ ... on~or1g1n o.t •. coalescence. 

'. "Ina bllbb1era.ft consi~ing ofa fn IIcrrStals"ofbubb1es" the 

·.tiret instance of coalescence, vas mostllke:q to take PJ,&ceatthe bOundar1es 

b8tweenc:r.Vstals. Once cOalesc~e occurred,it spr8ad read11Yalong the 

'boundar:l.es of the cr.rsta:Lso 

'. In aummarr 1tmay be~cithat.the probabil1tyof coalescence in 
. .' .' 

a rotat3JJg bubb1e raft 1ncreaseciw.1th1n,(,rea.s1ngspeeci ofrC)tat1oD, ciuratioD 

of the cell rotation" bubbl.eBize and bubble raft Bize, but with ciecreasing 

ra.cU.us· ot rotation. 
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APPENDIXV 

MEASUREMENT· OF :r.NTEBFACIAL· TENSION 

FROM THE SHAPE OF A ROTATING DROP 

. ABSTRACT 

. Vonnegut' sapproX1mate so~utionf'or the shapeot a 

f'luid drO; in ~ hori zonta~ ~otating tube f1Ued wi th allquid 

of' higher density has beenextended.and numeriea1 solutions 

',".;' 

"," " 

"":" 

".",;.,"'" 

:[28 

'," - .: 

. ' .' ., , 

-' . . .. ;_ .... ~.~:. .. ~ .. -.. ..:.:-. 

'based on exaet equationspresented,:from whichit is possib~e to 
. : " ",' '. f: . 

ea~eula.te the inte:r:faeial tension. from the ~ength of the e~ongated' 

drop along the aris of' rotation when the drop vo~ume, speed Of' .' . 

rotation and density dif'f'ërenee be"tweenthe two phases ar~ lmowu-:.'> 
An experimental methocl ~s deseribed and results given whieh show' 

good agreement wi th other methods. The teehnique isconsidered. 

to be espeeially use:f'ul f'or systems in which either phase is 

highly viseous or viscoelastic. The proposal byVonnegut that 

the method be used to measure surf'aee pressure-area eurves of' .. 

insolUble monolayers is shawn on theoretical grounds to have 

limited applicability. 



1.' INTRODUCTION 

When afiuid drop (phasei) is plaèed in a liquidothigher ... 

density (phase 2) contained in a rotatiDg horizontal tube.itbecomes 

elongated aiong the axis ot rotation untilthe detormationtorces dûe 

'to the centr1tugal.tieldare bal,â.ncedbytheintertacial.t~sion; , 

vonnegutJ.)suggested thàt this p~~iPle be usedto~~as~;ein1;e~!a.~iai 
: . .... " . 

. . , 

considered to be acYlinderwithroundedends. '. Thetheoryis onl7 

"strictly valid at··high 'speed's ot,rotation,· .. ·but'S1.l.ber~erg2)···.improve~· 
• 1 • • 

" :129 

·it by calculating correction tactorstor lows.peeds' •. The.;methodinvol:Yed 
. " . . . 

measurins the· radius ot the cylinder and. thus req~red anoptical. 

correctiûn tactor whichwe have toundto be a serioue limitation. \'le 

. have extended the theory by using exact equatl,ons tor th~ b1Jl)bleshape· .. 
, ", . , .. ' -' .. ;' ' '. ." 

and have developed an experimental methocibasedon measuringthe bubb1tl 

length without the need tor' optic~ . correction •. ' 

. Rosenthal3 ) hasrecently presented s:iJdJ.ar calcUlations. by' a 

somewhat ditterent method, but his resul.ts are less detailed ànd less 

suitable tor the application. considered in this paper.· 

2e THEORETICAL PA."lT 

.,' . 

It ia assumed, as beforel -3), that the angular velocity ot 

rotation' w is autticiently high that buoyancy due to gravit y i8. negligible . 

and that the drop is aligned on the horizontal axis of rotation. 

Cylindrical. coordinat es x, y ar.e chosell (Fig. 1) with origin at the lett­

band end,ot the drop. The angle.between the nor.mal ot the intertace at 

(x, y) and'the negative x-direction is e, and the semi-axes are Xo and Yo; . 

:.1.' 
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.TUBE WALL 

t-_·_ .. · .... . ,-, . 
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Figure ~ Coordinate system to describe the ahél.pe of a drop. ..' 
. . '~tating about êL horizontal axis • 

.0 

Fip;ure 2 Shape of a rotating drop for various values of ". 
The radius of curvature at .the drop end serves as 
the unit of length. 
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the densities otthe drop and the outer phase are.~ and d2 (d2 > ~) 

and the interfacial tension 1s i. Because of symmet17, it is sutticient, 

to consider.only th~ quà.rter drop between 0, O· and·x ~:y •. 
.' .... .... '. .. '. ." ,0.:,,0 

~ . .. . . . . . 

The pressure outsiçle the dropis given by' 

.' .... d2W
2

y'2 
p = Po + 2 . , 

.. ." 

aJld aty' = 0 inside the drop by" 

•. '_ +2'1' 
P·o - Po a" .... : (2) 

'. 

where a 1s the. radius ot curv~ture ~f the drop surtaceat theor:Lgin. 

Thus, at Y' 1nside the drop 

so that at the surface 

where llà = d2 - dl" 

. d_~,\22 
2'1' ~w'Y' 

p' = p +-+-2- , o .80 

The pressure ditference is balanced hl' the capillar,y pressure 

across the interface: 

l. l.) IIp = '1' (- +-
, Pl. P2 \' 

where the principal. curvatures are 

(6) 

and 

1.31. 



Equatling (4) and (S) yie1ds" tor theequation of inter.t'ace 

which can be written in the dimensionlessfonn 

., ... " . daine + ~ =2 _ a.Y?-
dY Y .' 

where Y = y/a, and 

Mw2 :3 :3 
. . 0. =. a; == 2ca: 

2'1 ' 

Ad~2 
c = 4'1-

Thus, . the shape of the dropis determil:led by· the dimensionless 

parameter o.. 

Equation (9) can beintegratedto· give· 

. . a.Y?-
sine = Y(l -~) 

or 

where X = x/a. 

Several useful relations .t'ollow readily: 

1) When Y = Y , aine = l, hence .trom (12) 
. 0 

:3 . 
a.Y -4Y +4=0, o 0 

one ot whose roots gives Yo as a function ot o.. 

1.32 

. (8) . 

. . ,. 

". ::" 

(10) 
:: .>.'. ',o, 

".:,' . 

(U) .. 

. (12) 

. (l.3> 

(14) 



2) Di!'teren1#ia1#ing (12) yields ' 

ds~e ~ (l _3~y2 )dY ~ (15) 

"", . . 

, whieh when mul1#iplied on ~he lett-hand side by 1#~e,a:nd theright-~" 
, ' , 

',', 81\le by dX!dY, and integratedbetween,t~e.or1g1n andCXoi Yo) yielcls 

. J., =X" - ~ 10, y2dJ[ • .. .. .(34) 
, ", ,<0 4')0 "', 

Binee' , ' 
" ' 

,', ,,' : X, " 
V '1" " 0_...2, ' " -3 ,,' 2'1t ,"VdX l , 

a; "o. 

where V i8 thevolumeot the drop,'one tindstrom (16) , • .. ' . 

! = '!i!!(.t)3 == §.!(X -1)'" ' 
3' '3a 3a. 0 .' a; , , ' " , 

where r i8 the radius ot asphere ,otthe same volume as the, W:OP. 

Equation (l7) reduees to a usetul tom 1#0 eonvert a to r" 

",t = r~~xo - 1)]~/3 
a La.· 

.. 

... . 

(17) 

(18) 

3) A1# high (a) the drop is elosely approximated by a eyl.inder with rounded 

ends. In 1#he eylincirieal part daine/ dY = 0, e = 90° ~ y = ,~o and (9) 

beeomes 

a.Y :3 - 2Y + 1 = 0 • o 0 
(l9) " 

Combining (19) and (14) yielda tor a long eyl.indriealdrop: 

Yo = 3/2 , (20) 

and the ~ghest possible value 

a. = l6/27 • (21) 
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Combining (10)" (20) and OU) l;eadstoVonnegut 1 a equatioJ-) 

AdW2
Yo3. 

"{= 4 ~ 

For thelimiting value ot o." (13)can be readily integrated te yield. for 

the enda of the cy~dricaldrop: .' 

·x31 rlél~ -?+3JI_.'.·.lti: .•. · •.. ·.:.·.· .. 2' t~J··. + 3~Y9~? . 
. .2 l2V9 ~ 12 -')6, ,,2,'~' .. '. ' 

'. (2.3). " 

Since y == y/a =3y/2y~thia equationis identicaltoVonnegutla , 0 . , .," 

. equation (16)1) ~" •. , . ", .' . ., 

For 0 < o., <16/27, (13) ·can be illt,egrated bymakingthe aubsti-

,tution 
, . . cr.y2 
q=l-T,I 

to' give 

J 'qdq 
X = - ~ f 3 . .. ; + a)l/2 + C • 

q, - q 4 

, (2;) 

If ql > q2 > q3 are' the roota of the cubic term in the denominator itcan 

be shown that 
cr. 2, 

q = 1 - -y , 
140 • 

(26) 

The three roota are always real over ~he possible range ot a." 

and 'are' co;qveniently e"#';û'ua.ted trigonometriCalq4) in the torm 

where. 
. ' coa~ = 1 - ~ o.. 

1.34 



, -
Bince the interval ot q over which the .integral (2.5) must be evaluated 

1s ~;,~ q < J.~ thesoJ.ution is.5) 

. X = -' ',2 [qlF(k,~) .- (ql - C!.3)E(k,fb). + 
V,,(qJ. - '1.3) 

... / ,2 2] .. 
(ql ... %)t~ vl- k sinW+ C , (27) 

where F .and E are the elliptic. _. integrals,.,ot the .:tirst imd second kind, 
. . , , 

, 

(0 ~ fb ~~) • (28) 

At (Xo' Yo)' q = qJ. and fb'c O~ the bracketed term in (27). vanishes . so 

that 

c = X' .. 
o' 

At the or1gin X = 0, y = 0 and q = J. 

Xo = 2 . [qlF(k,fb1 ) - (ql - q,3)E(k,fbl ) + 
"lja.(ql - '1.3) . . 

(~l - q,3)t~l Vl - k2Sin2f61] , 

where 1> = f61 when q = 1. 

. (29) 

(30) 

These equations allow the drop shape to be computed tor any 

value ot a. using tables ot the elJ.ipt1c integrals6). Then alJ. dimensions 

are known. in units ot a and can readily be expressed in terms ot r using 

(18) • Instead' of a. the more conveni.~t shape-determining factor cr? can 
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be used b,. combining (10) and (18): 

~ ar 3 
cI"" = '2(a:) , = Xo - 1 • (31) 

Table l reports the values of the most important drop parameters 

tor var10us values of a, while Fig. 2 shows the drop shape for several 

'~ases.* 

At values ot a. greater than. in Table l (when the central part,. 
of the drop 1s effect1v~ c7lindr1c~) the tollowing equatiOns apply 

with sulf1c1ent accurac,.: 

anel 

From (:31):' 

From (31) and (~2): 

From (34) and (35): 

-- .. 
'FrOm (33) and ~3 5) : 

From (36) and (37): 

a == 16/Zl , 

Y = 312 • o 

Xo 2 c~ + 1 

• 

r =:3 (é;')~/3 • 

7 ~ -1/3 l/'l f = (OI"") or '1'0 = c- ~. 

Xo 2 ~ - = ;-(C1"'" + 1) • 
70 ~ 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) . 

(38) 

Equat10n (37) 1s vonnegutlsl ), but tor reasons stated earlier 

(36) 1s more usetul in experimental work; I~ig. 3 shows xo/r and. y Ir as 
( 0 

a tunction of the independent variable o.).c 

* For all but the last six values of a in Table I,'the shape parameters 
were c~culated by numerical integration of (9), using an IBM 1620 
computer. For the highest values of a this procedure was too time­
consuming and the table was completed by computing Xo, Yo , ria and cr3 

tram (30), (26), (18) and (31), respectiv~. 
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TABLE l 

,Calcule.ted Shape Parameters of a..RotatingDrop •. 

o 
0.05 
'0.10 . 
0.15 
0.20 
0.22.5 
0.250 
0.275 
0.300 
0: 325 . 
0.350 
'0.375 

. 0.400 
0.425 
0.450 . 
0.475 
0.500 
0.525 
0.550 
0.555 
0.'560 
0.565 
0.570 
0.575 
0.580 
0.5825 
0.5850 
0.5875 
0.5900 
0.5910 
0.5920 
0.5922 
0.5924 
0.5926 
0.69266 
0.69267 
0.69268 

'. 

ria 

. 1.000. 
· 1.017 '. 

1.037 
1.058 
1.081 
1.095 . 
1.108 . 
1.124 . 
1.140 
1.158 . 
1.177 
1.198 
1.222 

· 1.250 
1.281 
1.318 
1.363 
1.421 
1.504 
'1.526 
1.550 
1.578 
1.611 
1.652 

· 1. '104 
1.737 
1.779 
1.836 
1.926 
1.986 
2.099. 
2.150 
2.217 
2.289 
2.356 
2.412 
2.468 

3 cr 

.0 
0.02G3 
0.0557 
0.0888 

·0.1265 
0.1476 
0.1703 
0.1951 
0.2222 
0.2521 . 
0.2854 

.0.3227 
0.3653 
0.4146 
0.4727 
0.5435. 
0.6330 

'0.7536 
0.9354 . 
0.9854 
1.043 
1.111 
1.192 
1.296 
1.435 
1.528 
1.648 
1.817 
2.105 
2.314 
2.739 
2.944 
3.221 
3.555 
3.869 
4.161 
4.463 

. x Ir 
o 

1.000 
1.009 
1.018 

: 1.029 
1.042 . 
1.048' 
1.056 
.1.063 
1.072 . 
1.082 

.. 1.092 
1.104 
1.117 
1.132 .. 
1.150 
1~171 
1.198 
1.234 
1.287 
1.301 
1.318 
1.338 
1.361 
1.390 . 
1.429 
1.455 
1.488 
1.534 
1.613 
1.669 
1.781 
1.834 
1.907 
1.990 
2.068 
2.140 
2.209 

' . 1.000' : ~ 
0.996 . 
0~990 . 

.0.985 
'0.980 
0.976 
0.973 
0.969 
0.966' 
0.960. 
0.955 
0.950 
0.944 

'0.937 
0.928 

. 0.919 
0.907 
0.892 
0.869 

. '0.863 
0.857 
0.849 
0.840 
0~828 
0.814 

'0.804 
0.792 
0.776 
0.751 
0.734 

1" 0.702 
0.688 
0.670 
0.,651 
0.634 
0.620 
0.606 

1.000 .. 
1.013 . 

. 1.028 
.. 1.044 

, 1.063 . 
1.074 

.1.085 
'1.098 
1.111 
1.126 
1.143 
1.162 
1.184 

.' 1.209 
1.238 
1.275 
1.321 
1.384 
1.481 

. 1.508 

. 1.539 
1.576 
1.621 
1.678 
1.756 
1.809 
1.878 

'1.977 
2.148 
2.275 
2.638 

. 2.667 
2.846 
3.069 
3.261 
3.462 

'8.646 
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8~----------------------------~------~--~ 

....,.,;..---_:_-EQUATIONS (361 and (37)-------.j 

°O~------~-------~-----~1~5----~2~O~---:-~25 
cr~ 

Figure 3 Variation of xo/r and Yo Ir with cr'. 

" 
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. 2) 
SUberberg concluded that (.37) ia applicable wen the axia 

ratio xclYo> .3.5, in general agreement vith the present calculations, 

although the choice ofthia critical value ia arb:Ltrar,y" and depencis on 

the accuracy being sought. 

.3. EXPERIMENTAL PART 

(a) Apparatua 

The rotating cell used (Fig 0 4) ia driven by al./.3 HP A.C. 

~tQr (B~eElectric.Co." Chicago) through two DYNA minidr1ves 

(Ontario Dr1!e andGear Ltd.) connected in series so that the speed. ot 
1 

rotation of the apparat'ils iasteady and. cau be varied. continuousl.1' up 

to 1.0,000 RPHi.the apeed. is meas~,ed to 1. RH! with a tachometer (Hasl~r 

Berne Ltd.) .. The clamp assem.bl.y on. the 1.eft side of the photograph 

(Fig. 4&) ho1.ds the rotating tube· securely. 
+ . 

The glass tube 1s 1- 0.001. cm •. i.d. and. approodniatel.y 22 cm. 

~0i1g. Since it is important to avoid vibration of. the bubl?1.e, precision 

bore tubing ia used. to provide good bal.ancing at all speeds. At each 

end of the tube there 1a a ground glass joint into one of whichis. fitted 
. . 

an ordinary stopper a.Dd. into the other one with a l.? mm. capill.a.ry' in 

the .centre» both stopp1ars being spring 1.oade~ to protide a tight saal 

(b) Procedure 

A crit1cal step in the measurement is the intr.oduction of a 

bubble of accuratel.y known volume. After thoroughly' c1.eaning the ce11, 

the stopper with the capillar,y ia wetted with the beavier (phase 2) 

1.iquid and insert.ed in one end of the tube. The tube is held verticall.y . 

and filled completely and allawed to stand so that &n1' trapped air bubbles 

1.39 



Figure 4(a) Photographe or rotating drop apparatus ehowing who1e 
assembly and cathetameter for measuring drop 1ength (top) 
and detail of glass tube and !1xed part o! c1amp 
assembly (bottom). 
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Figure 4(a) 

c» 

Photographs of rotating drop apparatus showing whole 
assembly and cathetometer for measuring drop length (top) 
and detail of glass tube and fixed part of clamp 
assembly (bottom). 
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e· 

"" 
..... 

B 
o/G c .,' 

o 5 
cm. 

Figure 4(b) Rotating drop apparatus (sèhe.'Iléltic) . .' •. ' ..... . 
A -. fixed part of' clamp assembly,B - rem.ovablepart of clamp assembly, 

. C - glass tubing, D - tl10 pins to prevent. the slip bet\1een g~ass tubing 
and clamp assembly, E, F - ground glass stoppers; E has capillaryat its 
cente~, G - cross section. ':.: . ..... . . 

:e 
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escape,. af'ter which it iS-incl±ned-nearly--honzonta.:uy with the open 

end up. khypodermic need1e .f1tted te a microburette 1s s1.owly inserted 

through the capillary at the J.ower end and a caretully measured (to 

lO-4c~·c.) voiume ot phase l 1s introduced which coalesced to tom a 

sin8le bubbJ.e. . The neecUe is slowly ",'i.thdrawn and. the upper open end 

ot the tube is èlosed with theother stopper"with the excess phase 2 

being expelled through the capillary. In this way the drop was introduced 

under very little hydrostatic pressure. The tube 1s then inserted in the 

apparatus clamp. 

The bubble length is measured ~sing a horizon~al cathetometer 

over a range 0.1" speeds 0.1" rotation •.. A.fter ·reach1ng èquilibrium the 

drop'length trom tip to tip is measured twice at each speed of rot~~ion; 

trom left ·to right and then in reverse. This reduces any error caused 

by any .inclination ot the tube. 

. ~~. : 

4. RESULTS AND DISCUSSION 

In aJ.l systems examined,l) except air and liquids ot low 

v1scosity such as waterj the drops had very ~ooth surfaces and as 

predicted by the theory were elongated along the horizontal axis of 

rotâtion with increasing speed ot rotation (Fig. 5). A typical set ot 

results and calculations 1s given in Table II and shows that the method 

gives constant values of ~ over a wide range of w. 

A summary of results for a variety of systems is given in 

Table III" and some comparisons with the pendant drop and ring tensiometer 

methods are gi ven in Table rv •. 
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l000RPM 3000RPM 

_. 
1500RPM 3500RPM 

2000RPM 4000RPM 

2500RPM 4500RPM 

Figure 5 Photographs of a heptane drop (0.156 cm: ) in glycero1 
rotating at various speeds. 
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TABLE II ", '.', ',: 

Calculation and result o~a typical, eJq)eriment. 

System: n-hexadecane/glycerol 

v = 0.1900 cm.3 Ad = 0.485 g.Cm. -3 r = 0.3567 cm. 
,--'--. " 

:-', . ,-,' 

c~a) b} 
CI) 2xo . xo/r c "( 

RPM rad~sec. 
-1 'cm. ' cm. -3 ' -1 , dyne.cm. 

859 89·9 1.048 1.469 1.580 ,34.84 ,28.14' . ' .:,. 

1207 . 126.4 ',1.343 1.883 3.163 ,,69.74 1., ,,27.77 ' 
- '.. . .. 

1629 170.6 1.786' 2.504 5.72 126.1 27.97 . 

1957 204.9 2.172 3.045 8.22 181.3 28.08 

2160 226.2, ' 2.433 3.411 10.05 22l.6 27.99 -
2454 256.9 2.819 ' 3.952, 12.90 284.4 28.lJ ' " ' 

2644 276.8 . 3.091 4.334 15.05 331.9 27.99 

2947 308.6 3.530 4.949 18.70 412.3 28.00 

, 3285 343.9 4.06~".;' 5.695 23047 517.5 27.71 

, ; ;, 3639 381.0 4.579 6.420 28.36 625.3 28.14 
, " 

4020 420.9 5.200 7.290 34.65 ' 764.0 28.12 

4489 ' 470.0 5.996 8.406 4')'.27 954.1 28.06 

Mean = 28.0 

SoDe = 0.6% 

a) Interpolated values ~rom Xo/r using Table l when x~/r < 2.209. 
For greater values (36) ,is':"used. ,.j , 

b) Calculated trom (li). 

'. 



No. 1 
0 

1 

2' .. 

;) 

4 

; 

6 

.. 

TABLE III 

. Intertacial tension and other physical properties 

. ot experimental By'stems 

Phase 1 Phase 2 M 112 . ,. 
~,3 g.cm. •.. poise . -1 

dyne.cm •... 
.. 

. _-------- ---., ... . " .... -._~~ •.. , . ....... -...... -------
Air G~cero1 )...260 8 66.1 • 

1 

Heptane G~cero1 0.576 8 28.4 

n-Hexadeca.ne GJo~'cerol 0.485 8 .. 28.0 

'Water . Cyc1ohexanol 0.07l . 2,30 26.4 .. 
. phthalate 

Water Dow Corning 0.302 130 40.3 
tluorosilicone L 

t1uid F5-1265 

Air 2% aqueous l.ool : 65.,3 
sol.ution o:f 
Cyanamer P250 
po~ac17lamide 
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TABLE. IV 

". Comparieon of interf.acial. teneion:meaeurement 

by d1:tferentmethods.' 

.. ,-

-----'~--.-------------~~~~~~~--------~r_--~ 

System 
1 (dyne.~. -l) . 

f-,--~----- 11/12, 
Rotating dropPend.ant drop Ring teneiometer 

(1) . (2) 
1----,.---------.-.---- --_.-. __ .----....,--'-----,-----------1---

Air/glycero1 

Heptane/glycero1 

66.1 

28.4 

n.,He.xa.decane/glyceroJ. ',. 28~O 1· 27.2 .. '------. __ , ___ ........ __ ._. ____ ._. __ L _____ .. ;~ .. __ ~._ 

" 

'63.4 1.02 

. 27.7, 1.02\ 

~ __ . ___ ~~~~ ___ . ..~.03 ·1 

·:1.46 



e' Accurate measurements ot w and V are essential tor this method" 

since "( varie's as w2.jnj with n ~ 3/2. Ot the two requirem.ents the mor~ 
dittiçult to meet is the second and it is the reason tor the care.taken 

in introducing the bubble into the celle vlith agas bubble) care must be 

taken to prevent a:ny change 01' V trom variations in tem.perature and 

pressure. Although V changes with w" it is readily shown in bubblesat 

atmospheric. pressure that the variation in V" trom the ce;rltrj,.tug~ field 

is neglieible. 

It is theoretica.l4r possible todetermine ."t without measuring 

V" since at high W(36) isapplicable. Substituting (11) into (36) leacis 

to 

(39) 

\'lhere ) . (40) 

and (41) 

If the drop length is measured at two or more speeds" bath thè V and "( 
.. 

can be calculated trom simultaneous equations such as 

1 1/3 .) 
+1 

\ 
Gl (~) = lf:L hr) ! 

1 , 

l 1/3 .) 
+1 j G2(~) =H2(If) 

(42) 

It can easily be shown that the solutions ot (42) are 

and 

(44) 
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However this"method was i'ound to be impractical" because the 

ratio Gl (l1. ~ H2)/~ (Gl - G2) was never much greater than unity. Thus, 

a smal1 error in w, and hence G and H,lead to a large er~or in ~. 

In accord. with Vonnegut' s observationl ) an air bubble in water 

had a rippled surface. Although the exact cause of the ripples is not 

known" .it only occurred with systems.oi' low viscosity and was probably 

dueto the vibratipn fram the motor drive. 

Rayleigh7) showed that in a non-rotating field a cylindrical 

drop deve10pes axisymmetric standing wavesoi' length exceeding the 

circumterence with an accompanying decrease in interfacial area. More 

close~ related to present workis the investigation by Rosentha~) who 
, . 

found that,a long bubble subjected to sma1l axisymmetric disturbances 

in the axial direction is stable at allwave-lengths ii' the ratio 

[(Yo)al(Yo)b] ~ 0.63, where (Yo)a is the actual radius oi' the cylinder 

and (Yo\ is the equilibrium value given by (37). It then i'ollows 

read~ from (37) that ii' there i5 a sudden change i'rom wl to w2 the 

bubble will not break up provided that wlwl ~ 0.50. In our experiments 

no instability was observed when w was changed gradually or kept constant. 

A sudden stop oi' the apparatus" however" oi'ten resulted in the break-up 

oi' the cylinder into two or more smaller drops in accordance with 

Rayleigh 1 s theory 7, 8 j • 

It should be remembered that wis the speed of rotation of 

the drop. Because oi' buoyancy, the drop axis does notcoincide exactly 
, . 

with the axis oi' rotation so that w oi' the drop may be slightly less 

than that oi' the tube. Thus" by assuming wdrop = wtube an error may be 

introduced to yield a higher value of ~" which may explain why the 

values obtained were consistently higher than those by the ring and 
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.. 
__ 'pendant drop methods (Table IV). One would expeot, however, that this 

error wuld disappear at high fa) and/or 112' ' 

It shouldbe pointed out that visoos1ty does not enter ioto 
", ,'. 

... ') .,," 

",0, 

' ... ' 

'.- .. ; 
.... ' 

, '." 

the theor.ri although iD a very viacous syst.em,1t takes ~onger tor the 

drop to reach its equil1brium shape~ ,Thus this method 18 part1cularlY ';, . 

. . . '. 

, :,' , usetul tor viscous systems where, by oontrast, the more cônventio~ 
',,'. 

-, ~; , 

techniques mq not be appJ.icab~e. 

Two non-Newtonian aqueous systems, ,·one pseudoplastio and th~' ',' 
. l ."', l'O •• 

. other viscoelastic, were brief'lyexam1ned. Af'ter three hours 1 rotation, ; 

'at 2025 'RPl( an ~r bubble in a 0.1.% solution 0.1' Carbopol 940 (Goodrièh-.' 1; 

'Chem1cal) reached a stea~ but not an equillbrium Xo which depended 

upon whether the. final speed ws reached by' increasing or decreasing wi' ',', ~ 

,this is presumably" due to' the high yield value of" the pseudopl,.astic 
, ' 

,,'~,.' Carbopol solution. However, an air bubble in a viscoelastic poly'acry-, 

,',,' . 

.•... '.' 

: ~.' 

lamide solution :(2% Cyanamer P250, American Cyan8Înid) att~r 'three bours"" 

',,' ' rotation at 1530 RFM reach.ed an equillbrium x~ tram which 1 vas 
. ' 

, ,< evaluated (Table III)., Thus, this method may be applicable to visc~ 

elastic mol.ten po~er systems. 

2,- CONCLUDING ~S 

vonnegutl ) suggested that the method might be used to meape 

surtace p~ssure-area curves ot insol~ble monolayers, aince the surtace 

'area A ot the drop given by-
, y, 

Â
2 

= 4'Jt J °Y-:Y-l-+-(-W-dy-)'?I2 dY , 
a 0 

(45) 
-, 

-, . 
cm be coDtrolled by cbanging w. 

'C 

: t' 

.~ 

,. ' 
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...... " 

" 

. . .... 
.... 

'1.50 

and maldngtheaubst1tut1on 

. one obta1na 

", ' ' a:~, 
qr.::.l-T' 

'l' . 
A, ~l:l. ·dq ',', 
-2 =.--...F ( 3_ q2 + g,)î/2 '" 
a 1 Cf' 4.' 

,d 

, " 

,', (46), 

. ~. . 

,,' ',(1.17)·" ,::::, .. 

," . 

. ",' 

.. :' ... ", 

(48), ' 

"here the ~o18 have the same mean1ng a8 :ln (30). . , 
,", .. 

, When co) r.:: 0, the drOp 1s sph~riCal ~ A/r2 = 4" =12~57. 
For mach higher valuesot co) the area ot thec,yl1ndrical drop 18 given 

apprœ1mateq by 

(49) " 

Thus" at co) == 2!J, 'm.8 ratio xo/Y' 0 i8 20$ but the . surface area has onq 

doubled. The variation -:in :surtace area produced. by changing the speed 

, ot rotation 18 theretore too small to be used :ln evaluating a surtace ' 

pressure-area 18otherm.: :;; 

:,"' .. 
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LIST OF SYMBOLS . 

a = radius ot curvature otthe drop surtaceat theor1gin .. 

A _ =. surface area ot the drop 

c - a parameter det:inedb7 (ll)' 
. . 

~~ .~'. = . dens:lt70t phase l (drop)aruiphase 2 . 

Ad .=.~-~ 

E.F= ell:lpt:lc integral ot the .second and. t:1.rstJdnds 

. G. H =detinedb7 (40) and (41) 

. k ;:;; . modulus ot ell:lpt:lç :l:iltegr~ . 

. p .. , poe pressure outsic:le the drop; at77' 0 • 

. pl, plO ca· pressure :inside the drop; at·7 = 0 

Q1' Q2.·~· = roots ot cub:lc equation (see 47) . 

r. . = radius ot asphere ot the same volume as th~ drop 

x 

J) 

e 

. ca c7lindr:lcal. coordinate; semi major axis . 

= x/a 

= .. C7l:lndr:loal .ooordinate; sem:l.m1nor axis 

=. 7/a 

&:1 volume ot drop 

. &:1 parameter det:ined b7 (10) 

= intertaoial tension 

= v1soos:lt7 
. . 

&:1 the angle between the normal ot the :lnter~aceat' (X,7) 
and the negat:lve x-direction " .. ' . 

= prino:lpalradii ot curvature ot drop surface 

= amplitude oi ellipt:lc intêgral 

&:1 angular veloo:lt7 

'. 
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