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MEASUREMENTS OF FLOW CHARACTERISTICS
IN A CONFINED VORTEX FLOW

by .
~ . Nader Bank

ABSTRACT

A study of air flow patterns by hot-wire anemometry is reported
for a vortex chamber consisting of a cylindrical upper section 122 cm
in diappter and 61-cm high, with a conical bottom section 183-cm high.
Quantitative data are presented for flow angles, profiles of mean tangen-
tial and axial velocities, and radial diétributions pf tangential and
axial intensities of turbulence as a function of air entrance velocities
(1.6, 2.4 and 3.2 m/s) and axial distance from the top of the chamber.
The mean outward radial velocity was found to be very small.

The experimental technique depended on the use of a single
inclined hot-wire probe in various azimuthal positions of the inclined
wire. Appropriate response equations for the velocity components and
turbu]gnce 1ntensigieg were derived from a theoretical analysis which

constitutes an important contribution of the work.

In general, the quantitative results confirm the theoretical

s
'

predictions and the experimental trends reported in the literature./ In
particular, they fully support the conclusion that the flow pattern is
relatively insensitive to the entrance volumetric flowrate.

M.Eng. (Chemical Engineering)
March 27, 1975
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RESUME

. J
Une &tude a &té faite de 1'6coulement tourbillonnaire de:

1'air dans une encef;te consistant d'une section cylindrique supérieure
d'un diamdtre de 122 cm et 61 cm de hauteur, et d'une section conique
inférieure de .183 cm de hauteur. Au moyen d'un anémomdtre & fil chaud,
les varihblesfguivantes‘ont été mesurées en fonction de la vitesse
moyenne de 1'air & 1'entrée (1.6,I2.4 et 3.2 m/s) et de la position
axiale dans, 1'enceinte: profiles des vitesses moyennes tangentielles
et axialé;;“éf—5?5f1le§ des intensités de turbulence tangentielles et
axiales. Les vitesses moy:;nes radiaies mesurées &tarent trés petites.
La technique expérimentale a €té basée sur 1'utilisation
d'un seul filchaud inc¢liné, dans des positions azimuthales différentes
ep pré-déterminées. Les équations de réponse pour les composantes de
Qitesse et pour les intensités de turbulence ont &té dérivées a partir

d'une analyse théorique qui constitue une contribution importante de

cette thase.

En général, les résultats confirment les prédictions théo-

riques et les observations expérimentales rapportées dans la litérature

scientifique. Plus particulidrement, ils confirment le fait que 1'angle

de 1'écoulement est trés peu affecté par la vitesse d'entrée.

Thase M. Eng. - le 27 mars 1975
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NOMENCLATURE

Unless @xpressly stated otherwise the following notation

‘i

is app]icab]%.

Roman Symbo1ls

) a, to a,s
A’B’CQD,E’F,G
K

i

a,» 9, 9,

Y

L S

-1
4

— Fietitious dominant mean velocity vector in~ -
.Z direction R —

Constants defined in eqbation A33
Constants- defined in. equation A26
Yaw factor J |,
Siope of calibration curve, m/s/volts

Adjustable constant in l1inearized response,
equation (9)

Effective cooling velocity m/s
Instantaneous resultant velocity vector

Components of jnstantaneous-velocity vector in
X, Y, Z directions.

Radial position, cm.
Radius, cm.

Meaanelocities in radial, axfa] and tangential
directions respectively, m/s

!

Fluctuating velocities in radial, axial and
tangential directions respectively, m/s

Instantaneous voltage across the wire, input to the
linearizer, volts

Adjustéb]e constant in linearizer response, equation (4)

Linearizer output, volts

Tangential component of velocity in vortex flow,

on.page 1 and equation (1), m/s



Roman Symbols

ix

s

Total inlet veloity, m/s '

Coordinates in radial, axial and tangential directions
respectively

Also noted as amplification factor in linearizer
response, equation (9)

Angle between mean flow direction and normal- to the
Angle between mean flow direction and hot-wire axis,

Angle between instantaneous resultant velocity vector
and the normal to thé wire axis, degrees

;

Angle between the instantaneous resu]tant velocity

Aziriuthal angle of hot-wire, degrees ‘ A

T

K1nemat1c Tigquid V1SCUSTtY‘_EQﬂat16ﬁ~{5}

Kinematic eddy v1scos1ty. equation (5) -

Qa
wire axis, degrees
.
o )
degrees
B
s
'
pry
. _Bs'
K and hot-wire axis, degrees
0
— \Y
€
.
v, ‘
9
q-
e
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GENERAL INTRODUCTION

Revolving fluid flows in which the tangential velocity distribu-
tion is at least crudely described by wr = const. are classed as vortex
flows, and are of interest in connection with their natural and induced
occurrence.

Vortex flows 1n which there is large scale rotationkof the mean
flow occur 1n many types of fluid motion. In turbo-fluid machinery
rotation i;/{hparted directly to the flow by mechanically rotating rotors.
Flow in tubes can be made to swirl by passage through stators with vanes
angled so as to direct the flow tangentially to the tube walls. Vortex
tubes have tangential slots in the tube walls so that flow entering the
tube through the slots spirals along the tube. Trailing vortices are
formed when the separated flow over wings or blades rolls-up into a vortex
core. Atmospheric vortices range widely in scale from small dust-devils

and whirls to cyclones and hurricanes which may exceed 1 000 miles in

diameter.

Interest in vortex flows, and especially intensive study of them,
have followed the proposal of their aﬁp]ication to various technical uses.
Among these are: a method for the separation of gases of different
molecular weight, one variation of which is described in (1); a nuclear
propulsion scheme based on the above (2); Ranque-Hilsch vortex tube for
refrigeration (3,4); magneto-hydrodynamic power.generator (5); cyclone
separator (6); swirl atomizer (7); gas turbine cyclone combu§£ion
chamber (8); vortex-contained nuclear rocket engine (9); rocket engine
thrust.modu1ation (10); oil-water separator (11); and spray dryers (12,13),

to name only a few. In all, the use of vortex, or swirling flow, is

] >
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main%y to enhance the exhaust velocities, to promote mixing and dispersion,
and to separate droplets and particles from gases. ’

Despite the interest created by these applications, the mechanics
of swirling flow are not clearly understood, especially with respect to
the flow patterns and turbulence profiles. Prob;bly the most important
aspect in}design and operation of the above-mentioned industrial equipment

is the prediction and control of the fluid-flow pafterns. However, little

is known of the complicated details of vortex flow because the object of

ﬁost of the past investigations was only the measurement of the gross

behavior of the equipment. . ‘ \
Previous analyses have been based on various 1dealizations of \

internal flows, which oversimplify its complexities; moreover, they have ’ )

not considered the significant variations of this flow in equipment of

djfferent geometric shapes. Hence, it can be said that the past information

/@

>

Ts—gefrrtety Tsufficrent—toprovide—a—clearpicture &f«%he—spwa—l—f—l—ew———
behavior. The need for more detailed investigations om vortex %1ow has- -~ ——— -
been pointed out by Gauvin et al. (14), and Katta and Gauvin (15) 1n
their study of the three-dfhensiona] motion of droplets 1n a spra&-drying
chamBer and its application to the prediction of the thermal efficiency
and evaporative capacity of the eguipment.

The objectives of the present study were twofold. The first was
to analyze a three-dimensional centrifugal flow field and to derive a
modified set of response equations from the assumption of cosine law
cooling, which would permit.the determinations of the components of the

mean velocity vectors, turbulence intensities and Reynolds stresses, from



a single inclined hot-wire probe introduced in various orientations ‘n
the flow field.

The second objective was to apply this measurement technique to
an experimental study of the flew behaviour in a vortex chamber having an
upper cy11ndr1ca1 section with a tangential air 1n1et and a conical
lower part. This geometry comb1né§ in a single apparatus the two major
forms of vortex flow. It is also typical of many types of industrial
equipment, such as spray-drying chamber and cyclone separators.

The purpose of the experimental work was to characterize the spiral
mbt1onJof air as it swirls through the chamber and to measure velocities
and turbulence intensities. in the axial, radial and tangential directions,
in an attempt to generalize these findings as a function of the f]ow\

parameters. Predictions of these characteristics are essential for the

sound design of a large number of chemical processing equipment involving

the contact1ng of a d1spersed phase of droplets or particles with a

T —_— - -

conveying gas, such as spray dryers, cyclone evaporators, spray coolers,
gas scrubbers and absorbers, pneumatic transport reactbrs and cqmpustion
devices involving fuel sprays. ' “

This thesis -is divided into two mgﬁor parts: the first presents
a review of the literature on vortex flows, and contains a description of
some of the measuring techﬁiques available, including a brief summary of
hot-wire anemometry. The second part consists of a presentation of the
experimental work and the interpretation of the dbfained exper1menta1 data.

Detailed theoretical analysis underlying the specialized method of measure-

ment used in this work is presented in Appendix I.
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LITERATURE REVIEW ‘

INTRODUCTION

Velocity vectors in vortex flows are, as pointed oft by Chigier (16),
composed of axial, radial and tangential (circumfer £ial) components. A
cylindrical co-ordinate system is usually adopted wikh the origin at the
vortex centre, where radial and circumferential velocity components
are zero. The established vortex flows are generally axi-symmetric but
during formation of the vortex flow the symmetry is often d1storte§. For
the axi-symmetric flows, measurements of velocity fields may be made along
any one radial line at a pérticu1ar axial dtation. For non axi-symmetric
flows, measurements need to be made over mény more points in order to map
out the flow field.

Vortex flows are generally turbulent in the core regions, with
high intensities of turbulence and high turbulent shear stresses in the
regions of tangential velocity peaks. Determination of velocity in vortex
flows, therefore, requires measurement of three velocity components, detec-
tion of direction and reduction of instanianeo&g velocity measurements into
time mean-average values and root mean-square of fluctuating ccmponents of
velocity. ’ |

Experimental work on’a vortex chamber, in general, divides itself
“Into two main tyées. The first consists of parametric studies of the
effects of varying the geometry of the vortex ghamber components on the
overall operating characte}istics, mainly pressure drop and temperature

differences. The earliest ipvestigation in this category is one by

Hilsch (3). Other major inVestigations of this type were published by

;N
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Dornbrand (17), Martynovékii and Alekseev (18), Westley (19,20) and
Suzuki (21).

The second type of experimeh%gl investigation concentrates on
the flow within the vortex chamber by measuring the pressure, velocity
and temperature profiles at various axial stations in the chamber. The
earliest of these was by Scheper (22).

The present study places itself in the latter category and deals
with the mean, flow characteristics and turbulence structure in a spiral
gas stream occurring especially in vortex chambers of spray-dryer type.

This Titerature review is d1vided’iht0 two sections. The first
section is devoted to the experimental work done on the vortex flow
behavior and begins with consideration of flow in a vortex chamber of
simplest geometry, namely the vortex tube. In the second section emphasis
will be put on the review of theoretical and analytical studies o% the
problem, and since spiral flows occun/in manyﬁeng{neering works, an
attempt is made to present a concise review of the most significant studies
dealing with different app]ications.\ The reader should be aware that this

division is artificial and that there will be seme overlap between the two-

areas.

SURVEY OF EXPERIMENTAL STUDIES

In the early 1900's, G.I. Taylor (23) dominated the work in general
vortex motion with a series of articles in the proceedings of the Royal

Society of London. However, most of Taylor's work did not directly apply

- h}
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the results of a parametric study to determine the effects of tube geometry

to the confined vortex f]oweﬁield. The interest in confined vortex
Studies began 1n 1931, when a French metallurgist, G. Ranque (24) noticed
a temperature decrease in the vortex of a cyclone separator. Ranque con-
structed a device which attempted to use the vortex temperature effect
as a refrigeration process. A typical configuration of this device consisted
of a cylindrical tube with tangential injection nozzles around the periphery
of one end of the tube. The "cold" stream was ejected through an orifice
near the vortex centreline at the injection end of the tube. The "hot"
stream was ejected through a'back pressure valve at the opposite end of
the tube. After patenting the device in 1932, Ranque indicated after
further investigation that his device was too inefficient to compete with
the conventional refrigeration.

From 1931 to 1946, the vortex tube and, for that matter, the
entire field of confined vortex flow lay dormant. In 1946, at the end of

World War II, papers were found in R. Hilsch's (3) laboratory that showed

and operating conditions on the efficiency of the Ranque-Hilsch vortex
tube. When these papers were brought back to the United States, they

created such interest that by 1954 Westley (19) compiled a 1ist of 116

_papers dealing with the Ranque-Hilsch tube and in 1960 Donaldson (25)

reviewed an additional 112 papers on the subject. Thg bulk of the work
done during this period was similar\to Hilsch's, who gave a qualitative
description of the flow in the vortex tube and postulated an outward fiow

of kinetic energy due to internal friction. -



Hartnett and Eckert (26,27) experimentally studied the basic flow

characteristics of a cylindrical vortex chamber in 1956. They visualized °
the flow using wool tufts supported on a fine wire, and reported velocity,
pressure, and temperature profiles for a ndmber of 1nlet conditions and
different "hot" stream exit geometries. They also indicated that the

radial velocity component was negligible throughout the eﬁtlre tube.

Another significant finding was the fact that the predominant ax1al velocity
was concentrated in an annular region adjacent to the wall, while in the
interior of the flow the axial velocities were small. Their inlet velocities
were near 150 m/s, and they also showed that the velocity vector (flow
pattern) was quite insensitive to changes in the inlet velocity. The two
most important findings in this investigation were the areas of reversed
axial flow and that the energy separat1o; 1n a vortex seemed to be independent
of the fluid Prandtl Number.

The shapes of the tangential velocity curves obtained by Eckert and
Hartnett were conf1rmed by the work of Schowalter and Johnstone (28), who
measured and reported the mean flow patterns and components of the turbulence
intensity for tﬁb types of spiral flow fields: vortex tube, and cyclone
separator. They worked at inlet velocities near 30 m/s, and showed that
the mean and turbulent flow structures were not sensitive to change in the

(

flow rate, but were greatly affected by the geometry of the system. This
agreed with the results of Eckert and Hartnett (27) as mentioned above.
Schowalter and Johnstone also reported that the flow in the central

portion of the vortex tube was one of nearly constant angular ve]oc%ty

(forced vortex), and this confirms the earlier assumptions made by Kassner



and Knoernschild (29), and by Marshall (30). Moreover, they found that
the spiral flow patterns were not symmetrical with the centreline axis,
and postulated a dynamic centreline with helical shape as explanation for
this asymmetrical behavior. However, Soo (31), in his theoretical study
of cyclane separ;zors, associated this helical shaped core with the
unsymmetrical inlet configuration uséd, and by solving the basic flow
equations, he obtained the radial and axial velocity distributions, and
showed that the vorticity is decreased as one goes toward the bottom of
the cyclone separatbr.

Reference (28) contains also a study of longitudinal and radial
intensities of turbulence. The longitudinal intensity showed a sharp increase
near the centre of the vortex tube, due to the abrupt decrease in me§n
hve;ocity near the centre. This was found to be similar for radial intensity
which decreases near the wall 1n contrast with the high value observed
for longitudinal i1ntensity near the outer wall. Schowalter and Johnstone
also attempted to explain the differences between predicted and measured
values of confined vortex flows by the phenomenological theories of
tqrbu]ence. That ;s, the eddy diffusivity was either assumed constant or
a function of an appropriate mixing length.

Lay (32), in the first of a“two-part paper, presented an experi-
mental sfudy of compressible flow in a uniform vortex tube. His objective
was to provide a better understanding of the separation of a gas stream
into regions of high and low stagnation temperatures in a vortex field.
The emeasis of his study was directed to a vortex which was generated aq’

the entmrance block, and which proceeded in one direction down the tube to
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be discharged through the exit at the far end of the tube. This is the
so-called un1flow type of vortex tube. He presented the measured values
of the velocity, temperature, and pressure profiles at a number of axial
stations along a 5.08-cm. diameter vortex tube made of lucite to permit
flow visualization studies. Pressure, temperature and velocity traverses
_werg taken by means of hypodermic probes, and velocities were chegked by
means of a miniature hot-wire anemometer. "From these measurements, Lay
recognized the three-dimensional character of the flow field and reported
that the axi1al velocities were small when compared to the tangential
velocities, and that the predominant axi1al velocities were concentrated
in a small annular region near the wall of the tube, but tangential and
total velocity peaks were located more toward the centre of the tube.
Actually, the axial velocity fell off sharply toward the centre, and
indicated a reverse flow near that region. Another important point made
by Lay was revealed when his traverses for flow angle shoyed that the
flow angle was rather independent of changes in iniet pressure, a fact -
shown by Hartnett and Eckert (27), and Schowalter and Johnstone (28).

In part two, the analytical portion of hms study, Lay (33) used an
inviscid méde] to describe the flow field 1n the vortex tube. Solutions
for the two-dimensional form of this model were obtained with the use of
a hodograph transformation of the inviscia general eqq@fions of motion.
From the axial momentum equation, Lay thén showed that the superposition
of a uniform axiaf flow does not affect the two-dimensional form of the
solution. Thus, theégolutions obtained were réepresented by superposition

of a potential vortex and a radial sink flow on a uniform axial flow field.
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In 1961, Holman and Moore (34) experimentally showed APat a 5
re1a§ive1y simple analysis predicts the f;nctional variation of temperature

and pressure in a vortex ghamber with radius and inaet velocity. The

apﬁéFafus used was similar go a Rangue~Hilsch tube gxcepp that all the flow

passed out one end and no attempt was made to separate the ¢pol gas in the

‘centre from the hotter stream at the outer periphery. The bortex was -

created in the chamber by injecting air tangentia]@ij%hrough two diametri-
cally opposed feeder tubes at the outside edge of the chamber. They
solved the energy balance equation for an axially-symmetric flow by
assuming a general vortex veldcity distribution of the form:

wr' = const. = ¢ ) (M)

where W is the tangential component of vetocity in vortex flow, r is the

-

radius, n a general vortex exponent and c’a constant.
Their experimental results showed that it was quite satisfactory

to assume that the flow occupied some effective area at the inlet and thdt

e+ s

this area was essentially independent of flowrate. “Thus, they presented

the following simple correlations for vortex chamber pressure and tempera-

tyre, which are useful for engineering purposes: . .

1o (p/p) MM e - (2)
and

1 - T/T, = al(ry/m)® - 1) (3)

In the above equations T, p, and r are respectively the temperature,

\

pressure, and the radius; subscript "," denotes outside edge of chamﬁer,
or entrance conditions; n and n, are the genera] vortex exponent and the ,
polytropic expgnent, respectively; and "a" is a defined parameter depending

- ) %_‘ ‘B
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on the chamber dimensions and the fluid pésbert?és at the entrance.
»

-

Around 1962, the vortex-contained nuclear roert engine replaced
the Ranque-Hilsch tube as the dominant device initiating confined vortex
flow studies. However, because of, the similarity of geometries, many
. studiés per}aining to the nuclear rocket engine could also be related to
the vortex tube. A large number of experimgnta] investigations in this
period (Savino {35), Ragsdale (36)) attempted to explaine the differences
between predicted and measured va]ues of confined vortex flows.

Ragsdale (36) performed tHe measurements necessary to evaluate the
_universal constant for the ﬁ}andtl and von Karman mixing-length theories.
The. essential weakness of all these studies was brought to light in two
separate, very Earefu]l}-éontro11ed ivestigations. The first study by
Kendé]] (37) showed that nearly the entire system of radial mass flow

was cont;ined in the boundar; layers of the end walls of a cylindrical
vortex tube: The second investigation by Donaldson and Williamson (38)
exbecimenta]]y con}irmed that the predominance of the radial mass flow
was_contained 1n the end.wa41 boundary layers. The latter investigation
also measured very low turbulent intensities in the vortex mainstream.
%ﬁus, the one and two-dimensional turbulent models used by the previous
investigatqrs (discussed in detail in the following section) could not
possib]y/explain thé actual flow f}eld in the confined vortex. These two
1nvésti§étions also dramatically demonstrated, for the first time, the
important effect of .the solid wé]] boundary layers .on the flow of a

confined vortex.
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bivirotto (39), working on the gaseous core nuclear rocket
engine, observed that even a very small p;obe 1nser¥ed radially across
a cylindrical vortex drastica{ly disturbed the side\wallﬁstat;? pressure
profiles. The same physical reason Exp]ains the importance of both the )
wall boundary layers and the disturbance of the probe in vortex filows.

]
The centrifugal forces created by the tangential vortex velocities are

cggniex>baT§ﬁEEErby a radial static pressure gradient. That is, the

e

static pressure 1n a vortex is higher in outer regions of fﬁe vortex than
it is near the vortex centreline. When something such ?s a'probe or

the viscous shear of the wall locally destroys the centrifugal force, the
radial pressure gradient imposed by the undestroyed portion of the vortex
flow pumps fluid radially inward toward:tﬁe vortex centreline. Thus,

it is seen that secondary flows (boundary layer flows) are very important
in the determinat1on of the overall flow field in a coﬁfined vortex.

Schultz-Jander (40), was another investigator who, .in 1963,

experimentally studied the flow field 1n a cylindrical vor;ex chamber.

A vortex flow was created in a cylindrical chamber by tangential injection

L]

of a fluid at the outer edge and the subsequent d1scharge«of this fluid

through an orifice or nozzle in the centre of one of the end closures.

Such a flow had become of interest as a result of its application to the
stabilization of electric arcs in plasma jet generators.-®The merit of
this investigation was the effect of wall friction on the velocity and
pressure distributions, using water as incompressible fluid with a

relatively high viscosity. It was found that for an incompressible

medium the flow pattern was mainly determined by the wall friction.

«



Schulz-Jander's analysis which was based on this fact and which neglected

-

the fluid viscosity was found to agree very well with his experiments.

-
A

"

“ In 1964, Collins and Stubbs (41) dealt with the similarities
existing between the standard vortex—tube-—{upen which most of the past )
work has been done) and two variations: (a) the tapered vortex tube, '
ahd (b) the vortex cooler. As mentioned before, the standard vortex tube
consists df a cylindrical tube with a nozzle entering the cross section
tangentially at the outer periphery, near one end of the tube's 1eng§ﬁ. ‘
~ The end away from the nozzle has either a valve or a variable annular
opening neat the tube's outer periphery and is known as the hot side.
The end of the tube near the nozzle consists of an orifice plate with a
central circula¥b orifice. This is the cold side of the tube. In operation(
’ the gas enters éhe nozzle, creating a vortex due to the nozzle's tangen- )
tial position. Depending on the orifice E%ie and the hot valve setting,
.~

a portion of the gés passes through the hot side and dischaéges to the

surroundings. The remainder passes through the orifice of the cold side

_—

to the surroundings. The tapereh vortex tube Collins and Stubbs

was similar to the standard tube except that the tube had a decrggg?ng —
- Th—

taper from the inlet nozzle é@ction to the hot-side discharge. The

Y

second configuration used in this study was an improved vortex tube

-

called "vortex cooler" by its inventors Blatt and Trusch (42). This was
a vortex tube which had been modified by replacing the "hot" valve with
a diffuser section and closing ‘the co{d orifice completely, making it

a no-cold-flow device.” The object to be cooled wag to be placed inside

. the tube at the centre of the swirl chamber.
Q ’
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Collins and Stubbs (41) showed that all the three 65ﬂfigy¥a¢jons\J -

s
SR

contatned no fundamental differences and further, the variatjon'of the

tube performance, with respect to the setting of the exit gas "hot" valve,

was explained in terms of compressible flow. In their work; mathematicat————— ]
treatments wére'kept to a minimum, and instead emphasis was placed upon }
the experimental results obtained from the tests performed on the variations
of the standard vortex tube.

A confined vortex flow which contains an annular region of high
axial velocity near the peripheral wall was proposed by Travers and
Johnson (43,44) in 1965 as one possible flow configuration for use in
a gaseous core nuclear rocket engine. For several fiow conditions they
determined the flow patterns and velocities of water by photographically
recording the traces of neutrally-buoyant plastic particles and dye which
were injected into the vortex tube as tracer materials. The flow near
the peripheral wall of the vortex tube was found to be turbulent for
all test conditions, and the vdrtex-cenére]i;e was found to be displaced
as much as four percent of tHe vortex tube radius from the geometric
centreline of the tube at some axial test stations. .

Also in the same time period, 1965, McFarlin (45) conducted some

experiments to investigate the effect of the peripheral-wall--injection

~

technique used to derive an air vortex on the level of turbulence in the
vortex. Two air vortex tubes with diffgﬁﬁgkﬁperiphera1—wa11 injection
configurations were used. Both vortex tubes were_driven by the 1ﬁjection

of air in essentially a tangential direction along the wall.
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In one configuration, the vortex tube consisted of a cylindrical
metal tube, 25.4-cm in diameter and 76.2-cm in length. "Air was injected

. through a 0.462-0@\widé slot €xtending the entire 1ength‘of'the tube,

———————————afd-withdrawn—through-ports—at-the centresof the end closures. —

In the second configuration tHe vortex tube consisted of a
cylindrical lucite tube, also with a diameter of 25.4-cm and a length
of 76.2-cm, This tube was mounted concentrically inside another lucite
tube which was 35.56-cm in inside diameter and 76.2-cm in length, and
which served as an injection chamber: “A total of 2144 injection ports,
1.524-mm in diametér, were located in 119 staggered circumferential rows
6.4-mm apart. The centrelihe of each injection port was at an angle of
19-dé§. relative to a tangent to the inner wall of thg vortex tube. The
injected air was withdrawn 1n the same manner aS'ﬁﬂ’tMe single-slot
vortex tube.

Hot-wire anemometgr measurements of tangential velocity profiles
and root-mean-square velocity fluctuations were made near the peripheral
wall of each tube at three different radial distances from the centreline,
in a plane normal to the latter, and these results i1ndicated that for the
single-slot injection configuration the tangential velocities increased
towards the centre of the tube with increasing radial Reynolds Number
(Re based on radial velocity), and that the flow in the 2144-port
configuration was considerably less turbulent than the flow in the single-
slot configuration throughout the region surveyed.

It has been sugéested (39,44) that the boundary layers on the

. . end closures of the vortex tube are capable of transporting a large



16

fraction of the magg’;ipw, which otherwise would have passed through the
main vortex flow, th?reby weakening the vortex, and the degree of this
weakening depends on-whether or not the boundary layer flow is returned

to the main flow beforeg1t leaves the vortex tube. The influence of

this boundary layer mass flow on the relation between the mass flowrate
and the strength of the vortex (the degree of weakening) was clarified by
Nakamura (46) in 1966.' He assumed that the fraction of the flow passing
through the boundary layer should decrease as the length-to-diameter ratio
of the vortex tube becomes 1ar;er, so by varying this ratio the effect

of the end closure boundary 1a¥ers should be separated from those of the
boundary layers on the cyi]ndrical walls. To this end he constructed a
vortex tube with a variable length-to-diameter ratio, and carried out
experiments for several radial Reynolds Numbers for a wide range of
length-to-diameter ratios. He then concluded that the turbulent eddy
viscosity can be reduccd by making the vortex tube longer, thereby reducing
the boundary layer dissipation.

Perhaps more important than the large number of parametric studies
of this particular period was the small number of investigators who
studied the basic flow characteristics of the confined vortex flow for
different applications. In 1952, Ter Linden (47) considered different
types of air cyclones and concluded that, based on economy and size, a
cyclone with upper cylindrical and Tower conical section with tangentiaJ
inlet was the most efficient. The same author (48) measured the velocity

and pressure distributions in a cyclone dust collector. This investiga-

tion gave the first indications of the marked three-dimensional character

\
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of the confined vortex 1n a cyclone. 'In particular, in the radial direc-
tion, Ter Linden found evidence of flow reversal r&ar the vortex centreline.
He also concluded that the tangential component was predominant in the

entire chamber, with the exception of the turbulent core in the centre.

Unfortunately, the importance of this investigation was to go unnoticed for
some time.

The flow pattern in Tiquid cyclones has been examined axperimentally
by Kelsall (49), who used an ingenious technique of measuring the trajec-
tories of suspended alumina particles. Also worthy of mention is the
experimental study of Yoshioka and Hotta (50) who used a pitot tube to
obtain velocity data. Quantitative measurements on the flow pattern have
been carried out by Bradley and Pulling (5]) by means of dye injection.

Smith reported both an experimental study and an ana&?t1cal

investigation of the vortex flow in cyclone separators with central exit

tube. In his first paper (52) he reported the existence of three flow ‘
regimes (Tlaminar, turbulent and periodic) occurring 1n different parts'

of a cylindrical cyclone chamber with a flat closed bottom which was
constructea from a 100-mm glass tube. The periodic regime was characteristic
of the region where the vortex turned and attached to the wall of the

inner tube. The point of attachment rotated in a horizontal plane thus
producing strong ﬁeriodic fluctuations in the flow. Smith's apparatus

was designed to produce an axially symmetric flow rather than the agym-
metric flow normally occurring in cyclones. This symmetric vortex was

studied with the aid of smoke, and was probed for the distribution of the

velocity; the smoke used was either a fog made by condensing oil vapor or,
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on a few occasions, tobacco smoke. In this investidation the changes in
the flow pattern with flowrate were not measured because several investiga-

tors, First (53), Iinoya (54), Hartnett and Eckert (27), and Schowalter

for various air inlet arrangements; when the air entered through a

and Johnstone (28), had shown that in the normal operating range of velocity

e ———

the. flow pattern did not vary with flowrate. In his second paper,
Smith (55) made a significant contribut%on to the understanding of the
mechanism of cyclone separator operation. By considering the effects of
radial instabilities in the boundary layers on the walls, he deduced that
the boundary layer on the outer wall of the separator was unstable to
radial disturbances and the random separation of this boundary layer was
the source of the high turbulence in the separator. Furthermore, he )
postulated that the turbulence resulting from the unstable layer was
inherent 1n any device employing a rotating flow within a stationary
container.

Thordarson (56) made~§ome observations of the air flow patterns
in a transparent plastic vortex chamber having the geometry of a spray
dryer. The mode] was 61 cm in diameter and was designed to permit

observation of rotational or straight-line air flow. By injecting balsa

dust in the air stream, it was possible to photograph air flow patterns

single tangential inlet at the top of the tower, a steep spiral path was
developed, but when the air entered through four inlets at an angle to
the radius, the diameter of the spiral appeared to become smaller the
more closely the inlets coincided with the radius. These observations

are sketched in Fiqures 1, 2 and 3. When the air entered at an angle of
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FIGURE 1

Diagram of Spwal Air-Flow Pattern Observed by
Thordarson (56) in Lucite Model Dryer When Air
Entered Through Four Inlets Set at 30° to the
Circumference of the Tower.
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FIGURE 2 o

Diagram of Spiral Air-Flow Pattern in Luci te
. Model When Air Entered Through Four Inlets Set
at 45° to the Tower Circumference (56). ,
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FIGURE 3
4

Diagram of Spiral Air-Flow Pattern in Lucite

Model When Air Entered Through Four Inlets Set
at 90° to the Tower Circumference.
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30° to the circumference, Figure 1, the spiral diameter nearly equaled’
the diameter of tHe chamber.. At 60°, Figure 2, the diameter of the

vortex becamgssmaller, while at 90°, Figure 3, the spiral motion was due

¢

mainly to the angular momentum the air possessed before entering the &
dryer. In other words, f0r°this case the tendéncy of the air to move in
a circumferentia]odinectjon in the bustle duct was not compietely
removed when it was caused to enter the dryer through the perpendicular
louvers.

An identical vortex ghamber wagua1so used earlier by Ede]ing (12)
who did an elegant experimental and theoretica} investigations on air and

-

particle motions within the chamber. %
ﬁn'expérimen} was devised in 1973 by So (57) to study the behavior
of rotating flow in a conical diffuser, with the primary objectivé of v
examin%ng\&grious vortex flow regimes, A secondary purpose was to gain an -
understan&ing of the mechanism of Qortex decay*. The first objective was
soyghf entirely through experiments, whereas the second was aided by a
mathematieal mddel usiné the 1ntegral equations of mass, axial momentum,
angular momentum, and moment of axial momentum. The flow considered was ﬁ

assumed to be steady, incompressible, and axially symmetric, and no energy

consideration was made. So's study resulte& in the establishment of five

distinct flow regimes representing three basic types of vortex flow and two
transitional phenomena.

< - ‘
’ .

* The characteristic behavior of'a decaying swirling motion is that the
axial variation of the tangential velocity distribution is much greater
than that of the axial velocity distribution. ° ¥



So's results were presented i1n terms of strength of the vortex
flow: weak swirl; medium swirl, and strong swirl; the amount of swirl
was varied by adjusting the yo]umetric flowrate. He generalized his
findings by postulating that\for a weakly rotating motion (small swirl),
a flow rate gradually increasing from zero slowly changed the Jaminar
flow to a turbulent one, with a Taminar vortex breakdown phenomenon
bridging the two. If the amount of swirl was increased further, the transi-
tion from laminar to turbulent flow occurred in a shorter range of flow
rate. The turbulent flow seemed to be the limiting flow pattern for a
sufficiently small swirl.

For motion with a Targer swirl, the transition from laminar flow
to turbulent happeneds;ery rapidly, and the first phenomenon generally
observed as the flowrate was increased was the formation of a small
reversed flow, or two-celled, region nested on the centre of the end
closure. Downstrﬁam of gﬁis region, the vortex flow remained one-celled.

5ecay of ;Q1r1 in turbulent flow has beeﬁ studied recently for

different geometries, and Wolf et al. Presented an experimental study

&
of the decay of turbulent swirling flow in tubes. They determined the
local values o% the total and static pressures and flow direction%;ith

a cy]indrical.probe that spanned the tube diameter, and a]sofinvestigaied
the structure of turbulence with a hot-wire anemometer. They showed that,
unlike pipe flow, th turbulent intensity as well as the turbulent fluc-
tuations themselves incréased to very high levels near the axis of the
tube and were relatively independent of axial position. About the decay

of swirl, which was approximately exponential with axial position, they
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concluded that it decreased with increasing axial Reynolds Number and

was independent of initial swirl angle, and they postulated that as the

swirl decayed, the point where the tangential velocity was maximum

ﬁoved radfally inward.

Vortex breakdown (an abrupt changelin the structure of the core
of a swirling flow) has beép observed: to occur under a variety of circum-
stances such as 1n cyclone separatoré. Its occurrénce is marked by a
rapid deceleration, d;formation, flow reversal, and changes in the
velocity and pressure®distribution 1ﬁ the surrounding swirling flow. In
connection with this phenomenon, Sarpkaya (59,60) studied swirling flows
in a mildly-diverging cylindrical tube and reported the occurrence of
three types of vortex breakdown: double-helix and spiral forms (followed
by turbulent mixing);‘aﬁd axisymmetric form (often followed by a spiral
breakdown, then by turbulent mixing). The type and location of the
breakdowns were found to be dependent upon the Reynolds Number.

In 1968 Lineberry (61) experimentally studied the behavior o%
swirling air flow in a conical converging nozzle. He observed that the
spherical radial component of velocity approached the same magnitude as
the tangential component as the apex of the cone was approached. As
did Ter Linden (48), Lineberry found areas of reversed radial flow 1in
the core of the vorté&. Internal flow characteristics of a swirling
flow chamber or of a nozzle was also investigated by Batson and
Sforzini (62). Flow-direction was measured by miniature probes and
observed by wool tufts. They assumed negligible radial velocities and witq
the knowledge of flow ang]é? Mach number and temperature, calculated the

{

tangential and axial velocities.

o
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SURVEY OF ANALYTICKg\;TUDIES

~

wJ
In his pioneering paper, Hilsch (3) gave a qualitative description

of the flow in the vortex tube and postulated an outward flow of kinetic
energy due to internal friction. An analytical approach following the —
qualitative description of Hilsch was made by Kassner and Knoernschilg (29).
They assumed that the velo§1ty profile of the air near the entrance wés
similar to that of a free vortex (constant angular momentum) and that as
the air moved towards the exit of the tube the velocity profile was converted
to that of a forced vortex (constant angular velocity or “wheel flow") by
the action of viscbsity. They-also postulated an "adiabatic" temperature
distribution due to turbulent mixing. |

Another analytical approach was given B@ Scheper (22). He postulated
a flow model based upon experimentally-determined flow patterns in which
the vo?te;‘tube was considered to act as a counterfliow heat exchaﬁger. A
third analytical approach was initiated in an Appendix due to Dornbrand (17).
In this study the vortex tube is replaced by a steady two-dimensional,
forced vortex having velocity and temperature profiles which are identical
in all sections perpendicular to the axis of the vortex. The Dornbrand
ana]yst§ considered only the momentum equation and the transfer of energy
due to shear work, but included the effect of radial flow. A "two-dimensional
vortex tube" based upon this flow model was built, but is stated’to\bave been
"JH?‘ccessful“.

Another two-dimensionalﬁvortex analysis with only circumferential =~ .

flow was made by Van Deemter (63) who used the complete energy equation
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tg/;a4cﬁ1ate the temperature distributions corresponding to several

assumed velocity distributions.

One drawback of the two-dimensional approach to the vortex tube
based upon purely circumferential flow is that the only steady velocity
distribution which satisfies the momentum equation is that of constant
angular velocity, and this leads, in the case of a stationary wall, to

no velocity at all. It was perhaps consideration of this problem which

-t

1ed'Penge]1y (64) to consider again the two-dimensional vortex with radial
inflow. His analysis extended Dornbrand's (17) solution to include the
effects of dissipation but not of heat conduction.

The most complete solution of the steady vortex has been given
by Deissler and Perlimutter (655, who included both radial and axial flow
and used the complete energy equation. The solution is st11l essentially
two-dimensional, however, in that the circumferential velocity and the
temperature profiles are identical 1n all sections perpehdicu]ar to the
axis of the vortex. In another paper, Deissler and Perlmutter (4)
presented one-dimensional analytical investigations of the energy disSribu—
tion in vortex flows, and neglected the thermal conductivity of the fluid
1n comparison with the transport of energy by the radial mass flow. As
one would expect, the vortex energy transport in these cases was found
to be a function of the radial mass flow. Deissler and Perlmutter's
results showedlthat vortex energy separation cannot occur if the Reynolds
Number based on radial mass flow is greater than four. Therefore, they
reached the conclusion that turbulence is of the utmost importance to the
energy separat%gn process.

4
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Mack (66) also presented a one-dimensional analytical study of
the energy separation in cylindrical vortex flows. He neglected the
radial mass flow in the vortex and found that the energy separation in
the vortex is a function of the fluid Prandtl Number.

Swirling flow patterns 1n cyclones have been studied theoretically
by Fontein and Dijksman (67), Yoshiota and Hotta (50), Rietema (68) and
others. In all cases only the tangential velocity has been inve§%igated
although the outward radial velocity is also required. Fontein and
Dijksman assumed that the tangential velocity, W, is given by:

W= Ki/R + KR (4)
where R is tﬁe\raq1a1 distance and K, and K, are constants which were to
be determ{ned by the operation of the cyclone. No values of K, and K,
were given. Rietémé (68) assumed that W was independent of the height Z,
and that the horizontal velocity was as.obtained by Kelsall (49). He
then solved the radial component of the Navier-Stokes equations for a range
of Reynolds numbers based on the radial velocity, radius of cyclone and
an eddy viscosity.

As part of a study on the hydrodynamics of a cyc]&he separator,

a theoretical investigation of the/ flow pattern in a flat box cyclone
(cylindrical box with a tangent1q1 inlet extending over the total height
and only one central outlet) was carr1ed out by Rietema and Krajenbrink
(69). Expressions were derived for the tangential velocity profile as
influenced by internal friction (eddy viscosity) and wall friction. The
most important parameter controlling the tangential velocity profile was

found to be:

A= SBRY O+ o) (5)



e

28

"
e

where Ug is Eﬁg/radfa1 vetocity at the outer radius R of the cyclone,

——

g_the/kiﬂéa;tic Tiquid viscosity and ;.is the kinematic eddy viscosity.

L

P .
///Fbr values of X greater than about 10, the tangential velocity profile

was found to be nearly hyperbolic, while for X smaller than 1 the tangential
velocity decreased towards the centre. It was also shown how } and also
the wall friction coefficient could be obtained from experimental velocity

‘profiles with the aid of suitable graphs. They finally pointed out that,

+ because of the close relation between eddy viscosity and eddy diffusion,

measurements of 5e1ocitj profiles in flat box cyclones would alsq provide
information on the fluctuating motion of particles in a cyclone, a motion
reducing its separation efficiency.

Einstein and Li (70),>after studying the "bath tub" vortex formed
by emptying Aiﬁzntainer, propo§gd one of the earliest vortex models
applicable to’the vortex tube. In this model, it was assumed that the flow
could be represented by a plane vortex which was divided into two areas:
the area outside of the actual drain opening and the area 1nside,the_drain
opening. Outside the drain opening, the mass flow across any concentric
circumference is conside}ed to be constant and iﬁsude the drain opening, the
mass flow is assumed to vary inversely as the square of the radial
distance from the centre. With these assumptions, it is not surprising

-

that the authors found solutions that are a function of two non-dimensional ,_\
parameters: the ratio of the radius to the .drain radius and a Reynolds

Number based on radial mass flow. The Timiting forms of these so]utions

show that for very large radial Reynolds Numbers, the tangential velocity

profile approaches that of a potentiai vortex (constant circulation) and
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for very small radial Reynolds Numbers the tangential velocity profile

approaches that of a forced vortex (wheel flow). Lewellen (71)cshowed -
that the solutions of Einstein and Li are the "zeroth order" terms of a
power series expansion solution for confined vortex flows. In order to

apply their model to turbulent flows, Einstein and Li made a "Boussinesq"
/

type assumption. That is, they assumed thatAhe turbulent Reynolds
stresses could be presented by a constant éddy diffusivity (virtual
viscosity) times the Jocal rate of strayn of the mean values of the flow

viscosity. Unfortunately, a number of investigators who foilowed Einstein

"and Li attempted to experimentally measure this virtual viscosity without

accounting for the effects of the wall boundary layers on the mginstream
flow. Keyes (72}, using the turbulent mode1‘§roposed by Einstein and L1,
calculated the eddy diffusivity necessary to match experimental values

of the confined vortex flow.

Donaldson (25) in 1957 presented a particular class of vortex
solutions to the incompressible Navier-Stokes Equations. These solutions
were obtained in the following manner: Working in cylindrical coordinates,
Donaldson assumed that the tangential velocity was axisymmetric and
furthermore a function of radius only. With this assumed form of tangential
velocity, an analysis of the general equations of motion showed that the
radial velocity must be a function of the radius oni&; and that the
axial velocity must be a fuqction of the radius, times the axial distance,
plus an arbitrary function of the cylindrical radius. Substitution of
these forms of the velocity components into the general equationg of

motion transforms the equations to a set of nonlinear ordinary differential
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equations. Donaldson applied thesé transformed equations of motion to

the viscous, incompressible flow field inside a rotating, porous cylinder.

© Y Closed form sotutions—for the very viscous and nonviscous cases were

obtained. General cases were then solved by means of a power series
expansion about these limiting solutions. Donaldson and Sullivan (73)
extended this work by numerically obtaining the complete class of solutions,
five distinct types of solutions, whicﬂ depend upon the radial Reynolds
Number and an axial pressure gradient parameter, were obtained. Multi-
celled vortex motions, that 1s, areas of reversed axial flow, seen in
previous experimental studies were exhibited analytically in these
solutions. The solutions of Burgers (74) were shown to be a special
.case of this complete set of solutions. These two investigations repre-
sent the ear]ig;t analytical evidence of the important effect of the
viscous stresses on the three-dimensional character of confined vortex
flows.

The three-dimensionality of swirling flows is also discussed by
Loitsyansky (75}, Gortler (76), and Steiger and Bloom (77) for the case
of Taminar flow, and solutions were obtained using the assumption of
stmilarity of the ve]qc1ty profiles. Turbulent swirling flow was
considered by Chervinsky (78) who showed that similar solutions of the
components of the velocity exist in the two limiting cases depending on
whether the flow 1s controlled by linear or angular momentum.

Lonq (79), in his attempt to explain the large vertical ve1ocit{es
in a tornado, assumed that the vo;tex circulation approaches a constant

as the cylindrical radius approaches infinity. From an analysis of the



momentum transfer, Long obtained a similarity transformation. He then
combined the similarity transformation with the boundary layer assumptions
to reduce the Navier-Stokes equations to a set of three ordinary differen-
tial equatdons. Although no numerical results were given, a qualitative
discussion of the ordinary differential equations indicates that as the
vortex beébmes more concentrated (smaller vortex radius) near the vortex
cenére]ine, the vertical velocity continually increases. Lewellen (71),

commenting on this solution, notes that even at large cylindrical radii,

the axial velocity does not disappear; thereéfore, he doubts the usefulness

of ihis solution for the prediction of tornado velocity'profiles.
Ledellen (80,81) aljo considered a flow model which is composed
of a strong cylindrical tangential rotation and a radial sink flow which
exhausts axially inside a finite radius. With this model, the incompres-
sible Navier-Stokes equations could be reduced to two coupled partial
differential equations in terms of the stream function and circulation.
These equations contained three nondimensional parameters, the radial
Revnolds Number, the ratio of mass flow per umit length to circulation,
and a ratio of characteristic axial and radial dimensions. Lewellen
showed that for strong vortex flows the ratio of mass flow per unit
length to circulation was very small. Thus, a solution of the two
partial differential equations was gbtained by means of a power series
expansion in terms of the last two dimensionless parameters. The zeroth
order terms of this expansion were shown to represent the solutions
obtained by the vortex flow model of Einstein and Li (70), as mentioned

above. The difficulty with this solution was that it could not be carried

AY
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into the side wall boundary layers. That is, inside the boundary 1ayers'
the ratio of mass flow per unit length to circulation could no Tonger be
considered small; thus, the series solution was invalid«in the boundary
layer region. A number of investigators: Rosenzweig et al. (82),

Logan (83), and Linderstrom-Lang (84) haJ circumvented this difficulty

by matching the powe} series solution for the vortex mainstream to a

boundary layer solution near the container walls. In all three cases,

however, only the zeroth order terms of Leye]]en‘s power serigs had been

\
&

used 1n the vortex mainstream.
Lilley (85) made a theoretical analysis to predict a swirl
ve]oc%ty field; his argument was based on a direct-finite difference

So]g&ion and disputes .the isotropy assumptions for tugbu]ent swirling

»

flows. Contributions on the behavior of the vortex flow at high swirls
can also be attributed to Bossel (86). He formulated.the problem by the
method of weighted residuals, u;ing Bessel functions as approximating
functions, and this ana]yfica] approach showed that, at high swir]s; the
inviscid equation of rotating flow controlled the flow benavior of vortex
flows. He develpped a computational method for the solution of the above
mentioned inviscid equation for a variable outer streamusurfacé. His
method explains the vortex breakdown bubbles in divergences, tubes and
free flows. .

Mathematical treatment of incompressible flow in a conical
hydro-cyclone was presented by Bloor and Ingham (87) in 1973. Their
theory presents a simple model for the determination of velocity com-

ponents at various -levels 1n the conical chamber, and can be used as a



basis for assessing theoretically the performance of equipment involving

swirling flows.

Lawler and Ostrach (88), and Burton (89) studied the influence of
gravity on the performance/of a conical vortex separator. The former
defined a Froude Number f&r the qua]itatjve evaluation of the relative
strength of the gravitational and inertial forces. Their analytical
results were obtained by considering the body force to act on the f1u1d,q
both within and outside the boundary 1ayer:’ Burton's work differs from
Ref. (88) in that he néjlected the effect of gravity in the thin region
of fluid outside the Boundary layer. Such an assumption allowed explicit
predittion of the effect of a body force on thg boundary-layer flow, and
resulted in definition of the limiting condition for use of a vortex
separator in an adverse gravity field.

The effects of the mainstream viscosity and that of the wall
boundary layer were considered recently by Crow (90). He presented a
composite solution for the flow field of a three-dimensional, incompressible,
laminar, viscous vortex confined inside a conical converging nozzle. His
confined vortex flow field was divided into mainstream and boundary layer
regions. He used a particular class of solutions of the general equations
of motion to represent the vortex flow in thelmainstream region, then the
velocity and pressuré profiles from the mainstream region were used as
boundary conditions to generate an integral momentum solutign in the
boundary layer:region. “ |
Converging nozzles were also studied analytically and experimentally

+

by Norton et al. (91); they developed a correction for the effects of
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viscous dissipation and derived governing equations for the‘rotating,
inviscid, adiabatic ang compressible flow‘b% a perfect gas. Mager (92)’7
also, analytically studied the incompressible, viscous swirling flow
field in a converging-diverging nozzle. In this s;udy, tﬁe'nozz1e f]ow\
field was divided into a vortex core and a mainstream region. In the
vortex core near the nozzle centreline, a boundary layer i1ntegral momentum
solution was matched to a potential vortex in the mgin§%ream region.
Conservation of total system mass flow and moﬁeptum was the criterion
used to change this solution as the flow progressed axially through the
nozzle. King (93} considered an inviscid, compressible case of the same
problem and found that the mass flow through the nozzle was‘strongly
dependent on the ratio of inlet tangential to radial velocity. Above a
critical value of this ratio, reversed flow occurred in the subsonic
portion of the nozzlte, but no reversed flows were found to occur in the
supersonic portioh of the nozzle. Both of these studies neglected the
effects of the nozzle wall boundary layers, which must be included 1f
;hé,ana]yt1ca1 model is to describe confined vortex flows accurately.

’ Additional tnformation on the subject of confined vortex motion
:'caﬁ be found in references (94, 95 and 96). However, it 1s belieged that
the references briefly summarized 1n this literature review are the most

significant in a body of vast published articles.

SUMMARY

, Flow patterns and structure of turbulence have been shown to exert

significant effect on the efficiency and operation of industrial equipment

involving swirling fTows.
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In general, most investigations reported in the literature have
been limited to measurements and predictions of temperature and concentra-
tion profiles, based on some assumed velocity fields. Althoygh particular
attention was paid fo vortex tubes, none was given to other geometries.
Véry few investigators have tried to measure turbulence structures in a
confined vortex flow, and none have attempted to define the turbulént
pattern occurring in a sprdy-dryer type vq:tex chamber.

Comparison between results of different 4nvestigators is renaered
difficult, if not 1mpossible, since the test geometries (size and inlet
and outlet geometries, etc.) are generally not similar and the measurement
errors cannot be estimated with sufficient confidence owing to lack of
details. Moreover, from a critical analysis of the literature, it is noted
that adequate degcrlption of the experimental apparatus and specifications
of the electronic instrumentation are generally not given by most authors,
with the result that most available d?ta are unduly biased owing to lack of
complete 1nformation.’ 1

In general, experimental and théoretica] results of wost workers
agree in demonstrating the following significant points about confined
vortex flows:

(a) The confined vortex flow field is three-dimensional 1n
" nature {14,32,47,75,76,77,78).

(b) High turbulence is inherent in any device employing a
rotat1ng‘f1ow within a stationary container. Boundary layer on the outer

wall of the container 1s unstqb]e to radially inward displacement and the

separation of this boundary layer-in certain locations of the apparatus is



the source of high turbulence (40,43,52,55,70).

-

(c) The tangential component of the velocity is)predominént'?ﬁ
the entire yortex flow, with the excéptiop~e€~{he turbulent core 1in_the
céntre (47,48). ' 3 F

(d) In a swirl flow, the radial component of ve]ecity iswveny

~sma]1'(26,27,28,32). ~

(e) In a confined vortex flow, th; predo§1nant axial velocity is
concentrated in an annular region adjacent to the wall, while 1n the interior
of the flow the axial velocities are small (25,26,27,28,32,37,38,79).

(f) In a confwﬁéd vortex flow, the axial velocity falls off

- sharﬁ]y toward the centre of the vortex, and may éxhibit a reverse flow

3

near the centre (26,27,32,39,47,61,73,93).

ﬁ : ' (g) Ftow in the central portion of tﬁt(vdrtex tube is one of
2 Y neafly constaﬁt angular velocity (forced vortex) (28,29:39)4 lv
’ (h) In a vortex flow, there is a helical-shape dynamic axis of
‘symmetry (28,34,43). . LT~
- (1) Spiral flow patterns are quite 1nsensitive to changes 1n the

inlet velocities (26,27,28,32,53,54).

' In conclusion, a survey of Titerature dealing with experimental ) 1
and analytical studies oﬁ vortex £1ows transport points to the necessity
of detai1ed,thrbu]ence measurements, which eventually will Tead to more

realistic analytical formulations.
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. ) METHOD OF MEASUREMENTS IN VORTEX FLOWS v

INTRODUCTION ‘ T T e o

-

- v T toy,
Many of the reported observations of vortex flows have been based

}

- ————pn-visualization of ihg_flgw_gixing_gggjj}gtive descriptions of part of

—

the fiow field. “Attempts to quantify these visual observations ;;;;‘ﬁk‘ )
rarely successful. Almost all the reported measurements of velocities
c, 1nlvortex flow field have been based upon the introduction of probes into
the flow. However, the latter is particularly sensitive to the introduction
of local disturbances which may frig‘geTiﬁs’fﬁﬂitﬁes and cause—vortex— - --—-
breakdown. When the probe dimensions are small with respect to the vortex
core and particular care is taken to minimize the disturbinq ef

»
probe, accurate measurements of velocities can be obtained.

of the

arlier
measurements were made with pressure impact tubes such as three-
dimensional directional pressure probe while n recént measurements have

been made with hot wire anemometers.

THREE-DIMENSIONAL DIRECTIONAL PRESSURE PROBE

The three-dimensional directional pressure probe, sometimes
| ’ referred to as a five-hole pitot tube, 1s used to measure yaw and pitch
angles, and total and static pressures. Five pressure tappings are

drilled_in the hemispherical probe head,' one on the axis and at the pole

of thé hemisphere, the other four spaced equidistant from the first and
from each other at a latitude of 30° to 50° from the pole. The principle
of Bperation of the probe (97) is based upon the surface pressure distribu-

~ !

’ tion around the probe tip. If the prebe 1s placed in a flow field such

Y37
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o that the total mean—veloetty—vector—is—dt-some-angle—to the—axis—of the —————— —
| * probe, thgn a pressure differential will be set up across these holes,
the magnitude of which will depend upon the geometry of the‘probe tip,
- -—-relative position of the holeg and the magnitude and direction, of the . o
~ velocity vector. Each probe requires calibration of the pressure d{f— »”
- ferentials between holes as a function of yaw and pitch angle. For Mach
numbers less than 0.2, calibration is independent of Mach Number;\Reyno]ds

-

Vﬁﬁ“____gﬂgmbgr and turbulence intensity (up to 30%).
If the system allows, it is preferable to ;otate the probe until

the yaw pressures are equal, measure the angle of probe,rotation {yaw

ang]e)(énd determine the pitch angle from the ré&éining pressure differen-

tials. The probe can be used without rotation by using the compl&{e set

of calibration curves but the complexity of measurement and calculation

is increased and accuracy is reduced. Difficulty is often founq n

obtaining accurate measurement near the vortex centre and interpolation

%hrough the vortex centre may be required. Measurements have been reported <

using tips“with a diameter 'of 3.2 mm and holes with d%ametérs of 0.25 mm.

Use of a pressure transducer for measurement of pressure differentials

is recommended, particularly for pressure differentials of the order of

0.10 mm water gauge which arise at various flow magnitudes and angles.

Velocity components are calculated from total pressure, static pressure

and yaw and pitch angle measurements.

FLOW SENSE INDICATOR 4

. Flow reversal, as mentioned in the Literature Review, can arise in

-«
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direction of the velocity vector before introducing a measuring instrument

into the flow. For example, introducing a directional pressure probe, as

. some Egg{g;;;‘of vortex flows and it is necessary to detewmine the general——— ——

N

described above, into a filow with the sensing head pointing in a direction
opposite to the main flow direction will result in completely erroneous

measurements. Flow sense can be detected by use of tuft grids, or alter-

natively a simple fiow sense indicator can be constructed using a closed

_ _tube with two pressure tappings in the side walls facing 1n opposite

———

directions (180° spacing). Carrying out a traverse tﬁrough the flow and

measuring the pressure differential with such a probe indicates the main
flow direction. Such a probe is also useful for determination of

\

reverse flow boundaries in recirculation edd1es.i :

STATIC PRESSURE MEASUREMENTS

L3

Static pressure gradients occur 1n all vortex flows as a consequence
of tangential velocity (and associajed centrifugal force) gradients, as
well as due to vartations 1in turbulence intensity. Care 1s required 1n
the measurement of §;g§ig_pressure n turbulent vortex flows 1n order to

avoid erroneous confributions from the dynamic pressure components. This

.t
-

can be achieved by aligning the static pressure measuring surface so that
the local velocity vector 1s 1n’the plane of the surface. A disc static
probe was used by Miller and Comings (98) for non swirling flows where
they showed the reliability of results obtained with a disc probe in a
single and dual jet flows by.balancing pressure and shear terms (from

hot wire anemometer measurements) in the equation of motion. The disc
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. %

probe has been modified for use in swirling flows (99), by fittmnga— —~— — ——
~ <, .
simple yaw meter--two hypodermic tubes with edges sawn off at 45°--
fitted to the underside of the disc. The disc is rotated until the
pressure differential in the yaw tube is zero and then the static pressure
1s measured via the static pressure tapping.
Measurements of static pressure can also be made,by using the five-
hole pressure probe previously described, and calibrating the probe as a ;

function of yaw and pitch angle.

THE _HOT_WIRE ANEMOMETER

The hot wire anemometer (the instrument used in the present study),
has the particular advantages of small size (5-micron diamgter wires)
causing minimal disturbance to the fiow coupled with high sensitivity at
low flow velocities. The high frequency response of more than 100 KHz
allows measurements of vé]ocity, turbulence intensity, shear stress and
correlation. -Provided that sufficient care is taken to make frequent
calibrations of voltage as a function of velocity, and that compensations'
for ambient temperature and density variations are made, measurements of
mean velocity can be made with an accuracy of better than 1% with relative
ease. In regions of high turbulence as encountered 1n vortex flows, timé
averaging as long as 2 to 3 minutes is required for each measuring point.
Accuracy has been shown to be improved (100) by using higher order poly-
nomials for fitting experimental calibration curves of the form:

2 = A+ BUY/2 + CU (6)
where glis the mean voltage; U is the mean velocity and 5; Efand Qlare

constants.
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—of the wire as a function of yaw and pitch angle. Careful prong spacing

S N —

—~ Curve Titting is improved if the zero velocity voltage is—— - T

egc]udéd, since spurious values of A are generated due to free convection
effects. This leads to curve fits with a standard deviation of less thaﬁ
1%. For a flow which is not normal to the probe wire the.ipstantanedﬁgr
velocity is given by*: |
Uy = (U7 + 9*Uy* + szZZ)‘/2 (7)

where gx,'yy, U, are comﬁonents ?f the velocity vector and g and 5 are
constants which must be determiined for each individual probe by calibration
and gold plating of the sensing wire near the prongs results in values
of g—»1 and k- 0.05. Developments in manufacturing techniques of probes
should, in the near future, lead to elimination of the necessity to
calibrate for g and k.

For three-dimenional flow fields the component; of the velocity
vector have been determined by two methods. The first, developed at .
Sheffield University by Davies (100), Allen (101), and Syred (102)
involves the introduction of single wires and varying the orientation
of the probe to the main flow direction. Two probes are generally used--
one with the wire inclined aY 45° 10 the main flow direction and the
other the standard probe with the wire normal to the main flow direction.

Initially (100,101), measurements at each measuring point required

orientation of the wire in six different positions. The instantaneous

~
- 1

é

* This case {s discussed in detail in Appendix I.

i
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. ! t

—— ———— —velocity vector—was calculated from the set of six measurements, and

subsequently by assuming that the six output voltages are of similar
shape and frequency distribution, and also that the six output voltages

_are 1n phase, calculations were made éf mean velocity components and
normal and shear components of the Reynolds stress tensor.

Syred (102) has improved on the previous methods by taking four
measurements at each point, using a single probe. He also discusses the
significance of the effect of non-linearity of the calibration curve and
the assumptions of similar regular shape and of Mmilar frequency distri-
bution of the four relevant voltages on the evaluation of the turbulent
fluctuating velocity components.

A three-wire probe is also used’for measuring vortex flows. It
has the advantage that measurements with each wire are made at the same
‘instant of time and this may be the critical factor in choosing a method
for flows 1n which the vortex is not stationary with time. A separate- -
anemometer circuit is required for each wire. It has the disadvantage
that the fluid volume, in which the measurement is made, as well as the

<

interference to the flow, are increased.
n In the present study, as shall be described in the Experimental
Section of this thesis, the components of the veldoclity vector and turbu-
lence intensities were determined by means of a single-wire probe inclined
at 45°, as described above. However, in the present work the dominant
flow was not in the plane of the sensor-prong plane; hence, 1t was
necessary to derive a new §et of inclined hot-wire response equations from 4

‘ the assumption of the cosine law cooling, and the analysis substantiating

this derivation is given in detail in Appendix I.

o -
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EXPERIMENTAL SECTION

INTRODUCTION

The review of the published literature which Has been presented

has made it abundantly clear that a knowledge of the characteristics and
structure of a spiral turbulent flow is of prime importance in the design
and performance of many industrial pieces of equipment. More specifically,
this laboratory has beén engaged for many years.in a continuing program of
research into the fundamental principles of the spray-drying process.
Recent attempts to lay the foundations for the design of spray-drying
chambers (14,15) have clearly demonstrated the importance of droﬁ]etth', s

trajectories which are in turn entirely dictated by the flow pattérns of

£

~

=

Al

f—"

the entraining gas and by the magnitude of the three components of 1its

mean-flow velocity. It is in support of this program that the present

B TP .

/
study was initiated and that the geometry of the vortex chamber--which

resembles that of a spray dryer--was selected. Using ambient room air as
the working fluid, the flow pattern and turbulence characteristics were

studied as a function of the entrance velocity of the air.

EXﬁERIMENTAL APPARATUS

A photograph of the chamber under iﬁvestigation is given #n
Figure 4, and its diagrammatical presentation jllustrated in Figure 5.
This is typ1ca1 of a down-flow, vertical spray-drying chamber, and it
consists of two main sections: an upper jacketed cylindrical section and
a lower conical part. The chamber had an overall internal height ‘of

six feet (183 cm), the upper éy]indrical section being two feet (61 cm) in

43
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{
" Photograph of the Chamber
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' mode] 6 CI type SS wheel, made by Canadian Fans Limited, was used as a

height and four and ong-half feet‘(137.2 rm) in diameter. It was con-

structed of 20-gage galvanized steel.

l

[}

A motor-blower assembly (Figure 6) consisting of a 3-H.P.,

2

550-vo11 3-phase A.C. edectric motor, connected‘tofa V belt-driven blower, |,

means of pr0v1d1ng d1fferent air flowrates to the chamber. This could

supply a maximum air flowrate of 931 cfm (584 m®/s) at a static preSsure

of 7-in (17.8 cm) of H,0. The inlet and outlet of the blower had outer ~~ " T 7

diameters: of 6-in (15.24 cm) and were connected, respectively, to an inlet

h)

blast gate for controTling the flow, and to an appropriate enlarging section

&

to arcnqnndafp the 8-in_(20.32 cm) galvanized duct entering the chamber.

A 200-mesh stainless steel wire cloth was also attached to the inlet of
th% blower 1n order to filter the entering air. ,
The volupetric flowrate of air was measured and controlled by

twg square—edgedj%rifices having 9.86 and 6.99cﬁs. These were p]aced,MOne_

at a time, in the outlet line of the blower, and their pressure f

differentials were measured between "Radius Taps" located on the same

s

11ne, and were read on a U-type manometer filled with dyed ethanol. Two
1

other U-type manometers filled w1th ethanol were used to read pressures

in the 1n1et-and the” out]et p1pes of the chamber; both were referred to . g

the atmospheric pressure. These various mgnometers, together with a . o

[+

barometer (used te read atmospheri’c pressure, necessary in the calibration

of hot-wire probes), -and a thermometer to regord the ambient temperatuve,

° \‘ 7 ‘ a - L

were installed on a gingle panel which 1 shown in Figure 7.
- - J— g !
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The temperature of the inlet air to the chamber was also recorded
during each run. This was done using a thermometer inserted in the
suction 1ine of the blower.

The air from the blower entered the jacketed cylindrical section
tangentially, and was properly distributed to the chamber by six 1i-{n x

6 in (3.81 x 15.24 cm) slots in the inside wall at an angle of 45 degrees.

Jos s du

The metal was not cut out; but-was merety-bent back along-a-vertical edge

At points_along the_chamber wall, eleven holes were drilled

(Figures 4 and 5), and —-in (1.11 cm) I.D. bushings were soldered to them
for the insertion of the traversing mechanism and probes. Corks were used
to plug the holes that were not 1n use, SO that the internal flow patterns
were not disturbed. The location of these holes relative to the top of
the chamber is shown in Table I. It may be noted that only station 1 was
located in the cylindrical part of the chamber. Si1x observation windows
were also 1nstalled, one at the top and five on the side of the cone, for
the purpose of Tighting the inside of the chamber, and for flow visualization,
respectively.

Finally, 1t should be mentibned that the vibration of the test i
section (chamber) induced by the fan was reduced to a negligible Tevel by
using a small section of light-weight flexible connection, made by

-

"Flexaust Co.", in the outlet line of the blower. The fabric was impreg-
L
nated and coated with neoprene compounds, and had a close pitch spiral

wire reinforcement embedded within the fabric piles.




SPECIFICATIONS OF MEASURING INSTRUMENTS o

Processing Equipment

The anemometer arrangement is shown in Figure 8. The mean
and fluctuating velocity components were measured with a DISA type

_.___55M01 constant temperature anemometer. The anemometer was operated at

» B a

——————an-overh jo R = 0.80, where o . L

,W, o (Operating Probe Resistance) - (Cold Probe Res1stance),.(8)
" —(Cotd ProbeResistance} —

No corrections wére deemed necessary for small var1at16ns in ambient
temperature.

The frequency response of the anemqmeter was always found to be .
such that its 3dB down point (roll-off %requency) was greater than 5KHz,
a level much higher than the highest frequeﬁfy of interest in the present
investigation. The response of the anemometer was fed-to a DISA type 55010
linearizer which incorporated logarithmic amplifiers to give a response

T T 50 (9)
where X, V, and mfwere all cinstants adjusted so that the éutput voltage
was a 116;;r fﬁnctxon of the velocity of the gas flow past the wires.

The D.C. components of the signals were measured by a 55031
digital voltmeter of the electronic type which read on a 100-volt scale
to an accuracy of 0.1% of full scale ¥ 1 digit. Even at high flbwrates,
it was necessary to operate .this with a smoothing filter of time constant =
3 seconds, in order to obtain an easily readable signal. -

A DISA type 55035 RMS voltmeter was also used, to measure the A.C.

components, and the latter could be read to * 1% within the wave-band

h!\_

%a
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10 Hz-100 KHz. This incorporated an integrator of variable time constant,

and again was usually set to 3 seconds.

Probes ’

Two probes were used: a DISA type 55A22 standard normal wire and

. . __ a DISA type 55A25 inclined wire. Details of these are given in the manu- .

[ —facturers—catalogue but a _com®n feature is the 1.1 mm long platinum-

coated tungsten wires, 0.005 mm in diameter, supported by nickel pins.
The bodies of the probes were 7 mm 1n diameter. “

The angle of inclined wires was measured with a 50X Nikkor profile
projector, and the probes were calibrated using a DISA type 55A60 calibra-
tion unit, whose background turbulence was less than 0.15% at a flow rate

of 300 f.p.s. (91.4 m/s). The wires, normal and inclined, were normalized ?

L - u to an output of 3.0 and 1.5 volts respectively, at a free stream velocity

\\\\\\\\j » of 30.0 m/sec. A typical linearized calibration curve is shown 1n Figure 9.
An oscilloscope was also used to visualize.the responses from hot-wire

probes. . ‘ ’ j

~

A photograph of the whd??rgggggss1ng equipment is shown 1n Figure ]dﬁ/

Traversing Mechanism ] o

The probes were supported by a DISA type 55A42 pressure tight
probe support, and the whole system was placed in the desired position in
the test section by means of a manual traversing mechanism ﬁade by United

.o Sensor and Control torp.
The probe’system was supported on a tripod of adjustable length
‘ for the vertical traverses, and Figure 11 represents a photograph of the

. . LN
whole traversing mechanism.
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Measurements of Distances

. Distances were measured on the traversing unit in increments of
0.1-in (2.54 mm) on a vernier. ‘Standardsscale length of 24-in (6] cm)
was chosen as appropriate for this work.

Linear movement was restricted by frictioﬁxof f]atf}prings sliding

on the scale, adjustable by a thumb screw which could be tightened to

Tock the probe at any location (Figure ¥2}. — ———— —

Measurements of Angles

Angle of rotation of the probe was measured over a full 360°5>
on a protractor graduated 1n 2° divisions for easy readabi]1}y and a
special large scale vernierP(Figure 12).

Both vernier and protractor were friction-loaded with adjustable
springs and balls for easy, accurate rotation to any angle. The adjusting
spring screw could be tightened by a thumb screw or an Allen wrench to
lock the probe at any angle. The vernier was also fully adjustable,

permitting the zero angle point to be set at any time without loosening

the probe in the collet and losing the distance settingw<’

I

OPERATING PROCEDURE

Orifice Calibration and Flow Rate Measurements

' The orifice discharge coefficient is significantly affected
by flow disturbances whigp originate in valves, bends, and other
fittings located upstream from the orifice., It is less affected by

]
' downstream disturbances. As a general rule, the meter should be placed

@
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50 pipe diameters downstream and 10 pipe diameters upstream from any

disturbance. Since allowance for the above lengths was impossible in

our“iéborafofy; it was decided to calibrate the various orifice pTates —

- e s on et

Yy,

- L4
used in the orifice metersagainst a pitot tube.

A simple pitot tube of standard design was used. The velocity
of flow was then calculated from*the difference batween the dynamic
(or stagnation) pressure and the 'static pressure, by means of &

precision inclined wanometer, using methanol "as the indicating fluid.

The local velpcity was determined from the following equation:

U = < fzg[(pm-po)/po] AH ~ (10)
where Uy = the 1oca1_ve10citj, ft/s
E? = a constant coefficient (assumed to be 1.0)
py, = density of manometer liquid (methanol) a£ ambient
- temperature, 1bm/ft>
» Py = density of flowing fluid¢ (air) at ambient temperature, -
o Tbm/ft? '
AH = difference in fluid levels in the manometer, ft.

A ten-point traverse was made across the duct in the suction
line to the blower, from which the average ve1oc%ty in the duct, and
hence. the volumetric flowrate to the chamber, were calculated. From
simultaneous readings on the orifice manometer, an accurate calibration
curve for the latter was obtained. A typical orifice calibration curve

for the 6.99 cm orifice is presented in Fig. 13.

.
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Flow Visualization and Determination of Flow Angles

To visualize the direction and pattern of flow, small wool

tufts ‘were fastened to the heads of eleven 3716-inm. (0:476 em) — —-

<0

diameter stainless steel -rods, and inserted 1nto the chamber through

the meaguring stations, at different radial distances. The directions
of the tufts were then visually recorded through the piexiglass windows
of the chamber wall. This procedure was used for the three different
inlet velocitiés under investigation (1.6, 2.4 and 3.2 m/s).*

It is, of course, realized that this method of determining the
angle of flow was somewhat qualitative and the errors involved will
be discussed in a later section.

An attempt was also made to measure the'%)ow angles quantita-

tively by means of a single straight hot-wire probe. Since such &

‘wire 1s virtually insensitive to a flow parallel to its axis, the

direction of flow could be found as the direction of the wire for
minimum D.C. output signal. The straight ho;-wire probe was therefore
rotated, in intervals of two degrees, at' the desired location until

the minimum D.C. ~voltage was read. The angle at which this minimum
D.C. voltage occurred was read by means of a protraétor, Figure 14, and

thén recorded as the flow ang]e:

L]

* A1l inlet ve1octt1es were average velocities based on the tota]

cross sectional area of the. (3.81 x 15.24 cm) slots in the inside
wall of the jacketed cylindrical section.

LS
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This procedure was cagkied out for the three inlet velocities

—--~  —-——.-under investigation and also for different radial and axial positions

U

T tRrughout the chamber— :

Measurements of Velocities and Turbulence Intensities
An inclined hot-wire probe, described in a previous section,
owas used 1n these measurements. This was maintained at a constant

&
J temperature determined by its resistance, and the usual overheat ratio

of 0.8 was emb]oyed, as this gave a wire temperature of about 300°C

and the best sensitivity without danger of burning out. After the

ambient temperature had reached a steady level, the cold wire resistance *

-

was measured (Eg) and then the ope;ating resistance set to R, = 1.8 Rg.
<) Adjustmeﬁts to the linearizing Tirtuit were then carried out
with the wire heated while the probe tip was still eﬁcased in its
protective sh;ath.‘ The reason for this procedure was that the wire
should be surrounded by still air at the ;orrect temperature. If this
were indeed so and Collis' law (109,110) applied right down to zero
velocity, then the voltage input toiﬁhe-1inearizer would be ARw(Rw-R )

and by putting VO2 equal to this (seé:equations (6) and (9))*, a

voltage sjgnal proportional to the mlgth power of velocity would be
produced. In practice, the air is not still becayse of natural convection,
although the sheath protects the wires from large eddy currents “%n the

laboratory, and it is necessary to reduce Rw to R& SO that when the

* Equation (6) is also written as , ' f

. o . n
. | vin/Rw(Rw - Rg) - A+ BU

»



62
adjustment to the linearizer is made to give zero output voltage,
2
P '
—— Vois set equal to V. ., where o S .
133
Vino = ARW(RL - Rg) + the natural convection contribution

)

" Thus RQ must be chosen so that the coefficient of heat transfer by

natural convection at e& is equal to the theoretical "forced" convection
coefficient for zero velocity at ew. It was observed that a chpice of
R& so that ' -

Vino = %9 Vino

gave the closest extrapolation of Vout to the origin, where Vino was
the measured input voltage at zero—chﬁcity.* It remained to—;J;

m' = 1/n in order to obtain a voltage signal linearly related to
velocity, and m' = 2.3 (correéponding to n = 0.435) was found to give
Tinearity over a large range (see Eigure 9).

When the linearizer had been adjusted in the wanner indicated,

the sheath was removed and the wire temperature returned to 0" Calibra- jf
~ - 4:_

tion was -then Tarried out in the ca1ibratidn unit previously described.
It is interesting to note tha; some of these calibrations were observed
to hold perfectly over a period of 48 hours. *

At this stagé; the inclined hot-wire probe was ready for
measurements; it was then p1nged into the probe support socket and
the latter mounted on the traversing mechanism with the aid of. a guide
tube. The whole system of probe, probe support,‘and guide tube was then
inserted into the chamber at a particular statio% and radial traverses
made. This was repeated along the first nine measuring stations.

~
f
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different azimuthal, 6, positions of the incTined wire.
therefore taken at azimuthal -angles of 0°,
270°, and 315°. The velocity components and turbulence intensities

were then derived from the folldwing equations

substantiating these—equations is given in Appendix I):

and

u/w0

v/w0

w/wO

-
W' /wz

—
v /w0

—
u /w0

= B,(eo - exso)/2a1a5c05aw0

-

Bx(eeo - 270)/23135(:05(1“0
J r

B,(eo + eleo)/2a1a2c05aw0

n

H

2 -7 2y 7
- V/a.[1 + aelu +u' )/WT+ as(Vv + V' )/wo]

af Y
<t

2rn2 = ) 2 2 12 fz__|-rz
1/a2[B2(E7 + €lao)/Raicos®al?) - B5(u" /WG)

- Gasag(T/H ) (T /H3) = 4aa26(/Ho) (W' /HG)

2 )1_75 ' 2 2 |12 2 ""_!' 2
]/as[Bx(eno + e370)/(2a1c0S awO) - 22w /NO)

4

- Baaay (W) (TW'/H2) = Aazas(V7Ho) (VW' /HG)

2rn? —:'!' 1 2 2 2
]/as[Bl(ehs + e:zs)/(&;COS Gwo)

2—-—!' 2_—!’ 2
Voo 2a.(w! /N;) - as(v' /ﬂ;) - ZaS(UTV’/NS)
T .

\

Readings were

s

To deduce the veloéﬁty components and intensities of turbulence,

45°, 90°, 135°, 180°, 225°,

(the detailed analysis

(1)

(12)

(13)

(14)

(15)

- (V*W“/ws){(VYWO)(4azas + dajae) + (EYNO)(4azas - 4ajae)}

(T M (T (Basae - Baaas) + () (R + Baiaeli]

(16)




Equations (14), (15) and (16) are, of course, the normal Reynolds

stress components, therefore the corresponding turbulence intensities

— will be o e .
A M)/ Girhg) ] x 100 (17)
. —T _ ' .
[Av! ﬁ”S)/(v/wo)] x 100 (18)
and i

b4u' /wo) u/w )] x 100 ,(19) ®

In the analys1s, the mean ve1oc1ty readlngs were taken to the
second order, and the f]uctuat1ng to the th1rd and it can be seen that

5 (

u and v were derived from the difference between,two ‘readings 180° apart,
and w from the sum of two readings at & = .0° ané 6 = 180°. The
—"‘!"_T-'T

fluctuating velocities w' , v' and u' were oQta1ned from the sum of

two readings at 6 = 0° and 180°, 6 = 90°*and 270°, and 8 = 45° and 225°,
f Yy -

144
[

respectively. . . .
Every set of the above mentioned readings (at different e's

corresponded only to one radial ?osition only at a particular station |

(i.e., only one axial position); hence, to obtain the radial distribution |
~ of mean velocities and/ﬁntensities of turbulence, radial traverses were

made and D.C. and A.C. (R.M.S.) voltages were recorded at the first

nine stations (see Figure 5) down the chamber (Table I), and Appendix 11

presents the collected experimental data. Data for runs with inlet ‘

velocities of 1.6 m/s are shown in Tables I to IX of“Appendix II. Tables

3 . X to XVIII of the same Append1x present the data for an inlet velocity

'
*, . ' ." »



LOCATION AND RADIUS OF THE MEASURING STATIONS .

I

“n

- Ax$ad Distance from

-, Statien Number _the Top of the Chamber ¥Yadius

see Fig. 5 cm) « (gm)
1 . 50. 20 _ 61.60
2 ' '64.20 ' 61.00 |
3 74.30 57.80
4 84.50 52.70
)5 < 94,60 47.00
6, 109.90 40.00
| ” 125.10 32,40
) «  140.40 24.80
9. " 155.60 17.80
10 170.80 10.16
g 1. 181.00 " 3.80

&P
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of 3.2 m/s (flowrate of S.BQ\?’/min), and finally Table XIX shows the
data, for a lyn with a third inlet velocity of 2.4 m/s '(4.25 m>/min).
These. latter data are only for station 7, and were collected for compari-

son purposes. . '

L

r

It should be mentioned that during eéﬁh run the inlet and

outlet pressures of the chamber, and a]so the entering air temperatures
/

were constantly monitored and their average values for each run are

also presented in Tables I to XIX of Appendix II.

RESULTS AND DISCUSSION \

FLOW PATTERNS - VISUALIZATION AND MEASUREMENTS

T%e resuits of f]ow‘ang measurements, for the test inlet
. 14, as the flow angle versus the

The latter wasnobtained, for a

o
flow increases sfarply to a maximum value of 15° and| then becomes
steady, yiefding a pattern of almost parallel circuldr streamlines.

This agrees with the results of Schowalter and Johnstone (28).
!
Another important finding shown in Fig. 14 is the insensitivity
J

- of the flow patterns to changes in the inlet velocities, an obs$rvat1on

reported by many previous 1nvestlgators (26, 27, 28, 32, 53, 54).

o

A - . .
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Flow Angles for Inlet Velocities of 1.6, 2,4 and 3.2 m/s.
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These results were also-observed qualitatively with the tuft

- ew ™

probes described in the previou% section. However, the-procedure is

--subject to the following error: the connection between the-thread and '

the probe had a certain stiffness, so that the position of the proﬁe’

influenced the indicated direction. This fact could easily be seen by
) .

tbrnfng the probe by severa] degrees. Within a range of about two

degrees the thread would\ follow the rotation of the probe. Only at

larger angles would it fdjust itself to a different position. Other
errors could be due to the drag of the thread in connection with the
spiral paths of the“ai}z

Near the wall, the wepl tufts ifidicated a flow direction with

a large circumferential component and a small axial component. This

flow was probably caused by thefboundary layer at the wall. As the
tufts were moved away from the/boundalry layer region, the axial
component became negligiblé a he tufts behaved erratically, implying

the existence of a central turbulent core.

MEAN VELOCITIES

Mean velocity measurements were made for different radial and
axial points in the flow field at inlet air velocities of 1.6 and

3.2 m/s. A few additional measurements were also conducted for

_different radial locations but at,one axial position only (i.e.,

station 7 (see Fig. 5)) at an inlet velocity of 2.4 m/s. All inlet
velocities are ave‘age velocities based on the total cross sectional
area of the (3.81 x 15,24 cm) slots in the inside wall of the jacketed

cylindrical section.
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Radial profiles of the tahgentia] mean velocities are shown in
Fig. 15 and 16, at nine axia1'1ocations (stations 1 to 9 (see Fig. 5
and Table I for. location)) for flow with an inlet velocity of 3.20 m/s.
No data were taken in the region near the chamber centreline because ot
the relatively high turbulence, and the high disturbance of the flow
caused by the probes. It 1s-§een that the tangential velocity
increases with increasing radius and'feaches a maximum value near the
wall and then falls off sharply to meet the requiremeﬁt of zero rotaéion
at the wall. :\'“\: \ .

As shown in Fig. 15 and 16, instead of flow with gonstant
angular momentum expecte& in a true vortex the tangential velocity
distribution near the wall approaches the one of nearly constant
angular velocity (i.e., the velocity varies approximately as 1/r).
This, as suggested in Ref. (é%), indicates the appearance of a high
eddy viscosity in the central region. At smallér radii, the motion %~
resembles a solid body rotat%on, where the tangential velocity is
proportional to the radius. Tpe boundary between these two regions of
flow, marked by maximum tangential velocity, moves radially inward as

one goes,down the chamber. This gradual downstream decrease of the

slope of the tangential velocity in the order of stations is an indica-

"tion of decaying vortex (57).

Radial profiles of the axial velocities are presented in
Fig. 17, 18 and 19; at nine locations (stations 1 to 9) for flow with
an inlet velocity of 3.20-m/s. It is seen that the axial velocity

approaches zero at the chamber centreline. This is characteristic of
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FIGURE 15

Radial «Profiles of the Tangential Mean Velocities
at Stations 1, 3, 5, 7 and 9.
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FIGURE 16
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Radial Profiles of the Tangential

at Stations 2, 4, 6 .and 8.
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FIGURE 17 | »

Radial Profiles of the Axial Mean Velocities

" at Stations 7, 8 and 9.
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,FIGURE 18

Radial Profiles of the Axial Mean Velocities

at Statons 1, 3 and 5.
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swirling flow that enters a stationary container. It should be noteg

that the axial variation of the tangential velocity distribution is

much greater than that of the axial velocity distribution. This may

be explained from a pressure increase near the axis and pressure decréase
near the wall which tends to counteract the development of the axial
profile. This was demonstrated analytically by Lavan (103) and

Talbot (104) for laminar swirling flows and was one of the assumptions
made by Kreith (105) and Rochino (106) in their studies of turbulent
swirling flows.

It should be mentioned that some problems were encountered in
the measurement of axial velocities at very low values, owing to the poor
response of the hot wire anemometer under these conditions. For this
reason, measurements at higher velocities which are c&ﬂgidered valid are
indicated in Fié. 17, 18 and 19 in solid lines. They can easily be veri-
fied from a ‘mass balance on ch total flow. Values at low velocities were
calculated from éhe mass balance, according to the equation of the valid
lines, V . = C(r/R)Z'5 and are shown in dotted lines.

Gomparison of Fig. 15 and 16 with‘Fig. 17, 18 and 19 ;hows that
the axial velocities are small when compared to tangential velocities,
and also that the tangential velocity® peaks do nok coincide with the
axial ve]ocity1peaks, put are located more toward the centre of the tube.
This can be explained on the ?asis that wall fric(ijil}auses a decrease
in both ‘the axial and tangential velocities near thé‘wall as the flow

moves along. From continuity considerations, this results in an increase

in axial and tangential velocities in regions farther away from the wall.




&

It indic§tes that some air must move in toward the centre as flow
prog;es&es-down the chamber. In so doing, the air tends to conserve
its angular momentum, thereby resulting in an increase in angular ,
velocity in those regions farther away from the wall. The tangential
velocity, as seen above, drops off at the centre of the chamber, for
as was shown by Lay (33), there is theoretically only axial flow in
that region.

Fig. 20 and 21 present the radial profiles of tangential and
axial velocities at station 7, for th;ee different inlet velocities.-
As it can be seen, these velocities are larger in the case of larger
inlet velocity, but their distributions are almost similar indicating
once more the in;ensitivity of the flow patterns to changés in inlet
velocities. ‘ ‘

It should be mentioned that the radial component of the ve]osity
was also determined, for each run, from equation (A49)‘of Appendix I,
but no attempt was made to present these data graphically, siné;'fhe
values were very small and would present agwalmost §%raight line
distribution close to the axis of zero velocity. For the same reason,
the radial distributions of the radial intensities of turbulence will
not be presenteg in the following sectidn, for in this study the ratio of
the R.M.S. fluctuating velocity to the mean velocity at a pgint will
define the intensity og turbulence at that po?nt. Since negligible
radial velocities occurred, suéh a ratio would yield radial intensities
of turbulence of the order of 300 to 400%. Of course, one can plot the

<«
root-mean-square of turbulent radial velocity and in fact this result
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« FIGURE 20 .

Radial Distributions of Tangential Velocity
at Statioh,7, for Different Inlet Velocities.
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is presented for sﬁation 7 in the following section tFig. 28).

4

., 4 L
TURBULENCE INTENSITIES S

Radial distributions of the tangential components of the turbulent
intensities are plotted as functions of the radial-distance in Fig. 22
and 23, for various axial distances from the top of the chamber
(stations 1 to 9). Again, these curves. are only for the 1n1et velocity
of 3.éb m/s. It can be.seen that these iptensities tend to increase
with decreasing distanée from the centrelide. The increase in intensity
is caused more by the rapidly decreasing mean‘¢angent1a1 velocity than

——

2
by the intensity in vw

Unfortunately, no data are available for
stresses, for the behav?bk of intensities could be explained in terms of
these parameters using the turbulent energy equations of Eskinazi and
Yeh (107), butione would expect to have relatively large values of "
in this region. q ‘

Actually, using equations 60A, 61A and 62A of Appendix I, in
conjunction with equations 49A to 58A of the same Appendi;: and the
tabulated experimental data presented in Appendix II, one can obtain
&he three Reynolds shear stressés (wv', u'v', and wu'), but due to
the highly non-linear nature of these respéﬁ%e equations, one has to~
use a spe¢1a1 iteration technique to solve a11 nine equations simul-
taneous]y. A few attempts were made to do th1s, but had to be abandoned
‘because of time 1limitation.

In contrast with the mean tangential velocity profiles, the

tangential intensity profiles show some dissimilarities in the sense




’ FIGURE 22 '

i -

Radial Distribution of Tangential Intensities_,
of Turbulence at Stations 1, 3, 5, 7 and 9.
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FIGU 3
; v RE 23 )
Radial Distribution of Tangential Intensities
of Turbulence at Stations 2, 4, 6 and 8.
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i that they show a stronger dependence on the axial position. Inufact,
‘%thE’TEEEEEZiaT intensity of turbulence increased with increasing axial
distance from the top of the chamber, and the highest levels, about
11-12%, were_obtained at statibns 8 and 9.
Figu;és 5&\439 25 shpw radial profiles of axial intensities of - -
turbulence at stations:}\to 9, and for the same inlet velocity- of
3.20 m/s. Here, the intensities are expressed as Root-Mean-Square
values of the axial fluctuating velocities, vlil The behaviour of
these curves is seen to be somewhat similar, indicating an ihcrease
in /{Ifias one goes from centre to the wall, but their depeqdence
on the axial direction does not follow a regu]ar pattern The suppressién
- , of J/l near the centre disagrees with the results obtained in other *
bounded shear flows (108).
Fig. 26 and 27 present the d1str1but1on of tangential inten-
sity of turbulence and R.M.S. values of ax1a1 f]uctuatwng velocities,
respectively, at station 7, .for different flow ;;tes Again the rela-
tive insensitivity to changes in inlet velocities is to be noted,
' ‘p1though there seems to be some departure in the case of axial fluctu-
{ating velocity for the highest in]ef velocity (Fiﬁ. 27). For both ‘
parameters, however, 1£;ger inlet velocity produced lower turbulence
levels, indicating an indirect relationship. This is again because
of the larger values of mean‘veloéities obtained at larger inlet

-

velocities.



/ FIGURE 24 -

L

Radial Distfibution of R.M.S. Fluctuating
Axial Velocity at Stations V,:3, 5, 7 and 9.
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FIGURE 25 o
.« - Radial Distribution of R.M.S. Fluctuating .
- X Axial Velocity at Stations 2, 4, 6 and 8. -
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FIGURE_ 26 /_‘ L

~ Distribution of Tangential Intens%ty of : .
) Turbulence at Station 7, for Différent Inlet )

Velocities. - R
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FIGURE 27 w

Distribution of R.M.S. turbulent Axial Velocity
at Station 7, for Different Inlet Velocities.
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Finally, Fig. 28 presents the root-mean-square value of the
j==i
radial fluctuating velocity, Yu' , at station 7, and for an inlet
velotify of 3.20 m/s. Tangential and axial intensities of turbulence,
at the same conditions, are alsa presented‘for purposes of comparison.
The radial turbulent velocity is very small compared with the other two

components, and it varies ﬁ%ry little with radial distance.

CONCLUSIONS

It is believed that the data which have been presented on flow
angles, profiles of mean tangential and axial velocities and radial
distributions of tangential and axial intensities of turbulence
represent one of the most exhaustive attempts ever made to characterize
the vortex flow occurring in a chamber of the design under study, as
a function of the inlet velocity as the main variable. The experimental
approach depended on the use of a single-inciined hot-wire proﬁe qhich,
in turn, relied on a set of response equations which have been derived
in the analysis presented in Appendix I. Alth?ugh the experiménta]
technique is not new in itself, it is felt that the theoretical
analysis, and hence the response equations derived from it, are more
accurate thag those which have been proposed so far in the literature.

In,gene?a], the quantitative results of the present study confirm
the fheoretica] predicfions and the experimental trends reported in
the literature. :In particular, they fully support the conclusion that
the flow pattern is relatively insensitive to the entrance volumetric

flowrate. They also show that the value of the mean outward radial




FIGURE 28

Root-Mean-Square Fluctuating Radié] Velocity
at Station 7, for Inlet Velocity of 3.20 m/s
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velocity is very sma?T™and could be neglected for design purposes.
Taken together, these two facts should greatly facilitate future attempts

to derive generalized equations of motion for vortex flow. ,

One of the great-and-remaining difficulties in the complete
gharacterization of vortex flow is the large dependence of the flow
pattern on the entrance conditions, as illustrated in Figures 1, 2 and 3
shown in the Literature Review section of this thesis. A more striking
example is afforded by a comparison between the Yesults of the present
work and those reported by Gauvin, Katta and Knelman (14), who studied
the motion of entrained droplets 1in é chamber of exactly the ;ame
geometry and dimensions as the present one, with the single and mportant
difference that the entrance slots were inclined in the opposite
direction. Although the quantitative data on tangential and axial mean
velocit;\\pported by these ea;iier authors are rather meagre, they are
sufficient to show that the flow patterns, and in particular the flow /
aH&1es, were completely different. In view of these findings, no
aftempt was made in the present work to derive generalized equations
for tangential and axial motions, sincé a proper entrance parameter was
lacking.

Before the complete characterization of the flow in a vortex
chamber, and hence its design for industrial applications, cantbe'

. .
attempted, it is obvious that more information mist be obtained on the

effect of entrance conditions. It can be predicted that the initial

n

flow angle will be an important parameter, but will it be the only one?
(/

\

an




»

Further work will obviously be needed to answer this question, and -
studies a%ong those lines will be continuing in this laboratory. In
the meantime, it is hoped that the present investigation has prov1ded

useful information towards an understand1ng of this 1nterest1ng field.
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APPENDIX 1 o

HOT WIRE ANALYSIS

YAW CALIBRATION o

1

For a corplete descriﬁ{ion of the hot wire response, we have to
determine the instantaneous effective cooling velocity. This will not
be the’component of velocity ﬁorma] to the wire; but will take account
of the component along it. If the ratio of the efficiency of the two
components in cooling the wire is de;oted by K, then

Qe = a;(cos*ss + K?sinZgy)*/ (A1)

where a5 is the instantaneous velocity vector making an angle B, with
the nomal to the_wire. Even when the effect has been reduced to these
terms, the determination of the magn?tude of K for a particular situation
is extremely complicated.

According to Champagne, Sleicher and Wehrmann (1) and Davies
and Davis (3), Equation (A1) gives the best representation of the
effective cooling velocity e of a hot wire inclined to the mean flow.
'They also cpnc]uQed that the yéToqjtyrfgmponent"a1ong a wire of finite
length results in an asymmetric distribution of heat transfer coefficiént,
and an increase in average heat transfer coefficient with increasing
yaw angle for a fixed normal velocity. The temperature of the ga;(
fTowing around the wire increases downstream along the wire, but the |
temperature distribution on the wire itself is not appreciably asymmetric,

nor is the difference in the end conduction lesses to the two supports

A-1
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A-2

;
e

significant. Careful studies by the above resea;chers using various
support sizes and a flow visualization technique respecti&e]y have
also shown that the distortion of the flow by the suppo;ts is not a
ufactor that need be considered. Thus results for different probe
support geometries should be comparable, but the yaw effect is likely
to be influenced by the value of mean wire temperature above ambient,
by the length-to-diameter ratio of the wire, and by the velocity of the
flow. s
By considering overheat ratios of 0.8 only, we can eliminate

the first of these factors. The dependence of K on the second is shown
in the results of Champagne et al. (1), who measured K = 0.21 + 0.04,
when 1/d = 200, falling steadily as the wire-length increases to approxi-
matfly zero for i/d = 600, at a velocity of 35 m/sec. However,

Webster (4), who yawed his probe in a different way from Champagne (see
Figure A1), reported a mean value of K = 0.20 + 0.01 with no significant
depgndence on 1/d over a range from 86 to 1456. Neither Champagne nor
Webster found any really significant dependence on velocity (for a
~sta;?::?hql analysis of Webster's results, see Kjellstrom and Larsson (5))
but Webster's were in a narrow range around 5 m/sec. Taken with the
suggest%onipf Rasmussen, ng;gg,by~Kje11§deh;;hé Larsson (5), that
K=0.26 +0.03, taé<;;sults suggest that 0.23 is most appropriate for
DISA probes (1/d’= 200) at velocities of the o&fer of 30 m/sec.

Another effect complicates the analysis of the yaw calibration.

This is the increase in measured velocity by 18% when the pin supports

~‘\ﬁ——“&qrﬁ_toiaIMroug_DﬂMaxis of a wire which is normal to the

e
—_—



FIGURE A-1

Different Yaw Situpations
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f]ow,jto a position perpendicular to the flow (sé% Figure A1-C). It
has been reported by Hoole and Calvert (6),ﬁand Eyre (7), who shows
theoretically that it COhld be due to vary{ng end losses by conduction
when d1fferent parts of the supports 1ie within the wake of the wire.

Thus the probe must be calibrated in the pos1t1on in which-it is to be

L

_Used, or a further correction must be applied. This mechanism of

changing end conduction Toss would be expected to apply to the other
yawing situations (a and b in Figure Al), so it is surprising that it

was not measured by Champagne et al.

ANALYSIS
The wire calibration gives a-mean voltage corrééponding to a
mean uniform velocity normal to, or at a known ang]e,‘t§§the wire, the
turbulence in the calibrating stream being negligibie. heasurements
in the chamber give a mean voltage as well as the R.MS, value of the
fluctuating vb]tage, and one has to relate these voltages fo;mean and,
fluctuating velocities uging the calibration. ——
The present analysis is an attempt to obtain a modified set of
response equations (using the calibration data), which would permit the
determinaéions of the components of the mean velocity vectors, turbulence
intensities and Reyno!dS'stregses, from a §ingle inclined hot-wire
probe introduced in various orientations in.a flow field having a
“dominant tangential velopit& component". In what follows, the

corrections for blockage and pitch are neglected, and the’ yaw factor is

denoted by K.

e,
¢




-~ —the-purpose of normalizing the final response equations.

I8

e The cogrdinate system used and the velocity component diagram
are shown in Figures A-2 and A-3 resﬁect{Vely. In the diagram q;
represents the instantaneous resultant ve]ogity vector*, and Ay qy’

4

and q, are the component instantaneous velocities in X, Y, and Z

directions. QZ is a fictitious dominant mean velocity, included for

(>3

As mentioned in the previous section, the instantaneous
effective cooling-velocity is given by the cosine law as

a

e = qi(cos’e, + K’s1‘n"33)'/2 o (A1)

where gs is the angle between the instantaneous velocity vector and
the normal to the wire'axis,

The sketch of Figure A-2 shows the’hot-wire oriented at an
angle o' relative to the mean VE]ocjty Qz‘ and ai an angle B3 relative

to the instantaneous velocity, then it can be shown that

90 -Qg; ’ (A2)

Ba

and

it

& « = 90 - a R (A3)

where a is the angle between the normal to the wire ahdjﬁﬂe mean flow
direction.
Equation (A1) can also be written as

qe2 = c;,i’[(;}'_zs’is3 + K3sin?gs] . (A4)

N\ s

* The direction of this resyltant instantaneous velocity vector is
- mistakenly presented in References (2) and;&?).

-




FIGURE A-2

Coordinate System Used
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Diagram for Derivation of Hot-wire Response Equations
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1 + (K2-1)sin8,

.
ay
»
th
pond s
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K

= cos?a 4 sin?a + (K2-1)sin?By
#
= cos?afl + tan®a + (K’-])sin’ﬁ,/cos’a] C{J

= cos?a[l + K*tan?a + (K*-1)(sin?8,/cos’a - tan?a)]

or

cos?gs + K?sin®Rs = cos?afl + K*tan®a + (K’vl){EB%TE(sin’e, - sin®a)}] (A5)

and hence,

qe2 qi’cos’a[] + K*tan?o + (K’-]){Eaéqg(sin’s,-sin’u)}] (A6)

o

Having defined o and B, as above, our immediate objective will
o and defined angles Bs, and B,

be to express B, in terms of
(Fig. A-2). This can be obtained %rom the cosine law qf trigonometry L
as follows:
Considering triangle ABC, we can write
AC® = AB® + BC? - 2(AB)(BC)cosBs (A7)
or v

c? = a® + b? - 2ab cosBs (A8)

Now we have to find b and

z)

from triangles BCD, BDE, and ABE, we get
b = (a cosa'/cosBz)COSBa (A9)

and from triangles. ACF we will have

¢t = (AE)* + (EF)® + 2(AE)(EF) + (FC)*  (A10)
Substituting for AE, EF, and FC from triangles ABE, BCD, and BDE

respectively, yields




L2
~»

LY
&
o

A-9
c* = a*[sina' + cos®a'-tan®Ba/cos*8. + 2 sina'cosa tanBa/cosB.
“ + cos®a tan®g.] (A11)
Substituting_equations (A9) and (A11) into (A8) and dividing through
by a2 we &:?:‘;gve f
-cosBy = [COSB,-COSB,/2 cosa'][sin3a' + cos?a'.tan?B,/cos?B,-
+ 2 sina'cosa'tanB,/cosB,
+ cos?*a'.tan?*8, - 1
- cos?a'/cos?B,.c0s28,] (A12)
Substituting equations (A2) and (A3) into (A12) yields
-sinB, =, [cosB,.cosB./2 sina][cos?a + sin?a.tan?B,/cos?B,
. ‘ _ + 2 sina.cosa. tanBa/cosB,
+ sin®a.tan?B, - 1
- sin®a/cos?8,.cos%8, ] (A13)

4

Equation (A13) agrees with the results of a similar derivation
presented by Heskestad (8) and Champagne aﬁd Sleicher (2).

The angles B8, and 8, are defined by (see the diagram)

g sing, = q [(Q, +a,)% + a7+ a7 (A14)
costa = [(0, +q,)% +q.71"/7. [(q, + 6" +q," + 0,717/ *(a15)
sing. = q,[(Q, +9,)% + q2]7*/" (A16)

‘ cosBa = - [0, + q,1[(Q, + a,)7 + 971"/ - (M7)

Introducing egns. (A14) to (A17) into eqn. (A13) and fearranging gives

-sinBy = [(Qz + qz)"-qy-COSa - sina] [Q, + q,][(Q, +9,)* +q,% + qy’]

® (A18)

—1f2

2
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Squaring (A18) and dividing through by QZ?,yields '

Cosintes = [(140,/Q,)7 + (a7 + 9,*)/Q51 7 [sin*a(l +q,/Q,)*
- 2 sina cosa qy(1./0z +4,/Q,)
2 2 2
+ cos?a 9, /, ] (A19)
*Now, if we expand the denominator of the above equation in binomial

series, taking the first four terms, and neglecting all the 4th order

terms we get:

-

[(V +a,/Q,)% + (a,* + qy’)/Qz‘]'1 = { - 29,/Q, + 3,%/Q,°

¢ - (o, +9,7)/Q,°
g + 4(a,8,* +a,9,°)/0,°

“ + 49,%/Q,° Y

' . - 8q,%/Q;° (A20)

® Substituting (A20) into (A19) and neglecting the 4th order terms gives:

sin?8; = sin%a + sin’a[-(qx2 + qy’)/Qz2 +2(q,9.° + qzqy’)/st]
+cos’a[qy’/o;—gﬁig"qy’)m;’], o
- 2 sina c05a[hy/Qz - quZIOZz % quX2/0z3 - qYSIQZS]
(A21)

Introducing (A21) into (A5) yields:

-

cos?B, + K3sin?8, = cos?afl + K*tan’a

-

]
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+

(k2-1){1/cos*al-(q,* + q,7)/Q,* + 2(q,9,* + 4,9,%)/Q,°]
(q

2(a,9," + 2a,9,%)/0,°

+

x2 + 2qy2 )/qzz

2tana(qy/QZ - quz/QZ2 + quz’/Qz3

- 9,0,%/0,° - a,°/9,%)1] o (A22)

v

From Fig. A-2 the instantaneous resultant velocity q; is given by

9;* = [ +q,)7 +a,7 +q,7]

ar

a;* = 0,201+ 29,/0, + (g, + q,* + a,2)/Q,%] (A23)

now substituting egns. (A22) and (A23) into (A4) we get the following

expression of the effective cooling velocity: ‘

2 2, 2 2 2 2 2 .
9’ = Q,7cos*a[l +.29,/Q, + (a,* + q.* +a,%)/Q,”]

X [1 + K*tan%a + (K2'1){35§T§[ q /Q :

bl
)

. “ 4 2(qquz + qzqyz)/st] .

+ (9* + 29, 7)/0Q,°

2(9,0,* + 29,09,%)/Q,° -

2 tano(q,/Q, - 4,9,/Q,% + 9,9, 0, ¢

= Q. */Q,° - q./Q,%))] " (R24)

Multiplying through and neglecting terms of.order higher than 3,

gives .




2
9%° = Q,

1

E =
F =
G =

- A2

-

2. cos2a{A + B[qZ/QZ] + C[qz’/Qz’] + D[qy/Qz]

+ €l9,2/0,7] + Flo,?/0,7] + Glaya,/0,%]) (A25)

1 + K*tan®y ‘

2(1 + K*tan?a) = 2A .,
1 + K*tan®a = A
2 tana(1-k*) . | (A26)
tan®a + K? ,

sec’a ' : \

2 tana(1-K*) = D

are all constants for an inclined wire with a yaw factor of K. Champagne

and Sleicher (2) expand these .as Taylor Series; however it is more

convenient to evaluate them exaét]y.

As q_ is required, an approximation to the square root of
e ' r

equation (A25) must be sought. This can be achieved by expanding into

a Taylor series in terms of q,°

f(q,) = f(0) + f'(O)qz + f"(O)qZ’/ZI +°f"10)q25/3! .. (A27)

Z
The terms of equation (A26) are as follows: 8
= 2 x/z
; £(0) = [A+Da/Q, +Eq2/Q," +F a2/Q7] (A28)

, -1/2 _ p-3/3 _ -3/ A 2 2
£'(0)q, - q,/0,[A""""B/2 - A"*/"BDq /40, - A BEq, /40,

_s/z 2 2 -3/2 2. 2 2
- A7*%rq 2780, + 387/ *BD2q 2/16 Q,

-s/2 -s/2 2
+ 3"/ *p0Eq °/80," + A\ “BOFq,q, /80,
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Similarly,
f(0Ja /2! = q,7/20,%]-
) il .
+
\ -

I

/z a _1/2
BD’qy’/96 Q,* + A quIZQZ

'3/2 2 2 -3/2 3 3

A" "06q, 2/80," - AZS"EGq,, /4,

"3/2 2 ' 3 '5/2 2 3 3

A Fquqx /40, + 377D 6a, /16 Q, 1 (A29)

where all the-terms of fourth order or greater are dropped.

A*/p2/4 + 37"/ B20q, /80,

g
e

-,

3A_5/ZB’qu2/802;~:‘ o
3A"/’B=qu=/8ﬁzz - 15 A"/’B=D=qy’/32 Q,
15 A'7/2B’Dqu’/16 Q,’ | |
15 A'7/2B’6qu’qy/16 Q.

35 A"/‘B=03qy3/64 Q,” - A"/"Beqy/zoZ
3A"/’Beoqy2/4ozz + 3A"/’BGqu3/4QZ=

37 “’/’BGF&qu2/4QZS + A%
15‘A"/’BGDqu3/16 0, - A"/’coqy/zqz

A" Ecq,7/20,% - A T MeRq, 220,

-3/2 2, 2 2 -3/2 s 3
3A CD qy /8QZ + 3A CDqu /4QZ

+ 3A"/2CDquqX2/4QZ’
- T TSA;’/QCqu;§/48'Q;§] - . (A30)
and finally - o
£0)a,>/3t = a,%/Q,° [ *B°/16 - A" "Bo/4] (A31)




Substituting équations (A28, A29, A30 and A31) into equation (A27),

and collecting terms gives:

9 = ®1Q,cosa{l + a2(q,/Q4 + aa[qZ’/QZ;]

where

a.

de
a,
de

= 1

3

dis

o >
)
) A

— ‘*—*‘—**¥"31‘2T= #-28{;/4' -

+ a:.[q;/ﬂ;] + as[qy/Q;] N
+ aefa /0,7 + 2-[q,%/Q,7]
+-2s[q,*/0,%] + as[q,9,/Q,7]

+ azO[quzz/Qi;] + au[qy?qz/st}

+ axz[qxzqz/qzsl + axs[qxzqy/stl} (A32)

. Ax/z
- BA-:/: £
=.A'c/2 - B*AT]B -
- B®A°/16 - BCA" /4
= DA™'/2 . ‘ (A33)
- EATJ2 - D'A%/8 |
= A"°D%/16 - AT'DE/4

: ;
= AT'F/2 T - .

= A"'6/2 - -AT°BD/4
= 3A°°B%D/16 - AT BG/4 - AT CD/4
- 3A7°BD?/16 - A “BE/4 --A” GD/4

1 Per————

—————

= - A"? DF/4 , .
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For most applications, in pa;ticular low intenity turbulences,
the third-order turbulence terms are often negligible, and dropping
these terms from equation (A32) yields:

9o = @Qcosall + a:la /0] + a:[0,%/0,%] + 2 [a, /0 :

5 >

+ a0, */Q,%] + aa[q,7/0,%] + 2,[a,9,/Q,%]) (A34)

L

To get separate expressions for mean and fluctuating components, we

can decompose the instantaneous velocities into mean and fluctuafing

parts:
q, = a+7q'
Q, - W /
- - Q, = Ww+w' L (A35)
q, = (U + u')cosd + (Vv + v')sins
| q, = (V+ v')cose - (U + u')sine ]

Substituting (A35) into (A34), taking the mean and separating the

. fluctuating part, gives:

_ ' - o a —T. -
q = a;cosa {1 + a,[w/wo] +as[(w +w' )]

i

+ a5 [(U cose + V’sine)/wo]

) '

_2 2 4 - N R 4
+(a,/woﬂ[(u +u' )cos®0 + (v + v' )sin®e + 2 sinecosp(uv + u'v'")]

_2 - _2 -7 R —r
+(as/wo’y(v +v' Jcos®® # (u + u' )sin®e - 2 singcosp(uv + u'v')]

~ +(a,/woﬂ[tﬁﬁ'+ u'w')cos® + (VW¥+ Viw )sine]} ’ (A36)™ N

<



4
4

] :+ 2a, [Ww'/woz]

s

and
- a,cosol_{aa [w'/w0
+ as[(u'cosé + v'sine)/wo]

+(2a,,/wo’)[ﬁu'cos’9 + Vv'sin?6 + sindcos8(uv' + u'v)]

+12ae/wg’)[7y'cos’e + Uu'sin®e - sindcose(uv' + u'v)

]

)
A

‘ f,+(a,/wo’)[(u'W + uw')cose + (v'w + vw')sine]} .

B

It is to be noted that in the above equation

\U' = V' = W = 0 > -
: »
4 ° G. = U* e .'
v . !
0
2 |2 '2 0
: u' , v' o, w £0 o

1915 poéﬁib]e to obtain the velocity components w, v, and U

-

from equation (A36), but it will not yield the coupled velocities: tﬁese

are qbtained from square of egn. (A37).

2

)

-7 7 ’ — v I
qQ' = a,’cos’awoz{a;’[w' /w02] + 2aas{(u'w'cose + v w's1n6)/wp’]
f' 2 2 2 2, =y s 2
N _+ a52[(u" cos®0 + v' sin*8+2u"v'sinocosa)/W, ]
-

a

+ 4a3’[_v72w'2/w0“] + da,a, W w"/wo*’]

Y

¢ :
- . -— —( - Ed »
+ 82,3, [(VTW'Vcos?0 + UTw'U sin?® - V'w'u sinécoso -
o - u'w

'V sin9c0597lwo’] -

o




)
+ 4a,a,[(U'W'U cOs26 4 VW'V sin®6 + vW'u sinecose

- + u'w'V'sinecose)/wo’]

—— —_—— . _ 2 - 2 e
+ 4a,a, [(UV'U sin26 4 U'V'V c0s%6 4+ sin2ocose(u u' -uv' -vu'v')

.

2

— — ceme— — 2
+ sinfcos2o(vv' - uu'v' - vu' ))/wos]

+ 8a,a, [ I"W'CosB + wv'w'sing)/W 3]

"
- - . T
,/ T ed 'y T s 20 (T, 0T L +;"\'/ju|,,‘)"/

+ Basae[(v' Vsin® + u' u cos®6 + singcos®e(uu'v' + uu'v
<> —"2‘ .
' + sin28coso{(vuTv' + vu'v' + uv' ))/NOS]
2 ) e M ]
+ 22,3, [{ (Wu™W' + Tw' Jcoses+ (WW' + W' )sine’l/W 3
L) —_ 2 - -— 2 - ——
+ 2a,a,[{(wu' + uu'w')cos?0 4 (wv' 4 ww'v')sin?e,
+ 5in6cos(2 Wu'v' + vu'w' f~EV'w')}/NO’] ‘ (A38)
o ‘"
where again all the fourth order terms (with the exception of ‘ , oy
B , .
w w' ) have been dropped. A

. EVALUATION OF CALIBRATION CONSTANTS

s A g S
* Before equations (A37) and (A38) can be used, a relationship e )

. ' — -7 _ a3 ) o

between the measured voltages e and e' and q and q' must be found.

It was noted in equation (A4) that,

Pl

-’

2 q;2[cos 28, + K*sin?g,] (A8)

0
1]
L

or

=
]

qicosB,[l + K“‘tan’Bg,]lla *(A39)'




expanding in binomial series and taking the first two terms gives
"qe = qicoses[l + 1K?*tan®g, | (A40)

-

but during the calibration, the flow was one dimensional so that.

1

Bs L § .,
therefore
o B qL = g;cosall + $K*tan?a] (A41)
" and according to eqn. (AZ6)
- dy * g;cosa{A) (R42)- -
or
e — " "q; = q, /A cosc (A43)

the relationship between the instantaneous linearized output voltage,
ei’ of a constant temperature anemometer, and the instantaneous cooling
s velocity is -

g e, = mgq, (A44)

+ where m is the slope of the calibration curve

or
q q
e e
., = = M-q, —
) 19y Nfiilqi
or . _ A-cosa-e./m = 9o = qg+q' (A45)
‘Letting B, = A.cosa/m, and expressing the instantaneous voltage as
mean and fluctuating components gives ¥
Bi(e+e') = q+q' « @ (A46)
\ or q = Be ' (A47)
nd T -
@ a Q' = B (A48)
. ) )
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which may then be used in equations (A37) and (A38) to find the mean

"

velocity and coupled velocity terms respectively.

EVALUATION OF VELOLITY TERMS.

The three velocity components can all be obtained from a single
inclined hot wire, each via two readings taken 180° apart. In the case
of the present study o was measured to be 45°, and K was taken to be 0.2,
hence the following simplified equations were derived from eqns. (A26,
AééAand A47). It is to be no}ed that in this case the constants a,,

L4

and a, became zero.

G}wb = B,(E;”- exeo)/(Za.a,COSawo) {A49)
Vywo = 81(6:: - 6270)/(23165C05aw0) (ASO)
w/M, = Bi(e, + eie0)/(2a1a2c050H ) .

_2 - _2 _“f
- Vaa[l +ae(u +u' )M+ as(v + v J/Woz](As])

X

EVALUATION OF TURBUEENCE INTENSITIES

The turbulence terms are each found from the sum of two
readings from an inclined hot wire (180° apart). Again taking a = 45°,

and K = 0.2, eqns. (A26), (A37), and (A48) yield:

2 2

g'z/wo2 = (1/az’ﬂBl’(e6 + eiao)/(ZaI’cdS’awo’)
» —
- a,*(u' /Noz)

- 8352, (V/W ) (VW' /W 7)

- 42,34 (U/M) (W' /woz)] (A56)



o

) -z
vi /W = {1/352)[81’(&%0 + e',,o)/(ZalzcoszaNoz)
- 3
- az?(w' /woa)
- 4a2aa(aywo)(ﬁTW"/wo=)

- 4ahzas(v/wo)(m'/woz)] (A57)

and

- —7 N
u' /W 2 = (]/asg)[sz(e:'.s + eézs)/(axzcoszawoa)

- T -z
2a;% (w' /W ®) - as*(v' /W ?)

207, T
2as*(u'v /woz)

(W'/Noz){(v/wo)(4azae + 4a,a,)
+ (u/W,)(4aza6 - Ba.aa)}
I ,,7),, R

- (W'/Woz){ (V/wo)(z‘azas - 4a,a,)
+ @!0)(43239‘."' 4azas)}] (A58)

The above are, of course, the normal Reynolds stress components,

therefore the corresponding turbulence intensities will be:

[/KQTT)WOZS / (ﬁywo)]x 100.0

[/(:;1}u0=),/ (v/W)1x 100.0 (A59)
and ) - [/(;Tq)woz) / (/W )]x 100.0



- EVALUATION OF REYNOLDS SHEAR STRESSES

_The Reynolds shear stress terms are found by difference
between two readings from a single inclined hot wire, 180° apart. The

same values are taken again for o« and K.

P B 2
w'v'/wo2 = (1/azas)[B,’(e;o - e;,o)/(4a1’cos’awo’)

— —T ’
- 2asa6(V/W ) (v' /W )

- 2asa,(U/M ) (U ?) ] (A60)

/
WM = (1/3,2,)B,2 (e} - ely,)/ (42, 2c0s20M 2)

- 2a,a, (/W) (u' /W 2)

- 23,3, (V/W ) (U™ /W ?)] (A61)
and -
-— -1 )
UTV'/NOZ = [352 + 2/§asasv/wo] [sz(ezs - 9135)/(2312C0520w02)

= (W'/woz)(agag/z = Za;—agV/wo + zazag-v—/wo)
-
- (VTW"/WO’)(2a2a557WO - 2azaaﬁ7w0)

-Ti_ 2 e -
- (v /wq<)fa,a6/? u/M, - asaeV?2 u/wo)

__.? _ .
- (u' /Wy *)(asa0v2 u/My + 353572 u/My)]  (A62)
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- It is to be mentioned that the above éﬁhations are similar to
the equations obtained by Phillips (9) who, in his g;gdy/of turbulent \
trailing ;ortices, included the effects of b]ockage‘g;d pitch as well

as a correction for yaw. In the present case the dominant flow was

taken to be in the tangential direction and only the yaw factor was .

included, hence, yielding different constant coefficients for the

i

parameters under investigation, than the ones obtained in Ref. (110).

- ‘ Tty A
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DC8
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Mean voltage at
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